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Summary

It is well established that rate-independent linear damping (RILD) yields similar
performance in controlling seismic response displacement to that of linear viscous
damping having the same loss factor when incorporated into a structure, whereas
the damping force generated by RILD is relatively low in the frequency range that
is higher than the natural frequency of the primary structure. This leads to efficient
displacement control with low damping force and floor response acceleration when
RILD is incorporated into low-frequency structures. However, the non-causality of
RILD hinders its practical applications, and thus causal models to mimic the behavior
of RILD are pursued by many researchers.
This paper proposes a novel causal model of RILD using Maxwell elements whose
damping force is generated according to the fractional-order derivative of displace-
ment. The proposed model also represented by a fractional-order filter is found to
be a unifying model that encompasses known causal RILD models developed by
independent researchers, bringing insights to the nature of RILD.
Moreover, several methods to physically realize the proposed model are examined.
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1 INTRODUCTION

Rate-independent linear damping (RILD) is found to benefit low-frequency structures by effectively reducing excessive seismic
response displacements without increasing floor response accelerations when subjected to strong ground motions1,2. The aim
of this paper is to propose a fractional-order causal approximation model of RILD that leads to a novel theory to unify causal
RILD models developed by researchers independent of each other.

The finding that the energy losses of many solid materials per strain cycle are proportional to the square of strain amplitude
and independent of the strain rate over a considerable frequency range leads to the introduction of the concept of RILD. It is
also referred to as structural damping, linear hysteretic damping, or ideal hysteretic damping3,4,5,6.

Crandall6 examined the impulse response of a structure incorporated with RILD, and elucidated that RILD is non-causal.
Owing to its non-causality, it is impossible to achieve its exact realization by using physical devices, which hinders its practical
applications to exploit its benefit in low-frequency structures.

Researchers developed approximation methods of RILD to overcome the non-causality issue. The first successful causal
model that exhibits approximated rate-independent dissipation behavior was proposed by Biot7. Caughey8 pointed out that Biot
model could be constructed by arranging an infinite number of Maxwell elements in parallel, which was thought to be a special
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case of Maxwell-Wiechert model9. Makris10 proposed a causal linear hysteretic model which yielded exact rate-independent
dissipation behavior and showed that it approached to Biot model as the excitation frequency became high.

More recently, Muscolino et al.11 used the Laguerre polynomial approximation method to the prediction of the dynamic
response of different RILD models under deterministic and random excitations. Spanos and Tsavachidis12 introduced time-
domain methods to minimize the computational costs in the dynamic analyses of structures incorporated with Biot model.
Muravskii13,14 studied several nonlinear hysteretic models leading to rate-independent damping and then constructed a causal
linear model which exhibited nearly rate-independent dynamic stiffness by considering the structural system as a whole. Naka-
mura15 proposed a causal model having a nearly constant loss modulus over piecewise frequency ranges. Genta and Amanti16

proposed a tuned Maxwell-Wiechert (TMW) model that could mimic the loss modulus of RILD over a frequency range of inter-
est, although limited number of Maxwell elements were used. For nonlinear dynamic analyses of rate-independently damped
systems, Huang et al.17 presented a causal model to mimic RILD, which reduced to a TMW model in a linear case.

Keivan et al.18,19 proposed semi-active control methods to mimic the behavior of RILD by using a first-order causal digital
filter, which was further passively realized by using a mechanical system consisting of a negative stiffness element coupled in
parallel with a Maxwell element2. In the present study, to improve the approximation of the dissipation behavior of RILD, a
novel model is proposed by generalizing the first-order causal filter into a fractional-order one, and several methods are suggested
to physically realize the proposed model.

Although some attempts have already been made to mimic RILD by virtue of fractional-order models20,21, to the best knowl-
edge of the authors, there are no discussions on the relationships between a fractional-order model and existing causal ones
for RILD. The novelty of this study lies in the insightfull finding of the relationships between the proposed model and existing
causal models that lead to a novel theory to unifying causal RILD models.

The remainder of this paper is organized as follows. In Section 2, a review on well-known causal RILD approximation models
are given. The frequency- and time-domain representations of the proposed model are given in Section 3 followed by the dis-
cussions on the relations between the proposed model with well-known causal RILD models in Section 4. Then, in Section 6, a
time-domain method is developed for the dynamic analysis of structure systems incorporated with the proposed model, and sev-
eral numerical examples (both linear and nonlinear types) are used to verify the effectiveness of the developed method. Finally,
some conclusions are presented.

2 MATHEMATICAL MODELS FOR RILD

This section presents mathematical models of non-causal and causal RILD, followed by the derivations of their dynamic
stiffnesses, damping functions, damping kernel functions, and resistive force functions.

2.1 A complex-stiffness model to represent ideal RILD
Consider a complex stiffness consisting of a linear main spring and a RILD element coupled in parallel as shown in Fig. 1. Its
transfer function from deformation to the resistive force, also referred to as the dynamic stiffness is

HI(𝑖𝜔) =
𝐹 (𝑖𝜔)
𝑋(𝑖𝜔)

= 𝑘0
[
1 + 𝜂I(𝑖𝜔)

]
(1)

where 𝑘0 and 𝜂 denote spring stiffness and loss factor, respectively. I(𝑖𝜔) denotes normalized dynamic stiffness of a RILD
element, also known as a damping function. It can be expressed as follows,

I(𝑖𝜔) = 𝑖 sgn(𝜔) (2)

where 𝑖 =
√
−1 and sgn(⋅) denotes the imaginary unit and the signum function, respectively. Applying an inverse Fourier

transform to Eq.(2) gives22

𝑧I(𝑡) = F−1[I(𝑖𝜔)] = − 1
𝜋𝑡

(3)

where F−1(⋅) denotes the inverse Fourier transform. The above equation implies that this model is non-causal because it yields
non-zero response force prior to the application of an impulse deformation, i.e., 𝑧I(𝑡 < 0) ≠ 023.

A damping kernel function can be obtained from an inverse Fourier transform of the impedance function. Because the
impedance function is a transfer function from velocity to damping force, it is I(𝑖𝜔)∕𝑖𝜔. Thus, the damping kernel function of
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FIGURE 1 A complex-stiffness model

this model is derived as follows,
𝑞I(𝑡) = F−1

[I(𝑖𝜔)
𝑖𝜔

]
= −1

𝜋
ln |𝑡| (4)

It is worth noting that the following relationship holds:
𝑑
𝑑𝑡

𝑞I(𝑡) = 𝑧I(𝑡) (5)

The resistive force generated by this non-causal model from a deformation 𝑥(𝑡) can be expressed as follows,

𝑓I(𝑡) = 𝑘0𝑥(𝑡) ∗
[
𝛿(𝑡) + 𝜂 𝑧I(𝑡)

]
= 𝑘0 [𝑥(𝑡) + 𝜂 𝑥̂(𝑡)] (6)

where the asterisk ∗ indicates the convolution integral. 𝛿(𝑡) denotes the Dirac’s delta function, which is defined as an inverse
Fourier transform of unity. The hat ′ ̂ ′ indicates the Hilbert transform, which can be expressed as follows23,24,

𝑥̂(𝑡) = − 1
𝜋

∞

∫
−∞

𝑥(𝜏)
𝑡 − 𝜏

𝑑𝜏 (7)

This again shows that this model is non-causal because its resistive force depends on not only the past input deformations, but
also those in the future.

The difficulty in conducting numerical analysis on a nonlinear system incorporated with a non-causal model demands the
development of causal models.

2.2 Biot model
Biot7 proposed the first causal model yielding approximated rate-independent dissipation behavior. Caughey8 pointed out that
Biot model was physically represented by using an infinite number of Maxwell elements coupled in parallel. Such a representa-
tion is thought to be a special case of a Maxwell-Wiechert model shown in Fig. 2 with the number of Maxwell elements tends
to infinity. In Fig. 2, 𝑐𝑗 and 𝑘𝑗 denote the damping coefficient and stiffness of the 𝑗-th Maxwell element, respectively; 𝑣𝑗 denotes
the deformation of the 𝑗-th damping element.

For the Maxwell-Wiechert model shown in Fig. 2, the dynamic stiffness is written as follows,

H (𝑖𝜔) = 𝑘0 +
𝑛∑

𝑗=1
𝑘𝑗

𝑖𝜔
𝑖𝜔 + 𝑟𝑗

(8)

where 𝑟𝑗 denotes the ratio of the spring stiffness and damping coefficient of the 𝑗-th Maxwell element, i.e., 𝑟𝑗 = 𝑘𝑗∕𝑐𝑗 , which is
also known as relaxation frequency or the inverse of the relaxation time.

It can be shown that as 𝑛 → ∞, the Maxwell-Wiechert model reduces to Biot model. To this end, it is assumed that the incre-
mental relaxation frequencies of neighboring Maxwell elements are uniformly distributed, i.e., Δ𝑟 = 𝑟𝑗+1 − 𝑟𝑗 (𝑗 = 1, 2,… , 𝑛).
Determine the stiffness of the 𝑗-th Maxwell element such that

𝑘𝑗 = 𝑘1
Δ𝑟
𝑟𝑗

(9)
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FIGURE 2 Maxwell-Wiechert model

where 𝑘1 = 2𝜂𝑘0∕𝜋. The dynamic stiffness of the designed Maxwell-Wiechert model can then be expressed as follows

H (𝑖𝜔) = 𝑘0

(
1 +

2𝜂
𝜋

𝑛∑
𝑗=1

𝑖𝜔
𝑖𝜔 + 𝑟𝑗

Δ𝑟
𝑟𝑗

)
(10)

Provided that 𝑟1 = 𝜀 and Δ𝑟 = 𝑟𝑎∕
√
𝑛, where 𝑟𝑎 is an arbitrary positive parameter having a dimension of circular frequency. As

𝑛 → ∞, one has 𝑟𝑛 = 𝜀 + (𝑛 − 1)Δ𝑟 → ∞ and Δ𝑟 = 𝑑𝑟, and then the above equation can be expressed as follows,

H (𝑖𝜔) = 𝑘0
⎛⎜⎜⎝1 +

2𝜂
𝜋

∞

∫
𝜀

𝑖𝜔
𝑖𝜔 + 𝑟

𝑑𝑟
𝑟

⎞⎟⎟⎠ (11)

Performing the integration in Eq.(11) in terms of its real and imaginary parts, respectively, gives the dynamic stiffness of Biot
model as follows,

HB(𝑖𝜔)=𝑘0

{
1+

2𝜂
𝜋

[
ln
√
1+

(𝜔
𝜀

)2
+𝑖 arctan

(𝜔
𝜀

)]}
(12)

where arctan(⋅) denotes the inverse tangent function. By introducing the principal branch of the complex logarithm function
ln(1 + 𝑖𝜔∕𝜀), one can rewrite Eq.(12) in a more compact form

HB(𝑖𝜔) = 𝑘0

[
1 +

2𝜂
𝜋

ln
(
1 + 𝑖𝜔

𝜀

)]
(13)

Corresponding to Eq.(1), the dynamic stiffness of Biot model can be reformulated as follows,

HB(𝑖𝜔) = 𝑘0
[
1 + 𝜂B(𝑖𝜔)

]
(14)

where the damping function of Biot model can be respectively obtained from Eqs.(11)-(13) as follows,

B(𝑖𝜔) =
2
𝜋

∞

∫
𝜀

𝑖𝜔
𝑖𝜔 + 𝑟

𝑑𝑟
𝑟

= 2
𝜋

[
ln
√

1 +
(𝜔
𝜀

)2
+ 𝑖 arctan

(𝜔
𝜀

)]
= 2

𝜋
ln
(
1 + 𝑖𝜔

𝜀

)
(15)

From the first equality in Eqs.(15), one can readily obtain the damping kernel function of Biot model as follows,

𝑞B(𝑡) = F−1
[B(𝜔)

𝑖𝜔

]
= −2

𝜋
Ei(−𝜀𝑡)𝑢(𝑡) (16)



Luo and Ikago 5

where 𝑢(𝑡) denotes Heaviside’s unit step function (i.e., 𝑢(𝑡) = 0, if 𝑡 ≤ 0; otherwise, 𝑢(𝑡) = 1); Ei(−𝜀𝑡) denotes the exponential
integral, which can be expressed as follows25,

Ei(−𝜀𝑡) =

∞

∫
𝜀

−1
𝑒𝑟𝑡

𝑑𝑟
𝑟

= ln |𝜀𝑡| + 𝛾0 +
∞∑
𝑛=1

(−1)𝑛(𝜀𝑡)𝑛

𝑛 𝑛!
(17)

where 𝛾0
.
= 0.577 is the Euler constant.

Thus, the resistive force generated by Biot model can then be obtained as follows,

𝑓B(𝑡) = 𝑘0[𝑥(𝑡) + 𝜂 𝑥̇(𝑡) ∗ 𝑞B(𝑡)] (18)

Substituting Eq.(16) into the above equation gives

𝑓B(𝑡) = 𝑘0

{
𝑥(𝑡) −

2𝜂
𝜋
𝑥̇(𝑡) ∗ [Ei(−𝜀𝑡)𝑢(𝑡)]

}
(19)

which coincides with the time-domain representation of Biot model given by Caughey8.

2.3 Makris model
An alternative explanation for the non-causality of the complex-stiffness model is that the real and imaginary parts of its dynamic
stiffness fail to relate with each other by Hilbert transform. Such relations, referred to as Kramers-Kronig relation, are known
as the sufficient and necessary condition for a strictly proper transfer function to ensure the causality in the strict sense26.

By modifying the real part of Eq.(2) into the Hilbert transform of its imaginary part in order to satisfy causality requirement,
Makris10 constructed a causal model having a dynamic stiffness as follows,

HM(𝑖𝜔) = 𝑘0
[
1 + 𝜂 M(𝑖𝜔)

]
(20)

where the damping function of this model is given as follows,

M(𝑖𝜔) = 2
𝜋
ln
||||𝜔𝜀 |||| + 𝑖 sgn

(𝜔
𝜀

)
(21)

Similar to the case of Biot model, by introducing the principal branch of the complex logarithm function ln(𝑖𝜔∕𝜀), the above
equation can be expressed in more compact form as follows,

M(𝑖𝜔) = 2
𝜋
ln
( 𝑖𝜔
𝜀

)
(22)

It may be noticed that the last term in Eq.(15) approaches to Eq.(22) when 𝜔 ≫ 𝜀, which means that Makris and Biot models
behave similarly in high-frequency regions. In aother word, Biot model can be used as an approximation of Makris model10 in
a high frequency region. Applying an inverse Fourier transform to Eq.(21) in the sense of generalized function27 gives

𝑧M(𝑡) = F−1 [M(𝑖𝜔)
]
= −2𝑢(𝑡)

𝜋𝑡
(23)

The damping kernel function of this model is10,

𝑞M(𝑡) = F−1
[M(𝑖𝜔)

𝑖𝜔

]
= −2

𝜋
(
ln |𝜀𝑡| + 𝛾0

)
𝑢(𝑡) (24)

It is worth noting that Eq.(16) reduces to the above equation as 𝜀𝑡 tends to zero (so that the last term in Eq.(17) vanishes). The
resistive force provided by Makris model from a deformation 𝑥(𝑡) can be obtained as follows,

𝑓M(𝑡) = 𝑘0
[
𝑥(𝑡) + 𝜂 𝑥̇(𝑡) ∗ 𝑞M(𝑡)

]
(25)

Substituting Eq.(24) into the above equation gives

𝑓M(𝑡) = 𝑘0

{(
1 −

2𝜂
𝜋
𝛾0

)
𝑥(𝑡) −

2𝜂
𝜋
𝑥̇(𝑡)∗[ln |𝜀𝑡|𝑢(𝑡)]} (26)

which includes a negative constant term in the displacement-dependent part. This suggests that a negative stiffness element can
be used in the physical approximation of RILD28,29.
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2.4 Tuned Maxwell-Wiechert model
For numerical implementation, a Prony series with a finite number of exponential relaxation functions was used by Makris and
Zhang30 to approximate the behavior of Biot model. Such a series is also known as the relaxation modulus or damping kernel
function of a Maxwell-Wiechert model, as shown in Fig. 2. Furthermore, a Prony series was used by Spanos and Tsavachidis12

to develop a recursive procedure for dynamic analysis of structural systems incorporated with Biot model. Genta and Amati16

proposed the concept of tuned Maxwell-Wiechert (TMW) model so that its loss moduli can fit those of the non-causal RILD
over a frequency range of interest. Similar concept was later used by Reggio et al.31 for system identification applications and
used by Huang et al.17 in nonlinear analysis of rate-independently damped structures.

The dynamic stiffness of a TMW model is given as follows,

HT(𝑖𝜔) = 𝑘0
[
1 + 𝜂T(𝑖𝜔)

]
(27)

where the damping function is given as follows,

T(𝑖𝜔) =
𝑛∑

𝑗=1
𝜙𝑗

𝑖𝜔
𝑖𝜔 + 𝑟𝑗

(28)

where 𝜙𝑗 is an adjusting parameter with respect to a discrete frequency point 𝜔 = 𝑟𝑗 , or physically represents the normalized
stiffness of the 𝑗-th Maxwell element with a relaxation frequency of 𝑟𝑗 . The damping kernel function of this model is written as
follows,

𝑞T(𝑡) = F−1
[T(𝑖𝜔)

𝑖𝜔

]
=

𝑛∑
𝑗=1

𝜙𝑗𝑒
−𝑟𝑗 𝑡𝑢(𝑡) (29)

With sufficient terms, Eq.(29) can be used to approximate any physical relaxation process. With a target function, a regres-
sion analysis can be conducted to determine the parameters 𝜙𝑗 and 𝑟𝑗 (𝑗 = 1, 2,… , 𝑛), and both frequency- and time-domain
methods32 are available for this purpose.

With Eq.(29), the resistive force generated by a TMW model can be expressed as follows,

𝑓T(𝑡) = 𝑘0

[
𝑥(𝑡) + 𝜂𝑥̇(𝑡) ∗

𝑛∑
𝑗=1

𝜙𝑗𝑒
−𝑟𝑗 𝑡𝑢(𝑡)

]
(30)

The above model is thought to be suitable for numerical implementation, because some available commercial softwares provide
entrances for the parameters 𝜙𝑗 and 𝑟𝑗 (𝑗 = 1, 2,… , 𝑛).

3 THE PROPOSED MODEL FOR RILD

3.1 A fractional-order causal model
An alternative way that is recently developed to approximate ideal RILD (Eq. 2) is to use the first-order all-pass filter18 defined
as follows 1(𝑖𝜔) =

𝑖𝜔 − 𝜀
𝑖𝜔 + 𝜀

(31)

which produces unity amplitude all over the frequency and an equal phase lead of 𝜋∕2 rad at 𝜔 = 𝜀 same as ideal RILD.
However, the above filter suffers strong rate-dependency in loss modulus, which may compromise its capability to simulate the
energy dissipation behavior of RILD over a broad frequency range.

Here, the first-order causal filter is generalized and extended to a fractional-order filter defined in the following form

𝛼(𝑖𝜔) = 𝛽𝛼
(𝑖𝜔)𝛼 − 𝜀𝛼

(𝑖𝜔)𝛼 + 𝜀𝛼
(32)

where the real-valued parameter 𝛼 is defined within the range [0, 1]. The power of a complex value (𝑖𝜔)𝛼 is defined over the
principal branch as follows,

(𝑖𝜔)𝛼 = |𝜔|𝛼exp[𝑖 𝛼 sgn(𝜔) 𝜋∕2] (33)
and 𝛽𝛼 is a real-valued adjusting coefficient. For example, letting the amplitude of the filter be adjusted to unity (i.e. the same
as ideal RILD defined in Eq.(2)) at 𝜔 = 𝜀 gives

𝛽𝛼 = cot
(𝛼𝜋

4

)
(34)
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FIGURE 3 Comparison between the damping functions of different elements: (a) real and (b) imaginary parts.

where cot(⋅) indicates the cotangent function. A novel factional-order filter is then proposed as follows,

𝛼(𝑖𝜔) = cot
(𝛼𝜋

4

) (𝑖𝜔)𝛼 − 𝜀𝛼

(𝑖𝜔)𝛼 + 𝜀𝛼
(35)

which reduces to Eq.(31) as 𝛼 tends to unity.
Compared with the first-order causal filter, the proposed filter can provide a less rate-dependent loss modulus over a consid-

erable frequency range. For example, Fig. 3 compares the real and imaginary parts of the proposed filter (e.g., 𝛼 = 0.1), the
first-order causal filter, and ideal RILD. It is shown that the proposed filter (e.g., 𝛼 = 0.1) provides an improved approximation
of RILD in terms of loss modulus, while yielding similar storage moduli to those of a first-order causal filter over a frequency
range near 𝜔 = 𝜀.

Corresponding to the complex-stiffness model given in Eq.(1), the proposed model for RILD is constructed with a dynamic
stiffness as follows,

H𝛼(𝑖𝜔) = 𝑘0[1 + 𝜂 𝛼(𝑖𝜔)] (36)

From the equation above, we can understand that the fractional-order filter 𝛼(𝑖𝜔) (Eq.(35)) is a damping function.

3.2 Causality of the proposed model
Here, the causality of the proposed model is first investigated. To this end, letting 0 < 𝛼 < 1, the damping function of the
proposed model is reformulated as follows, 𝛼(𝑖𝜔) = 𝛽𝛼 [2𝑖𝜔G (𝑖𝜔) − 1] (37)
where an auxiliary function G (𝑖𝜔) = (𝑖𝜔)𝛼−1∕[(𝑖𝜔)𝛼 + 𝜀𝛼] is introduced. The damping kernel function of the proposed model
can be obtained from an inverse Fourier transform of the impedance function as follows,

𝑞𝛼(𝑡) = F−1
[𝛼(𝑖𝜔)

𝑖𝜔

]
= 𝛽𝛼 [2𝑔(𝑡) − 𝑢(𝑡)] (38)

where 𝑔(𝑡) denotes an inverse Fourier transform of G (𝑖𝜔), i.e.

𝑔(𝑡) = F−1[G (𝑖𝜔)] = 1
2𝜋

∞

∫
−∞

(𝑖𝜔)𝛼−1

(𝑖𝜔)𝛼 + 𝜀𝛼
𝑒𝑖𝜔𝑡𝑑𝜔 (39)

Note that, for 0 < 𝛼 < 1, the denominator of the integrand of the above equation

(𝑖𝜔)𝛼 + 𝜀𝛼 = |𝜔|𝛼 [cos(𝛼𝜋∕2) + 𝑖 sgn(𝜔) sin(𝛼𝜋∕2)
]
+ 𝜀𝛼

has positive real and imaginary parts, i.e., (𝑖𝜔)𝛼 + 𝜀𝛼 ≠ 0 for any 𝜔 when 0 < 𝛼 < 1. Therefore, the integrand G (𝑖𝜔) has no
pole, and thus the residual terms vanish when the Cauchy integration theorem is applied to evaluate the integral in Eq.(39).

In the case of 𝑡 < 0, one can readily verify 𝑔(𝑡 < 0) vanishes by virtue of the Jordan’s lemma33, and thus one has 𝑞𝛼(𝑡 < 0) ≡ 0.
This means that the proposed model is causal, and can be realized by using physical systems.
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3.3 Time-domain representation
Next, for 𝑡 > 0, the time-domain representation of the proposed model is derived as follows. Letting 𝑠 = 𝑖𝜔 , one can reformulate
Eq.(39) as follows,

𝑔(𝑡) = 1
2𝜋𝑖

𝑖∞

∫
−𝑖∞

𝑠𝛼−1

𝑠𝛼 + 𝜀𝛼
𝑒𝑠𝑡𝑑𝑠 = L −1

[
𝑠𝛼−1

𝑠𝛼 + 𝜀𝛼

]
(40)

where L −1(⋅) indicates the inverse Laplace transform. It is well established that34

𝑠𝛼−1

𝑠𝛼 + 1
= L

[
𝐸𝛼(−𝑡𝛼)

]
(41)

where 𝐸𝛼(−𝑡𝛼) denotes the Mittag-Leffler relaxation function, which can be defined as follows,

𝐸𝛼(−𝑡𝛼) =
∞∑
𝑛=0

(−1)𝑛𝑡𝛼𝑛

Γ(𝛼𝑛 + 1)
(42)

where Γ(⋅) denotes the Euler’s Gamma function. Recall that 𝑔(𝑡 < 0) ≡ 0, from Eqs.(40) and (41), one can readily obtain

𝑔(𝑡) = 𝐸𝛼(−𝜀𝛼𝑡𝛼)𝑢(𝑡) (43)

Substituting Eq.(43) into Eq.(38) gives the damping kernel function of the proposed model as follows,

𝑞𝛼(𝑡) = 𝛽𝛼𝑢(𝑡)
[
2𝐸𝛼(−𝜀𝛼𝑡𝛼) − 1

]
(44)

Then, the resistive force 𝑓𝛼(𝑡) generated by the proposed model is obtained as follows,

𝑓𝛼(𝑡) = 𝑘0
[
𝑥(𝑡) + 𝜂 𝑥̇(𝑡) ∗ 𝑞𝛼(𝑡)

]
(45)

Substituting Eq.(44) into the above equation gives

𝑓𝛼(𝑡) = 𝑘0
{
(1−𝜂𝛽𝛼)𝑥(𝑡)+2𝜂𝛽𝛼𝑥̇(𝑡)∗

[
𝐸𝛼(−𝜀𝛼𝑡𝛼)𝑢(𝑡)

]}
(46)

With 𝛼 = 1, one has 𝐸𝛼(−𝜀𝛼𝑡𝛼) = 𝑒−𝜀𝑡 and 𝛽𝛼 = 1, and thus it follows that

𝑓𝛼(𝑡) = 𝑘0
{
(1 − 𝜂)𝑥(𝑡) + 2𝜂𝑥̇(𝑡) ∗

[
𝑒−𝜀𝑡𝑢(𝑡)

]}
(47)

which represents the resistive force generated by Keivan model18. It is worth noting that the negative constant term −𝜂 in the
displacement dependent part correspond to a negative stiffness element used in the physical realization of RILD discussed by
Luo et al.2.

4 A UNIFYING FRAMEWORK OF RILD

For comparison, Table 1 summarizes the damping functions and kernel functions of different models for RILD introduced above.
The relationships between the proposed and those existing causal models listed in Table 1 are discussed in the following.

4.1 Relaionship with Makris model
Here, it is proved that the proposed model can include Makris model as a special case of 𝛼 = 0. Letting 𝜆 = 𝜔∕𝜀, one can
reformulate Eq.(35) as follows,

𝛼(𝑖𝜆) =
cos(𝛼𝜋∕4){(𝑖𝜆)𝛼 − 1}
sin(𝛼𝜋∕4){(𝑖𝜆)𝛼 + 1}

(48)

Because both the denominator and numerator of the above equation approach to 0 as 𝛼 approaches to 0, the l’Hôpital’s rule is
applied to obtain the limit

lim
𝛼→0

𝛼(𝑖𝜆) = lim
𝛼→0

−(𝜋∕4) sin(𝛼𝜋∕4){(𝑖𝜆)𝛼 − 1} + cos(𝛼𝜋∕4){ln(𝑖𝜆) ⋅ (𝑖𝜆)𝛼}
(𝜋∕4) cos(𝛼𝜋∕4){(𝑖𝜆)𝛼 + 1} + sin(𝛼𝜋∕4){ln(𝑖𝜆) ⋅ (𝑖𝜆)𝛼}

= 2
𝜋
ln(𝑖𝜆) (49)

Recall that 𝜆 = 𝜔∕𝜀, one can reformulate the above equation as follows,

lim
𝛼→0

𝛼(𝑖𝜔) =
2
𝜋
ln
( 𝑖𝜔
𝜀

)
= 2

𝜋
ln
||||𝜔𝜀 |||| + 𝑖 sgn

(𝜔
𝜀

)
(50)
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TABLE 1 Comparison of different RILD elements

Model Damping function (𝑖𝜔) Damping kernel function 𝑞(𝑡) Causality

RILD 𝑖 sgn (𝜔) − 1
𝜋
ln |𝑡| Non-Causal

Biot 2
𝜋
ln
(
1 + 𝑖𝜔

𝜀

)
−2𝑢(𝑡)

𝜋
Ei(−𝜀𝑡) Causal

Makris 2
𝜋
ln
( 𝑖𝜔
𝜀

)
−2𝑢(𝑡)

𝜋
(
ln |𝜀𝑡| + 𝛾0

)
Causal

TMW
𝑛∑

𝑗=1
𝜙𝑗

𝑖𝜔
𝑖𝜔 + 𝑟𝑗

𝑛∑
𝑗=1

𝑢(𝑡)𝜙𝑗𝑒
−𝑟𝑗 𝑡 Causal

Keivan 𝑖𝜔 − 𝜀
𝑖𝜔 + 𝜀

𝑢(𝑡)
[
2𝑒−𝜀𝑡 − 1

]
Causal

Proposed 𝛽𝛼
(𝑖𝜔)𝛼 − 𝜀𝛼

(𝑖𝜔)𝛼 + 𝜀𝛼
𝛽𝛼𝑢(𝑡)

[
2𝐸𝛼(−𝜀𝛼𝑡𝛼) − 1

]
Causal

which coincides with the damping function of Makris model, as defined in Eqs.(21) and (22).
The coincidence between the damping function of the two models in the frequency domain also suggests that the damping

kernel function of the proposed model in the case of 𝛼 = 0 can be expressed as Eq.(24). Furthermore, because the dynamic
stiffness and damping kernel function of the proposed model vary continuously with the value of 𝛼, it can also be predicted that
the proposed model with a small order of 𝛼 (e.g., 𝛼 = 0.1) can provide a good approximation of Makris model, at least over a
frequency range of interest.
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FIGURE 4 Comparison between the normalized dynamic stiffnesses of different models for RILD (𝜂 = 0.1)

For example, letting 𝜂 = 0.1, Fig. 4 compares the normalized dynamic stiffness of the proposed model (e.g., 𝛼 = 0.1) with
those of the Makris and Biot models. It is shown in Fig. 4 that the differences between the dynamic stiffness of the proposed
model with 𝛼 = 0.1 and that of Makris model are negligible over a considerable frequency range. This means that the proposed
model with a small order of 𝛼 can be used to approximate Makris model without significant loss of accuracy. It should be
mentioned that in some cases, such an approximation seems to be necessary and useful, as to be further discussed in Section 5.
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4.2 Relationship with Biot model
Here, it is first shown that the proposed model is equivalent to a first-order approximation of Biot model in terms of dynamic
stiffness as the order 𝛼 tends to unity (i.e., Keivan model). To this end, one can rewrite Eq.(15) as follows,

B(𝑖𝜔) =
2
𝜋

[
ln 2 − ln

(
1 − 𝑖𝜔 − 𝜀

𝑖𝜔 + 𝜀

)]
(51)

By using the Mercator series to expand the frequency-dependent term (the second ln( ) term) in the above equation, one can
obtain

B(𝑖𝜔) =
2
𝜋

[
ln 2 +

∞∑
𝑛=1

1
𝑛

( 𝑖𝜔 − 𝜀
𝑖𝜔 + 𝜀

)𝑛
]

(52)

Then, substituting Eq.(52) into Eq.(14) gives an alternative expression for the dynamic stiffness of Biot model as follows,

HB(𝑖𝜔) = 𝑘0

[
1 +

2𝜂
𝜋

ln 2 +
2𝜂
𝜋

∞∑
𝑛=1

1
𝑛

( 𝑖𝜔 − 𝜀
𝑖𝜔 + 𝜀

)𝑛
]

(53)

Letting 𝑘̄0 = 𝑘0[1 + (2𝜂 ln 2)∕𝜋] and 𝜂̄ = 2𝜂∕(𝜋 + 2𝜂 ln 2), one can rewrite Eq.(53) as follows,

HB(𝑖𝜔) = H (𝑁)
B (𝑖𝜔) + 𝜂̄ 𝑘̄0

∞∑
𝑛=𝑁+1

1
𝑛

( 𝑖𝜔 − 𝜀
𝑖𝜔 + 𝜀

)𝑛
(54)

where H (𝑁)
B (𝑖𝜔) denotes the 𝑁 th-order truncated approximation of HB(𝑖𝜔), and can be expressed as follows,

H (𝑁)
B (𝑖𝜔) = 𝑘̄0

[
1 + 𝜂̄

𝑁∑
𝑛=1

1
𝑛

( 𝑖𝜔 − 𝜀
𝑖𝜔 + 𝜀

)𝑛
]

(55)

Letting 𝑁 = 1, one has
H (1)

B (𝑖𝜔) = 𝑘̄0
(
1 + 𝜂̄ 𝑖𝜔 − 𝜀

𝑖𝜔 + 𝜀

)
(56)

which has the same form as the dynamic stiffness of the proposed model expressed in Eq.(36) with 𝛼 = 1 (i.e., Keivan model).
This means that Keivan model is actually equivalent to a first-order approximation of Biot model.
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FIGURE 5 Approximation of the dynamic stiffness of Biot model by using Mercator series (𝜂 = 0.1)

To further investigate the effect of 𝑁 on the accuracy to approximate the dynamic stiffness of Biot model, for example,
letting 𝜂 = 0.1, Fig. 5 compares the 𝑁 th-order truncated approximation of normalized dynamic stiffness of Biot model with
𝑁 = 1, 10, 100, and ∞, respectively. It is shown in Fig. 5 that a first-order approximation exhibits similar characteristics of the
dynamic stiffness of Biot model in low frequency region; in order to capture the high-frequency characteristics of Biot model,
a much higher-order approximation is required. Alternatively, the proposed model with a small order 𝛼 (e.g., 𝛼 = 0.1) can be
used, at the expense of distorted low-frequency characteristics.

As mentioned in Section 2, the dynamic stiffness of Biot model approaches to that of Makris model when 𝜔 ≫ 𝜀. Thus, from
the revealed relation between the proposed and Makris models, the proposed model with a small order 𝛼 (e.g., 𝛼 = 0.1) can
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also be used to approximate the high-frequency characteristics of Biot model. As shown in Fig. 4, the proposed model behaves
similarly as Biot model in high frequency region.

4.3 Equivalence to a modified TMW model
Here, it is shown that the proposed model is equivalent to a TMW model with its storage modulus modified by a rate-independent
term. To this end, quantified comparisons between the TMW and proposed models are made, and the method suggested by Huang
et al.17 is used to design the order of TMW model, 𝜙𝑗 , with respect to a given set of 𝑟𝑗 , 𝑗 = 1, 2, ..., 𝑛, which are logarithmically
spaced over a frequency range from 0.01𝜀 to 100𝜀. Two different TMW models are designed with 𝑛 = 5, and 𝑛 = 7, respectively.

In order to approximate the non-causal model represented by Eq.(1) at a specified frequency 𝜔 = 𝜀, here, the dynamic stiffness
of TMW model is modified as follows,

H ′
T (𝑖𝜔) = 𝑘0

[
1 − 𝜂Mod(𝜀) + 𝜂T(𝑖𝜔)

]
(57)

where 𝑍Mod(𝜀) is a rate-independent modification term, i.e.,

Mod(𝜀) = R
[T(𝑖𝜀)

]
=

𝑛∑
𝑗=1

𝜙𝑗𝜀2

𝜀2 + 𝑟2𝑗
(58)

It should be mentioned that a modification by adding a rate-independent term to the storage modulus does not affect the causality
of the original model (e.g., see reference15). It can be physically interpreted as connecting the TMW model in parallel with a
linear negative stiffness element whose absolute stiffness is 𝜂𝑘0𝑍Mod(𝜀), as done by the authors2.
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FIGURE 6 Comparison between the TMW and proposed models (𝜂 = 0.1)

Alternatively, one can also reformulate Eq.(57) as follows,

H ′
T (𝑖𝜔) = 𝑘′0

[
1 + 𝜂′T(𝑖𝜔)

]
(59)

where 𝑘′0 = 𝑘0
[
1 − 𝜂𝑍Mod(𝜀)

]
and 𝜂′ = 𝜂∕

[
1 − 𝜂𝑍Mod(𝜀)

]
. The above equation has the same form as the dynamic stiffness of

TMW model expressed in Eq.(27). This suggests that the modified model can be equivalently realized by designing a TMW
model with 𝑘′0 and 𝜂′ instead of 𝑘0 and 𝜂, respectively. In other word, one can equivalently realize the modified model without
supplementing a physical negative stiffness element.

To further illustrate the relationship between the TMW and proposed models, for example, letting 𝜂 = 0.1, Fig. 6 depicts the
normalized dynamic stiffnesses of TMW models, as well as those of the non-causal model and proposed model (e.g., 𝛼 = 0.1) for
comparison. It is shown that the accuracy of TMW model for approximating the loss modulus of non-causal model is improved
as the number 𝑛 increases. Moreover, modifying the storage modulus of TMW model to fit the non-causal model at 𝜔 = 𝜀 leads
to a good fit to the proposed model over the frequency range of interest.

The modified TMW model can be equivalently represented by the proposed model to mimic the behavior of the non-causal
RILD. This may be preferable in some applications because much reduced empirical parameters are used for simulations in
the proposed model. The proposed model requires only one additional parameter 𝛼, whereas seven adjusting parameters 𝜙𝑗
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FIGURE 7 A new framework of causal models for RILD

(𝑗 = 1, 2, ..., 7) are used for the (modified) TMW model so that it was equivalent to the proposed model in this example. This
implies the advantage of the fractional-order operator over integer-order operators used in a constitutive law35,36.

Each Maxwell element can be realized by connecting a viscous damper in series with a spring and then connected with each
other in parallel to construct a TMW model. In this regard, the modified TMW model is considered as a viable option to physically
realize the proposed model. Further discussions on the physical realization of the proposed model are given in Section 5.

In summary, the relationships between different causal models for RILD are shown in Fig. 7. It has been proved that the
proposed model can include both Keivan and Makris models as its special cases with 𝛼 = 1 and 𝛼 = 0, respectively. From the
comparison in Fig. 6, it is suggested that the proposed model with a fractional order (e.g., 𝛼 = 0.1) is equivalent to a modified
Maxwell Wiechert model, which is able to approximate Biot model for practical applications (e.g., see references12,30). In this
regard, the proposed model can be considered as a unifying causal model for RILD. Furthermore, in Subsection 4.2, Keivan
model is shown to be equivalent to a first-order approximation of Biot model. These newly revealed relationships (indicated
by solid arrows in Fig. 7), along with the established ones (indicated by dashed arrows in Fig. 7) between different models
contribute to the development of a novel framework for causal models of RILD bringing insight to the nature of RILD .

5 PHYSICAL REALIZATION OF RILD

Owing to its non-causality, RILD cannot be realized strictly by using real-life devices. However, it would be useful if we could
physically realize approximated causal models that can exploit the benefit of RILD in practical applications. The authors have
developed a mechanical system to physically realize the first-order causal filter by connecting a Maxwell element in parallel
with a negative stiffness element2. This section discusses the further expansion of this method to examine the feasibility of the
realization by using fractional-order model.

5.1 A mechanical representation of the proposed model
Here, for physical realization of the proposed model, a mechanical representation is developed on the basis of our past study2.
To this end, a conventional Maxwell element is generalized into a fractional-order one consisting of a linear spring arranged in
series with a fractional-order damping element, as shown in Fig. 8, where 𝑘𝛼 and 𝑘𝑁 denote the stiffnesses of the fractional-order
Maxwell and negative stiffness elements, respectively. 𝑣(𝑡) denotes the deformation of fractional-order damping element.
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FIGURE 8 A mechanical representation of the proposed model

Here, it is to be shown that the dynamic stiffness of the mechanical representation in Fig. 8 is identical to that of the proposed
model as shown in Eq. (57). The equilibrium equation of motion of the fractional-order Maxwell element can be expressed as
follows,

𝑘𝛼{𝑥(𝑡) − 𝑣(𝑡)} =
𝑘𝛼
𝜖𝛼

𝐷𝛼
0+𝑣(𝑡) (60)

where 𝐷𝛼
0+𝑣(𝑡) denotes an 𝛼-order derivative of 𝑣(𝑡) with respect to 𝑡.

This reduces to
𝐷𝛼

0+𝑣(𝑡) + 𝜀𝛼𝑣(𝑡) = 𝜀𝛼𝑥(𝑡) (61)
Here, the Riemann-Liouville’s definition37 of the fractional derivative is used and defined as follows,

𝐷𝛼
0+𝑣(𝑡) ∶=

1
Γ(1 − 𝛼)

𝑑
𝑑𝑡

𝑡

∫
0

𝑣(𝜏)
(𝑡 − 𝜏)𝛼

𝑑𝜏 (62)

By using the property of fractional derivative37, one has

F [𝐷𝛼
0+𝑣(𝑡)] = (𝑖𝜔)𝛼F [𝑣(𝑡)] = (𝑖𝜔)𝛼𝑉 (𝑖𝜔) (63)

Thus, applying a Fourier transform to Eq.(61) gives

𝑉 (𝑖𝜔) = 𝜀𝛼

(𝑖𝜔)𝛼 + 𝜀𝛼
𝑋(𝑖𝜔) (64)

The resistive force provided by the mechanical model in Fig. 8 can be written as follows,

𝑓 (𝑡) = (𝑘0 − 𝑘𝑁 )𝑥(𝑡) + 𝑘𝛼[𝑥(𝑡) − 𝑣(𝑡)] (65)

Applying a Fourier transform to Eq.(65) gives

𝐹 (𝑖𝜔) = (𝑘0 − 𝑘𝑁 )𝑋(𝑖𝜔) + 𝑘𝛼[𝑋(𝑖𝜔) − 𝑉 (𝑖𝜔)] (66)

With 𝑘𝑁 = 𝜂𝛽𝛼𝑘0 and 𝑘𝛼 = 2𝜂𝛽𝛼𝑘0, substituting Eq.(64) into Eq.(66) gives its dynamic stiffness as follows,

H (𝑖𝜔) = 𝑘0

[
1 + 𝜂 𝛽𝛼

(𝑖𝜔)𝛼 − 𝜀𝛼

(𝑖𝜔)𝛼 + 𝜀𝛼

]
(67)

which coincides with the dynamic stiffness of the proposed model expressed in Eq.(36). This verifies that the proposed fractional-
order filter can be represented by using a fractional-order Maxwell element in parallel with a negative stiffness element (hereafter
referred to as fractional-Maxwell-negative-stiffness (FMNS) model).
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5.2 Feasibility of physical realizations
In terms of physical realization of the FMNS model, the negative stiffness element can be created by equivalently reducing the
horizontal stiffness of the primary structure (or of isolators), or physically realized by using passive negative stiffness devices38,
as discussed in our past study2. With respect to the fractional-order Maxwell element, many engineering solid materials35,36

and some damping devices39,40 have been reported to be accurately simulated by using fractional-order damping elements.
Therefore, it is straightforward to develop such real-life damping devices, which can physically realize the fractional-order
element to be used in the FMNS model. In this regard, further challenges remain in developing real-life devices having desired
damping characteristics.

Except for the above method, at present, two types of alternative methods are also thought to be promising in physical real-
ization of the FMNS model: (i) to develop a passive system consisting of multiple existing damping devices, which is equivalent
to the FMNS model (as discussed in Subsection 4.3. A modified TMW model is would be a viable option); or (ii) to employ
semi-active devices18, which can generate the desired damping force yielded by the FMNS model. An efficient time-domain
calculation technique is required to ensure the real-time control based on FMNS model41.

As the order 𝛼 tends to unity, the fractional-order Maxwell element reduces to a conventional Maxwell element, and the FMNS
model reduces to a Maxwell-negative-stiffness (MNS) model. The MNS model consisting of only one Maxwell element and one
negative stiffness element, and thus is thought to be the simplest realizable case of the FMNS (or modified TMW) model. The
application of MNS model used for seismic performance enhancement of base-isolated structures is discussed in our past study2.

As the order 𝛼 tends to zero, the fractional-order Maxwell element can be used to mechanically represent the damping
(frequency-dependent) part of Makris model in the theoretical sense. However, an exact and physical realization of such an
element is impossible in practical engineering applications because the required stiffnesses of negative stiffness element and
Maxwell spring are infinite. Such elements having infinite stiffnesses can be even hard to be used in numerical simulation prob-
lems. Instead, the FMNS model with a small order 𝛼 may be used for approximation, so that those parameters can be designed
within a reasonable range. This suggests that the proposed model having an additional adjusting parameter 𝛼 is a viable option
for practical applications.

6 CONCLUSIONS

Increasing damping in a structure is effective in reducing excessive displacements induced by low-frequency components of
ground motion, which, however, might result in excessive damping force and floor response accelerations induced by high-
frequency components. Using RILD is a promissing option to avoid compromized performance in reducing damping force
and floor response accelerations when incorporating a high amount of damping because its damping force does not increase
even if the excitation frequency increases. Indeed, RILD performs selective damping to effectively reduce displcement without
increacing floor response accelerations when incorporated into a low-frequency structure.

In this study, a novel causal RILD model is proposed to exploit its benefit in low-frequency structures. The proposed model
is obtained by modifying the order of Keivan model (first-order), into fractional-order. It is shown that the proposed model
improves the approximation in energy dissipation behavior in a considerably wide frequency range compared to the first-order
model. The causality of the proposed model is proved and a time-domain representation is derived using the Mittag-Leffler
relaxation function.

Comparisons between the proposed model with existing causal models brings insight to the relationships between different
causal models developed by independent researchers, leading to the development of a unifying framework of causal RILD
models. It is elucidated that the proposed model can include both Makris and Keivan models as its special cases with 𝛼 = 0 and
𝛼 = 1, respectively. It is further illustrated by comparing the proposed model with designed TMW models that the proposed
model with a fractional order is equivalent to a TMW model, which is used to approximate Biot model for practical applications.
Moreover, Keivan model is shown to be equivalent to a first-order approximation of Biot model.

Lastly, a mechanical representation of the proposed model is developed to physically realize the proposed model in practical
engineering applications.
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