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𝜃 𝜑

𝜃

𝜑

𝜑

𝜃 𝜑
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𝑣 > 0
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𝜃 𝜑

𝑙1, 𝑙2 , 𝑙3

𝐴1, 𝐴2 , 𝐴3

𝜃 𝜑

𝐷𝑖 𝑖 = 1 𝑡𝑜 8 𝜃
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𝜑

𝑙1, 𝑙2, 𝑙3)

𝜃, 𝜑 2(𝑙1 + 𝑙3 cos𝜑 − 𝑙2 sin 𝜃)

𝑉𝑡𝑜𝑡𝑎𝑙 = 8(𝑙1 + 𝑙3 cos 𝜑 − 𝑙2 sin 𝜃)
3

𝑉𝑠𝑡𝑟𝑢𝑡 = 6𝜋𝑟1
2𝑙1 + 24𝜋𝑟2

2𝑙2 + 24𝜋𝑟3
2𝑙3

𝜇 =
𝑉𝑠𝑡𝑟𝑢𝑡

𝑉𝑡𝑜𝑡𝑎𝑙

𝜇 =
3𝜋(𝑟1

2𝑙1 + 4𝑟2
2𝑙2 + 4𝑟3

2𝑙3)

4(𝑙1 + 𝑙3 cos𝜑 − 𝑙2 sin 𝜃)3

𝐸𝑠, 𝐺𝑠, 𝜎𝑦𝑠, 𝑣𝑠
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𝐴𝑖 𝐵𝑖

𝑞8 𝑞7 𝐴𝑖 𝐵𝑖 𝐶𝑖

𝑖 = 1 𝑡𝑜 8

𝑞3, 𝑞4, 𝑞11 𝐷𝑖 𝑖 = 1 𝑡𝑜 8

𝑞5, 𝑞6, 𝑞10 𝐸𝑖 𝐹𝑖 𝑖 = 1 𝑡𝑜 4

𝑞2 𝑞1

𝐺𝑖

𝑞9
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{𝑄} = [𝐾]{𝑞}

{𝑄}

[𝐾] {𝑞}

 𝑣

 𝜃

 𝑢

 𝜑

𝑆𝑖 𝑊𝑖 𝑇𝑖 𝑉𝑖 𝑈𝑖

𝑥 𝑦 𝑧

𝒖𝑷𝑸 𝒒𝒊

𝒒𝒊

𝒒𝒊
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(𝒒𝒊. 𝒖𝑃𝑄)𝒖𝑃𝑄

(𝒒𝒊 − (𝒒𝒊. 𝒖𝑃𝑄)𝒖𝑃𝑄)

𝑆𝑖

((𝒒𝒊. 𝒖𝑃𝑄)𝒖𝑃𝑄) 𝑆𝑖

𝑇𝑖

(𝒒𝒊 − (𝒒𝒊. 𝒖𝑃𝑄)𝒖𝑃𝑄)𝑇𝑖

𝒖𝑷𝑸

(𝒒𝒊 − (𝒒𝒊. 𝒖𝑃𝑄)𝒖𝑃𝑄)𝑉𝑖 −(𝒖𝑷𝑸 × (𝒒𝒊 − (𝒒𝒊. 𝒖𝑃𝑄)𝒖𝑃𝑄))𝑉𝑖 𝑆𝑖

𝑇𝑖 𝑉𝑖

𝑆𝑖 𝑇𝑖 𝑉𝑖 𝑊𝑖 𝑉𝑖 𝑈𝑖

𝑞1 𝑞2 𝑞10

 𝒒𝟏 = 𝟏

𝑞1 = 1

𝐹1

𝒒𝟏 (𝑞1⃗⃗  ⃗.
𝐸1𝐹1⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ 

|𝐸1𝐹1⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ |
)
𝐸1𝐹1⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ 

|𝐸1𝐹1⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ |
 

 (𝒒𝟏. 𝒖𝐸1𝐹1)𝒖𝐸1𝐹1 𝒒𝟏
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𝒖𝐸1𝐹1 𝐸1𝐹1

𝑆1

((𝒒𝟏. 𝒖𝐸1𝐹1)𝒖𝐸1𝐹1) 𝑆1

𝐹1 𝑞1 𝐾11

∑𝐹𝑧,𝐹1 = 0 →  
𝑄1
4
− 𝒒𝟏. ((𝒒𝟏. 𝒖𝐸1𝐹1)𝒖𝐸1𝐹1) 𝑆1 = 0 → 𝐾11 = 𝑄1 = 4𝑆1

𝐸1 𝑞2

𝐾12

∑𝐹𝑧,𝐸1 = 0 →  
𝑄2
4
+ 𝒒𝟐. ((𝒒𝟏. 𝒖𝐸1𝐹1)𝒖𝐸1𝐹1) 𝑆1 = 0 → 𝐾12 = 𝑄2 = −4𝑆1

𝑞1

𝑞3, 𝑞4, 𝑞5, 𝑞6, 𝑞7, 𝑞8, 𝑞9, 𝑞10, 𝑞11)

 𝒒𝟐 = 𝟏

𝑞2 = 1

𝒒𝟐

(𝒒𝟐. 𝒖𝐸1𝐹1)𝒖𝐸1𝐹1
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𝒒𝟐 (𝒒𝟐. 𝒖𝐸1𝐷1)𝒖𝐸1𝐷1

(𝒒𝟐 − (𝒒𝟐. 𝒖𝐸1𝐷1)𝒖𝐸1𝐷1)

𝑆1 ((𝒒𝟐. 𝒖𝐸1𝐹1)𝒖𝐸1𝐹1) 𝑆1

𝑆2 ((𝒒𝟐. 𝒖𝐸1𝐷1)𝒖𝐸1𝐷1)𝑆2

𝑇2

(𝒒𝟐 − (𝒒𝟐. 𝒖𝐸1𝐷1)𝒖𝐸1𝐷1)𝑇2

𝑞2

𝐾22  

∑𝐹𝑧,𝐸1 = 0 →  
𝑄2
4
− 𝒒𝟐. ((𝒒𝟐. 𝒖𝐸1𝐹1)𝒖𝐸1𝐹1) 𝑆1 + 4(𝒒𝟐. ((𝒒𝟐. 𝒖𝐸1𝐷1)𝒖𝐸1𝐷1) 𝑆2)

− 4(𝒒𝟐. (𝒒𝟐 − (𝒒𝟐. 𝒖𝐸1𝐷1)𝒖𝐸1𝐷1)𝑇2) = 0 

 

→ 𝐾22 = 𝑄2 = 4(𝑆1 + 4 sin
2 𝜃 𝑆2 + 4 cos

2 𝜃 𝑇2)

𝒒𝟐 𝐾25,

𝐾26 𝐾210 ((𝒒𝟐. 𝒖𝐸1𝐷1)𝒖𝐸1𝐷1) 𝑆2

 (𝒒𝟐 − (𝒒𝟐. 𝒖𝐸1𝐷1)𝒖𝐸1𝐷1)𝑇2 𝑞5

𝑞6

𝐾25 𝐾26
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∑𝐹𝑦,𝐷1 = 0 →  
𝑄5
8
+ 2𝒒𝟓. ((𝒒𝟐. 𝒖𝐸1𝐷1)𝒖𝐸1𝐷1) 𝑆2 + 2𝒒𝟓. (𝒒𝟐 − (𝒒𝟐. 𝒖𝐸1𝐷1)𝒖𝐸1𝐷1)𝑇2

= 0 

→ 𝐾25 = 𝑄5 = 4√2 sin 2𝜃 (𝑇2 − 𝑆2)

∑𝐹𝑞6,𝐷1 = 0 →  
𝑄6
8
+ 2𝒒𝟔. ((𝒒𝟐. 𝒖𝐸1𝐷1)𝒖𝐸1𝐷1)𝑆2

+ 2𝒒𝟔. (𝒒𝟐 − (𝒒𝟐. 𝒖𝐸1𝐷1)𝒖𝐸1𝐷1)𝑇2 = 0 

→ 𝐾26 = 𝑄6 = 4 sin 2𝜃 (𝑇2 − 𝑆2) − 8√2 sin
2 𝜃 𝑆2 − 8√2 cos

2 𝜃 𝑇2

 

𝐾210 𝑞10

𝒖𝐸1𝐷1 

 (𝒒𝟐 − (𝒒𝟐. 𝒖𝐸1𝐷1)𝒖𝐸1𝐷1)𝑉2

𝑞10 𝐾210  

∑𝑀𝑞10,𝐷1 = 0 →  
𝑄10
8
+ 2𝒒𝟏𝟎. (𝒖𝐸1𝐷1 × (𝒒𝟐 − (𝒒𝟐. 𝒖𝐸1𝐷1)𝒖𝐸1𝐷1))𝑉2 = 0 

→ 𝐾210 = 𝑄10 = −8 cos 𝜃 𝑉2

 𝒒𝟏𝟎 = 𝟏

𝒒𝟏𝟎

𝒒𝟏𝟎. 𝒖𝐶1𝐷1 , 𝒒𝟏𝟎. 𝒖𝐸1𝐷1 , 𝒒𝟏𝟎. 𝒖𝐵1𝐷1 , 𝒒𝟏𝟎. 𝒖𝐺1𝐷1

𝑊2 𝑊3

((𝒒𝟏𝟎.𝒖𝐶1𝐷1)𝒖𝐶1𝐷1)𝑊3 ((𝒒𝟏𝟎.𝒖𝐸1𝐷1)𝒖𝐸1𝐷1)𝑊2 ((𝒒𝟏𝟎.𝒖𝐵1𝐷1)𝒖𝐵1𝐷1)𝑊2
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((𝒒𝟏𝟎.𝒖𝐺1𝐷1)𝒖𝐺1𝐷1)𝑊3

𝒒𝟏𝟎

𝒒𝟏𝟎 − (𝒒𝟏𝟎. 𝒖𝐶1𝐷1)𝒖𝐶1𝐷1 , 𝒒𝟏𝟎 − (𝒒𝟏𝟎. 𝒖𝐸1𝐷1)𝒖𝐸1𝐷1 , 𝒒𝟏𝟎 − (𝒒𝟏𝟎. 𝒖𝐵1𝐷1)𝒖𝐵1𝐷1 𝒒𝟏𝟎 −

(𝒒𝟏𝟎. 𝒖𝐺1𝐷1)𝒖𝐺1𝐷1

𝑈2 𝑈3

𝒒𝟏𝟎

𝐾1010

∑𝑀𝑞10,𝐷1 = 0 

→  
𝑄10
8
− 2𝒒𝟏𝟎. ((𝒒𝟏𝟎. 𝒖𝐶1𝐷1)𝒖𝐶1𝐷1)𝑊3

− 2𝒒𝟏𝟎. (𝒒𝟏𝟎 − (𝒒𝟏𝟎. 𝒖𝐶1𝐷1)𝒖𝐶1𝐷1)𝑈3

− 2𝒒𝟏𝟎. ((𝒒𝟏𝟎. 𝒖𝐸1𝐷1)𝒖𝐸1𝐷1)𝑊2

− 2𝒒𝟏𝟎. (𝒒𝟏𝟎 − (𝒒𝟏𝟎. 𝒖𝐸1𝐷1)𝒖𝐸1𝐷1)𝑈2

− 𝒒𝟏𝟎. ((𝒒𝟏𝟎. 𝒖𝐵1𝐷1)𝒖𝐵1𝐷1)𝑊2

− 𝒒𝟏𝟎. (𝒒𝟏𝟎 − (𝒒𝟏𝟎. 𝒖𝐵1𝐷1)𝒖𝐵1𝐷1)𝑈2

− 𝒒𝟏𝟎. ((𝒒𝟏𝟎. 𝒖𝐺1𝐷1)𝒖𝐺1𝐷1)𝑊3

− 𝒒𝟏𝟎. (𝒒𝟏𝟎 − (𝒒𝟏𝟎. 𝒖𝐺1𝐷1)𝒖𝐺1𝐷1)𝑈3 = 0 

→ 𝐾1010 = 𝑄10

=  2((3 + cos2φ − 2√2sin2φ)𝑊3 + 2𝑊2(2sin
2θ + cos2θ

− 2√2sin2θ) + 2√2sin2θ𝑈2 − 2cos
2θ𝑈2 + (2(5 + cos2θ)𝑈2

+ (9 − cos2φ + 2√2sin2φ)𝑈3))

 

𝐾1011
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𝒒𝟏𝟎

𝐾1011

∑𝑀𝑞11,𝐶1 = 0 

→  
𝑄11
8
− 2𝒒𝟏𝟏. ((𝒒𝟏𝟎. 𝒖𝐶1𝐷1)𝒖𝐶1𝐷1)𝑊3

− 2𝒒𝟏𝟏. (𝒒𝟏𝟎 − (𝒒𝟏𝟎. 𝒖𝐶1𝐷1)𝒖𝐶1𝐷1)
𝑈3
2
= 0 

→ 𝐾1011 = 𝑄11 = −4(2√2cos
2φ− sin2φ)𝑊3 + 2(sin2φ + 2√2sin

2φ)𝑈3

𝑄8 = 2𝐹

{
 
 
 
 
 

 
 
 
 
 
0
0
0
0
0
0
0
2𝐹
0
0
0 }
 
 
 
 
 

 
 
 
 
 

= [𝐴11 𝐴12 𝐴13]

{
 
 
 
 
 

 
 
 
 
 
𝑞1
𝑞2
𝑞3
𝑞4
𝑞5
𝑞6
𝑞7
𝑞8
𝑞9
𝑞10
𝑞11}
 
 
 
 
 

 
 
 
 
 

 [𝐴11] [𝐴12] [𝐴13]

[𝐾] [𝐴11] [𝐴12] [𝐴13]
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𝐴11 =

[
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
4𝑆1 −4𝑆1 0 0

−4𝑆1 4(𝑆1 + 4𝑠𝑖𝑛
2 𝜃 𝑆2 + 4𝑐𝑜𝑠

2 𝜃 𝑇2) 0 0

0 0 8 𝑠𝑖𝑛2 𝜃 𝑆3 + 4(3 + 𝑐𝑜𝑠 2𝜑)𝑇3 8 𝑠𝑖𝑛2𝜑 (𝑆3 − 𝑇3)

0 0 8 𝑠𝑖𝑛2 𝜑 (𝑆3 − 𝑇3) 8 𝑠𝑖𝑛2𝜑 𝑆3 + 4(3 + 𝑐𝑜𝑠 2𝜑])𝑇3

0
16 𝑐𝑜𝑠𝜑 𝑠𝑖𝑛 𝜃 𝐿3(−𝑆2 + 𝑇2)

𝐿2
8 𝑠𝑖𝑛2 𝜑 𝑆3 + 4(3 + 𝑐𝑜𝑠 2𝜑)𝑇3 8 𝑠𝑖𝑛2𝜑 (𝑆3 − 𝑇3)

0 −
8√2(𝑐𝑜𝑠𝜑 𝑠𝑖𝑛 𝜃 𝐿3(𝑆2 − 𝑇2) + 𝐿2(𝑠𝑖𝑛

2 𝜃 𝑆2 + 𝑐𝑜𝑠
2 𝜃 𝑇2))

𝐿2
4√2 𝑠𝑖𝑛𝜑 (√2 𝑐𝑜𝑠 𝜑 + 𝑠𝑖𝑛 𝜑)(𝑆3 − 𝑇3) 4√2(𝑠𝑖𝑛𝜑 (√2 𝑐𝑜𝑠𝜑 + 𝑠𝑖𝑛𝜑)𝑆3 − (−2 + √2 𝑐𝑜𝑠𝜑 𝑠𝑖𝑛𝜑 + 𝑠𝑖𝑛

2𝜑)𝑇3)

0 0 0 0
0 0 0 0
0 0 0 0

0 −
8√2 𝑐𝑜𝑠 𝜑 𝐿3𝑉2

𝐿2
−8(√2 𝑐𝑜𝑠𝜑 + 𝑠𝑖𝑛𝜑)𝑉3 8 𝑠𝑖𝑛 𝜑𝑉3

0 0 −8√2 𝑠𝑖𝑛𝜑 𝑉3 8√2 𝑠𝑖𝑛𝜑 𝑉3 ]
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

𝐴12 =

[
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

0 0 0 0

16 𝑐𝑜𝑠𝜑 𝑠𝑖𝑛 𝜃 𝐿3(−𝑆2 + 𝑇2)

𝐿2
−
8√2(𝑐𝑜𝑠𝜑 𝑠𝑖𝑛 𝜃 𝐿3(𝑆2 − 𝑇2) + 𝐿2(𝑠𝑖𝑛

2 𝜃 𝑆2 + 𝑐𝑜𝑠
2 𝜃 𝑇2))

𝐿2
0 0

8 𝑠𝑖𝑛2𝜑 𝑆3 + 4(3 + 𝑐𝑜𝑠 2𝜑)𝑇3 4 𝑠𝑖𝑛𝜑 (2 𝑐𝑜𝑠𝜑 + √2 𝑠𝑖𝑛 𝜑)(𝑆3 − 𝑇3) 0 0

8 𝑠𝑖𝑛2𝜑 (𝑆3 − 𝑇3) 4 𝑠𝑖𝑛𝜑 (2 𝑐𝑜𝑠𝜑 + √2 𝑠𝑖𝑛𝜑)𝑆3 − 4(−2√2 + √2 𝑠𝑖𝑛
2𝜑 + 𝑠𝑖𝑛 2𝜑)𝑇3 0 0

4(2 𝑠𝑖𝑛2 𝜃 𝑆2 + 2𝑆3 +
4𝑐𝑜𝑠2𝜑 𝐿3

2(𝑆2 − 𝑇2)

𝐿2
2 + 5𝑇2 + 𝑐𝑜𝑠 2𝜃 𝑇2 + 4𝑇3)

16√2 𝑐𝑜𝑠𝜑 𝑠𝑖𝑛 𝜃 𝐿3(𝑆2 − 𝑇2)

𝐿2
+
8√2 𝑐𝑜𝑠2𝜑 𝐿3

2(𝑆2 − 𝑇2)

𝐿2
2 + 4𝑠𝑖𝑛𝜑 (4 𝑐𝑜𝑠𝜑 + √2 𝑠𝑖𝑛𝜑)(𝑆3 − 𝑇3) 8(𝑠𝑖𝑛2 𝜃 𝑆2 + 𝑐𝑜𝑠

2 𝜃 𝑇2) 0

16√2 𝑐𝑜𝑠𝜑 𝑠𝑖𝑛 𝜃 𝐿3(𝑆2 − 𝑇2)

𝐿2
+
8√2 𝑐𝑜𝑠2 𝜑 𝐿3

2(𝑆2 − 𝑇2)

𝐿2
2 + 4𝑠𝑖𝑛𝜑 (4 𝑐𝑜𝑠𝜑 + √2 𝑠𝑖𝑛𝜑)(𝑆3 − 𝑇3) 2(4 𝑠𝑖𝑛2 𝜃 𝑆2 + (5 − 𝑐𝑜𝑠 2𝜑 + 2√2 𝑠𝑖𝑛 2𝜑)𝑆3 +

8𝑐𝑜𝑠𝜑 𝑠𝑖𝑛 𝜃 𝐿3(𝑆2 − 𝑇2)

𝐿2
+
12 𝑐𝑜𝑠2 𝜑 𝐿3

2(𝑆2 − 𝑇2)

𝐿2
2 + 10𝑇2 + 2𝑐𝑜𝑠 2𝜃 𝑇2 + 7𝑇3 + 𝑐𝑜𝑠 2𝜑 𝑇3 − 2√2 𝑠𝑖𝑛 2𝜑 𝑇3)

8√2 𝑐𝑜𝑠 𝜑 𝑠𝑖𝑛 𝜃 𝐿3(𝑆2 − 𝑇2)

𝐿2
0

8(𝑠𝑖𝑛2 𝜃 𝑆2 + 𝑐𝑜𝑠
2 𝜃 𝑇2)

8√2 𝑐𝑜𝑠𝜑 𝑠𝑖𝑛 𝜃 𝐿3(𝑆2 − 𝑇2)

𝐿2
2(𝑆1 + 4𝑠𝑖𝑛

2 𝜃 𝑆2 + 4𝑐𝑜𝑠
2 𝜃 𝑇2) −2𝑆1

0 0 −2𝑆1 2𝑆1
8 𝑐𝑜𝑠𝜑 𝑠𝑖𝑛𝜑 (−𝑆3 + 𝑇3) −8(𝑠𝑖𝑛2 𝜑 𝑆3 + 𝑐𝑜𝑠

2𝜑 𝑇3) 0 0

−
8√2(𝑠𝑖𝑛 𝜃 𝐿2 + 2𝑐𝑜𝑠𝜑 𝐿3)𝑉2

𝐿2
− 8(√2 𝑐𝑜𝑠𝜑 + 2 𝑠𝑖𝑛 𝜑)𝑉3 8((𝑠𝑖𝑛 𝜃 +

2 𝑐𝑜𝑠𝜑 𝐿3
𝐿2

)𝑉2 + (𝑐𝑜𝑠𝜑 + √2 𝑠𝑖𝑛𝜑)𝑉3) −
8√2 𝑐𝑜𝑠𝜑 𝐿3𝑉2

𝐿2
0

−8√2 𝑠𝑖𝑛𝜑 𝑉3 8 𝑠𝑖𝑛 𝜑𝑉3 0 0 ]
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

𝐴13 =

[
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

0 0 0

0 −
8√2 𝑐𝑜𝑠𝜑 𝐿3𝑉2

𝐿2
0

0 −8(√2 𝑐𝑜𝑠𝜑 + 𝑠𝑖𝑛𝜑)𝑉3 −8√2 𝑠𝑖𝑛𝜑 𝑉3

0 8 𝑠𝑖𝑛 𝜑𝑉3 8√2 𝑠𝑖𝑛𝜑 𝑉3

8 𝑐𝑜𝑠𝜑 𝑠𝑖𝑛 𝜑 (−𝑆3 + 𝑇3) −
8√2(𝑠𝑖𝑛 𝜃 𝐿2 + 2𝑐𝑜𝑠𝜑 𝐿3)𝑉2

𝐿2
− 8(√2 𝑐𝑜𝑠 𝜑 + 2 𝑠𝑖𝑛 𝜑)𝑉3 −8√2 𝑠𝑖𝑛𝜑 𝑉3

−8(𝑠𝑖𝑛2𝜑 𝑆3 + 𝑐𝑜𝑠
2 𝜑𝑇3) 8((𝑠𝑖𝑛 𝜃 +

2 𝑐𝑜𝑠𝜑 𝐿3
𝐿2

)𝑉2 + (𝑐𝑜𝑠𝜑 + √2 𝑠𝑖𝑛𝜑)𝑉3) 8 𝑠𝑖𝑛𝜑 𝑉3

0 −
8√2 𝑐𝑜𝑠𝜑 𝐿3𝑉2

𝐿2
0

0 0 0
8(𝑠𝑖𝑛2𝜑 𝑆3 + 𝑐𝑜𝑠

2 𝜑𝑇3) −8 𝑐𝑜𝑠𝜑 𝑉3 0

−8 𝑐𝑜𝑠 𝜑𝑉3
2((3 + 𝑐𝑜𝑠 2𝜑 − 2√2 𝑠𝑖𝑛 2𝜑)𝑊3𝐿2

2 + 4𝑊2(𝑠𝑖𝑛 𝜃 𝐿2 − 𝑐𝑜𝑠𝜑 𝐿3)
2 + 8𝑐𝑜𝑠 𝜑 𝑠𝑖𝑛 𝜃 𝐿2𝐿3𝑈2 − 4𝑐𝑜𝑠

2 𝜑 𝐿3
2𝑈2 + 𝐿2

2(2(5 + 𝑐𝑜𝑠 2𝜃)𝑈2 + (9 − 𝑐𝑜𝑠 2𝜑 + 2√2 𝑠𝑖𝑛 2𝜑)𝑈3))

𝐿2
2 −8𝑐𝑜𝑠𝜑 (√2 𝑐𝑜𝑠𝜑 − 𝑠𝑖𝑛𝜑)𝑊3 + 4 𝑠𝑖𝑛 𝜑 (𝑐𝑜𝑠 𝜑 + √2 𝑠𝑖𝑛 𝜑)𝑈3

0 −8 𝑐𝑜𝑠 𝜑 (√2 𝑐𝑜𝑠 𝜑 − 𝑠𝑖𝑛 𝜑)𝑊3 + 4𝑠𝑖𝑛𝜑 (𝑐𝑜𝑠𝜑 + √2 𝑠𝑖𝑛𝜑)𝑈3 16(𝑐𝑜𝑠2𝜑𝑊3 + 𝑠𝑖𝑛
2 𝜑𝑈3) ]
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𝑞1 𝑞11

𝐹𝑈𝐶 [𝐾] = [ [𝐴11]  [𝐴12]  [𝐴13]]

 

𝐸𝑈𝐶 =
𝐹𝑈𝐶𝐿𝑈𝐶
𝐴𝑈𝐶𝛿𝑈𝐶

 𝐹𝑈𝐶  𝐿𝑈𝐶  𝐴𝑈𝐶  𝛿𝑈𝐶 𝐸𝑈𝐶

 𝐹𝑈𝐶 = 𝐹  𝛿𝑈𝐶 = 2𝑞8 𝐿𝑈𝐶 = 2(𝑙1 + 𝑙3 cos𝜑 − 𝑙2 sin 𝜃) 𝐴𝑈𝐶 = 𝐿𝑈𝐶
2

𝐸𝑈𝐶 =
𝐹

4(𝑙1 + 𝑙3 cos𝜑 − 𝑙2 sin 𝜃)𝑞8

𝑞8

𝜃 = 𝜑 = 0° , 𝑟1 = 𝑟2 = 𝑟3 = 0.14𝑏 𝑙1 = 𝑏

𝐸𝑈𝐶 =
3𝜋(9𝑟6(2(1 + √2)𝐺𝑠 + (13 + 9√2)𝛦𝑠) + 2𝑏

2𝑟4(2(5 + 3√2)𝐺𝑠 + (79 + 53√2)𝛦𝑠))

2𝑏2(9𝑟4((26 + 24√2)𝐺𝑠 + 7(23 + 16√2)𝛦𝑠) + 6𝑏
2𝑟2((58 + 34√2)𝐺𝑠 + (407 + 279√2)𝛦𝑠) + 𝑏

4(8(6 + 5√2)𝐺𝑠 + (568 + 436√2)𝛦𝑠))

 𝜈𝑈𝐶 −
𝑞1
𝑞8⁄ 𝑞1 𝑞8
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𝜃 = 𝜑 = 0° , 𝑟1 = 𝑟2 = 𝑟3 = 0.14𝑏  𝑙1 = 𝑏

𝜗𝑈𝐶 =
12(6 + 5√2)𝑏4𝛦𝑠 + 6𝑏

2𝑟2(2𝐺𝑠 + (5 + √2)𝛦𝑠) − 9𝑟
4(2𝐺𝑠 + (5 + 4√2)𝛦𝑠)

9𝑟4((26 + 24√2)𝐺𝑠 + 7(23 + 16√2)𝛦𝑠) + 6𝑏
2𝑟2((58 + 34√2)𝐺𝑠 + (407 + 279√2)𝛦𝑠) + 𝑏

4(8(6 + 5√2)𝐺𝑠 + (568 + 436√2)𝛦𝑠)

𝜎𝑦𝑠

𝑀𝐷𝐵, 𝐹𝐷𝐵 𝜎𝑚𝑎𝑥

𝜎𝑚𝑎𝑥 =
𝑀𝐷𝐵. 𝑟2
𝐼2

+
𝐹𝐷𝐵
𝐴2

 𝑟2 𝐼2 𝐴2

 𝑞5  𝑞6  𝑞7

 𝑞10

𝐹𝐷𝐵 = (𝑞5 sin 𝜃 + 𝑞6 𝑐𝑜𝑠 𝜃 + 𝑞7 sin 𝜃)𝑆2

𝑀𝐷𝐵 = (−𝑞5 𝑐𝑜𝑠 𝜃 + 𝑞7 𝑐𝑜𝑠 𝜃 + 𝑞6 𝑠𝑖𝑛 𝜃)𝑉2 + (𝑞10)𝑈2
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𝐹𝐷𝐵 𝑀𝐷𝐵

𝑞5 𝑞6 𝑞7 𝑞10

𝜃 = 𝜑 = 0° , 𝑟1 = 𝑟2 = 𝑟3 = 0.14𝑏  𝑙1 = 𝑏

𝜎𝑚𝑎𝑥 

=
𝐹(2𝑏3𝑟(2𝐺𝑠 − (1 + 2√2)𝐸𝑠) + 6𝑏

2𝑟2(2(12 + 7√2)𝐺𝑠 + 31(4 + 3√2)𝐸𝑠) − 3𝑏𝑟
3(2𝐺𝑠 + (5 + 4√2)𝐸𝑠) + 18𝑟

4(2𝐺𝑠 + (5 + 4√2)𝐸𝑠) + 𝑏
4(8(6 + 5√2)𝐺𝑠 + (664 + 516√2)𝐸𝑠))

36𝑏𝜋𝑟5(2(1 + √2)𝐺𝑠 + (13 + 9√2)𝐸𝑠) + 8𝑏
3𝜋𝑟3(2(5 + 3√2)𝐺𝑠 + (79 + 53√2)𝐸𝑠)

𝜎𝑦,𝑈𝐶

𝜎𝑚𝑎𝑥 𝜎𝑦,𝑠

𝜎𝑈𝐶 =
𝐹𝑈𝐶

𝐴𝑈𝐶

𝜎𝑚𝑎𝑥

𝜎𝑦,𝑈𝐶

𝜎𝑦,𝑠
=

𝐹𝑈𝐶

𝐴𝑈𝐶.𝜎𝑚𝑎𝑥
=

𝐹

4(𝑙1 + 𝑙3 cos𝜑 − 𝑙2 sin 𝜃)2.𝜎𝑀𝑎𝑥
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 𝑙1

𝑙1.𝑒𝑓𝑓 = 𝑙1 −
𝑟2

𝑐𝑜𝑠 𝜃
−

𝑟1
𝑡𝑎𝑛 𝜃

 𝑙2

𝑙2.𝑒𝑓𝑓 = 𝑙2 −
𝑟2

𝑡𝑎𝑛
𝛼2

2⁄
− 𝑟1 𝑡𝑎𝑛 𝜃

𝛼2

 𝑙3

𝑙3.𝑒𝑓𝑓 = 𝑙3 −
𝑟2

𝑠𝑖𝑛 𝛼1
−

𝑟3
𝑡𝑎𝑛 𝛼1

𝛼1

𝛼1 𝛼2
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𝛼1 = 𝑎𝑟𝑐𝑐𝑜𝑠 (
2𝑙3 cos

2 𝜑 + √2𝑙3 cos𝜑 sin𝜑 + √2𝑙2 sin 𝜑 sin 𝜃

2𝑙2
)

𝛼2 = 𝑎𝑟𝑐𝑐𝑜𝑠 (
𝑙3 cos𝜑 (𝑙3 cos𝜑 + 2𝑙2 sin 𝜃)

𝑙2
2 )

 

 𝜇 = 0.1

0.15 0.2 0.25 0.3

μ
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𝐹𝑈𝐶 𝛿𝑈𝐶

 𝐸𝑈𝐶 =
𝐹𝑈𝐶𝐿𝑈𝐶

𝐴𝑈𝐶𝛿𝑈𝐶
𝐴𝑈𝐶

𝐿𝑈𝐶

𝜎𝑚𝑎𝑥

𝐹𝑈𝐶

𝐴𝑈𝐶.𝜎𝑚𝑎𝑥

 

 𝜃

𝜑

𝑙3
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𝑟1, 𝑟2, 𝑟3, 𝑙1, 𝑙2 𝑜𝑟 𝑙3, 𝜃,  𝜑

𝑟1 = 𝑟2 = 𝑟3 𝜃 𝜑

 22.5° 𝑙1 = 𝑏 𝑏
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 𝜇 = 0.4
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𝜇 = 0.2

 

𝜽 𝝋

𝜃 𝜑

𝜃 𝜑

𝜃 = 0˚ 𝜑 = 0˚ 𝜃 = 𝜑

𝑟1 = 𝑟2 = 𝑟3 = 0.14𝑏
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𝜃

𝜃 = 0˚

𝑙1

𝜃 𝑙1 𝜃 < 0 𝜃 > 0

𝜃 = 0°

𝜃 < 0 𝜃 > 0

𝜃 = −25° 𝜑 = 2°

𝜃 = −25° 𝜑 = 4.5°

𝜃 𝜑

𝜃 = 𝜑 = −25° 𝜃 =

−𝜑 = 25° 𝜃

𝜑

𝜃

4° < 𝜃 < 8.5° 𝜑 −25°

+25° 𝜃 𝜑

𝑟/𝑏 = 0.1 𝑟/𝑏 = 0.2 𝑟/𝑏 = 0.3 𝑟/𝑏 = 0.4

−0.6 +0.2

𝑟/𝑏 = 0.1

𝑟/𝑏 = 0.4

𝜃 𝜑

𝜽 = 𝝋 = 𝟎°
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𝜃 𝜑

𝒍𝟑

𝜑

𝑟
𝑏⁄

𝑙3

𝜃

𝑟3 = 0

𝜃

𝜃 = 0
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𝜃 = 0

𝑟/𝑏 𝜇 = 0.25 𝑟/𝑏 = 0.25 𝜇 =

0.25 𝜃 = 25°

𝑟/𝑏 = 0.25,

𝜇 = 0.25

𝑟/𝑏 = 0.25

𝑟/𝑏

𝜇 = 0.25 𝜃 = 25°

𝑟/𝑏 = 0.25 𝜃 = 25°

𝑙3

𝑟/𝑏
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𝜃 𝜑

𝜃

𝜃

𝜑
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𝜃 𝜑

𝜃

𝜑

𝜑

𝜃

𝜑  
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𝑟/𝑏

𝑟/𝑏

𝜃 = 𝜑

𝜃 ≠ 𝜑

𝜑 𝑙3

𝜃 𝜑

𝜑 𝜃
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