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Probabilistic Model for Flexural Strength of Carbon Nanotube Reinforced Cement-based 

Materials

Mahyar Ramezani, Young Hoon Kim*, and Zhihui Sun

Abstract: The bond between carbon nanotubes (CNTs) and cementitious materials is the key 

characteristic for predicting the flexural strength. However, CNT dispersion quality may change 

the bonding mechanism. A probabilistic approach can benefit deterministic models to capture 

uncertainties affecting these characteristics. This study proposes a probabilistic model using Kelly-

Tyson theory to predict the flexural strength of CNT-cement nanocomposites. The model considers 

experimental variables affecting CNT dispersion quality, bonding mechanism and the flexural 

strength. To this end, a Bayesian methodology is employed to calibrate the unknown model 

parameters and various sources of uncertainty using extensive test data. The model is then used to 

identify the optimum ranges of variables to maximize strengths through computing the failure 

probability which is defined as the probability of not meeting certain strength requirements (herein, 

50% increase compared with the control). The model suggests that CNT aspect ratio ranges from 

400 to 800 and concentration between 0.08 and 0.18 c-wt% yields the highest flexural strength. 

Finally, the effect of changes in variables on the probability estimates is examined using sensitivity 

and importance measures. The analysis reveals that the model can capture the trends with 

reasonable accuracy. For example, the importance of age increases as CNT concentration 

increases.

Keywords: Carbon nanotubes; Cementitious composites; Flexural strength; Dispersion; 

Interfacial bond strength; Kelly-Tyson model; Bayesian methodology; Probabilistic model
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1. Introduction

Concrete cracks when subjected to tensile forces. Over the past decades, various types of fibers 

(steel or synthetic) have been used to compensate for the low tensile/flexural strength of concrete 

by mitigating the crack propagation [1-4]. The contributions of fibers to delay the crack 

propagation rely on the shape and size of the fibers, their surface textures and the interfacial bond 

strength between the fibers and the matrix [5, 6]. In this regard, incorporating smaller fibers might 

help to delay the initiation of cracks [7]. Recently, carbon nanotubes (CNTs) have been extensively 

used to increase the flexural strength of cementitious composites (cement paste, cement mortar 

and concrete) [8, 9]. The nanoscale size of CNTs reduces the distance between adjacent nanotubes, 

delaying the crack propagation. Also, CNTs have tensile strength of around 30 GPa with elastic 

modulus in the range of 1 TPa [10, 11]. Because of the extraordinary physical and mechanical 

properties of CNTs, many studies have reported that the flexural strength of CNT reinforced 

cementitious composites has been increased significantly [8, 9, 12, 13]. However, the authors’ 

statistical analysis reported inconsistent results in the flexural strength of cementitious materials 

reinforced with CNTs (herein, CNT-cement composites) [7]. The discrepancy can be attributed to 

the CNT dispersion and bonding states within the cement matrix [14-16]. The bond strength 

between CNTs and the cement matrix is governed by multiple factors including CNT type, surface 

condition and dispersion quality [17-19]. Through performing extensive statistical analysis of 

experimental test data reported in the literature, the authors found that CNT dispersion quality 

significantly contributed to the mechanical properties [7]. The dispersion quality, itself, depends 

on multiple factors such as physical characteristics of CNTs, dispersion procedure and cement 

matrix composition. The improper combinations of these factors often lead to degradation of the 

interfacial bond and flexural strengths. These phenomena are explained in the authors' previous 
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works [7, 17, 20]. To address these phenomena, an analytical model can be a viable option to 

estimate the bond strength between CNTs and the matrix considering the contributions of multiple 

experimental variables for maximizing the flexural strength of CNT-cement composites. 

Recently, various analytical models considering CNT physical characteristics (e.g., length, 

diameter and volume fraction) have been used to predict the tensile strength of polymers, metals 

and ceramics [21, 22]. For example, the interfacial bond strength of CNTs in a metal matrix was 

increased when using longer CNTs, resulting in higher tensile strength [21]. The agglomeration of 

CNTs, however, reduced the frictional forces resulting in debonding from the metallic matrix [23]. 

Although the interfacial bond strength is very critical in determining the tensile/flexural strength 

[24], the existing models (e.g., Halpin-Tsai model [25] and Kelly-Tyson model [26]) typically 

assume a homogenous dispersion and perfect bond between CNTs and the hosting matrix [27]. 

Therefore, few researchers have modified the existing models by adding a multiplier of dispersion 

coefficient [28-30]. The different dispersion mechanisms of CNTs in cement matrix, however, 

limits the applicability of the existing models to CNT-cement composites. The dispersion 

coefficient should therefore be formulated by parameters such as the CNT physical characteristics, 

dispersion procedure and matrix composition. Recently, the literature data was analyzed to identify 

the most important variables and their interactions affecting the dispersion quality, bond strength 

and the flexural strength [7]. Besides, the influence of CNTs on the rate of cement hydration is 

another important variable affecting the flexural strength that needs to be considered in the 

prediction model [7, 17, 31].

This study aims to propose a reliable model in a probabilistic manner to understand the 

effects of CNT dispersion, bond strength and cement hydration process on the flexural strength of 

cementitious composites (herein, cement pastes and mortars). Recently, some researchers have 
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started to incorporate CNTs within concrete [32, 33]. The proposed probabilistic model can be 

updated to include the influence of CNTs on the flexural strength of concrete (i.e., with coarse 

aggregate), if new data becomes available in the future. The following section presents the base 

model (Kelly-Tyson model [26]) and the required modifications in order to improve its 

predictability for CNT-cement composites. Besides, because incorporating CNTs is correlated 

with a high degree of uncertainty, a probabilistic approach is adopted to consider various sources 

of uncertainty to affect the flexural strength. Using existing experimental test data obtained from 

the literature, several probabilistic models are developed and the best model is selected. Then, the 

performance of the proposed model is evaluated using the reliability analysis. The proposed model 

in this study can explain the reported experimental trends in the literature including the 

contradictory test results and provide valuable information for future researchers and designers to 

identify the best combination of the experimental variables to achieve certain performance.

2. Modified Kelly-Tyson Model

The Kelly-Tyson model [26] which is the extension of the well-known rule of mixtures has been 

extensively used to predict the tensile strength of brittle and ductile materials containing CNTs 

such as polymers, metals and ceramics [22, 34-37]. Besides, the Kelly-Tyson model was used to 

predict the flexural strength of concrete reinforced with short discrete fibers [38, 39]. For condition 

of equal elastic strain in the fiber and matrix, the rule of mixtures is considered as the simplest way 

to model the tensile strength of composites reinforced with aligned continuous fibers [40]:

𝜎𝑐 = 𝜎𝑓𝑣𝑓 +𝜎𝑚(1 ― 𝑣𝑓)           (1)

where  is the ultimate tensile strength of the composite (MPa or psi),  is the tensile strength 𝜎𝑐 𝜎𝑓

of the fiber (MPa or psi),  is the tensile strength of the matrix at ultimate strain of the composite 𝜎𝑚

(MPa or psi) and is the volume fraction of the fiber (unitless). To consider the contribution of 𝑣𝑓 
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the semi-aligned short discrete fibers, Eq. (1) can be modified to include the fiber length ( ) and 𝐿

orientation ( ) factors. To account for the randomness in fiber orientations, the  can be 𝑜 𝑜

calculated as  where is the fraction of fibers having the orientation angle  𝑜 = ∑
𝑛𝑎𝑛𝑐𝑜𝑠4𝛷𝑛 𝑎𝑛 𝛷𝑛

with respect to the reference axis [41]. When using aligned fibers, the value of is one and it is 𝑜 

equal to 3/8 and 1/6 for randomly orientated fibers in two and three dimensions, respectively [42]. 

Due to the extremely small sizes of CNTs, they are assumed to be randomly arranged in three 

dimensions (i.e., )  [28, 29].𝑜 = 1/6

Kelly and Tyson [26] have developed the  for fibers having lengths (L) shorter or longer 𝐿

than the fiber critical length ( ; d is the fiber diameter and  is the interfacial bond 𝐿𝑐 =
𝜎𝑓𝑑

2𝜏𝑖
𝜏𝑖

stress) to determine the mode of failure: fiber fracture ( ) or pull-out ( ). Therefore, the 𝐿 ≥ 𝐿𝑐 𝐿 < 𝐿𝑐

tensile strength of composites can be calculated as follows:

𝜎𝑐 = 𝑜[𝐿 < 𝐿𝑐

∑
𝐿 = 0

𝜏𝑖(𝐿
𝑑) +

𝐿

∑
𝐿 = 𝐿𝑐

(1 ―
𝐿𝑐

2𝐿)𝜎𝑓]𝑣𝑓 +𝜎𝑚(1 ― 𝑣𝑓)
 

         (2)

where the first and second terms in the bracket are contributions from fibers with  and , 𝐿 < 𝐿𝑐 𝐿 ≥ 𝐿𝑐

respectively. Because CNT length in cementitious composites is generally smaller than the critical 

length ( ), the contribution of CNTs with  is neglected. 𝐿 < 𝐿𝑐  𝐿 ≥ 𝐿𝑐

Also, due to the very low volume fraction of CNTs used in cementitious materials (  𝑣𝑓 =

0.00004-0.00128; based on the database), the predicted flexural strength of CNT-cement 

nanocomposites using Eq. (2) is almost the same as the flexural strength of the matrix. The authors’ 

preliminary study has shown that  is appropriate to fit the experimental data. The modified 𝑣𝑓
2/3

form of the Kelly-Tyson equation to predict the flexural strength of CNT-reinforced cementitious 

composites can therefore be expressed as follows:
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𝜎𝑐 = 1
6𝜏𝑖(𝐴𝑅)𝑣𝑓

2
3 + 𝜎𝑚(1 ― 𝑣𝑓

2
3)                            (3)

where  is CNT aspect ratio ( ). To predict the flexural strength using Eq. (3),  must 𝐴𝑅 𝐴𝑅 = 𝐿
𝑑 𝜏𝑖

be quantified. The experimental investigations to measure  is challenging or impractical due to 𝜏𝑖

the limitations associated with nanoscale sizes. Therefore, theoretical approaches might be used to 

determine the interface properties [43]. In this study, the Pukanszky model [44] is used to correlate 

the composite strength with the interface properties. Note that Pukanszky model have been widely 

used to characterize the composites containing various nanoparticles including nanoclays, layered 

silica nanoparticles and CNTs [22, 45, 46]:

𝜎𝑐 = 𝜎𝑚(
1 ― 𝑣𝑓

2
3

1 + 2.5 𝑣𝑓

2
3
)𝑒𝐵𝑣𝑓

2/3

          (4)

where  is the empirical adhesion parameter that reflects the capacity of stress transfer between 𝐵

CNTs and matrix. In this study, B is calculated using the available experimental data from the 

literature including the authors’ work. According to Lazzeri and Phuong [47], the adhesion 

parameter B can be correlated with  in the Kelly-Tyson model. Therefore, in this study,  is 𝜏𝑖 𝜏𝑖

attained by connections between Eqs. (3) and (4):

𝜏𝑖 =
6𝜎𝑚(𝐵 ― 2.5)

𝐴𝑅
        (5)

To calculate  for each individual data, the average value of B for the entire dataset (𝜏𝑖 𝐵𝑎𝑣𝑔

55) is used as the representative value for adhesion between CNTs and cement matrix. The =  

statistics of B and  are shown in Table 1.𝜏𝑖

2.1. Critical Factors Affecting CNT Mechanisms in Cementitious Composites
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To understand the mechanisms of CNTs within cementitious materials (e.g., bonding, dispersion 

and cement hydration rate mechanisms), three critical factors were proposed in the authors’ 

previous work [17] to capture the interactions between the important experimental variables to 

predict the mechanical properties including the flexural strength.

1) dispersion factor ( ) to correlate CNT dispersion as a functions of AR, CNT volume ɳ𝐷

fraction in aqueous solution ( ), superplasticizer-to-CNTs (SP/CNTs) ratio and 𝑣𝑓 ― 𝑤

Ultrasonication Energy Indicator (UEI)

2)  matrix factor ( ) to include the influence of water-to-cement ratio (w/c) and sand-to-ɳ𝑀

cement ratio (s/c)

3) hydration age factor ( ) to consider the interactions between CNT concentration (κ) and ɳ𝐻

hydration age of cement (t)

A brief description of these critical factors is provided in Table 2. More details are provided in the 

authors’ previous study [17]. The applicability of the proposed critical factors to predict the 

flexural strength is validated in Section 5.1. 

To correct the bias in Eq. (3) and to capture the mechanisms of CNTs in cementitious 

materials, the proposed critical factors ( ,  and ) are added to the modified form of the ɳ𝐷 ɳ𝐻 ɳ𝑀

Kelly-Tyson model as follows:

𝜎𝑐 = ɳ𝐷ɳ𝐻ɳ𝑀[1
6𝜏𝑖(𝐴𝑅)𝑣𝑓

2
3 + 𝜎𝑚(1 ― 𝑣𝑓

2
3)]                            (6)

In addition, Eq. (6) is formulated in a probabilistic manner using a Bayesian methodology 

to consider different sources of uncertainty such as the statistical uncertainty in the estimation of 

the unknown model parameters, the model errors associated with the inaccurate form of the model 

and missing variables [48] that might influence the flexural strength.
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3. Formulation of the Probabilistic Model

To formulate the modified form of the deterministic Kelly-Tyson model (see Eq. (6)) in a 

probabilistic manner, additional correction terms (herein, ,  and ) and model error are ɳ𝐷 ɳ𝐻 ɳ𝑀

added to the deterministic expression to account for the inherent bias and to capture the remaining 

variability in residuals, respectively [48]. The probabilistic model relates the quantity of interest 

(herein, the flexural strength; ) to a set of measurable variables (defined as ) 𝜎𝑐 𝒙 = (𝑥1, 𝑥2,𝑥3,…)

such as AR, κ, UEI, SP/CNTs ratio, w/c ratio, s/c ratio, t, etc. The probabilistic capacity model can 

be written as follows:

𝐶(𝒙,𝚯) = 𝐶(𝒙) + 𝛾(𝑥,Ө) + ∂𝜀  (7)

where  is the capacity model of interest (herein, ), is a set of measurable variables, 𝐶(𝒙,𝚯) 𝜎𝑐 𝒙 𝚯 =

 denotes a set of unknown model parameters used to fit the data,  is (𝜃,𝜎),  𝜃 = (𝜃1, 𝜃2, 𝜃3,…) 𝐶(𝒙)

the selected deterministic model,  is the correction term (herein, ,  and ),  is a 𝛾(𝑥,𝜃) ɳ𝐷 ɳ𝐻 ɳ𝑀   ∂

standard deviation of the error term taken from Var ,  is a random variable with  [𝐶(𝒙,𝚯)] = ∂2 𝜀

zero mean and unit variance and  is the error term of the model. The final form of the ∂𝜀

probabilistic model used to predict the flexural strength of CNT-cement composites is as follows:

𝜎𝑐 = ɳ𝐷(𝑥𝐷,𝜃𝐷) × ɳ𝐻(𝑥𝐻,𝜃𝐻) × ɳ𝑀(𝑥𝑀,𝜃𝑀) ×

+[1/6𝜏𝑖(𝐴𝑅)𝑣𝑓 ― 𝑚

2
3 + 𝜎𝑚(1 ― 𝑣𝑓 ― 𝑚

2/3)]  ∂𝜀
 (8)

where  is the volume fraction of CNTs within the cement matrix and  are 𝑣𝑓 ― 𝑚 𝜃 = (𝜃𝐷,𝜃𝐻,𝜃𝑀)

unknown model parameters used to fit the data: ,  ɳ𝐷(𝑥𝐷,𝜃𝐷) = [1 ― ( 𝐴𝑅
𝜃1 × 𝑣𝑓 ― 𝑤

𝜃3

𝑈𝐸𝐼
𝜃2 × (𝑆𝑃

𝐶𝑁𝑇𝑠)𝜃4)]
, and  ɳ𝐻(𝑥𝐻,𝜃𝐻) = ( 𝑡

4 + 0.85𝑡)
κ𝜃5

 ɳ𝑀(𝑥𝑀,𝜃𝑀) =
(1 + 𝑠

𝑐)𝜃6

(𝑤
𝑐)𝜃7

.
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3.1.  Bayesian Parameter Estimation

To calibrate the unknown model parameters, a Bayesian updating rule [49] is used because it 

allows to update their statistics (i.e., means, variances and correlation coefficient) as new data 

becomes available in the future [50]:

𝑓(𝜣) = 𝜆𝐿(𝚯)𝑝(𝚯)  (9)

where  is a vector of unknown model parameters,  is prior distribution of  based on the  𝚯  𝑝(𝚯) 𝚯

knowledge about  that represents the information available before collecting the data Đ of size 𝚯

n,  is the likelihood function that captures the information on  from data Đ which is 𝐿(𝚯) 𝚯

proportional to the conditional probability  of observing Đ for given values of , 𝑃(Đ│𝚯) 𝚯 𝜆 =

 is a normalizing factor, and  is posterior distribution that shows the [∫𝐿(𝚯)𝑝(𝚯)𝑑(𝚯)] ―1 𝑓(𝚯)

updated state of information about . Once  is known, the posterior mean vector ( ) and 𝚯 𝑓(𝚯) 𝑀𝚯

the covariance matrix ( ) are obtained. Because there is no prior information about  is Ʃ𝚯𝚯 𝚯

available before collecting data Đ, a non-informative prior distribution is assumed [48]. If new 

data becomes available in the future, Eq. (9) can still be used to update the estimates of the 

unknown model parameters by using the current  as a new previous distribution.𝑓(𝚯)

4. Database

A total of 105 data is collected from several literatures including the authors’ work [8, 12, 17, 20, 

51-56] to calibrate the unknown model parameters in Eq. (8) using a Bayesian methodology. To 

evaluate the robustness of the proposed probabilistic model, the database is split into two sets of 

data (training set and test set) using a hold-out method [57]. This process minimizes the issues of 

overfitting and being overly optimistic on model error [58]. The training set is used to estimate the 

unknown model parameters and the test set is used to evaluate the performance of the developed 
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model. The training set is selected using a random subsampling method without replacement [57]. 

Besides, two different random selections of A and B are provided. The two different random 

selections is to ensure that more data get a chance to be the test set, resulting in an unbiased 

evaluation of the model performance. In both random selections, 80% of the data (training set; 84 

data points) is used to develop the model (datasets I and III for random selections A and B, 

respectively) and the remaining 20% of the data (test set; 21 data points) is used to validate the 

model (datasets II and IV for random selections A and B, respectively).

Table 3 shows the minimum, maximum, mean, median and standard deviation of different 

variables used to develop the probabilistic model (random selection A: dataset I). When the ranges 

of data in Table 3 are considered in the application of the suggested model, the model can predict 

the flexural strength within a certain confidence level. In this study, the average values of L, d and 

AR are used. For example, if L and d are reported to be between 10-30 m and 20-40 nm, 

respectively, then average length, diameter, and aspect ratio of 20 m, 30 nm and 667 (unitless) 

are used. 

5. Probabilistic Model Assessment

Tables 4 and 5 show the posterior statistics of Θ estimated using dataset I (for random selection 

A) and dataset III (for random selection B). The mean values of the unknown model parameters 

for datasets I and III differs from one another by less than 20% (except for and  which 𝜃5𝐴 𝜃5𝐵

exhibit 22.1% difference). This indicates the robustness of the proposed model. Besides, the 

accuracy of the proposed probabilistic model is evaluated as shown in Fig. 1. The solid circles are 

the datasets I and III used to develop the model and the open triangles are the datasets II and IV 

used to validate the model. The predicted flexural strength for most of the data shows good 

accuracy within the solid lines (i.e., within ± standard deviation of the error term in the proposed 
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model;  = 15% and  = 18%). The robustness of the proposed probabilistic model can be ∂𝐴 ∂𝐵

validated using datasets II and IV (open triangles) that are not used for the estimation of the 

unknown model parameters. Note that the three data points inside the oval in Fig. 1 (a) and (b) are 

related to the flexural strength of cement mortar reinforced with mechanical functionalized CNTs 

at different ages (3, 7 and 28 days). The mechanical functionalized CNTs provided superior bond 

properties [8], resulted in under-prediction of the flexural strength.

5.1.  Applicability of the Proposed Critical Factors

In this section, the corrected critical factors (i.e.,  ( , ),  ( , ) and  ( , ); see ɳ𝐷 𝑥𝐷 𝜃𝐷 ɳ𝐻 𝑥𝐻 𝜃𝐻 ɳ𝑀 𝑥𝑀 𝜃𝑀

Eq. (8)) are further analyzed in order to validate their applicability to predict the flexural strength 

without bias. Note that because the mean values of the calibrated unknown model parameters for 

random selections A and B are close to one another (see Tables 4 and 5); the statistics of the 

unknown model parameters for random selection A is used for the analysis throughout this 

research. The proposed probabilistic model after adding the mean values of the unknown model 

parameters using random selection A is as follows:

𝜎𝑐 = [1 ― ( 𝐴𝑅0.39 × 𝑣𝑓 ― 𝑤
0.48

𝑈𝐸𝐼0.28 × (𝑆𝑃
𝐶𝑁𝑇𝑠)0.13)] × ( 𝑡

4 + 0.85𝑡)1.06κ

×
(1 + 𝑠

𝑐)0.17

(𝑤
𝑐)0.13

+× [1/6𝜏𝑖(𝐴𝑅)𝑣𝑓 ― 𝑚

2
3 + 𝜎𝑚(1 ― 𝑣𝑓 ― 𝑚

2/3)]  0.15𝜀

   (9)

The corrected critical factors are analyzed by comparing the estimated with the measured 

values. The estimated value is obtained by plugging in the value of the experimental variables in 

corresponding relations. For example, the estimated value of  ( , ) is directly calculated ɳ𝑀 𝑥𝑀 𝜃𝑀
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using . The measured value of each critical factor is back calculated using  ɳ𝑀(𝑥𝑀,𝜃𝑀) = [(1 + 𝑠
𝑐)0.17

(𝑤
𝑐)0.13 ]

Eq. (9) and the experimental test results of and , assuming that  ( , ),  ( , ) and 𝜎𝑐 𝜎𝑚 ɳ𝐷 𝑥𝐷 𝜃𝐷 ɳ𝐻 𝑥𝐻 𝜃𝐻

 ( , ) are not correlated.ɳ𝑀 𝑥𝑀 𝜃𝑀

Figs. 2 through 4 are plotted to validate the applicability of  ( , ),  ( , ) and ɳ𝐷 𝑥𝐷 𝜃𝐷 ɳ𝐻 𝑥𝐻 𝜃𝐻

 ( , ), respectively. Each critical factor is plotted as a function of a main variable (x-axis) ɳ𝑀 𝑥𝑀 𝜃𝑀

and its interaction with another independent variable at two different ranges: R1 for the 

experimental variable below its mean value and R2 for the experimental variable above the mean 

value (see Table 6). For example, Fig. 2 (a) shows the influence of changes in AR and its interaction 

with  at two different range of R1 ( ) and R2 ( ) on  ( , 𝑣𝑓 ― 𝑤 𝑣𝑓 ― 𝑤 ≤ 0.0012 𝑣𝑓 ― 𝑤 > 0.0012 ɳ𝐷 𝑥𝐷

). The solid lines in each plot represent the estimated values of ɳs. To plot the solid lines, the 𝜃𝐷

mean value of other variables is used except for the main variable. Also, the dashed lines represent 

the standard deviation of the model error (± ). Also, the open circles represent the measured ∂𝐴

values of ɳs.

Figs. 2 through 4 exhibit that most of the measured ɳs are within ±  and they follow the ∂𝐴

similar trends as the estimated ɳs. The good correlations between the measured and estimated 

values validate the applicability of the proposed critical factors to capture the mechanisms of CNTs 

affecting the flexural strength. As an example, comparing R1 and R2 in Fig. 3, it is obvious that 

the influence of t on the value of  ( , ) becomes more pronounced at higher κ (see R2 in Fig. ɳ𝐻 𝑥𝐻 𝜃𝐻

3).

5.2.  Model Selection Criteria
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For model evaluation, it is assumed that there is a single correct model (or at least best model) that 

tradeoffs between goodness of fit and parsimony (i.e., preserves the model accuracy while using 

less variables). In this study, the two most commonly used penalized likelihood information 

criteria, Akaike information criterion (AIC) and Bayesian information criterion (BIC), are used to 

select the best model. The AIC and BIC can be calculated as follows:

𝐴𝐼𝐶 = ―2 𝑙𝑜𝑔 𝐿(𝚯) + 2𝑁𝑝  (10)

𝐵𝐼𝐶 = ―2 𝑙𝑜𝑔 𝐿(𝚯) + 𝑁𝑝𝑙𝑜𝑔𝑁𝑠  (11)

where  is a measure of model fit,  is the number of unknown model parameters 𝑙𝑜𝑔 𝐿(𝚯) 𝑁𝑝

included in , and  is the number of samples. The best model is selected from a set of candidate 𝚯 𝑁𝑠

models containing different subsets of the critical factors as listed in Table 7. The best model is 

the one that neither under-fits nor over-fits (i.e., the model with the smallest approximated values 

of AIC and BIC). As seen in Table 7, Both AIC and BIC estimated values are smallest for model 

VIII compared with other competing models, indicating that including all critical factors is best to 

accurately predict the flexural strength. 

In addition, ∆AIC score which is defined as the difference between AIC values of the best 

model ( ) and other competing models ( ) are calculated:𝐴𝐼𝐶𝑚𝑖𝑛 𝐴𝐼𝐶𝑖

∆𝐴𝐼𝐶 = 𝐴𝐼𝐶𝑖 ― 𝐴𝐼𝐶𝑚𝑖𝑛  (12)

According to Burnham and Anderson [59], the models with ∆AIC ≤ 2 have substantial 

evidence of better performance. The models with 4 ≤ ∆AIC ≤ 7 have less evidence and those 

models having ∆AIC > 10 have no evidence [59]. It can be seen that all competing models have 

∆AIC value of greater than 10. This further confirm the superior performance of model VIII (Eq. 

(8)) compared with other candidate models.

6. Probability of Not Meeting Design Specifications
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After calibrating the unknown model parameters using dataset I of random selection A (see Table 

4), the probabilistic model (Eq. (8)) is used to identify the optimum ranges of each variable to 

maximize the flexural strength. This could be achieved by computing the probability of not 

meeting a specified flexural strength requirement (probability of failure).

Every structure has a capacity (C) and is subjected to some sort of demand (D) where both 

of them depend on random variables. Therefore, each of C and D has a probability distribution (𝑓𝐷

 and ) which could be combined to form a joint probability density function ( ; (𝐷) 𝑓𝐶(𝐶) 𝑓𝐶𝐷(𝐶,𝐷)

see Fig. 5 (a)). If the joint probability density function is known, the probability of failure ( ) 𝑃𝑓

could be easily determined by . However, because of the large 𝑃𝑓 = ∫∞
―∞∫𝐶 ≤ 𝐷

―∞ 𝑓𝐶𝐷(𝐶,𝐷)𝑑𝐶 𝑑𝐷

number of variables, the probability of failure cannot be determined in a mathematical way and 

therefore might be estimated using simulation-based analyses. Following the conventional 

notation in structural reliability theory [60], a limit state function  is introduced such that the 𝑔( ∙ )

event [ ] denotes the conditional probability of C not meeting D (i.e.,  0; failure 𝑔( ∙ ) ≤ 0 𝐶 ― 𝐷 <

occurs). Conversely, if  0, the structure is safe. 𝐶 ― 𝐷 >

In this study, because there is no design criteria available in the literature, the minimum 

flexural strength requirement of CNT-cement composites is set to the deterministic value of 50% 

increase compared with the control specimen (i.e., D = 1.5 ). Using the proposed probabilistic 𝜎𝑚

model in Eq. (8), the limit state function is formulated:

𝑔(𝛼𝜎𝑚, 𝑥,𝚯) = 𝜎𝑐(𝒙,𝚯) ― 𝛼𝜎𝑚    (13)

where  is the minimum flexural strength requirement (i.e.,  = 1.5). Therefore, the probability of 𝛼 𝛼

not meeting the demand is written as follows:

𝑃(𝚯) = 𝑃[𝑔(𝛼𝜎𝑚, 𝒙,𝚯) ≤ 0⃓ 𝚯]  (14)

where represents the conditional probability of  for given values of .𝑃( ∙ │ ∙ ) 𝑔(𝛼𝜎𝑚, 𝒙,𝚯) ≤ 0 𝚯
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Fig. 8 (b) visualizes the probability of failure using the isoprobability lines which connect 

pairs of values of different variables corresponding to the same probability of failure (𝑝[𝑔(𝛼𝜎𝑚, 𝒙,

). The lower values of probability of failure ( ) indicates that the likelihood of  𝚯) ≤ 0] 𝑃𝑓 𝐶 ― 𝐷 >

0 is higher (i.e., the flexural strength meets the design criteria).

6.1.  Relationship between Variables Involved in Ultrasonication Procedure

Various dispersion techniques have been employed to uniformly disperse CNTs within the cement 

matrix; amongst which an ultrasonication procedure is the most common practice [7, 61].

Fig. 6 (a), (b) and (c) shows the contour plots of isoprobability lines for the ultrasonication 

energy indicator ( ) versus κ, AR and SP/CNTs ratio, respectively, using the mean value of other 𝑈𝐸𝐼

variables.

Fig. 6 (a) shows that when using κ ≤ 0.05 c-wt%, the  has negligible impact on 𝑈𝐸𝐼

decreasing . However, in case of a higher κ, the impact of UEI on  becomes more pronounced. 𝑃𝑓 𝑃𝑓

For example, in case of κ = 0.1 c-wt% (based on weight percent of cement powder), increasing 

UEI from 5 to 25 results in 25% decrease in  from 0.85 to 0.64 (see crosses on the dashed line 𝑃𝑓

in Fig. 6 (a)). In addition, the is lowest when incorporating  of above 25 and κ between 0.10 𝑃𝑓  𝑈𝐸𝐼

and 0.18 c-wt% (see the hatched area in Fig. 6 (a)).

Fig. 6 (b) shows as AR increases, the contribution of UEI to  becomes more pronounced. 𝑃𝑓

For example, in case of AR = 200, increasing UEI from 10 to 30 does not contribute to attaining 

lower  (see solid circles on the same probability of failure line ( 0.96) in Fig. 6 (b)). 𝑃𝑓 𝑃𝑓 =  

However, in case of AR = 500,  decreases from 0.92 to 0.77 by increasing in UEI from 5 to 25 𝑃𝑓

(see crosses on the dashed line in Fig. 6 (b)). Also, the lowest is achieved when incorporating𝑃𝑓 

 of above 25 and AR of around 500 (see the hatched area in Fig. 6 (b)). Generally, as UEI  𝑈𝐸𝐼
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increase, the circles which represent the isoprobability line of failure becomes smaller. This 

suggests that UEI is reaching to its threshold value.

Fig. 6 (c) shows that the impact of UEI on the  increases as SP/CNTs ratio increases. 𝑃𝑓

Generally, as SP/CNTs ratio increases, lower UEI is needed to attain the same . For example, 𝑃𝑓

incorporating  and SP/CNTs ratio of 30 and 6, respectively, exhibits the same  as utilizing 𝑈𝐸𝐼 𝑃𝑓

UEI and SP/CNTs ratio of 25 and 7 or 20 and 12, respectively, does (see the solid squares on the 

same probability of failure line ( 0.63) in Fig. 6 (c)). Besides, in case of a constant UEI, the 𝑃𝑓 =  

probability of failure is not changed by increasing in SP/CNTs ratio beyond a certain limit. For 

example, in case of UEI = 10, the  reaches a constant value of around 0.7 beyond SP/CNTs ratio 𝑃𝑓

of approximately 7 (see solid circles on the dashed line in Fig. 6 (c)) and this threshold reaches 

sooner in lower UEI values. This might be explained by the better dispersibility of CNTs using 

higher UEI. Thereafter, higher amount of SP could be taken by CNTs to wet their surface [62]. 

Conversely, in the case of SP/CNTs ratio of below 3, higher amount of UEI does not contribute to 

lowering the  (see crosses on the same  line of 0.96 in Fig. 6 (c)).𝑃𝑓 𝑃𝑓

6.2.  Relationship between w/c and s/c Ratios

Fig. 7 shows the contour plot of the probability of failure lines as a function of s/c and w/c ratios. 

The probability of failure decreases as  ratio increases. For example, in case of a constant w/c 𝑠/𝑐

= 0.45, increasing s/c ratio from 0 (i.e., cement paste) to 3 results in decreasing the  from 0.93 𝑃𝑓

to 0.84 (see the solid squares on the dash-dotted line in Fig. 7). Conversely,  increases as w/c 𝑃𝑓

ratio increases. For example, in case of a constant s/c ratio of 2, the  increases from 0.79 to 0.95 𝑃𝑓

as the w/c ratio increases from 0.35 to 0.60 (see the solid circles on the dashed line in Fig. 7). Also, 

there are several options to attain the same  using certain combinations of w/c and s/c ratios. For 𝑃𝑓
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example,  = 0.80 can be attained when using w/c and s/c ratios of 0.40 and 3 or 0.35 and 2, 𝑃𝑓

respectively (see crosses on the same  line of 0.8 in Fig. 7).𝑃𝑓

6.3.  Relationship between κ and t

Fig. 8 shows the influences of κ and t on . In case of κ ≤ 0.05 c-wt%, the influence of t on  is 𝑃𝑓 𝑃𝑓

negligible. For example, when κ = 0.05 c-wt% (see dashed line in Fig. 8),  is not affected by the 𝑃𝑓

variation in t from 10 to 28 days (see the solid circles on the same probability of failure line of 𝑃𝑓

0.78 in Fig. 8). The contribution of t to  increases as κ increases. The same  can be achieved =  𝑃𝑓 𝑃𝑓

using certain combinations of κ and t. For example, when κ = 0.1 c-wt%,  reaches 0.66 at 14 𝑃𝑓

days, while 25 days is needed to attain the same  at κ = 0.4 c-wt% (see crosses on the same 𝑃𝑓

probability of failure line in Fig. 8).

6.4.  Influence of Optimum Ranges of Variables on Probability of Failure

Fig. 9 shows contour plots of probability of failure as a function of κ and AR. Fig. 9 (a) and (b) 

show the isoprobability lines for flexural strength requirement of at least 50% increase compared 

to the control (i.e., D = 1.5 ) when using mean and optimum values of other variables, 𝜎𝑚

respectively. The optimum values of variables (UEI = 30, SP/CNTs = 6, w/c = 0.4, and s/c = 3) is 

obtained using the lowest  in Figs. 6 (c) and 7.𝑃𝑓

Generally, decreases as κ or AR increases up to their optimum values, beyond which  𝑃𝑓 𝑃𝑓

increases. Also, In case of κ ≤ 0.05 c-wt%, the impact of AR on  is minimal. Besides, in case of 𝑃𝑓

AR ≤ 500, the impact of κ on  is negligible.𝑃𝑓

Fig. 9 (a) shows that is lowest ( 0.84) when using AR ranging from 400 to 800 and 𝑃𝑓 𝑃𝑓 =  

κ between 0.08 and 0.18 c-wt% (see hatched areas in Fig. 9 (a)). Comparing Fig. 9 (a) and (b), it 

is seen that incorporating optimum values of other variables significantly contribute to decreasing 
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by 64% from 0.84 to 0.30. Besides, the same can be attained when using CNTs having either 𝑃𝑓 𝑃𝑓 

lower κ with higher AR or higher κ with lower AR. For example, the probability of failure is 0.3 in 

case of using AR = 800 with κ = 0.1 c-wt% or AR = 500 with κ = 0.2 c-wt% (see crosses on the 

same  line of 0.3 in Fig. 9(b)). The similar trend was also observed in the experimental studies 𝑃𝑓

[12, 19].

7. Sensitivity and Importance Analyses

This section presents the sensitivity and importance analyses for different variables in the limit 

state function (Eq. (13)) to assess their effect on the probability estimates, helping researchers to 

minimize by designing more efficiently. 𝑃𝑓 

7.1.  Sensitivity Analysis

The sensitivity analysis is used to determine which variables are most sensitive to the change of 

[63]. To compute the sensitivity measures of different variables, the vector δ is used:𝑃𝑓 

𝜹 = 𝝈∇𝚯𝒇𝛽  (15)

where is diagonal matrix with diagonal elements given by the standard deviation of each random 𝝈 

variable in ,  is a reliability index from first order reliability method (FORM) analysis, and  𝒙 𝛽 ∇𝚯𝒇𝛽

is a gradient vector of  with respect to  computed at the mean point. The sensitivity measures 𝛽 𝚯𝑓

can be employed for optimal design and to gain insights into which variable(s) to change in order 

to increase the flexural strength.

The sensitivity measure of each variable is computed with respect to three main variables: 

κ, AR, and UEI. These variables are believed to have the highest impact on the flexural strength of 

CNT-cement nanocomposites. Fig. 10 shows the sensitivity measure of each variable as a function 

of κ (see Fig. 10 (a)), AR (see Fig. 10 (b)) and UEI (see Fig. 10 (c)) while incorporating mean 

values of other variables. The higher change in the sensitivity measure of each variable (y-axis) 
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with respect to the changes of x-axis (i.e., main variable) indicates the higher sensitivity of  to 𝑃𝑓

the change in that variable (for D = 1.5 ).𝜎𝑚

Fig. 10 (a) shows that up to κ = 0.2 c-wt%, the sensitivity measure of most variables 

changes significantly. However, the sensitivity measure remains almost constant beyond κ = 0.2 

c-wt%. In case of κ ≤ 0.2 c-wt%, w/c ratio, AR and s/c ratio are the most sensitive variables to the 

changes in , respectively, while SP/CNTs ratio and t are the least sensitive parameters. In case 𝑃𝑓

of κ > 0.2 c-wt%,  is most sensitive to the variation in t followed by AR. When computing the 𝑃𝑓

sensitivity measures as a function of AR (see Fig. 10 (b)), κ is the most sensitive parameter below 

AR of around 500 beyond which the sensitivity of κ to change the  gradually decreases. In 𝑃𝑓

contrast w/c ratio is the least sensitive parameter to the change in . When computing the 𝑃𝑓

sensitivity measure with respect to the change in UEI (see Fig. 10 (c)), AR and SP/CNTs ratio are 

the most sensitive parameters to the changes in .𝑃𝑓

In addition, the negative or positive value of the sensitivity measure for each variable 

indicates that decreases or increases, respectively, as the amount of that variable increases. For 𝑃𝑓 

example, the positive values of sensitivity measure for AR and/or w/c ratio indicates that the 

probability of failure increases as the value of AR and/or w/c ratio increases. On the other hand, 

Fig. 10 (a) shows that decreases (i.e., the chance of attaining at least 50% increase in the flexural 𝑃𝑓 

strength increases) as the value of t, UEI, s/c ratio, and SP/CNTs ratio increases. Fig 10 (c) shows 

that as UEI increases, the sensitivity measure of AR gets closer to zero, indicating that higher AR 

is beneficial to increase the flexural strength in case of a high UEI (i.e., proper CNT dispersion).

7.2. Importance Analysis
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In the limit state function (Eq. (13)), some variables have larger impacts on the variance of the 

limit state function and some variables have smaller impacts, and therefore are less important. The 

vector of importance measures ( ) is computed as follows [64]:𝜸

𝜸𝑇 =
𝜶𝑇𝑱𝒖 ∗ 𝒛 ∗ 𝑺𝑫′

‖𝜶𝑇𝑱𝒖 ∗ 𝒛 ∗ 𝑺𝑫′‖
 (16)

where  is row vector of the negative normalized gradient of the limit state function evaluated at 𝜶

the design point in standard normal space,  is vector of random variables ( ,  is 𝒛 𝒛 = (𝑥𝑝,𝚯)) 𝑱𝒖 ∗ 𝒛 ∗

Jacobian of the probability transformation from the original space (i.e., ) to the standard normal 𝒛

space (i.e., ) with respect to the coordinates of the most likely failure point (i.e., design point, 𝒖

) and  is the standard deviation diagonal matrix of equivalent normal variables  defined by 𝒛 ∗ 𝑺𝑫′ 𝒛′

the linearized inverse transformation  at the design point. The elements 𝒛′ = 𝒛 ∗ + 𝑱𝒛 ∗ 𝒖 ∗ (𝒖 ― 𝒖 ∗ )

in the matrix  are the square root of the corresponding diagonal elements of the covariance 𝑺𝑫′

matrix  of the variables in the Ʃ′ = 𝑱𝒛 ∗ 𝒖 ∗ 𝑱𝑇
𝒛 ∗ 𝒖 ∗ 𝒛′.

The importance measure is used to rank the importance of different variables on the 

variability of the limit state function with respect to κ (see Fig. 11 (a)), AR (see Fig. 11 (b))  and 

UEI (see Fig. 11 (c)) when using mean values of other variables. In importance analysis, the higher 

absolute value of the importance measure vector ( ) for each variable indicates the higher 𝜸

importance of that variable.

Fig. 11 (a) shows that w/c ratio is the most important variable at κ ≤ 0.05 c-wt%. The 

importance of w/c ratio gradually decreases as κ increases and beyond κ = 0.3 c-wt%, the w/c ratio 

is the least important variable to the variation in the limit state function (the smallest absolute value 

of importance measure (y-axis) amongst other variables). As κ increases, the importance of AR, t 

and UEI also increases, while the importance of SP/CNTs ratio remains almost constant. For 
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example, t is the least important variable at κ < 0.05 c-wt%. However, at κ = 0.5 c-wt%, t is the 

second most important variable after AR. 

Fig. 10 (b) shows that as AR increases, the importance of κ decreases. Below AR of around 

1000, κ is the most important variable to the change in . However, beyond AR of 2500, κ is the 𝑃𝑓

least important variable to the change of the flexural strength.

Fig. 10 (c) shows that when UEI < 5, AR and SP/CNTs ratio are the most important 

variables to the change in the flexural strength, respectively. However, the importance of SP/CNTs 

ratio decreases by increasing in UEI and it becomes the least important variable at UEI > 10. In 

addition, as UEI increases, the importance of κ and w/c ratio increases. When UEI ≥ 15, κ is the 

most important variable to the variance of the limit state function.

8. Conclusions

This paper proposes a bias-free probabilistic model based on the available deterministic Kelly-

Tyson model to predict the flexural strength of CNT-cement nanocomposites (pastes and mortars).

The proposed model considers the influences of CNT physical properties, dispersion state, matrix 

composition and cement hydration using a Bayesian approach. The information obtained from the 

probabilistic model provides better understanding of the mechanisms of CNTs improving the 

flexural strength, leading to more efficient designs. The following conclusions can be made:

1. The proposed probabilistic model is able to predict the flexural strength within 15% error 

of the experimental test data. In addition, the proposed model can be updated if new data 

becomes available in the future, leading to more accurate predictions. 

2. Up to certain limits, the higher CNT aspect ratio (AR) results in superior improvement in 

the flexural strength. Generally, AR ranging from 400 to 800 and concentration (κ) ranging 
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between 0.08 and 0.18 c-wt% (based on weight percent of cement powder) results in the 

highest improvement of the flexural strength.

3. There are several options to achieve comparable improvements in the flexural strength with 

varied combinations of the influential variables. For example, when using mean of other 

variables, utilizing w/c and s/c ratios of 0.4 and 3 or 0.35 and 2, respectively, results in 

similar improvements of the flexural strength.

4. The AR, w/c ratio and s/c ratio are the most sensitive variables to the change in the flexural 

strength with respect to κ. Also, AR and SP/CNTs ratio are the two most important variables 

with respect to UEI. As κ increases, the importance of AR and age of specimen increases, 

while the importance of w/c and s/c ratios decreases. In addition, as UEI increase, the 

importance of SP/CNTs ratio to attain the superior flexural strength decreases.
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Fig. 1. Predicted value of flexural strength versus experimental results (a) random selection A (b) 
random selection B (datasets I & III are used for model development and datasets II & IV are used 
for model validation)

Fig. 2. Estimated vs. measured  ( , ) as a function of: (a) AR and its interaction with  ɳ𝐷 𝑥𝐷 𝜃𝐷 𝑣𝑓 ― 𝑤 
(b) UEI and its interaction with SP/CNTs ratio
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Fig. 3. Estimated vs. measured  ( , ) as a function of t and its interaction with κ ɳ𝐻 𝑥𝐻 𝜃𝐻

 

Fig. 4. Estimated vs. measured  ( , ) as a function of s/c ratio and its interaction with w/c  ɳ𝑀 𝑥𝑀 𝜃𝑀
ratio

Fig. 5. Visualization of probability of failure: (a) joint probability density function (b) 
isoprobability lines
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Fig. 6. Contour plots of the probability of failure as functions of (a) UEI and CNT concentration, 
(b) UEI and CNT aspect ratio (c) UEI and SP/CNTs ratio

  
Fig. 7. Contour plot of probability of failure as a function of w/c and s/c ratios

    
Fig. 8. Contour plot of probability of failure as a function of CNT concentration and hydration age 
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Fig. 9. Contour plots of probability of failure as a function of CNT concentration and aspect ratio 
using (a) mean of other variables (b) optimum values of other variables

Fig. 10. Sensitivity measures for flexural strength as functions of (a) κ (b) AR (c) UEI

Fig. 11. Importance measure for flexural strength as functions of (a) κ (b) AR (c) UEI
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Table 1. Statistics of the Pukanszky adhesion parameter (B) and interfacial bond stress ( )𝜏𝑖

Parameter Minimum Maximum Mean Median Standard 
deviation

B (unitless)
 (MPa)𝝉𝒊

-7.827
0.63

255.9
9.28

54.92
2.98

44.19
1.97

43.85
2.27

Table 2. Critical factors affecting the flexural strength
Critical 
factor Equation Variable (unit) Mechanism

ɳ𝑫 1 ― [ 𝐴𝑅
𝑈𝐸𝐼 ×

𝑣𝑓 ― 𝑤

(𝑆𝑃
𝐶𝑁𝑇𝑠)]

 CNT aspect ratio (unitless)𝐴𝑅 =
CNT volume fraction in 𝑣𝑓 ― 𝑤 =  

aqueous solution (unitless)
 ultrasonication energy indicator 𝑈𝐸𝐼 =

(index, express in minute)

 superplasticizer-to-CNTs 
𝑆𝑃

𝐶𝑁𝑇𝑠 =
ratio (unitless)

If  or  0 (i.e., no CNTs added),  1 𝑣𝑓 ― 𝑤 𝐴𝑅 = ɳ𝐷 =
(i.e., perfect dispersion).
As  and/or  increases,  gets smaller.𝑣𝑓 ― 𝑤 𝐴𝑅 ɳ𝐷

As UEI and/or  increases,  gradually 
𝑆𝑃

𝐶𝑁𝑇𝑠 ɳ𝐷

reaches one.

Beyond certain UEI and/or ,  gets 
𝑆𝑃

𝐶𝑁𝑇𝑠 ɳ𝐷

constant.

ɳ𝑴

(1 + 𝑠
𝑐)

(𝑤
𝑐)

 sand-to-cemet ratio (unitless)
𝑠

𝑐 =

 water-to-cement ratio (unitless)
𝑤

𝑐 =
As w/c ratio decreases, the value of  increases.ɳ𝑀

As s/c ratio increases, the value of  increases.ɳ𝑀

ɳ𝑯 ( 𝑡
4 + 0.85𝑡)κ

 age of specimen (days)𝑡 =
 CNT concentration (c-wt%)𝜅 =

If CNT is not added (κ = 0 c-wt%),  1. ɳ𝐻 =
At low CNT concentrations (κ ≤ 0.1 c-wt%), the 
influence of t on  is minimal.ɳ𝐻

As κ increases, reaches unity (  1) at later  ɳ𝐻 ɳ𝐻 =
ages (i.e., the higher value of t).

Note: : dispersion factor; : matrix factor; : hydration age factorɳ𝐷 ɳ𝑀 ɳ𝐻

Table 3. Range of Variables to Develop Probabilistic Model (random selection A: dataset I)
Variables Minimum Maximum Mean Median Standard deviation
κ (c-wt%)

 (m)𝑳
 (nm)𝒅

 (unitless)𝑨𝑹
SP/CNTs
𝒘/𝒄
𝒔/𝒄

 (days)𝑨𝒈𝒆
(MPa)𝝈𝒎

 (J/ml)𝑼𝑬𝒕

(J/ml/min)𝑼𝑬𝒎 
 (%)𝑼𝑨

0.0125
1.5
8
157.89
1.32
0.3
0
3
1.94
25
3.95
30

0.5
55
32.5
2500
24
0.6
3
28
9.3
2800
28
100

0.1033
21.7
25.29
902.83
6.4
0.426
1.527
14.643
5.36
1703.65
9.21
55.63

0.09
20
27.5
800
4
0.45
2.25
7
4.88
2612.5
8
50

0.0987
13.45
7.58
622.28
5.26
0.0748
1.235
11.18
1.91
1208.2
5.998
15.63

Table 4. Posterior Statistics of the Unknown Model Parameters (random selection A: dataset I)
Correlation matrix

Unknown parameter Mean Standard
deviation 𝜽𝟏𝑨 𝜽𝟐𝑨 𝜽𝟑𝑨 𝜽𝟒𝑨 𝜽𝟓𝑨 𝜽𝟔𝑨 𝜽𝟕𝑨 ∂𝑨
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𝜽𝟏𝑨
𝜽𝟐𝑨
𝜽𝟑𝑨
𝜽𝟒𝑨
𝜽𝟓𝑨
𝜽𝟔𝑨
𝜽𝟕𝑨
∂𝑨

0.3925
0.2798
0.4806
0.1317
1.0589
0.1730
0.1269
0.1491

0.0280
0.0086
0.0299
0.0369
0.0575
0.0046
0.0146
0.0008

1 -0.5390
 1

 0.9981
-0.5713
 1

 0.9495
-0.6965
 0.9483
 1

 Sym.

  0.8606
 -0.6583
  0.8541
  0.9458
  1

-0.5683
-0.0396
-0.5671
-0.3876
-0.2129
 1

-0.9771
 0.6082
-0.9786
-0.9627
-0.8844
 0.4226
 1

 0.6282
-0.4281
 0.6275
 0.6753
 0.5981
-0.5294
-0.6007
 1

Table 5. Posterior Statistics of the Unknown Model Parameters (random selection B: dataset III)
Correlation matrix

Unknown parameter Mean Standard
deviation 𝜽𝟏𝑩 𝜽𝟐𝑩 𝜽𝟑𝑩 𝜽𝟒𝑩 𝜽𝟓𝑩 𝜽𝟔𝑩 𝜽𝟕𝑩 ∂𝑩

𝜽𝟏𝑩
𝜽𝟐𝑩
𝜽𝟑𝑩
𝜽𝟒𝑩
𝜽𝟓𝑩
𝜽𝟔𝑩
𝜽𝟕𝑩
∂𝑩

0.3950
0.3350
0.4751
0.1055
0.8846
0.1697
0.1379
0.1768

0.0876
0.0745
0.0926
0.0341
0.2263
0.0255
0.0555
0.0137

1 0.5287
1

0.9739
0.4056
1

 0.4178
-0.0169
 0.3769
 1

 Sym.

-0.4650
-0.1806
-0.4299
-0.2875
 1

-0.4585
-0.2618
-0.4915
-0.1602
 0.1879
 1

-0.7044
-0.5600
-0.7011
-0.4694
 0.3906
 0.1756
 1

 0.0411
-0.0174
 0.0524
 0.1143
-0.0287
-0.0573
-0.0903
 1

Table 6. Ranges used for each Critical Factor
Range (based on mean values of data)Critical factor

(y-axis)
Main variable 
(x-axis) R1 R2

ɳ𝑫(𝒙𝑫,𝜽𝑫) AR  0.0012𝑣𝑓 ― 𝑤 ≤ > 0.0012𝑣𝑓 ― 𝑤 
ɳ𝑫(𝒙𝑫,𝜽𝑫) UEI SP/CNTs  6.4≤ SP/CNTs > 6.4
ɳ𝑯(𝒙𝑯,𝜽𝑯) t κ  0.1033≤ κ > 0.1033
ɳ𝑴(𝒙𝑴,𝜽𝑴) s/c ratio w/c  0.426≤ w/c > 0.426

Table 7.  Model Selection Criteria (using random selection A: dataset I)
Model Information criteria

# Critical factors 
𝑵𝒑 AIC BIC ∆AIC R-squared

I (Eq. (3))
II
III
IV
V
VI
VII
VIII (Eq. (8))

Deterministic model
ɳ𝐷
ɳ𝑀
ɳ𝐻
ɳ𝐷 × ɳ𝑀
ɳ𝐷 × ɳ𝐻
ɳ𝑀 × ɳ𝐻
ɳ𝐷 × ɳ𝑀 × ɳ𝐻

0
4
2
1
6
5
3
7

-18.73
-8.014
-11.15
-17.58
-6.434
-11.80
-16.43
-39.41

-18.73
-8.317
-11.30
-17.66
-6.889
-12.18
-16.66
-39.94

25.02
31.40
28.26
21.83
32.98
27.61
22.98
0

0.79
0.84
0.86
0.87
0.86
0.86
0.87
0.95
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Data Availability Statement

The data that support the findings of this study are available on request from the corresponding 
author.
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