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a b s t r a c t

Carbon nanotube (CNT) is one of the most promising nanomaterials to increase the elastic modulus of
cementitious composites. However, CNT characteristics, dispersion procedure, and matrix composition/
hydration are critical and correlated with a high degree of uncertainty in achieving a desirable perfor-
mance. This paper proposes a mechanics-based model to predict the elastic modulus of CNT reinforced
cementitious materials based on the Halpin-Tsai equation. The current study employs a probabilistic
approach to consider the influences of multiple experimental variables and various sources of uncertainty
associated with them. To this end, first, a Bayesian methodology is adopted to perform the model valida-
tion, evaluation, and selection procedures using extensive literature test data. Then, the optimum ranges
of variables are found to maximize the chance of achieving a certain target modulus (herein, 50% more
than control) using a reliability analysis. The proposed model suggests that the highest elastic modulus
is achieved when using CNT aspect ratio ranges from 400 to 800 and concentration between 0.08 and
0.18 c-wt%. Also, the experimentally observed elastic modulus and the proposed probabilistic model
exhibit a similar trend. For example, the importance of hydration age increases as CNT concentration
increases.Finally, the proposed model can be used to reliably predict the elastic modulus, guiding future
researchers to design more efficiently.

� 2020 Elsevier Ltd. All rights reserved.
1. Introduction

Elastic modulus correlates the stress and strain of a material in
the elastic range. It is an important mechanical property because it
governs the deformation of a material when it is subjected to exter-
nal loads. Concerning concrete, the elastic modulus is important for
predicting the deflection of structures in service. It also governs the
long-term structural behaviors such as creep and relaxation. There-
fore, many researchers have tried to improve the elastic modulus
using various types and sizes of materials (e.g., fibers and particles)
to produce cementitious composite [1–8]. Fibers, such as steel and
carbon, can normally improve the strength of the composite, thus
minimizing the risk of cracking and helping to reduce the cross sec-
tion dimensions [9]. To delay the initiation of cracking, current
research tends to use small size fibers, e.g. carbon nanotubes or car-
bon nanofibers. Recently, the use of carbon nanotubes (CNTs) as the
reinforcement in cementitious materials (cement paste, cement
mortar, and concrete) has attracted considerable attention of
researchers [10–13]. Although CNT exhibits the elastic modulus in
the order of 1 TPa [14,15] with tensile strength ranges from 11 to
63 GPa [16], the elastic modulus of CNT reinfoirced composites is
much lower than that of expected with two underlying factors: dis-
persion quality and bond mechanisms of CTNs within cementitious
composites [5,8]. Some researchers reported that the elastic modu-
lus of CNT reinforced cementitious materials could be significantly
increased against the control [10,17]. While, other researchers
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Notation

Ec Elastic modulus of the composite (GPa or ksi)
Em Elastic modulus of the matrix (GPa or ksi)
Ef Elastic modulus of the fiber (GPa orksiÞ
Ef 0 Equivalent elastic modulus of the fiber
n Measure of the fiber geometry
L Fiber length (mm or in.)
d Fiber diameter (mm or in.)
v f Volume fraction of the fiber
vo Fiber orientation factor
Un Fiber orientation angle
an Fraction of fibers with orientation angel Un

j CNT concentration (c-wt%)
AR CNT aspect ratio
UE Ultrasonication energy
UEt Total ultrasonication energy (J/ml)
UEm Intensity of the ultrasonication energy (J/ml/min)
UA Ultrasonication amplitude
ts Ultrasonication duration (min)
SP/CNTs Superplasticizer-to-CNTs ratio
w/c Water-to-cement ratio
t Hydration age of cement
gD Dispersion factor
gH Hydration age factor
gM Matrix factor
C x;Hð Þ Capacity model of interest (herein, Ec)

x Set of measurable variables
H Set of unknown model parameters
C xð Þ Deterministic model
c x; hð Þ Correction term (herein, gD, gH and gM)
@ Standard deviation of the error term
e Random variable with zero mean and unit variance
@e Error term of the model
LðHÞ Likelihood function
pðHÞ Prior distribution
k Normalizing factor
f Hð Þ Posterior distribution
AIC Akaike Information Criterion
BIC Bayesian Information Criterion
Np Number of unknown model parameters
Ns Number of samples
gð�Þ Limit state function
k Minimum design requirement
Pf Probability of failure
b Reliability index
$Hfb Gradient vector of b with respect to Hf

a Row vector of the negative normalized gradient of the
limit state function

Ju�z� Jacobian of the probability transformation
SD

0
Standard deviation diagonal matrix
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reported negligible improvement or even degradation in the elastic
modulus [18,19]. The elasticmodulus can be affected by various fac-
tors, including, but not limited to: different surface treatments [17],
various types (MWCNTs and SWCNTs) [20], and fabrication proce-
dures [18]. Due to these complexities and non-standardized fabrica-
tion procedures, there is a challenge to suggest a model to reliably
predict the elastic modulus of CNT reinforced cementitious materi-
als. Another obstacle to CNT practical applications is the cost. In
cementitiousmaterials, multi-walled carbon nanotubes (MWCNTs)
are mostly used due to their lower prices. From the past market
records, the cost of MWCNTs was reduced significantly from
$7000/kg to $330/kg during the period 2004 to 2019. The advent
of new technologies (e.g., catalyst and energy)may further decrease
the MWCNT production costs. The MWCNT price is projected to be
$135/kg in 2028 [21].

When CNTs are used to fabricate nanocomposites (e.g., metal,
ceramic, and polymer), several theoretical models for the elastic
modulus exist in the literature. Many researchers attempted to
use the conventional theoretical models such as Halpin-Tsai
model [22,23], Mori-Tanaka model [24], and Cox model [25] to
recognize the mechanisms of CNTs that affect the elastic modulus
of nanocomposites. The conventional models, however, are
unable to accurately predict the elastic modulus of nanocompos-
ites in most cases [26,27], because these models disregard CNT
dispersion and bonding characteristics within the hosting matrix.
To overcome this, few researchers tried to modify the conven-
tional models by including the CNT aggregation-related constants
to fit the model to the experimental test data [28–30]. However,
these modified models are empirical (i.e., without a physical
meaning) and underestimate the elastic modulus of CNT-
reinforced nanocomposites below certain CNT concentrations
[28]. Despite some modeling efforts, there are very few published
studies that consider the dispersion and bonding mechanisms,
simultaneously. Thus, it is essential to consider the influences of
CNT dispersion and bonding states in both fabrication and model-
ing procedures.
2

In addition, the applicability of the conventional models for
CNT reinforced cementitious materials is questionable and has
not yet been examined. One of the main reasons is that many
researchers reported inconsistent experimental test results con-
cerning the influence of CNTs on the mechanical properties. In
fact, the discrepancies are often explained by the degree of CNT
dispersion within the matrix and their interfacial bond strength
which are influenced by the interactions between multiple exper-
imental variables [31]. Also, the influence of CNTs on the rate of
cement hydration has been recently reported [31,32], yet it was
not considered as an important parameter in a mechanics-based
model.

The current study aims to propose a mechanics-based model
for CNTs in cementitious materials. To this end, Section 2 pre-
sents the base model (Halpin-Tsai model [22,23]) and the
required modifications (critical factors to consider the interac-
tions between experimental variables [33–35]) in order to
improve its predictability for CNT cement composites. Besides,
the proposed model is formulated in a probabilistic manner to
improve its robustness against various uncertainty (Section 3).
Followed by compiling existing experimental test data obtained
from the literature including the authors’ work (Section 4), sev-
eral probabilistic models are developed and the best model is
selected (Sections 5.1 and 5.2). Then, the performance of the pro-
posed model is evaluated using two approaches: the probability
of failure concept (Section 5.3) and the sensitivity and important
measures (Section 5.4). The details are discussed in the following
sections.
2. Theoretical background

This section first presents the available theoretical model used
to predict the elastic modulus of composites containing CNTs.
Then, the proposed critical factors are added to the model to pre-
dict the elastic modulus of CNT reinforced cement composites.
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2.1. Halpin-Tsai model

Amongst various theoretical models, the Halpin-Tsai equation is
the most widely used model to predict the elastic modulus of com-
posites because of its simplicity and relative high accuracy [36].
The Halpin-Tsai model has been extensively used to predict the
elastic modulus of brittle and ductile materials containing CNTs
such as polymers, metals, and ceramics [37–41]. It was also used
to evaluate the effective elastic moduli of steel-fiber reinforced
concrete [42]. The Halpin-Tsai model evaluates the elastic modulus
of aligned short fiber reinforced composites in terms of the equiv-
alent fiber and matrix by taking into account the volume fraction of
fibers, their geometry (i.e., shape and dimensions), and elastic
properties. The general form of the Halpin-Tsai model can be
expressed as [22]:

Ec ¼
1þ nE

f
0 v

f

1� E
f
0 v f

Em ð1Þ

where Ec is the elastic modulus of the composite (GPa or ksi), Em is
the elastic modulus of the matrix (GPa or ksi), n is the measure of
fiber geometry (n ¼ 2L=d for cylindrical fibers), L is the fiber length
(mm or in.), d is the fiber diameter (mm or in.), Ef

0 is the equivalent

elastic modulus of the fiber, and v f is the volume fraction of the
fiber which can be calculated using the densities of fiber and matrix.
The Ef 0 in the Halpin-Tsai model can be modified to take into
account for randomly oriented short discontinuous fibers as
follows:

Ef 0 ¼
vo

Ef
Em

� 1

vo
Ef
Em

þ n
ð2Þ

where vo is the fiber orientation factor and Ef is the elastic modulus
of the fiber (GPa orksiÞ. The vo is used to take into account for the
possibility of the distributions of discontinuous fibers with different
orientations as vo ¼

P
nancos4Un [43], where an is the fraction of

fibers having orientation angle Un with respect to the reference axis
(
P

nan ¼ 1). The value of vo is one for aligned fibers (the conven-
tional Halpin-Tsai model) and is equal to 3/8 and 1/6 for randomly
orientated fibers in two and three dimensions, respectively [44].
Because CNTs are randomly oriented in three dimensions due to
their nanoscale sizes, vo ¼ 1=6 is considered in this study
[28,29,45].

As mentioned earlier, the Halpin-Tsai model disregards the
influence of CNTs on cement hydration process, their improper dis-
persion, and inadequate adhesion between CNTs and matrix.
Table 1
Critical factors affecting the elastic modulus.

Critical
factor

Equation Variable (unit)

gD 1� AR�v f�w
UEI� SP=CNTsð Þ
h i

gD ¼ dispersion factor
AR ¼ CNT aspect ratio (unitless)
v f�w ¼ CNT volume fraction in aqueous solution
(unitless)
UEI ¼ ultrasonication energy indicator (index)
SP/CNTs = superplasticizer-to-CNTs ratio (unitless)

gM
1þs=cð Þ
w=cð Þ gM ¼ matrix factor

s=c ¼ sand-to-cemet ratio (unitless)
w=c ¼ water-to-cement ratio (unitless)

gH t
4þ0:85t

� �j gH ¼ hydration age factor
t ¼ age of specimen (days) j ¼ CNT concentration
wt%)

Note: c-wt% = based on weight percent of cement powder.
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Therefore, it might lead to inaccurate predictions of the elastic
modulus of nanocomposites [26,27]. To correct this bias and also
to understand the mechanisms of CNTs in cementitious materials,
the authors’ previous study has focused on identifying the most
important experimental variables and the interactions between
them affecting the mechanical properties including the elastic
modulus [31,32]. The identified important variables include CNT
concentration and/or volume fraction (j and/or v f ), aspect ratio
(AR), ultrasonication energy (UE), ultrasonication amplitude (UA),
superplasticizer-to-CNTs (SP/CNTs) ratio, water-to-cement (w/c)
ratio, sand-to-cement (s/c) ratio, and hydration age of cement (t).
2.2. Critical factors

Through extensive experimental and analytical work, three crit-
ical factors (dispersion factor [gD], hydration age factor [gH], and
matrix factor [gM]) were proposed as follows to include the contri-
butions of multiple variables associated with CNT characteristics,
ultrasonication procedure, and matrix composition/hydration to
the elastic modulus.

1) gD is to correlate the CNT dispersion as a function of AR, CNT
volume fraction in aqueous solution (v f�w), SP/CNTs ratio,
and Ultrasonication Energy Indicator (UEI).

2) gM is to include the contributions of w/c and s/c ratios.
3) gH is to consider the contributions of j and t.

A brief description of these critical factors is provided in this
section. More details are provided in the authors’ previous study
[31].
2.2.1. Dispersion factor (gD)
CNTs are generally pre-dispersed in water using a surfactant-

assisted ultrasonication process [10,17]. In cementitious materials,
poly-carboxylate based superplasticizers (SP) are considered to be
the most effective surfactant to disperse CNTs [10,11,17].

In an ultrasonication process, there is a direct relationship
between the ultrasonication amplitude and the rate of the ultra-
sonication energy delivered (i.e., the intensity of ultrasonication
energy). The higher intensity of ultrasonication energy could lead
to a faster CNT dispersion, but it also shortens the length of CNTs
after optimum dispersion achieves, reducing their load carrying

capacity. Therefore, UEI was proposed as UEI ¼ UEt
UEm

� �UA
where

UEtis the total ultrasonication energy (J/ml), UEm is the intensity
of the ultrasonication energy (J/ml/min), and UA is the ultrasonica-
Mechanism

If v f�w or AR ¼ 0 (i.e., no CNTs added), gD ¼ 1 (perfect dispersion).
As v f�w and/or AR increases, gD gets smaller.
As UEI and/or SP/CNTs ratio increases, gD gradually reaches one.
Beyond certain UEI and/or SP/CNTs ratio, gD gets constant.

As w/c ratio decreases, the value of gM increases.
As s/c ratio increases, the value of gM increases.

(c-
If CNT is not added (j = 0c-wt%), gH ¼ 1.
At low CNT concentrations (j � 0.1c-wt%), the influence of t on gH is
minimal.
As j increases,gHreaches unity (gH ¼ 1) at later ages (i.e., a higher value of
t).



M. Ramezani, Young Hoon Kim and Z. Sun Construction and Building Materials 274 (2021) 122092
tion amplitude which is normalized between 0 and 1. The UEI is to
balance between the ultrasonication energy and amplitude to yield
a similar degree of CNT dispersion and comparable elastic modulus
[31]. In the case of a high UA, a lower amount of UEt might be uti-
lized to attain the same UEI as incorporating lower UA with higher
UEt does. Besides, as AR and/or v f�w increases, providing a uniform
dispersion of CNTs gets challenging (see Table 1). Also, up to cer-
tain limits, incorporating a higher UEI and/or SP/CNTs ratio leads
to a better dispersion, beyond which CNT dispersion quality is
not improved [10,46].

2.2.2. Matrix factor (gM)
If improperly designed, uniform dispersion of CNTs in aqueous

solution (water+surfactant) does not necessarily lead to a homoge-
neous distribution of CNTs within the cementitious materials [47].
Increasing the density of the cement matrix (higher s/c ratio and/or
lower w/c ratio) may maintain the quality of CNT dispersion (see
Table 1) by blocking the free movement of CNTs.

2.2.3. Hydration age factor (gH)
CNTs were found to absorb water and slowly release the

retained water over time [20] due to their hydrophilic nature
[48]. This might hinder the rate of progress in the hydration pro-
cess of cement when using high CNT concentrations (see Table 1).

2.2.4. Applicability of the proposed critical factors
To validate the applicability of the proposed critical factors to

predict the elastic modulus, a simple regression model was
developed:

Ec ¼ gD
XgH

YgM
ZEm ð3Þ

where X, Y , and Z are the unknownmodel parameters to fit the data.
The unknown model parameters were calibrated using the maxi-
mum likelihood parameter estimation function against 84 experi-
mental test data from the literature including the authors’ work
(see the solid circles in Fig. 1) [31]. The mean values of the cali-
brated X , Y, and Z were reported to be 6.32, 0.43, and 0.22, respec-
tively [31]. A comparison between the predicted (using Eq. (3)) and
the experimental elastic modulus is demonstrated in Fig. 1. The 1:1
line (dashed line in Fig. 1) indicates that the predicted elastic mod-
ulus is identical to its measured experimental value. Also, the solid
lines represent ± 20% error. Although Eq. (3) shows an acceptable
Fig. 1. Experimental versus predicted elastic modulus using Eq. (3).
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performance to predict the elastic modulus of the investigated data
(see the solid circles in Fig. 1), it is unable to reliably predict the
elastic modulus of the new dataset (see the open triangles in
Fig. 1). Therefore, the robustness of the regression model is ques-
tionable. Besides, the regression model cannot capture the mecha-
nisms of CNTs affecting the elastic modulus. In real applications,
the elastic modulus increases as AR and/or v f increases up to certain
thresholds beyond which the elastic modulus degrades due to the
dispersion issues. However, when using Eq. (3), the predicted elastic
modulus tends to be higher at lower AR and/or v f . This might be
explained by the fact that as AR and/or v f�w decreases, the value
of gD becomes larger (see Table 1). To overcome these limitations,
in this study, the proposed analytical factors (gD, gH , and gM; see
Table 1) are added to the Halpin-Tsai model to predict the elastic
modulus:

Ec ¼ gDgHgM

1þ nE
f
0 v

f

1� E
f
0 v f

Em ð4Þ

In addition, Eq. (4) is formulated in a probabilistic manner to
account for the high degree of uncertainty while incorporating
CNTs, statistical uncertainty in estimation of the unknown model
parameters, model error associated with inexact form of the
model, and missing of the possible influential variables [49,50].
The proposed probabilistic model is then used to identify the most
important variables and their optimum ranges using a reliability
analysis. This benefits future researchers and designers to identify
which variables should be changed to increase the elastic
modulus.

3. Methodology

This section presents the background used to construct the
probabilistic model. The details are as follows.

3.1. Formulation of the proposed probabilistic model

This section presents the probabilistic approach based on the
available deterministic Halpin-Tsai model (Eq. (1)). Additional cor-
rection terms (herein, gD, gH , and gM) and model error are intro-
duced to the deterministic expression to account for inherent
bias and to capture the remaining variability in residuals, respec-
tively [51]. The probabilistic model relates the quantity of interest
(herein, Ec) to a set of measurable variables (defined as
x ¼ ðx1; x2; x3; � � �Þ) such as AR, j, UEI, SP/CNTs ratio, w/c ratio, s/c
ratio, t, etc. The probabilistic capacity model can be written as
follows:

C x;Hð Þ ¼ C xð Þ þ c x; hð Þ þ @e ð5Þ
where C x;Hð Þ is the capacity model of interest (herein, Ec), x is a set
of measurable variables, H ¼ h; @ð Þ; h ¼ ðh1; h2; h3; � � �Þ denotes a set
of unknown model parameters used to fit the data, C xð Þ is the
selected deterministic model, c x; hð Þ is the correction term (herein,
gD, gH , and gM), @ is a standard deviation of the error term taken
from Var C x;Hð Þ½ � ¼ @2, e is a random variable with zero mean and
unit variance, and @e is the error term of the model. There are
two assumptions in the formulation of the probabilistic model: 1)
@ is assumed to be independent of x ¼ ðx1; x2; x3; � � �Þ (i.e.,
homoscedasticity assumption) and 2) e has the normal distribution
(i.e., normality assumption). The final form of the probabilistic
model used to predict the elastic modulus is shown below:

Ec ¼ gDðxD; hDÞ � gHðxH; hHÞ � gMðxM ; hMÞ �
1þ nE

f
0 v f�m

h1

1� E
f
0 v f�m

h1
Em þ @e

ð6Þ
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where v f�m is the volume fraction of CNTs within the cement
matrix. Note that because v f�m used in cementitious materials is
very low (v f�m ¼ 0.000038–0.001277; based on the database),
the predicted elastic modulus using the deterministic Halpin-Tsai
equation is almost the same as the elastic modulus of the
matrix. Therefore, v f�m

h1 is used to fit the data. Also

gD xD; hDð Þ ¼ 1� ARh2�v f�w
h4

UEIh3� SP=CNTsð Þh5

� �h i
,gH xH; hHð Þ ¼ t

4þ0:85t

� �jh6
, and

gM xM ; hMð Þ ¼ 1þs=cð Þh7
w=cð Þh8 are critical factors after adding the unknown

model parameters.

3.2. Bayesian approach

A Bayesian methodology is used to correct the impact of each
variable in a probabilistic manner. In a Bayesian methodology,
the concept of probability is interpreted as the degree of belief of
a likelihood of an event by bringing prior knowledge into consider-
ation. The unknown model parameters in Bayesian approach
depend on the values of the experimental test data and are esti-
mated using the following updating rule [52]:

f ðHÞ ¼ kL ðHÞ p ðHÞ ð7Þ
where H is the vector of unknown parameters, L ðHÞ is the likeli-
hood function that captures the information from data, p ðHÞ is
prior distribution that represents the information available before

collecting the data, k ¼ R
L ðHÞ p ðHÞ f ðHÞ� ��1 is the normalizing fac-

tor and f Hð Þ is the posterior distribution that shows the updated
state of information about H. Once f Hð Þ is known, the posterior
mean vector (MH) and the covariance matrix (RHH ) could be
obtained. Because there is no prior information about the unknown
model parameters, a non-informative prior distribution p ðHÞ / 1

@
is

used [51]. If new data becomes available in the future, Eq. (7) can
still be used to update the estimates of the unknown model param-
eters (i.e., means, variances, and correlation coefficients) by using
the current f Hð Þ as a new previous distribution [50].
4. Database for constructing probabilistic model

A total of 105 data from 11 different references is collected from
several literatures including the authors’ work [10,17,18,31,35,53–
58]. To investigate the robustness of the proposed model, the
entire database is not used for the development of the probabilistic
model due to two fundamental issues: overfitting and being overly
optimistic on model error [59]. There are two common strategies
for evaluating the models using the data points that are not being
used for model development: creating a hold-out dataset or per-
forming cross validation [60]. In this study, the hold-out method
is used to split the database into two sets: the training set (80%
Table 2
Range of Variables used to Develop Probabilistic Model (Dataset I).

Variables Minimum Maximum

j (c-wt%) 0.0125 0.5
L (lm) 1.5 55
d (nm) 8 32.5
AR (unitless) 157.89 2500
SP/CNTs 1.32 24
w=c 0.3 0.6
s=c 0 3
t (days) 3 28
Em (GPa) 5.8 27.81
UET (J/ml) 25 2800
UEm (J/ml/min) 3.95 28
UA (%) 30 100
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of the data; 84 data points) is used to calibrate the unknownmodel
parameters (herein, model development: Dataset I) and the test set
(20% of the data; 21 data points) is used to evaluate the accuracy of
the estimated unknown model parameters in predicting the elastic
modulus of future data (herein, model validation: Dataset II). To
split the database, the random subsampling method without
replacement is used [60]. Table 2 shows the statistics of different
variables used to develop the probabilistic model. Note that the
average values of CNT length, diameter, and aspect ratio are used
in the probabilistic model. For example, if L and d of CNTs are
reported to range from 10 to 30 lm and 20 to 40 nm, respectively,
L, d, and AR of 20 lm, 30 nm, and 667 (unitless) are used, respec-
tively. It should also be noted that the data used in this study are
related to utilizing MWCNTs within cementitious composites.

5. Results and discussions

This section presents the results of the proposed probabilistic
model presented in Section 3. First, the performance of the pro-
posed probabilistic model vs. the experimental test data discussed
in Section 4 is evaluated (Section 5.1) and the best model is
selected (Section 5.2). Then, the optimum ranges of variables are
identified through computing the failure probability (Section 5.3).
Finally, the effect of changes in different variables on the probabil-
ity estimates is examined using sensitivity and importance analy-
ses (Section 5.4), providing valuable information for future
researchers and engineers to identify the best combination of the
experimental variables to achieve certain elastic modulus.

5.1. Model assessment

Table 3 shows the posterior statistics of H estimated using
Dataset I. Also, Fig. 2 shows the performance of the probabilistic
model (Eq. (6)) versus the experimental test data. The solid circles
are the data used to develop the model (Dataset I) and the open tri-
angles are the data used to validate the model (Dataset II). The
robustness of the proposed probabilistic model is validated using
Dataset II that was not used for model development, indicating
the accuracy of the proposed probabilistic model by showing a
desirable performance (i.e., within ± standard deviation of the error
term in the proposed model; @ = 18%). The proposed probabilistic
model after adding the mean values of the unknownmodel param-
eters is as follows:

Ec ¼ 1� AR0:03 � v f�w
0:05

UEI0:03 � SP=CNTsð Þ0:02
 !" #

� t
4þ 0:85t

� �2:56j

� 1þ s=cð Þ0:46
w=cð Þ0:81

�
1þ nE

f
0 v f�m

0:29

1� Ef
0 v f�m

0:29 Em þ 0:18e ð8Þ
Mean Median Standard deviation

0.1164 0.1 0.1079
20.48 20 12.54
26.86 30 6.72

791.02 670.83 536.49
5.78 4 4.57
0.445 0.485 0.0667
1.844 2.25 1.18

15.44 7 11.24
15.24 14.33 5.45

1991.85 2800 1119.32
9.26 8 5.15

56.44 57 13.78



Table 3
Posterior Statistics of the Unknown Model Parameters using Dataset I.

Unknown parameter Mean Standard deviation Correlation matrix

h1 h2 h3 h4 h5 h6 h7 h8 @

h1 0.2912 0.0230 1 0.6634 0.6766 0.8013 0.0488 �0.3253 �0.5609 �0.3456 0.0676
h2 0.0249 0.0089 1 0.6663 0.9061 �0.0037 �0.2431 �0.5304 �0.2254 0.0735
h3 0.0257 0.0094 1 0.6288 �0.0826 0.0248 �0.5707 �0.3499 0.1259
h4 0.0502 0.0112 1 0.0246 �0.2923 �0.6398 �0.4807 0.0755
h5 0.0166 0.0114 1 �0.0709 �0.1251 �0.4773 �0.0311
h6 2.5572 0.3296 1 0.2247 0.0285 0.0286
h7 0.4624 0.0341 Sym. 1 0.3828 �0.0304
h8 0.8091 0.1121 1 �0.0629
@ 0.1803 0.0149 1

Fig. 2. Predicted value of elastic modulus versus experimental results using Eq. (6)
(Dataset I is used for model development and Dataset II is used for model
validation).

M. Ramezani, Young Hoon Kim and Z. Sun Construction and Building Materials 274 (2021) 122092
To validate the applicability of the proposed critical factors, the
corrected factors (i.e., gD (xD, hD), gH (xH , hH), and gM (xM , hM); see
Eq. (8)) are further analyzed by comparing the estimated versus
the measured values. The estimated value is obtained by plugging
in the value of experimental variables in corresponding equations.
For example, the estimated value of gH (xH , hH) is directly calcu-

lated using gH xH; hHð Þ ¼ t
4þ0:85t

� �2:56j
. Also, the measured value is

an indirect back calculation of each critical factor in Eq. (8) using
the experimental test results of Ec and Em. The assumption is that
the corrected factors are not correlated.

To visualize the influences of variables on the response (herein,
the corrected critical factors), each critical factor is plotted as a
function of a main variable and its interaction with another vari-
able in two different ranges: R1 and R2 (see Table 4) for experi-
mental variable below and above the mean value, respectively.
Table 4
Ranges used for each Critical Factor.

Critical factor
(y-axis)

Main variable
(x-axis)

Range (based on mean values of
data)

R1 R2

gDðxD ; hDÞ AR v f � 0.0012 v f > 0.0012
gDðxD ; hDÞ UEI SP/CNTs � 5.78 SP/CNTs > 5.78
gHðxH ; hHÞ t j � 0.1164 j > 0.1164
gMðxM ; hMÞ s/c ratio w/c � 0.445 w/c > 0.445
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Figs. 3–5 demonstrate the influences of the main variables (x-
axis) on the corrected critical factors (y-axis). Each plot describes
how the response (y-axis) varies as a function of two variables.
The solid lines in each plot represent the estimated values of gs
and the dashed lines represent the standard deviation of the model
error (±@). To plot the lines, the mean value of other variables is
used except for the main variable (x-axis). Also, the open circles
represent the measured values of the critical factors. Fig. 3 (a)
shows the influence of changes in AR and its interaction with
another independent variable (v f�w) on gD (xD, hD). Fig. 3 (b) shows
the influence of UEI and SP/CNTs ratio on gD (xD, hD). Fig. 4 demon-
strates the influence of t and its interaction with j on gH (xH , hH).
And, Fig. 5 shows the contribution of s/c ratio and its interaction
with w/c ratio to gM (xM , hM).

Figs. 3–5 exhibit that most of the measured gs are within ± @

and they follow the similar trends as the estimated gs. For exam-
ple, Comparing R1 and R2 in Fig. 4, it is obvious that the influence
of t on the value of gH (xH , hH) becomes more pronounced at higher
j (see R2 in Fig. 4). Also, Table 5 shows the statistics of the ratio of
the measured to the estimated gs for each data point (the exact
values). The mean and median values of the ratio of the measured
to the estimated gs for both ranges are very close to 1.00 with
small variations (COV ranges between 0.08 and 0.13), indicating
that the proposed critical factors can capture the mechanisms of
CNTs affecting the elastic modulus of cementitious materials.

5.2. Model selection criteria

For the engineering application purpose, the most complicated
model with the highest accuracy may not always be the best
model. It is widely accepted that the best model is the one that pre-
serves accuracy of the prediction while using less variables. There-
fore, in this study, nine different models containing different
subsets of the critical factors are evaluated for model selection
(see Table 6). For example, model II only contains the critical factor
of gD with the unity of gM and gH (i.e., gM ¼ gH ¼ 1). In this regard,
a common penalized likelihood information criteria such as Akaike
Information Criterion (AIC) and Bayesian Information Criterion
(BIC) can be used to take both model accuracy and parsimony into
account. The AIC and BIC can be determined as follows:

AIC ¼ �2logL Hð Þ þ 2Np ð9Þ

BIC ¼ �2logL Hð Þ þ NplogNs ð10Þ
where Np is number of unknown model parameters included in H
and Ns is number of samples. The model with the smallest esti-
mated values of AIC and BIC is considered as the best model. Table 6
also shows AIC and BIC estimated values for the competing models.
It can be seen that both AIC and BIC values for model VIII are smaller
than those of the other models, indicating that including all critical
factors in the probabilistic model leads to a more accurate predic-
tion model. Also, the R-squared value for model VIII is higher than



Fig. 3. Estimated vs. measured gD (xD , hD) as a function of: (a) AR and its interaction with v f�w (b) UEI and its interaction with SP/CNTs ratio.

Fig. 4. Estimated vs. measured gH (xH , hH) as a function of t and its interaction with j.
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other candidates, confirming the superior performance of the pro-
posed probabilistic model.

5.3. Probability of not meeting design specifications

After estimating the unknown model parameters (see Table 3),
the proposed probabilistic model (Eq. (6)) is used to optimize each
variable through computing the probability of not meeting the
specified elastic modulus requirements (probability of failure;
Pf ). A limit state function g �ð Þ is introduced such that the event
[g �ð Þ 6 0] denotes not meeting the specified capacity requirements
7

[61]. For the determination of the structural reliability, the proba-
bility of failure can be derived considering the probability density
functions of capacity (C) and demand (D) in the limit state function.
If the capacity exceeds the demand (i.e., C � D> 0), the structure is
safe. Conversely, if the demand exceeds the capacity (C � D < 0),
the structure fails. The probability of failure could be visualized
as the overlapping area of the normally distributed capacity and
demand curves (see hatched area in Fig. 6 (a)). In this study,
because there is no code or requirement criteria available in the
literature, the minimum elastic modulus requirement (demand)
of cementitious materials containing CNTs is set to the determinis-



Fig. 5. Estimated vs. measured gM (xM , hM) as a function of s/c ratio and its interaction with w/c ratio.

Table 5
Statistics of the Ratio of Measured to Estimated Corrected Critical Factors.

Critical factor Main variable Range Statistics

Mean Median Standard deviation Coefficient of variance

gDðxD ; hDÞ AR R1 1.00 1.01 0.12 0.12
R2 0.98 0.96 0.13 0.13

gDðxD ; hDÞ UEI R1 0.99 0.98 0.12 0.12
R2 0.99 1.03 0.12 0.12

gHðxH ; hHÞ t R1 0.99 1.00 0.12 0.12
R2 1.00 0.98 0.13 0.13

gMðxM ; hMÞ s/c ratio R1 1.02 1.03 0.08 0.08
R2 0.98 0.97 0.13 0.13

Table 6
Model Selection Criteria using Dataset I.

Model Np Information criteria R-squared

# Critical factors AIC BIC

I Deterministic* 1 28.19 28.09 0.63
II gD 5 31.78 31.29 0.70
III gM 3 19.05 18.76 0.73
IV gH 2 23.74 23.55 0.69
VI gD � gM 7 6.83 6.15 0.78
V gD � gH 6 31.08 30.50 0.73
VII gM � gH 4 15.79 15.41 0.76
VIII (Eq. (6)) gD � gM � gH 8 �2.98 �3.76 0.88
IX (Eq. (3)) Regression^ 3 10.31 10.34 0.85

*Halpin-Tsai equation with raising factor h1, ^entire data set is used for the regression model

Fig. 6. Reliability analysis using (a) demand and capacity as stochastic parameters; and (b) capacity as a stochastic parameter and demand as a deterministic parameter
(modified from [62]).
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tic value of 50% increase compared with the control (see Fig. 6 (b)).
Using the proposed probabilistic model described in Eq. (6), the
limit state function can be written as follows:

gðkEm; x;HÞ ¼ C x;Hð Þ � kEm ð11Þ
where k is the minimum design requirement (i.e., k = 1.5). The prob-
ability of not meeting the specified elastic modulus requirement
can be given by:

P Hð Þ ¼ P½gðkEm; x;HÞ � 0jH� ð12Þ
where P �j�ð Þ denotes the conditional probability of g kEm; x;Hð Þ � 0
for given values of H.

5.3.1. Relationship between variables involved in ultrasonication
procedure

The contour plots of isoprobability lines as functions of UEI ver-
sus j, AR, and SP/CNTs ratio are shown in Fig. 7 (a), (b), and (c),
respectively. Note that except for variables in the x-axis (e.g., j
in Fig. 7 (a)), the mean value of other random variables is used.
The isoprobability lines connect pairs of values of different vari-
ables corresponding to the same probability of not meeting the
specified elastic modulus requirement (P½gð1:5Em; x;HÞ � 0�). The
lower value of isoprobability lines indicates that the chance of
obtaining the elastic modulus exceeding 50% larger than the con-
trol is higher (lower value of Pf is desirable).

Fig. 7 (a) shows that when j is below approximately 0.05c-wt%,
increasing UEI has negligible influence on obtaining higher proba-
bility of getting at least 50% increase in the elastic modulus. For
example, in case of j = 0.02c-wt%, the increase in UEI from 10 to
30 results in a constant Pf of 0.9 (see the solid circles on the same
failure probability line in Fig. 7 (a)). As j increases, Pf decreases by
increasing in UEI. For example, in case of j = 0.1c-wt%, increasing
UEI from 5 to 25 minimizes Pf (from 0.84 to 0.54; see crosses on
the dashed line in Fig. 7 (a)). Generally, Pf is lowest when UEI is
above 25 and j is between 0.1 and 0.15c-wt% (see the hatched area
in Fig. 7 (a)).

Fig. 7 (b) shows that as AR increases, the influence of UEI on
probability estimates becomes more pronounced. For example,
when AR = 100, increasing UEI from 10 to 30 does not contribute
to minimize Pf (i.e., constant Pf of 0.88; see the solid circles on
the same failure probability line in Fig. 7 (b)). However, when
AR = 500, increasing UEI from 5 to 24 exhibited the reduction in
Pf from 0.8 to 0.52 (see crosses on the dashed line in Fig. 7 (b)).
Fig. 7. Contour plots of the failure probability as functions of (a
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Beyond AR = 2500, the increase in UEI could reduce Pf , however,
the contribution is not significant. Generally, utilizing UEI above
24 with AR between 400 and 800 results in the lowest Pf (see the
hatched area in Fig. 7 (b)).

Fig. 7 (c) shows the relationship between UEI and SP/CNTs ratio
by using contour plot of isoprobability lines. When SP/CNTs < 3,
increasing UEI has negligible effect on decreasing Pf . This might
be attributed to the insufficient SP dosage to coat the entire surface
of CNTs [63]. For example, when SP/CNTs = 2, increasing UEI from
10 to 30 results in the same Pf of 0.9 (see the crosses on the same
failure probability line in Fig. 7 (c)). In addition, when UEI < 10,
increasing SP/CNTs ratio has minimal influence on the change in
Pf . Beyond UEI of 10, as SP/CNTs ratio increases, lower UEI is needed
to produce similar Pf . For example, utilizing UEI and SP/CNTs ratio
of 25 and 7, respectively, results in the same Pf as utilizing UEI and
SP/CNTs ratio of 20 and 12, respectively, does (see solid squares on
the same failure probability line of 0.5 in Fig. 7 (c)). In addition,
when UEI is fixed, Pf becomes constant beyond certain SP/CNTs
ratios, and the threshold SP/CNTs ratio achieves sooner at lower
UEIs. For example, when UEI = 10, increasing SP/CNTs ratio from
7 to 25 does not significantly affect Pf (see solid circles on the
dashed line in Fig. 7 (c)). The similar trend was also observed
through experimental studies showing that the excessive amount
of surfactant-to-CNTs ratio (i.e., beyond their optimum ranges)
did not lead to a better dispersion quality [10,46,63].

5.3.2. Relationship between w/c and s/c ratios
Fig. 8 shows the contour plot as a function of s=c and w=c ratios

based on the fixed values (mean values) of other variables. The
probability of failure decreases as s=c ratio increases and/or w=c
ratio decreases. For example, in case of s/c = 2, the decrease in w/
c ratio from 0.55 to 0.35 results in the significant decrease in Pf

from 0.8 to 0.3 (see solid circles on the dashed line in Fig. 8). In
addition, there are several options to achieve the same Pf . For
example, utilizing w=c and s=c ratios of 0.35 and 2.25, respectively,
results in the same Pf as utilizing w=c and s=c ratios of 0.4 and 3,
respectively, does (see crosses on the same failure probability line
of 0.25 in Fig. 8).

5.3.3. Relationship between j and t
Fig. 9 shows the relationship between j and t while incorporat-

ing mean of other variables. When j < 0.05c-wt%, t has minimal
effect on minimizing Pf . However, as j increases, the effect of t
) UEI and j; (b) UEI and AR; and (c) UEI and SP/CNTs ratio.



Fig. 8. Contour plot of the failure probability as a function of w=c and s=c ratios.

Fig. 9. Contour plot of the failure probability as a function of j and t.
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on the reduction of Pf is more pronounced. For example, when j
and t are 0.1c-wt% and 13 days, respectively, the probability of fail-
ure is 0.55. On the other hand, when j = 0.3c-wt%, t = 25 days is
required to achieve the same Pf (see crosses on the same failure
probability line of 0.55 in Fig. 9). Generally, at low j, the concentra-
tion is the driving force to increase the elastic modulus rather than
t. As j increases, the elastic modulus gradually increases against
the control (i.e., without CNTs) over time.

5.3.4. Influence of optimum ranges of variables on probability
estimates

Fig. 10 shows contour plots of isoprobability lines as a function
of j and AR while utilizing mean of other variables (Fig. 10 (a)) or
optimum values of each variable (Fig. 10 (b)) obtained from Fig. 7
(c) and 8 (deterministic values: UEI = 25, SP/CNTs = 7, w/c = 0.4, and
s/c = 3). Generally, the value of Pf is very high while incorporating
CNTs with high j and AR. Besides, Pf decreases as j increases up to
0.1c-wt%, beyond which Pf increases, due to the dispersion issues
(see dashed lines in Fig. 10).

The lowest Pf is achieved when using CNTs with j ranges from
0.08 to 0.18c-wt% and AR between 400 and 800 (see hatched areas
10
in Fig. 10). In addition, Fig. 10 (b) shows that utilizing optimum
ranges of different variables significantly decreases Pf compared
with Fig. 10 (a). For example, if using mean value of each variable,
the minimum Pf is 0.6 (see hatched area in Fig. 10 (a)). However,
when using optimum values of different variables (i.e., determinis-
tic values), the probability of failure decreases to only 0.1 ~ 0.2 (see
hatched area in Fig. 10 (b)). Besides, using either low j having high
AR or high jwith low AR produces similar Pf . For example, Pf ¼ 0.2
can be attained when incorporating either j = 0.1c-wt% having
AR = 1000 or j = 0.18c-wt% having AR = 500 (see crosses on the
same failure probability line of 0.2 in Fig. 10 (b)). The contour plots
also demonstrate the trends observed by other researchers. For
example, Konsta-Gdotous et al. [10] and Abu Al-Rub et al. [11]
reported that higher concentrations of CNTs with smaller aspect
ratios produced comparable elastic modulus as a lower concentra-
tion of higher aspect ratio CNTs did.

5.4. Sensitivity and importance measures

Sensitivity and importance analyses are performed to deter-
mine the effect of different variables on the probability estimates
and to gain physical insights. Sensitivity and importance measures
could be used to minimize the probability of failure to achieve cer-
tain required performance.

5.4.1. Sensitivity measure
The sensitivity analysis is performed to investigate what vari-

ables are most sensitive to the change of the elastic modulus when
design requirement is set to obtaining at least 50% increase com-
pared with the control (Pf ðEc > 1:5Em)) [64]. By computing sensi-
tivity measures, researchers could determine variable(s) to be
changed to make stiffer CNT-cement nanocomposites. To compare
the sensitivity measures of all the variables, the vector d is com-
puted as follows:

d ¼ rs$Hf
b ð13Þ

where rs is the diagonal matrix with diagonal elements given by
the standard deviation of each random variable in x, $Hf

b is the gra-
dient vector of bwith respect toHf computed at the mean point and
b is the reliability index from first order reliability method (FORM)
analysis.

The sensitivity of each variable is measured with respect to two
main variables that are believed to significantly affect the elastic
modulus: j and UEI. Fig. 11 shows the sensitivity measure of each
variable as the change of j (see Fig. 11 (a)) and UEI (see Fig. 11 (b)).
Note that the mean of each variable is considered to measure the
sensitivity. The higher change in the sensitivity measure (y-axis)
for each variable with respect to the main variable (x-axis) indi-
cates the higher sensitivity of the elastic modulus to the variation
in the amount of that variable. For example, Fig. 11 (a) shows that
as j (x-axis) increases, t, AR, and UEI have the largest slope
amongst other variables, respectively, indicating that they are the
most sensitive variables to the change in the elastic modulus. Also,
Fig. 11 (b) shows that AR and SP/CNTs ratio are the most sensitive
parameters to the change in the elastic modulus with respect to
the change in UEI. Conversely, s/c ratio and t are the least sensitive
parameters as a function of UEI.

In addition, the negative value of the sensitivity measure for
variables (y-axis) indicates that Pf decreases as the amount of that
variable increases. Conversely, the positive value of the sensitivity
measure for each variable indicates that Pf increases as the value of
the variable increases. For example, the positive value of the sensi-
tivity measure for AR (see Fig. 11) indicates that Pf increases as the
value of AR increases. On the other hand, Fig. 11 (a) shows that as t
or UEI increases, Pf decreases. As seen in Fig. 11 (b), the negative



Fig. 10. Contour plots of the failure probability as a function of j and AR when using (a) mean of other variables; and (b) optimum values of other variables.

Fig. 11. Sensitivity measure for elastic modulus as functions of (a) j; and (b) UEI.
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values of the sensitivity measure for SP/CNTs ratio is observed. This
shows that Pf decreases as SP/CNTs ratio increases. However, SP/
CNTs ratio gets closer to zero as UEI increases. This suggests that
a lower amount of SP/CNTs ratio can be used when higher UEI is
used. Konsta-Gdoutos et al. [10] also reported that an excessive
amount of surfactant (i.e., beyond optimum surfactant dosage)
degraded the mechanical properties.

5.5. Importance measure

Although the sensitivity measures provide information on how
sensitive the variables are with respect to the changes in the elastic
modulus, but they cannot be compared because they have different
units [65]. The importance measure can be used to rank the impor-
tance of different variables with respect to their effects on the vari-
ability of the limit state function.

In the limit state function (Eq. (11)), important variables have
larger impacts on the variability of the limit state function and less
important variables have smaller impacts. In this research, an
importance analysis is conducted to obtain the vector of impor-
tance measures (c) as follows [66]:

cT ¼ aT Ju�z�SD
0

kaT Ju�z�SD
0 k ð14Þ

where a is a row vector of the negative normalized gradient of the
limit state function evaluated at the design point in standard nor-
mal space, z is vector of random variables (z ¼ ðxp;HÞÞ, Ju�z� is Jaco-
11
bian of the probability transformation from the original space (i.e.,
z) to the standard normal space (i.e., u) with respect to the coordi-

nates of the most likely failure point (i.e., design point, z�), and SD
0

is the standard deviation diagonal matrix of equivalent normal vari-
ables z0 defined by the linearized inverse transformation
z0 ¼ z� þ Jz�u� ðu� u�Þ at the design point. The elements in the matrix

SD
0
are the square root of the corresponding diagonal elements of

the covariance matrix R
0 ¼ Jz�u� JTz�u� of the variables in the z0

:

Fig. 12 shows the importance measures of each variable with
respect to j (Fig. 12 (a)) and UEI (Fig. 12 (b)) when using the mean
value of other variables. The absolute value of c is a measure of the
importance of variables. The higher absolute value of c indicates
the higher importance of variables and vice versa. For example,
Fig. 12 (a) shows that s/c and w/c ratios are the most important
variables. Also, below j of 0.1c-wt%, t is the least important vari-
able. However, the importance of t gradually and consistently
increases as j increases. Besides, as j increases, the importance
of UEI increases while the importance of SP/CNTs ratio andw/c ratio
remains constant. As seen in Fig. 12 (b), below UEI of around 12, SP/
CNTs ratio is the most important variable to the change of the elas-
tic modulus. However, the importance of SP/CNTs ratio decreases
by increasing in UEI and it becomes the least important variable
above UEI of 20 (i.e., the smallest absolute value of importance
measure (y-axis) amongst other variables). It can also be seen that
the importance of j and s/c ratio decreases as UEI increases. On the
other hand, the importance of t and w/c ratio remains constant.



Fig. 12. Importance measure for the elastic modulus as functions of (a) j; and (b) UEI.
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6. Conclusions

This study proposes a new probabilistic model based on the
deterministic Halpin-Tsai equation to predict the elastic modulus
of CNT-reinforced cementitious materials (pastes and mortars).
The proposed probabilistic model considers the influences of CNT
characteristics, dispersion procedure, and matrix composition/hy-
dration and is attained using a Bayesian methodology. The condi-
tional probability of failure is used to identify the optimum
ranges of experimental variables considered in the current study.
This facilitates the design of promising nanocomposites through
understanding the mechanisms of CNTs in cementitious materials.
The following conclusions can be made:

1. The proposed probabilistic model enables to predict the elastic
modulus within 18	1% error of the experimental test data (105
data) from the literature including the authors’ work.

2. Incorporating CNTs with aspect ratio (AR) ranging from 400 to
800 and concentration (j) between 0.08 and 0.18c-wt% (based
on the weight percent of cement powder) results in the highest
improvement in the elastic modulus.

3. There are several options to attain the similar elastic modulus
with varied combinations of the experimental variables. Certain
combinations of the Ultrasonication Energy Indicator (UEI) and
superplasticizer-to-CNTs (SP/CNTs) ratio or w/c and s/c ratios
might be used to yield similar enhancement in the elastic mod-
ulus, when using constant values of other variables.

4. The AR and SP/CNTs ratio are the most sensitive variables to the
change in the elastic modulus with respect to UEI. On the other
hand, age of specimen and AR are the most sensitive variables to
change the elastic modulus followed by UEI with respect to j, and
their importance increases as j increases. In addition, the impor-
tance of SP/CNTs ratio, j, and s/c ratio decreases as UEI increases.
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