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Chapter 1

INTRODUCTION

In this chapter, we will give a brief overview of the recent progress on mirror
system design for QO launcher in high-power gyrotron and outline the future
trend in this dynamic area.

1.1 High-power Gyrotron Review

Gyrotrons (electron cyclotron resonance masers) are a class of microwave sources
which are capable of efficiently producing large amounts of power (> 1 MW pulse,
100 kW CW) by utilizing the interaction between an electron beam and fast-wave
electromagnetic fields, at millimeter and submillimeter wave frequencies, a fre-
quency band in which few other sources (slow-wave RF tubes, lasers) are able to
effectively operate. In general, their output power is of the order of hundreds of
kW and their frequency can range from several hundred GHz to 170 GHz and
above. A typical semantical plot of gyrotron manufactured by Communication
and Power Industries (CPI) is shown in Figure 1.1. For many years, gyrotron
development has been driven by the need for fusion plasma ECRH heating; how-
ever, other applications like high energy particle accelerators, millimeter wave
radars and deep space communications are of increasing interest.

QO modes excited in the gyrotron cavity are difficult to transmit, mainly
because of the high loss level in the transmission lines. Therefor, the mode
conversion is necessary and the efficiency of the mode conversion as well as the
maintenance of low level of diffraction losses are crucial for the implementation of
powerful gyrotrons as radiation sources for electron-cyclotron-resonance heating
of fusion plasmas. For such purpose, a QO mode converters (launcher) are used
to transform electromagnetic waves of complex structure and polarization gener-
ated in gyrotron cavities into a linearly polarized, Fundamental Gaussian Beam



(FGB) suitable for transmission in highly overmoded corrugated waveguides.
The conventional waveguide mode converters used outside earlier gyrotrons are in
the form of rippled-wall or corrugated circular waveguides and serpentine struc-
tures. These are devices of high efficiency but large size and narrow bandwidth
and thus are not appropriate for implementation in high-power gyrotrons. There
are mainly two types of quasi-optical converters that are used instead, namely
the Vlasov converter and its modification, the Denisov converter. The Vlasov
converter represents a smooth surface circular waveguide, with a cut (stepped,
slant or helical one, as shown on figure 2) acting as a launcher, combined with
a parabolic reflector that forms the Gaussian wave beam. In general, Vlasov
converters are of moderate efficiency (typically 80 %), require large mirrors for
higher order modes and are somewhat impractical to be embedded in gyrotrons.
The Denisov converter consists of a pre-bunching section (instead of the smooth
surface circular waveguide in Vlasov converters) with a helical-cut aperture and
up to 4 reflectors (cylindrical, quasi-parabolic and phase correcting ones). The
pre-bunching (or field pre-shaping) section represents a rippled-wall (dimpled)
waveguide of relatively short length; its role is to transform the gyrotron cavity
mode into a bundle of modes that form a Gaussian intensity profile at the aper-
ture, prior to the reflectors. Denisov converters have higher conversion efficiency
(about 95 % and more) and smaller mirror size that makes them suitable to
built-in in gyrotrons.

The research behavior [1]-[12] at the microwave research laboratory in Elec-
trical and Computer Engineering (ECE), the University of Wisconsin, Madison
(UW-Madison) mainly focuses on the mirror system design part (see Figure 1.2)
of gyrotron project in the application of Electron Cyclotron Heating (ECH) for
plasma fusion. We collaborate with researchers from CPI and Calabazas Creek
Research (CCR) to provide beam-shaping mirror system for gyrotrons used in
the the DIII-D tokamak at General Atomics (GA). The DIII-D national fusion
facility has a microwave ECH system, which is comprised of several gyrotrons
operating at 110 GHz for heating the fusion plasma at different positions. The
gyrotrons are designed by CPI in the U.S. and Gycom Ltd in Russia. Based
on the pioneer work by Rong Cao and Michael P. Perkins, we have developed
rigorous theory foundation, new efficient algorithms and novel methods to dra-
matically improve the beam-shaping mirror system design in high-power gyrotron
application.
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Figure 1.1: The illustration of the goal of a sub-THz beam-shaping 4-mirror
system (My, Ma, M3 and My) in the QO gyrotron: to shape the measured input
beam from the dimpled-wall QO launcher into the target FGB to be injected into
the corrugated waveguide through the diamond window. Our research mainly
focuses on the beam-shaping mirror system, whose detailed schematic setup is
also given in Figure 1.2.

1.2 The History of Beam-shaping Mirror De-
sign

From Figure 1.1 and 1.2, it can be seen that the goal of the sub-THz beam-
shaping mirror system in the high-power gyrotron is to shape the sub-THz input
beam from a dimpled-wall QO launcher into the target Fundamental Gaussian
Beam (FGB) to be injected into the corrugated waveguide through the diamond
window, as shown in Figure 1.2. The design of a high-quality sub-THz beam-
shaping mirror system for the QO gyrotron has been considered as a hard problem
for a long time [1], [3], [4], [6]. For example, in the 1.5 MW, 110 GHz gyrotron
design at MIT for electron cyclotron resonance plasma heating at DIII-D where
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Figure 1.2: The diagram of the beam-shaping mirror system consisting of 4
pieces of PEC mirrors to shape the input beam from the QO launcher into the
desired FGB output beam. The approximate z coordinates of the 4 pieces of
PEC mirrors have been marked on z axis.

a TEg; ¢ mode cavity is utilized, the internal mode converter of the TEq; ¢ mode
to a Gaussian beam consists of an irregular waveguide launcher and four QO
mirrors. Rong Cao [1], [4] et. al. and Michael P. Perkins et. al. [3], [6] used the
iterative Geometrical Optics Phase Correction (GOPC) method to correct the
4 pieces of Perfect Electric Conductor (PEC) mirrors adaptively and achieved
good designed output beams with > 99.9% efficiency. Also, Rong et. al. [1],
[4] have done the illuminating work on the multi-mode mirror system design
and obtained an average coupling coefficient of greater than 99.8% between the
designed output beam and the target FGB. Researchers in other groups have also
made great progress on the beam-shaping mirror system design, either using the
iterative phase correction method or the other new scheme.



Chapter 2

SUB-THZ BEAM-SHAPING
MIRROR SYSTEM DESIGN

In this chapter, we will outline Iterative Phase Correction Design Procedure for
the beam-shaping mirror system design. The detailed explanation of each step
of the design procedure will be shown in later chapters.

2.1 The Iterative Design Procedure

Without loss of generality, a sub-THz beam-shaping 2-mirror system has been
used to illustrate the design procedure, which has been shown in Figure 2.1, with
different steps summarized as: 1) retrieve the phase of the input beam from the
measured magnitude patterns on 2 ~ 4 reference planes using the Iterative Phase
Retrieval (IPR) technique; 2) compute the forward /backward beam propagations
(denoted as P/ /PP in Figure 1.1) onto the PEC mirror surfaces through the spa-
tial TI-FFT algorithm; 3) Compute the beam scatterings (denoted as S7/S? in
Figure 1.1) by the PEC mirror surfaces through the spectral TI-FFT algorithm;
and 4) adaptively correct the PEC mirror surfaces through the iterative GOPC
method.

2.1.1 The IPR Phase Retrieval

In the sub-THz regime, it is difficult to measure the phase of the beam accurately;
while the measurement of the magnitude pattern is relatively easier [1]-[6]. So
it is necessary to retrieve the phase out of the given magnitude patterns. The
scheme to do the phase retrieval will be given in Chapter 3.



E'
®

‘E"‘ el 0'(r)

Input Beam
From Launcher

Target FGB

B 0

Figure 2.1: Design procedure of a sub-THz beam-shaping 2-mirror system for
QO gyrotron application: 1) phase retrieval method; 2) forward/backward beam
propagations (P7/PP); 3) beam scatterings (S//S°) by PEC mirror surfaces; and
4) GOPC method for the PEC mirror surface corrections. The solid and dashed
curves denotes the positions of PEC mirror surfaces before and after surface
corrections respectively.
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2.1.2 The Image Theorem Approximation

The computation of the scattered electromagnetic field requires the knowledge
of the equivalent surface current on the PEC surface. The most simple way is to
approximate the equivalent surface current using the image theorem like the PO
approximation. However, it is well-known that the image theorem only works
well for smooth PEC surface; so it is helpful to have some formula to describe
the behavior of the image theorem, i.e., in which case the image theorem is valid.
We have derive such formula in Chapter 4.

2.1.3 Beam Propagation and Scattering between PEC Mir-
ror Surfaces

From Fig. 2.1, Step 3) and Step 4) require the computation of electromagnetic
wave propagation and scattering between M; and My and from incident (desired
FGB) onto M; (Ms). The old algorithm [1], [3], [4], [6] used to do such computa-
tion is the direct integration method, which has a computational complexity of
O(N%). To make the computation fast, we have developed the TI-FFT algorithm
for “quasi-planar” and “quasi-cylindrical” surfaces., which will be presented in
Chapter 5.

2.1.4 The Phase Correction

The phase correction using PEC mirror surface requires the 2D phase unwrapping
of the phase difference between the incident and reflected beams. The old method
used to do the 2D phase unwrapping is various path-following algorithm and has
a slow computational speed. What’s more, the old method used to correct the
PEC surface iteratively is the GOPC method, which is only approximate and
has a slow convergency rate. To solve the above problems, we have proposed a
fast algorithm based on FFT to unwrap the 2D phase and the PGPC method to
correct the PEC surface, which will be explained in details in Chapter 7.

2.1.5 Multi-mode optimization

For multi-mode beam-shaping mirror system design, the optimization scheme
is also important to obtain the best performance. Chapter 8 will discuss such
optimization scheme based on the minimum total r-norm phase difference.
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2.2 Example Pseudocodes for Single-mode Single-
frequency Design

The pseudocodes for the design procedure of 4-mirror single-mode single-frequency
system are shown below,

(SINGLE-MODE SINGLE-FREQUENCY PROGRAM BEGINS)

Make initial guesses for all 4 mirror surfaces (Mj, Ma, M3 and My) and choose
the total iteration number Ny (usually Ny = 10 ~ 20 is required);

Obtain the phase 0° of the TE2276/110 GHz input beam through the IPR technique
and denote the input beam as Ef = Etel?" ;

For /=1 to N, (iteration loop begins)

Forward-propagate the input beam E onto My to obtain (’E{’(E)‘ ,9{’(@);
Forward-propagate E{’(E) onto My to obtain (‘E%‘,(Z)‘ ,95’(6))

;
Forward-propagate Eg’(g) onto Mz to obtain (‘Eg,(Z)’ ,93{’(@ :

Forward-propagate Eg’(g) onto My to obtain (‘EZ’(Z)

610,

)

B0,

)

Back-propagate the target FGB onto My to obtain (‘EZ’(@
Correct My surface using the GOPC method through ((594 = 04{’(6) — Hi’(@);
Back-propagate the target FGB onto M3 and update ( Eg’(e) ,Hg,(@);

Correct M3 surface using the GOPC method through <503 = Gg’w) — Hg’(g));
Back-propagate the target FGB onto Ms and update ( Eg’(@ ,03’(@ ;
Correct My surface using the GOPC method through <502 = 05’@) — 912)’@));
Back-propagate the target FGB onto M and update ( Eli’(g) ,(911)’(@)'

Y

Correct My surface using the GOPC method through <501 = 0{’@) — 911)’@))‘

Y

Forward-propagate E' (input) onto diamond window to obtain E*Y) (output);
Ezit iteration loop when the criterion X defined in (2.1) is met or £ = Ny.

¢=1{+1 (iteration loop continues)

(SINGLE-MODE SINGLE-FREQUENCY PROGRAM ENDS)

12



The convergence criterion defined on the diamond window for the ¢** iteration
of the sub-THz beam-shaping mirror system design is given as [1]-[6],

[ [ds' E© [Eo,(ffl)}*

2

Eo(©) Eo,(¢-1)

\lfde’ $ffd5’

(on diamond window)

(2.1)

Psuedocodes for the multi-mode multi-frequency design is similar and will be

shown in Chapter 9: Computer Simulation.
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Chapter 3
THE IPR PHASE RETRIEVAL

As has been said in Section 2.1.1, the phase of the initial incident beam has to be
known during the beam-shaping mirror system design. Here we will review the
conventional IPR technique and we will propose the more rigorous IPR technique
based on the probe compensation later in Chapter 10.2. The conventional IPR
technique [13] can be summarized as below,

1) measure the magnitude patterns of the electric fields on several reference
planes (denoted as |E,|,p = 1,2,3 ...) that are far away from each other to ensure
the convergence of the IPR technique;

2) assign some initial phase of 2 (usually set 0! W = 0) for the electric field

on the 1** plane and express the new electric field as E1~: |E | eje{(l);
3) iteration loop begins (¢ = 1): forward-propagate E; onto the 2" reference
plane to obtain the electric field <‘E2 ,05 (4)) through the Fast Fourier Trans-

form/Inverse Fast Fourier Transform (FFT/IFFT);
4) update the electric field on the 2" reference plane by using the new phase

05 ® and replacing the magnitude ‘E2’ with the measurement data |Es|, which

. — jef(z)
is expressed as Ey = |Eqle’”

5) continue to forward-propagate E, onto other reference planes and update
the phases, similar to step 3) and step 4) given above;

6) back-propagate the electric field onto all reference planes and undate the
phases;

7) iteration loop ends when the program converges;

8) iteration loop continues: ¢ = ¢+ 1 and go to step 3).

The above procedure has also been illustrated in Figure 3.1 for 2 reference
planes. Usually, 2 ~ 4 reference planes is enough for the IPR technique to
converge. However, it has been shown that the IPR technique works better for

14
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Figure 3.1: IPR technique for 2 reference planes (Step 1 in Figure 2.1): keep
the magnitude on each plane and update the phase after each forward/backward
beam propagation through the FFT/IFFT. d is the separation distance between
the 2 reference planes.
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> 3 reference planes. As an example, in a test of a beam pattern consisting
of 5 FBGs with different offsets and tilting angles, the IPR technique converges
after 20 iterations for 3 reference planes; while it doesn’t converge until 500
iterations for 2 reference planes [3]. Finally, it should be pointed out that the
IPR technique also works for cylindrical reference surfaces but it only works well
for beams without significant side lobes.

16



Chapter 4

THE VALIDITY OF IMAGE
THEOREMS

The image theorems have been frequently used as approximate solutions for
Love’s equivalence theorem in diffraction and radiation phenomena [14], [15], [16].
There are also many scattering problems, where the induction theorem and Phys-
ical Optics (PO) approximation have been extensively adopted in evaluations of
Radar Cross Section (RCS) [17], [18], [19], [20], [21]. Recently, image theorems
also find their applications in mirror system designs for high-power quasi-optical
gyrotrons [1]-[6], [10]. However, it is known that image theorems only work well
for smooth surfaces with large radii (small curvatures), where equivalent surface
currents M, (J,) can be approximated as the product of incident fields E* (H)
and the unit surface normal n™: M, = 2E’ x n™ (J, = 2n* x H) on fictitious
surfaces [14], [16], [22], [23]. What’s more, although exact solutions of scatter-
ing problems for cylindrical and spherical geometries have been found [22], [24],
[25], no rigorous theoretical criterions have been reported so far to evaluate the
validity of image theorems. So, it is helpful to derive such criterions in their
closed-form expressions in order to use image theorems efficiently.

The derivation of theoretical criterions of image theorems can be done through
the following steps: 1) specify some arbitrary initial incident fields in forms of
TE and TM cylindrical (spherical) modal expansions on the initial cylindrical
(spherical) surfaces [25], [26]; 2) apply image theorems (induction theorem or
PO approximation) to get M; or J; 3) calculate the forward-propagating (back-
scattered) fields exactly on the initial cylindrical (spherical) surfaces through
either the vector potential method or the dyadic Green’s function method; And
4) compare cylindrical (spherical) modal expansion coefficients of the calculated
forward-propagating (back-scattered) fields with those of the initial incident fields

17



specified on the initial cylindrical (spherical) surfaces, which leads to the theo-
retical criterions of image theorems.

4.1 Image Theorems in the Cylindrical Geom-
etry

The scheme used to illustrate image theorems for the cylindrical geometry is
shown in Fig. 4.1, where the incident field E* propagates onto cylindrical surface
S’, after which E* may continue to propagate to E™ or it could be back-scattered
to E7, depending on whether surface S’ serves as a Perfect Electric Conductor
(PEC) scatter or as a fictitious surface where the Love’s equivalence theorem
applies.

4.1.1 The Vector Potential method

The cylindrical modal expansion

The cylindrical modal expansion of vector potential F(r) for the magnetic
current M(r') on an arbitrary surface can be derived through the expansion of
the scalar Green’s function g(r —r’) in the cylindrical coordinate,

F(r) = ¢ / [ 48" ML(x)g(r 1) (4.1)

S / ds' M / Ak, H (A[p — p]) ek

8

where, € is permittivity of free space and H(SQ)( - ) is Hankel function of the
second kind of order 0. A and the scalar Green’s function g( . ) are defined as,

A= \Jk2— k2 e 12
According to the cylindrical addition theorem [22], [26],
HP (Mp—p)) = Y Ju(Ap)HP (Ap)e™ ) (4.3)

m=—00

18



M= Ei x ']
J.= N'x Els

Mr=2E xN'|s
My = -2E; x A |g=M*

s

Figure 4.1: The cylindrical geometry: the incident field E! propagates onto
cylindrical surface S’, then it may forward-propagates to E™ or it could be back-
scattered to E~, depending on whether surface S’ serves as a PEC scatter or as
a fictitious surface where the equivalence theorem applies. n™ and n~ are the
outward and inward surface normal on cylindrical surface S’ respectively. M,
and J; are equivalent surface currents for Love’s equivalence theorem. M is the
image approximation of Love’s theorem and M} is the image approximation for
the induction theorem.

where, J,,,( - ) is Bessel function of the first kind of integral order m. Substituting
(4.3) into (4.1), the cylindrical modal expansion of F(r) on an arbitrary surface
is obtained,

F(r) = IFT{ £ H2(Ap) | (4.4)
those = 20 [ M) (A e
with the Inverse Fourier Transform (IFT) defined as,
IFT{ .} = ;ﬂ m_fjoo [ O:o dk, { - }emimbe=ikz (4.5)

19



The validity of (4.4) can be further confirmed by the Near-Field Far-Field
(NF-FF) transform. The Far-Field F(r) can be obtained from (4.4) by letting
r = |r| — oo,

F(r)e r—00 (4.6)

Also, for r — oo, the following relation holds [22],

= IFT{ £5:30 H (Ap) }

m, TE

1 oo .
o | dk {E D (p)e Y,
1 e kR
= ;T]mﬂ f:fz '8 (4.7)
Substituting (4.7) into (4.6),
1 e_JkR = m+1 ek, M fzmzzﬁ
F(r)er = © R dJ frre : (4.8)

F(r)fr in (4.8) is the NF-FF transform in the cylindrical coordinate [27], [28],
which can also be obtained from (4.1) by letting r — oo,

e —jkr ) )
e = € / dS' M / jAp’ cos(qb—qb’)e]kzz’ (49)
S/

F(r)
4rr

: / / . . .
Now, express e/M ©s(@=¢) in a Fourier series [29],

oI AP cos(9—¢') _ Z T (Ap eI E=9) (4.10)

m=—0o0

The substitution of (4.10) into (4.9) also gives (4.8).
Finally, the vector potential A(r) for the electric current J4(r’) can be ob-
tained through duality as,

A(r) = TFT{ gh:(J)HD (Ap) | (4.11)
gite = [/, 48 B Ia(Ap)e e

20



The back-scattered and forward-propagating waves

In Fig. 4.1, M7 is the image approximation of the Love’s equivalence theorem
for the forward-propagating wave and M is the induction theorem approxima-
tion for the back-scattered wave. It is not difficult to show that they are equal,

M =2(—n") x E. =2n~ x E' = M . (4.12)
where n* (A7) are the outward (inward) unit surface normal on cylindrical sur-
face S’. The total field calculated from the equivalent current M7 (r') or M7 (r’)
is thus the combination of the forward-propagating and back-scattered ﬁelds.
Mathematically, (4.4) can be separated into two parts as,

1
Tn(Ae) = 5{ V(AP + B (M) (4.13)
_jeo m VA Zzl
et = g [ [, 48 ML) HD (Ap)em
£l = _‘3;0 / dS" M, (r')HP (Ap)e™? eih=#"
S/

Now, suppose the initial incident field E(r’) on the initial cylindrical surface
S" with radius of py is given as the combination of TE and TM modes [22], [24],
[25],

Z / dk. kzeMkzeJr( )+ B eNE e (r )}

m=—0oQ

k:z e—l—(r/) _ (2)(Ap ) e—jkzz’e—jm(b’
L’fz ) = wz ()
Mk e+(r/) _ {az¢k e+( )}
NE=et () = —V x My=st(x') . (4.14)

k

Under the image theorem approximation, from (4.4) and (4.12), the approx-
imate field E(r) can be obtained as,

E(r) > [t < g (4.15)
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The field E(po) on the initial cylindrical surface S’ is evaluated through (4.15)
and the result is [10],

o

Bloo) = 3. [ dhe {abs M (ro) + B NS ¥ (o)}
m=0" "
(4.16)
e = &zni ZJ'WPoJm(APO)aH%p(Ap) p=po
™ = izzzz - _jﬁpng)(Apo)Wg(pAp) p=po

Comparing the calculated approximate field E(po) in (4.16) and the initial
incident field E(pp) in (4.14), it is not difficult to show that the discrepancy
€ rerm(My) in (4.16) is due to the approximation of the image theorem. Similar
to (4.13), & rerm(M,) can also be separated into &, 1\ (M) and €7 1, (M)

as,

' OHP (A
M, £ ]W'OOHS)’(Q)(A,O) m (Apo)

TE = 5 9 o= po (4.17)
. 37 po OH() ) (Ap)
?AM’i = _THﬁ)(ApO)a—p p=po *

Finally, it can be shown that the following relations hold for M, and J, image
approximations,

Js __ ¢Mg Js __ ¢Mg ( )
TE — STM> ™ — STE 4.18
Mg, = __ st [ Js,:l:]* _ [ Ms,:t]*
TE — St™m — [STE — ISt™m

4.1.2 The Dyadic Green’s Function Method

The magnetic dyadic Green’s function in the cylindrical coordinate [24], [25] is
given as,
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G(r,r) = — /Z?p(s S /OOJSMQ (4.19)

m=—0oQ

x { Mz ()] M ¥ (1) + [NE= (1) "NEs ¥ (1) | ds,

where MEz¢ (NE=€) is obtained by replacing H(?) with J,, in MFzet (NF=ct),
The approxnnate field E( ) is thus obtained from (4.12) as

E(r) = —VX/S,dS’ M (r').G (1, 1) (4.20)

Substituting (4.19) into (4.20) and applying orthogonal properties of cylin-
drical modal functions on the cylindrical surface, the following expression is
obtained,

kz eMkz e+ r
E(po) 4 A2 / dk. bZLZOeNkz e+((r)> (4.21)

| INE ()] x M)
<[], a8 ME ()] x Nkser(r) ~ 37 -

The evaluation of (4.21) also gives the same results as in (4.16) for M image
approximation, after the separation of back-scattered and forward-propagating
waves in (4.13). Similar arguments hold for J, image approximation.

4.1.3 Image Theorem Criterions in the Cylindrical Ge-
ometry
Mot in (4.17) and (4.18) can be regarded as criterions of image theorems. For

po — 00, it is not difficult to see that g%, for M, approximation and {73,
for J, approximation give the same accuracy by noting that,

* 2 “m _—
HP(Apo) = HV*(Apo) ~ \/WAjp Gme 0 Apy — 00
0

MS 7JS+
TE,TM

The combination of (4.16) and (4.22) implies the fact that E(py) — E(pp) for
po — oo for narrow-band fields.

oo = 1 (4.22)
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E+

M=E' x Ai'[s
J=N"xEl

M.*=2E x N'|g
M, =-2E, x A'|g=M*

~—————

Figure 4.2: The spherical geometry: similar to the cylindrical geometry in Fig.
4.1, the incident field E? propagates onto spherical surface S’, then it may
forward-propagates to ET or it could be back-scattered to E~, depending on
whether surface S” serves as a PEC scatter or as a fictitious surface where the
equivalence theorem applies. n* and n~ are the outward and inward surface
normal on spherical surface S’ respectively. My and J, are equivalent surface
currents for Love’s equivalence theorem. MY is the image approximation of
Love’s theorem and M is the image approximation for the induction theorem.

4.2 Image Theorems in the Spherical Geome-
try

Fig. 4.2 shows the scheme in the spherical geometry with similar explanations
as in the cylindrical geometry (Fig. 4.1).

4.2.1 The Vector Potential method

The spherical modal expansion
In the spherical coordinate, the vector potential F(r) for M,(r') is given as
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[22], [26],

F(r) = / [ 48 M.(x)g(r ~ 1) (4.23)
= =[] ds ML (klp - )

where, héz) is spherical Hankel function of the second kind of order 0. According
to spherical addition theorem [22], [26],

oo

WY (o — ) = 30 (2n -+ 1”82 k) (121
X Y S ﬂ (VP9 cosm(p — ¢
> (2= B )P 0) eos(s = )

where, 7, is the spherical bessel function of the first kind of integral order n and
69 is the Kronecker delta function (62, = 1 for m=0 and §2, = 0 for m# 0).
Substituting (4.24) into (4.23), the modal expansion of F(r) is obtained as,

Fr) = 35 £% (n,m)h® (kr) P (0) (;TSZZZ
n=0m=0
s = xf / 48’ ML()j (k") P20)
B —jkeo (2n+1)(n —m)!
X = (2= T (4.25)

The NF-FF transform of (4.29) in the spherical coordinate is given as [27],

]6 EEA SN sy COSTIL
F(r)) o = S5 Y (0, m) P () Sinm;’f (4.26)
n=0m=0

Similar to the cylindrical geometry, (4.26) can also be derived from (4.23) by
letting r — oo,

efjkr

F(r)

r—oo — €0

/ dS' M,(r') et cos7’ (4.27)
S/

A7y
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where 7' is the angle between k and r’. Also, e/ 57" can be expressed in the
plane wave expansion [29],

jkr’ cosy __ o n <0 (271 + 1)(” - m)' COs me
R N
cosm¢’

X jn(kr") P (cos 8') P (cos 0) (4.28)

sinmg’

The substitution of (4.28) into (4.27) also gives (4.26).
Similar to the cylindrical geometry, duality relations can be used to obtain

A(r) for the J; approximation as,

A(r) = nzo mzogm (.2 (k) P (6) S
gt = x [ 48 MU P @) e
B —jkpo (2n 4+ 1)(n —m)!
x = (2-62) . () (4.29)

The back-scattered and forward-propagating waves
Similar to the cylindrical geometry, we can separate (4.29) into back-scattered

and forward-propagating waves as,

. / 1 / /
Jm(Ap') = 5 {0 () + BP0} (4.30)
mM.+ _ X / N1 (D) 1.0\ pm gl cos m@’
G =5 [, 48 MLORD (kB
grae =X ([ as ML k) ) T
n, TE 2 5 S n n sin m¢/

Suppose the initial incident electric field E(r") on the initial spherical surface
S" with radius of 7y (in Fig. 4.2) is given as,

Z Z CmeMme—i- )+dmeNm6+( )

n=0 m=0
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Table 4.1: Summary of {37, (m,, j,) and (7, (my, j,) for the cylindrical and
spherical cases

TE/TM modes and M;/J, The relations Els (M, J) /Gl (M, J ) Po, To — 0O

TE & M, / TM & J,

@)
Cylinder: back-scattered wave Ern(My) = &0 (Js) 578 HP (Apo 8H"ép(Ap)‘ . j(—=1)me—i2Aeo
©)
Cylinder: forward-propagating wave &l (M;) = &, (Js) J %HQ)(A,OO)M’%*;AM o=po 1
©)
Sphere: back-scattered wave (M) = (i (Js) —jk:rghg)(k:ro)a[kﬂg;w(km r—ro (—1)ne—I2kro
(1)
Sphere: forward-propagating wave  (L(M,) = ¢H,(Js)  — jkrgh(z)(kro)w - 1
TM & M, / TE & J,
: . - I TP I (2) aHg)(AP) m_,—j2Apo
Cylinder: back-scattered wave EonMy) = Eu(Js) =780 H 5 (Mpo) =575 p=po j(=1)
Cylinder: forward-propagating wave &l (M) = &1.(Js) [ (M) /[65,(T )] 1
@)
Sphere: back-scattered wave Con (M) = (p(Js) jkroh(? (k:ro)a[krh Gl —(=1)reI2kro
Sphere: forward-propagating wave (G, (M) = ¢, (Js) [GEM) /G (T )] 1
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me+ /

r

= b kr)P™(cos ) C?r?((mg’/))

M) = Vo {aryrs ()

r
— EV x Mt () (4.31)

From (4.29) and noting that M (r') = 2E(r’) x a,, on spherical surface S’ in
Fig. 4.2,

@
Lot (e) = wmw )
o)
(x')

Nm ,e+ I‘,

n

== Z > {Lmet ) x £} (4.32)

Eon =0m=0

The approximate field E(rg) on the initial spherical surface S’ is obtained
from (4.29) through the image approximation [10],

=33 E@meMIE (ro) + AN () (4.33)
n=0 m=0
Cro O\krgn(kr
= e = — —j2kroh(? (kro)w r=ro
Jﬁf , _ O[krh? (kr
’Il\‘/IIV? = dTy,e = ijrOJTL(kTO) [ akr( >] T=TQ
and,
_ O[krh(D-@) (kr)]
”IB/IEJSF‘: = —]riohg)(k‘ro) 8]{,‘7' r=ro (434)
O[krh?) (kr))
Met — 59kroh (D@ (kg >—8kr r=ro -
Similar expressions exist for J, image approximation,
= Cnir G = G (4.35)
=G =@ = anTT
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4.2.2 The Dyadic Green’s Function Method

The magnetic dyadic Green’s function in the spherical coordinate is,

G o(ry) = BN~ T
Grn(r,T) gz 0= r) n;m2kn(n+1)
x 30— M ()M (r) + N (r)Npe (r) |

272 (n +m)!
(2—-102)(2n+1)(n —m)!
where M™¢ (N7:) is obtained by replacing h{?) with j, in Mt (Nmet),

The approximate field E(r) for M7 (r') is given as,

and, Qrm = (4.36)

BE(r) — —VX/S/dS’ M (1) G (1, 1) (4.37)

Substituting (4.36) into (4.37) and using the orthogonal properties of spher-
ical modal functions, the approximate field E(ry) on initial spherical surface S’
is obtained as,

Z Z rTanm,beJr(r)

n=—00 Mm=0 n n + 1)Qnm dmbeNzl,yoeJr(r)
o INR ()] x Mt (r')

8 / o M (x> Npet (nf) 2

(4.38)

The evaluation of (4.38) also gives (4.33) and (4.34).

4.2.3 The Image Theorem Criterions in the Spherical Ge-
ometry

Similar to the cylindrical geometry, (35" in (4.34) and (4.35) can be considered
as theoretical criterions of the image theorems for narrow-band fields in the
spherical geometry. The large argument asymptotic behaviors of (7™ for
ro — 00 can be obtained by noting that,

1 .
hf)(kro) = [h,(ll)(kro)]* ~ o j(”“)e’]km, krog — oo
0

rose = 1. (4.39)

MS ’JS+
TE,TM
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Figure 4.3: The spherical geometry - plots of (Ms and (M:": a) shows oscillations
of (M and the asymptotic behavior of (M (m=50) for both magnitudes (solid
lines) and imaginary parts (dashed lines); b) shows 20log;,(|(M:sT| — 1) and
201og;o{S[¢s (Ms)]} Vs. rg, from 0 to 25\ for n=10,20, - - - 90, 100.

4.3 Results and Discussion

TABLE 4.1 summarizes the properties of éMsds* and (MsJs* for the back-

TE,TM TE,TM
scattered and forward-propagating waves respectively. For pg,rg — 00, both
Ms,Js _ ¢Mg,Js+ Ms,Js— Ms,Js _ Mg,Js+ Mg, Js— : :
reiv = Sreav T &y and Geny = sy + Grpay show fast oscillations,

which can be seen from TABLE 4.1 or plot a) of Fig. 4.3 (spherical geometry
only, cylindrical geometry is similar and thus not shown). Mathematically, the
oscillations only appear as modal expansion coefficients and disappear after the
implementation of the sum and integration in (4.16) or the double sums in (4.33).
Physically, the oscillations are due to back-scattered fields, which approach 0 for
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po,To — 00. For example, consider (¥~ in (4.16),

B (ro,0) = > > { Mt (xo)
n=0m=0
+ O BN (o) | (4.40)

Changing the variable ¢/ = ¢ — m and letting ry — oo, from TABLE 4.1,
(4.40) reduces to,

Ei(ro,(lﬁ/) o0 = Z Z eijkro
n=0 m=0
x e Mt (ro) — b NI (xo) } - (4.41)

Now, the back-scattered field E~(rg, ¢')| y,—so — 0 due to the fast variation
phase term e 72?0 which means that the oscillation in (M~ doesn’t appear in
the actual field evaluation for ro — oo .

Due to the above reasons, {M:7st and (Mels*
interests to evaluate the validity of image theorems.

are theoretical criterions of

4.3.1 The Cylindrical Geometry

As can be seen from TABLE 4.1, in the cylindrical geometry, {372 are functions
of three parameters - m, A and py. As an example, in Fig. 4.4, &M is plotted
Vs. pg for different m and A. What’s more, Fig. 4.5 shows the threshold radius
pa (above which image theorems meet the required accuracy) for &M+ with
respect to A for an accuracy of —30 dB and m =0, 10, --- 90, 100. Solid lines are
for 201og,(|EM:T] — 1) and dashed lines are for 201og;({S[{M: ]} Both Fig. 4.4
and Fig. 4.5 show that a smaller m and a larger Apy will give a higher accuracy.
For example, to achieve an accuracy of —30 dB, on one hand, in Fig. 4.5, for
m=>50 and A = 0.9k (52 = 0.1), p,, ~ 9.5\ is required for the magnitude [M:+
and p,, ~ 13\ is required for the imaginary part S[¢M:*]. On the other hand, to
achieve the same accuracy, for m=100 and A = 0.5k (% =0.5), py ~ 37\ and
P ~ 32.5\ are necessary for || and S[¢F, (M;)] respectively. Tt is clear that
the imaginary part S[¢M:"] dominates the accuracy and image theorems work

well for narrow-band fields and cylindrical surfaces of large py.
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-100f

Figure 4.4: The cylindrical geometry - plots of ¥t Vs. py for m=0, 30, 60,
90 and A = 0.1k to k (in 0.1k increment, from top to bottom): solid lines
are for magnitudes 20log;,(|€Mst] — 1), and dashed lines are for imaginary parts
2010g,,{3[€X¥:*]}. The plots show that the image theorem works well for a small
m and a large Apy.

4.3.2 The Spherical Geometry

From TABLE 4.1, in the spherical geometry, (M5 has only two parameters
- n and rg, as shown in b) of Fig. 4.3 for (M:* . Tt is also helpful to plot the
corresponding threshold radius r,, with respect to n, for both 20log,,(|¢¥:|—1)
and 20 log,,{[¢¥s: 1]}, with different accuracies ranging from —60 dB to —30 dB
(in 3 dB increment), as in Fig. 4.6. It can be seen from both Fig. 4.3 and Fig.
4.6 that, in order to achieve an accuracy of —30 dB for |(M:T| (with respect to
1), ry ~ 8\ and 7, ~ 16\ for n = 50 and n = 100 respectively. However, for
the imaginary part S[CMsT], 7y, ~ 9.5) and r,, ~ 18\ are required for n = 50
and n = 100 respectively, which again implies that the imaginary part M+
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-30 dB accuracy
200 25

_ _m=100

Py M)

Figure 4.5: The cylindrical geometry - threshold radii p,, Vs. A = 0.1k to k ,
corresponding to (k — A)/k = 0 to 0.2, for an accuracy of —30 dB. Solid lines
are for magnitudes 20log,, (|| — 1) and dashed lines are for imaginary parts
2010g,,{3[€X¥:*]}. The inset plot is also shown to make the display clearer for A
= 0.8k to k, corresponding to (k—A)/k = 0 to 0.2. It can be seen that imaginary
parts M7 require larger threshold radii py, for the same accuracy.

dominates the accuracy of image theorems.

4.4 Summary of the Image Theorem Approxi-
mation

The theoretical criterions for image theorems (both M; and J, approximations)
have been derived through two equivalent methods - the vector potential method
and the dyadic Green’s function method, for both TE and TM modes, in cylin-
drical and spherical geometries. The criterions are related to each other within
the same geometry and have the same accuracy for surfaces of large radii. The
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Figure 4.6: The spherical geometry - threshold radii r, Vs. n=0 to 100, for
different accuracies, from —60 dB to —30 dB (in 10 dB increment, from bottom
to top): a) the magnitudes 20log,,(|¢(M:T| — 1), and b) the imaginary parts
201og,o[S(¢¥e1)]. The inset plots in a) are used to make the display clearer.
Similar to the cylindrical geometry, imaginary parts (¥ require larger threshold
radii 74, for the same accuracy.

threshold radii p,, and r,, for a given accuracy depend on properties of the inci-
dent fields (m, A for the cylindrical geometry and n for the spherical geometry),
and radii py and r( of cylindrical and spherical surfaces. Generally, narrow-band
fields and large radii will give high accuracies. In the cylindrical geometry, for an
accuracy of —30 dB, A = 0.9k and m = 50, typical values of p,, are about 9.5\
for the magnitude and 13\ for the imaginary part. While in the spherical ge-
ometry, for the same accuracy and n = 50, r, are about 9.5\ for the magnitude
and 18\ for the imaginary part. The theoretical criterions are valuable in the
validity evaluation of image theorems for many problems, including RCS compu-
tation, mirror system designs and scattering phenomena in both cylindrical and
spherical geometries.
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Chapter 5

THE PLANAR TI-FFT
ALGORITHM

In this chapter, we will introduce the Taylor Interpolation scheme using FFT al-
gorithm (TI-FFT) that will be used to speed the numerical computation of elec-
tromagnetic wave propagation and scattering in the half-space scenario. There
are two types of TI-FFT algorithm, i.e., the spatial TI-FFT for computation of
electromagnetic wave on the quasi-planar surface; and the spectral TI-FFT for
computation of the 2-Dimensional (2D) Fourier spectrum of the electromagnetic
wave. For each type of TI-FFT algorithm, there are also two numerical imple-
mentation methods, i.e., the spatial domain division method and the spectral
domain division method. Based on the Fourier spectrum of the scalar Green’s
function, detailed closed-form expressions of the 2D Fourier spectra of various
diffraction formulas (i.e., Kirchhoff, Stratton-Chu, Kottler, and Franz formulas)
have been found and can be efficiently evaluated through the planar TI-FFT
algorithm for the quasi-planar geometry. The planar TI-FFT algorithm can be
optimized for the computational complexity. The optimized order of Taylor se-
ries only depends on the algorithm’s computational accuracy yr: NP ~ — Inyyy
and the optimized spatial slicing spacing between two adjacent spatial reference
planes only depends on the characteristic wavelength A, of the electromagnetic
wave: 09" ~ %7/\5, from which the optimized number of spatial reference planes
NPt can be found. The optimized computational complexity is then given as
NPt x NP O(N log, N) for an N = N, x N, computational grid, comparable
to the computational complexity of the FMM. Also, the planar TI-FF'T algorithm
allows a large sampling spacing only limited by the Nyquist sampling rate. In
addition, the algorithm is free of singularities. The algorithm works particularly
well for the narrow-band beam and the quasi-planar geometry.
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5.1 Basic Concepts

5.1.1 Electromagnetic wave in the spectral domain

The planar TI-FFT algorithm is a frequency-domain FFT-based algorithm which
requires the computation of the 2D Fourier spectrum of the electromagnetic wave.
In this section, the spectral property of the electromagnetic wave is discussed.

5.1.2 The Maxwell’s equations and the scalar Green’s
function

The frequency-domain representation of the Maxwell’s equations in the homoge-
neous medium is given as

V xH=J+ jweE, VxE=-J, —jwuH, (5.1.2.1)
1 1

V-E="p, V-H="ppy, (5.1.2.2)
€ 7

where, J and p are the electric current density (volume) and electric charge
density (volume) respectively. The magnetic current density (volume) J,,, and the
magnetic charge density (volume) p,, are fictitious and complimentary to J and p.
If the vector potentials A = uV x H (corresponding to J) and A, = —eV X E,,
(corresponding to J,,) are used in the Maxwell’s equations in (5.1.2.1)-(5.1.2.2),
the electric field E and the magnetic field H are obtained as

1
E=-V$—jwA— -V xA,, (5.1.2.3)
€

1
H=-V¢, —jwA,,+ -V x A| (5.1.2.4)
1
with the scalar and vector potentials satisfying the Helmholtz wave equations

VZA + kA = —ud, VA, + KA, = —€J,,, (5.1.2.5)

V26 + k¢ = —g, V26, + k2, = —’Z”, (5.1.2.6)
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and the Lorenz conditions

V- A+ jweugp =0, VA, + jwend, =0, (5.1.2.7)

where the explicit solutions for the Helmholtz equations in (5.1.2.5) and (5.1.2.6)
are convolutions of the source terms with the scalar Green’s function given as

= [[[ mae)Gm®) av, 0= [ [ un)G®R) di5129
B ///v 1p(r,)G(R> dv’, // P R) d(5.1.2.9)

where the scalar Green’s function G(R) is the solution for a 3-Dimensional (3D)
point source,

V2G(R) 4+ kK*G(R) = —6®)(R), (5.1.2.10)
GR) = R=r_r 1.2.11
( )_W, =r—r. (5.1.2.11)

Substitute the Lorenz condition (5.1.2.7), the vector potentials (5.1.2.8) and
the scalar potentials (5.1.2.9) into (6.1.1.4) and (6.1.1.5), the electric field E and
the magnetic field H are obtained as

— jwel,(r') x V'G(R) ] av’.

i;j 2 I‘/ I‘/ ) / ,
= on ///V[ BIn()GR) + ( Iu()- V' )VGR)  (5.1.2.13)

+jupd(r') x V'G(R) | dV'.

The electric field E in (5.1.2.12) and the magnetic field H in (5.1.2.13) can
also be expressed in the form of the dyadic Green’s functions of the electric type

(G.) and the magnetic type (G,,) [25, 37],
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E= /// (—jwn)Ge(R) - I(x) = Gu(R) - Tou(r') | dV,  (5.1.2.14)

H-= /// (~jw)Ge(R) - Tu(r) + Gu(R) - 3() | dV',  (5.12.15)

_ The dyadic Green’s functions of the electric type (ie) and the magnetic type
(G are given as

G.(R) = (1+ kgvv) G(R). (5.1.2.16)
Gn(R)=VG(R) x I. (5.1.2.17)

It is clear that (5.2.1.55) can be obtained from (5.2.1.54) using the duality
relations below,

E — H, H— -E, J—J,.. J,, — —J3(5.1.2.18)

G.(R) — G.(R), Gm(R) = Gn(R), € — p, L — €.

5.1.3 The spectral property of the scalar Green’s function

Now apply the 2D Fourier transform on the scalar Green’s function G(R) in
(5.1.2.11),

FT,, | V2GR)+FGR) | = FTy| —d¥(R) |, (5.1.3.19)

It is easy to show that (5.1.3.19) reduces to the 1-Dimensional (1D) problem
for coordinate z, which is

lazwﬁl Gkosbyt') = [—

" eﬂkmw%w’)} 5(z— 2, (5.1.3.20)

with
Gk, by t') = FTop | GR) |, (5.1.3.21)
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VR — k2 — k2, I+ k2 <k
k=0 rm e s T (5.1.3.22)
JyJk2 + k2 — k2, k24 k2> k

where the 2D Fourier transform has been defined as
1 00 . e8] .
FT..[ - |= 7/ {ef’fﬂ/ [ ]eﬂkyydy} dr,  (5.1.3.23)
21 Jo=—c0 Yy=—00
In derivation of (5.1.3.20), the following property of the Fourier transform
[30] has been used,

JG(R)
ov

FT,, l ] = —jkyG(ky, by, 1'), v=ux,9. (5.1.3.24)

The solution of the 2D Fourier spectrum of the scalar Green’s function in
(5.1.3.20) is given as

G(ky, ky,x') = Ll_l‘iej(kxx’-ﬁ-kyy’)] e~ Ihalz==| (5.1.3.25)
TRy

Fiks(z—2") > for half-space z >
’ < for half-space z <

—9 o / / /
gz(kx,ky,r’):{ J_gikea' +hyy/) §5.1.3.26)

4k,

The correctness of G(k,, k,,r") in (5.1.3.25) can be verified through the line
integral of (5.1.3.20), from the minus side of 2z’ (2”) to the positive side of 2’

(24),

2, 52 Z 9?2
LHS = /Z:Z/_ [8,22 + kz‘| g(k:m kya I'/) dZ = " @g(kfm kyv rI) dZ
1 J(kzx'+kyy') 1 J (ko' +kyy') Z; /
- e W) {_27(6 ’ } /: 5(z — ) dz = RHS.(5.1.3.27)

where LHS and RHS stand for the Left Hand Side and Right Hand Side of
(5.1.3.20) respectively. The 2D Fourier spectrum of the scalar Green’s function in
(5.1.3.25) can also be derived in the cylindrical coordinate, which has been given
in Appendix A. Because only half-space z > 2’ is of interest, only G~ (k,, k,,1’)
will be used in the rest of this article.
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The 2D Fourier spectra of the derivatives (order n) of the scalar Green’s
function can be obtained from the property of the Fourier transform [30],

= (—Jkv)"G” (g, ky, '), v = 1,{51.3.28)

MG (R)
P, [ 200 |

Particularly, for the first-order and second-order derivatives,

FTQD 8G8<R> ‘| — [Z;lz)ej(kzx’+kyy’)] efjkz(zfz/), v =ux, 31521329)
v TR
- 2 . 2
v TR,

Similarly, the 2D Fourier spectra of the following expressions can be obtained
for half-space z > 2/,

FTy | VGR) | = —jkG” (ks by, 1'). (5.1.3.31)
FTy | V2G(R) | = —kG” (ks by, 1), (5.1.3.32)
FT,, | VVG(R) | = —kkG” (ky, by, 1'). (5.1.3.33)
FT., [ G(R) | = 07 (ks by 1) l[ _ l]zﬂ | (5.1.3.34)
FTo | Gu(R) | = —jG7 (ke by, ') [k x 1] . (5.1.3.35)

Table 5.1 summarizes the 2D Fourier spectra for different Green’s function
related expressions mentioned above for half-space z > 2/, together with the
corresponding far-fields, which will be discussed in Section 5.1.4.
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Table 5.1: The 2D Fourier spectra and far-fields of the scalar Green’s function

related expressions for half-space z > 2’

The expressions The far-fields, only |71‘ term (r — o) The 2D Fourier spectra
e—JkIR| e—dklrl / —je=ik2% k!
G(R) = 4m|R| G(I‘) = 4m|r| g>(km’ ky’r) - J47Tkz e]k
Ton (v=wy,2) (=jk,)"G(r) (=3k0)"G” (ke by 1)
VG(R) el ZIKG (ks k)
V2G(R) —k*G(r) —k*G” (ky, iy, 1)
VVG(R) —kkG(r) —kkG~ (ky, ky, 1')
G.(R) Gr)[ T-% | G (ko ey, ') [ T— %5 |
Gn(R) —jG(r)[ kxT | —§G7 (ki by ¥') | kT |

5.1.4 The far-fields
The far-field of the Green’s function can be found by letting R — oo,

—jiklr|
‘ R =1 in the far-field limit.  (5.1.4.36)

G(r) = g

Similarly, the first-order derivative of the Green’s function in the far-field

limit can be obtained as

dG(r v (. 1\ ek
W) v Ly
v |r| r|*) 4r|r|
o\ ekl okl
~ — 1 7]{; _— = — 7@,077 = 5 , 51437
J (m ) e - T V=27 )
L, =3, -+ +) are ignored.

where only ﬁ term is kept and the other terms (W’ W
In derivation of (5.1.4.37), the following relation has been used in the far-field

limit,
Ky
_— v=umux,y,2. (5.1.4.38)

ko]
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Following the similar procedure given in (5.1.4.37), the far-fields of derivatives
(order n) of the scalar Green’s function are obtained as
oM G(r) eIkl

O (—jky)

R v=ux,y,2. (5.1.4.39)

The far-fields for other Green’s function related expressions are summarized
in Table 5.1, together with the corresponding 2D Fourier spectra given in Section
5.1.3. It is not difficult to see that the far-fields and the 2D Fourier spectra are
closely related to each other, which means that when one quantity is known, the
other one can be easily obtained through Table 5.1.

5.1.5 Huygens-Fresnel principle and the diffraction for-
mulas

Consider the problem of finding the electromagnetic fields (E, H) at observation
point P in volume V' (see Fig. 5.1) generated by the electric and magnetic current
densities (J, J,,) in a bounded volume V' enclosed by surface S. According to
the Huygens-Fresnel principle, it is equivalent to represent the current densities
(J, J,n) in volume V' by surface currents J, = n x H and J,,s = E x 1 on surface
S, which are referred as the secondary sources for the electromagnetic fields (E,
H) in volume V.

Various equivalent diffraction formulas (i.e., the Kirchhoff, Stratton-Chu,
Kottler and Franz formulas [31, 32, 33, 34, 35, 36]) are available to calculate
the electromagnetic fields (E, H) for a closed surface (S). The explicit forms of
electric field E for different diffraction formulas are given as

Kirchhot = ﬂﬁé [E@,)a(;g{) - ah(;g/)G(R)] s’ (5.1.5.40)

E(r)

E(r)

wi / ' /
Stratton-Chu = #; [ 7’]5(1‘ )G<R) + V G(R) X Jms(r) (51541>

L vam)w) 1 ds'.

€

B0l = — ) [ F23,0)GR) + ( 1,0)- V' ) VGR) (5.15.42)

Kottler WE (S
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Figure 5.1: Closed surface diffraction problem: the electric and magnetic current
density (J,J,,) are given in a bounded volume V' enclosed by surface S, where
the Huygens-Fresnel principle applies (J, = n x H and J,,s, = E x n are the
equivalent surface currents). P is the observation point in volume V' where the
electromagnetic fields (E, H) need to be evaluated. n is the surface normal to S,
pointing towards volume V. The dotted lines are spatial reference planes that are
used in the planar TI-FFT algorithm (the number of the spatial reference planes
depends on individual problem). 4, is the the spatial slicing spacing between two
adjacent spatial reference planes.
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—jwedns(r') x V'G(R) | dS'.

E(r)l,.. = Iy« # [ VGR)x Js(r') + C;,6G’(l:{)Jms(r') ] dS’(5.1.5.43)
we S
where, % =n-V and V' is the gradient operator on the source coordinate r’.

The electric surface charge has been defined as ps = en - E(r’).

It has been shown that the above diffraction formulas are equivalent for a
close surface S [31, 32, 33, 34, 35, 36],

E(r)

E(r)

= E(1)],,.0, = B

(5.1.5.44)

Kirchhoff ~— Stratton-Chu Kottler Franz °

The magnetic field H can be obtained from the electric field E in (5.1.5.40)
-(5.1.5.43) using the duality relations given in (5.2.1.58),

_ nOG(R)  OH(r) :
Kimhhoﬁ—ﬁglﬂ(r) TR G(R)] ds’. (5.1.5.45)

H(r)

H(r) Stratton-Chu #g l CL‘;GJms(r,)G(R) - V'G(R) x J,(x') (5.1.5.46)
L VGR) L) ] ds'.
W
H() | = —2 | 2T ns(F)GR) + ( Ins(r) - V' ) VG(R)(5.1.5.47)

wi JTs

+jwpd (r') x V'G(R) | dS'.

H(r)

Franz

_ Ty« ﬂ [ VG(R) x 3,,(1") + jonG(R)I(x') | d5.1.5.48)
W s

where the magnetic surface charge is defined as p,,s = pun - H(r').
Note that the Kottler formula in (5.1.5.42) and (5.1.5.47) reduces to those

in (5.1.2.12) and (5.1.2.13) after the surface currents (Js, J;,.s) are replaced with
the volume current densities (J, J,,).
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Incident input beam Scattered output beam

Figure 5.2: Illustration of electromagnetic wave scattering for the quasi-planar
geometry: The equivalent electric and magnetic surface currents are denoted as
(Js, Jims). Two equivalent principles are available: 1) in the induction equiva-
lent, the equivalent magnetic surface current is given as J,,; = n x E¢ with PEC
boundary condition (or approximately, J,,, = J" = 2n x E’ with free space
boundary, when surface S is smooth enough where the image theorem can be
used); and 2) in the physical equivalent, the rigorous equivalent electric surface
current J; has to be obtained using the EFIE or the MFIE method (through
MoM); or approximately, J, = J*° = 2n x H' can be used for a smooth enough
surface (S). 0z is the spatial slicing spacing between two adjacent spatial refer-
ence planes used in the planar TI-FFT algorithm.
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5.1.6 Electromagnetic wave scattering

The electromagnetic wave scattering problem has been illustrated in Fig. 5.2 for
the quasi-planar geometry (surface S). The calculation of the scattered electro-
magnetic output fields (E°, H®) from the PEC surface (5) requires the knowledge
of the equivalent electric and magnetic surface currents (Js, J,s).

Two equivalent principles are available to obtain (Js, J,,s), 1) the induction
equivalent; and 2) the physical equivalent [16], [22] which will be explained in
details in Section 5.1.6 and Section 5.1.6 respectively.

The induction equivalent There are two boundary conditions for the induc-
tion equivalent, i.e., the PEC boundary condition and the free space boundary
condition (approximate solution),

Jns(rs) = 1 x Ei(r,), PEC boundary, (5.1.6.49)

Jns(rs) ~ I (r,) = 20 x E'(r,), free space (approximation(5.1.6.50)

where r, denotes the coordinate on PEC surface S. The free space boundary
condition comes from the approximation of the image theorem for a smooth
surface (5). Note that the equivalent electric surface current J; = 0 in the
induction equivalent.

The physical equivalent The rigorous solution of the equivalent electric sur-
face current J, has to be obtained using Electric Field Integral Equation (EFIE)
or the Magnetic Field Integral Equation (MFIE) method through the Method of
Moment (MoM),

EFIE: (je [ / /S [ V( V- LO)GR,) )+ FI()GR,) }dS’L: E/(5r1)6.51)

MFIE: J,(r,) — lim [n x // ) x VG(R) | ds’} — f x H(r(5.1.6.52)
where “//” denotes the tangential component of the electric field on surface

S and Ry = ry — r’. Particularly, when surface S is smooth enough, the PO
approximation can be used,

Jo(r,) ~ JP°(r,) = 20 x H(r,). (5.1.6.53)
Note that J,,s = 0 in the physical equivalent.
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The scattered electromagnetic wave After the equivalent electric and mag-
netic surface currents (Js, J,.s) are obtained according to (5.1.6.49)-(5.1.6.53),
the scattered electromagnetic field (E, H) can be obtained through (5.1.2.12)
-(5.2.1.55), with the surface currents (Jg, J,,.s) replacing the volume current den-
sities (J, J;,,), or equivalently through Kottler formula (5.1.5.42) and (5.1.5.47).

The scattered electromagnetic beams can be evaluated as, A) obtain the
Fourier spectra (or cylindrical modal expansion coefficients) through the spectral
TI-FFT algorithm [8], [11]; and B) obtain the scattered beams through the
spatial TI-FFT algorithm, which has been discussed in Section 5.2.3. Because
the electric field E is related to the vector potential F through E = ——V x F,
only the vector potential F' is discussed here.

5.2 Behavior of Electromagnetic Wave in Spec-
tral Domain

5.2.1 The 2D Fourier spectra of the 3D spatial convolu-
tions

The electric field E in (5.1.2.12) and the magnetic field H in (5.1.2.13) can also
be expressed in the form of the dyadic Green’s functions of the electric type (G)
and the magnetic type (G,,) [25, 37],

E— /// (—jwr)Ge(R) - I(') = Gu(R) - T,u(r') | dV',  (5.2.150)

H-— /// (~jw)Ge(R) - Ju(r') + Cru(R) - J(x) | AV, (5.2.1.55)

_ The dyadic Green’s functions of the electric type (ﬁe) and the magnetic type
(G,,) are given as

G.(R) = (1 + ;vv) G(R). (5.2.1.56)
Gn(R) = VG(R) x 1. (5.2.1.57)

It is clear that (5.2.1.55) can be obtained from (5.2.1.54) using the duality
relations below,
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E — H, H — —E, J—J,, Jn — —J(5.2.1.58)

G.(R) — G.(R), Gm(R) — Gn(R), € —p, L= €.

The computation of the beam propagation onto the PEC mirror surface
through the direct integration method is a time-consuming process [4], [6]. For-
tunately, for “quasi-planar” / “quasi-cylindrical” PEC mirror surfaces, Shaolin et.
al. [5], [8], [7], [11] have developed the efficient TI-FFT algorithm to speed up the
computation. It has been shown that the TI-FFT algorithm has a computational
complexity of O(N?log, N?) for an N x N computational grid, instead of O (N?)
for the direct integration method and the algorithm allows for a low sampling
rate according to the Nyquist sampling theorem. There are 2 types of TI-FFT al-
gorithm: the spatial TI-FFT and the spectral TI-FFT. The spatial TI-FF'T is for
computations of electromagnetic beam propagations onto “quasi-planar” / “quasi-
cylindrical” surfaces; while the spectral TI-FFT is for computations of Fourier
spectra of the scattered beams due to the PEC mirror surfaces, which will be
discussed in Section 5.2.3.

It is not difficult to see that, the diffraction formulas in (5.1.5.40)-(5.1.5.48)
can be expressed as the sum of the 3D spatial convolutions of some source terms
with the Green’s function related expressions. According to the property of
the Fourier transform, the 2D spatial convolution corresponds to the product of
the 2D Fourier transforms in the spectral domain [30]. So it is interesting to
investigate the 2D Fourier transform of the 3D spatial convolution. Consider the
3D spatial convolution of some source term s(r) with the scalar Green’s function

G(r),

s(r) & Glr) #S s(r')G(R) dS', (5.2.1.59)

Now, apply the 2D Fourier transform on (5.2.1.59) and express the scalar
Green’s function G(R) in the spectral domain,

S(ky, ky) = FTyp [ s(r) é G(r) ] : (5.2.1.60)

:1/°° /°° ejkzxejkyy# s(r') 1/00 /°°
27 Jo=—co y=—00 S 27 kf,=—o00 Jkj=—00
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—je ) e ik ) it '
e eI i, ) S dady,

First, do the integral over (z,vy), (5.2.1.60) reduces to

S(ko, k) :#{ //,_oo //_OO[ j:;k; ” (5.2.1.61)

x ehat M S (k! — ke, )5 (K], — ky)dk;dk;] } s’

Next, do the integral over (k7,, k;) and (5.2.1.61) reduces to

_jefjkzz / ‘k’I‘/ , —jef.]kzz
S(k$,ky> = W ﬂg S(I‘ )6‘7 dS = WL(S), (52162)

where L in (5.2.1.62) is the radiation vector [16] of the source term s(r’) defined
as

L(s) = ﬂs s(r')e T 4", (5.2.1.63)

It is not difficult to see that the radiation vector L in (5.2.1.63) reduces to
the regular 2D Fourier spectrum when surface S is a plane located at 2z’ = 0.

L(s)|,—o = /;Ooo /yoo s(x’,y e =" TRV o' dy' = F'T,, { s(, y)(5}.2.1.64)

= '=—00

where the dummy primed (z’,y") have been replaced with (z,y). Substitute
(5.2.1.63) into (5.2.1.62),

_je_jkzz
It is not difficult to see that the radiation vector L in (5.2.1.59) is closely
related to the far-field by letting r — oo,

r) ® Clr)

From (5.2.1.66), if 64J‘ ||‘ can be ignored, the radiation vector L is exactly the
far-field, which means that when the far-field is obtained, the radiation vector
and the 2D Fourier spectrum of the 3D convolution are also obtained, from

(5.2.1.66) and (5.2.1.65) respectively.

S(ky, ky) =

o—iklr] o—iklr]

n ik’ dS/ —
Ss(r Je

= o L) (5:21.60)

r—oo
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5.2.2 The 2D Fourier spectra of the diffraction formulas

The derivation of the 2D Fourier spectra of the diffraction formulas in (5.1.5.40)
-(5.1.5.48) is based on (5.2.1.65), which is discussed in this section.

Separation of the source terms and Green’s function related expres-
sions In order to use (5.2.1.65), the source terms have to be separated from
the Green’s function related expressions. For example, consider the Kirchhoff
formula in (5.1.5.40), which can be rewritten as

s = { > [ (e )| G2

v'=

TS ol o

v'=z'y 2

E(r)

Now the source terms are,

E /
sh () =ny(¥)E(r) and s%(r) = —aag )”v/(l‘/), v =12,y (5.2.2.68)

The corresponding Green’s function related expressions are,

and  GZ(R)=GR), v=uz,1%%22.69)

Obtain the radiation vectors of the source terms The radiation vectors
of sl,(r') and s? (r’) can be obtained through (5.2.1.63), which are given as

L(s!) = gjg e (1) E ()< dS (5.2.2.70)
/
L(s)) = — 5@2 agfff )nvf(r’)ejk""dS’, (5.2.2.71)

Obtain 2D Fourier spectra of the Green’s function related expressions
The 2D Fourier spectra of G, (r) and G?(r) can be obtained from Table 5.1
by setting r’ = 0,

Gl (ks ky) = FTQD[ Gl (r) ] = jk,G” (ky, Ky, 0) = f’e—j’w, (5.2.2.72)

wk,

G2 (ke ky) = FTon [ G2(x) | = G7 (ka, Ky, 0) = 4;}1 e~Ik=%  (5.2.2.73)
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The closed-form expressions of 2D Fourier spectra Substitute (5.2.2.70)
-(5.2.2.73) into (5.2.1.65) and do the sum for all source terms, the 2D Fourier
spectrum of the Kirchhoff formula F| is obtained,

Kirchhoff

F Kirchhoff Z [ L(sllz’)gi’(kfm ky) + L(Si’)gg’(km ky)‘| (52274>

v'=a'y 2

Gk 0) Y [ jkv/L< o (K E(r) ) —L( nv/(r’)aggl) )] |

o=z’ y 2

The 2D Fourier spectra for the electric field E of other diffraction formulas
and for the magnetic fields H can be obtained similarly. For example, the 2D
Fourier spectrum of the electric field E of the Kottler formula F| is given
as

Kottler

Pl = 2070k { £ (2.0 ) (52275

kY [ L Jo (1) )] +wel ( Jns(r') ) x k }

=z y' 2

The 2D Fourier spectrum of the electric field E of the Stratton-Chu and Franz
formulas are given in Appendix B.

5.2.3 Two special cases

In this section, the 2D Fourier spectra of the diffraction formulas are applied
on two special cases: 1) electromagnetic wave propagation from a plane; and 2)
electromagnetic wave scattering from a flat PEC plate.

Electromagnetic wave propagation from a plane Assume that E(z = 0)
is given on a plane located at z = 0, where the surface normal is given as
(ng,ny,n,) = (0, 0, 1). The 2D Fourier spectrum of the Kirchhoff formula in
(5.2.2.74) reduces to

F

G4mk.G” (ko ky, ) F Top | B(z=0) |, (5.2.3.76)

Kirchhoff

Substitute the explicit form of G~ (k,, ky, 0) into (5.2.3.76),

o1



f’

e = F Tap | B(z=0) | e, (5.2.3.77)

Eqn. (5.2.3.77) is well-known as the Plane Wave Spectrum (PWS) represen-
tation of the electromagnetic wave [38, 39]. According to the Maxwell’s equation
(5.1.2.2),

V- E(r) = v-{IFTQD l FT,, | E(r) ] H =0 (5.2.3.78)
szl ik FTon | Ey(r) | 1 =0, (5.2.3.79)

It can be seen from (5.2.3.79) that the following relation holds,

FTy | E.(r) | = —]jz l koF Top | Bu(r) |+ k,F T | Ey(r) ”(.5.2.3.80)

Electromagnetic wave scattering from a flat PEC plate Assume that
the incident field E*(z = 0) approaches a flat PEC plate located at z = 0 from
the positive side (or propagates in the —z direction). The surface normal is given
as (ng,ny,n.) = (0,0, 1). Now, consider the induction equivalent,

Ji(z=0)=22xE(z=0) and  J,(2=0)=0, (5.2.3.81)

The 2D Fourier spectrum of the Kottler formula is available from (5.2.2.75),

| = —j27G” (ko by, 0)F Top | Js(2=0) | xk (5.2.3.82)

Kottler

—  —j4nG” (ky, ky, 0) [z x FT, | E'(z=0) | xk ]

Expressing G~ (k, ky, 0) in its explicit form, (5.2.3.82) becomes,
f’Kottler = e_jkzz { - FTQD |: E;(Z = O> :| )A( (52383>
_FT2D[ E}(z=0) }y+FT2D[ Ei(z=0) }z }
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where, the PWS property in (5.2.3.80) has been used to derive (5.2.3.83) for
the incident field that propagates in —z direction,

1

FTo [ Elz=0) | = -

l ko FTop | Ei(z=0) | (5.2.3.84)

+k,F T | Ej(z=0) | ]

From (5.2.3.83), it is clear that the signs of tangential components (x- and
y- components here) of the scattered field (or reflected field here) have been re-
versed after scattering (reflection), which confirms the PEC boundary condition.
What’s more, the z-component remains unchanged after scattering (reflection).
The total field after scattering (reflection) is thus twice the values of the z-
component before scattering (reflection),

EC(z = 0) = 2 Ei(z =0). (5.2.3.85)

5.3 The planar TI-FFT algorithm

As has been shown in Section 5.2.2, the evaluation of the 2D Fourier spectra of
the diffraction formulas requires the calculation of the radiation vector L, which
can be done through the spectral TI-FFT algorithm (introduced in Section 5.3.1).
After the 2D Fourier spectra have been obtained, the electromagnetic fields (E,
H) on a plane can be evaluated through the IFT; for a quasi-planar surface,
the electromagnetic fields (E, H) can be evaluated through the spatial TI-FFT
algorithm (introduced in Section 5.3.2).

5.3.1 The spectral TI-FFT algorithm

There are two methods to compute the radiation vector L defined in (5.2.1.63), 1)
the spatial domain division method, in which e/*+*" of (5.2.1.63) can be expressed
as a Taylor series on the spatial reference planes, with respect to the source
coordinate z’; the source field surface then divided into a number of spatial
surface subdomdains, enabling the computation of the radiation vector L through
the superposition of the spatial surface subdomdains using the FFT; and 2) the
spectral domain division method, in which e/*+*" of (5.2.1.63) can be expressed
as a Taylor series on the spectral reference planes, with respect to the axial wave
vector k; the spherical spectral surface (k2 4 k) + k2 = k?) is then divided
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Figure 5.3: Field propagation between two smooth PEC surfaces: the top surface
(A) serves as the scattering surface and the bottom surface (B) serves as the ob-
servation surface. Two steps are involved in the computation, a) the propagation
of the electromagnetic field from the initial plane (P) onto surface A is obtained
through the spatial TI-FFT: E* — E%; and b) the scattering of the electromag-
netic field from surface A onto surface B is found through the combination of the
spatial and spectral TI-FFTs: E¥ — E* (FF) — E™. §z is the slicing interval
in the algorithm.

into a number of spectral surface subdomains, enabling the computation of the
radiation vector L using the whole source field surface through the FFT. It will
be shown that the optimized computational complexity is the same for both the
spatial and spectral domain division methods.

Spatial domain division method The radiation vector L in (5.2.1.63) can
be rewritten as

L

—~

s)=¢’ | #te o ﬂ [ eika® ikyy (5.3.1.86)
S
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X S(r)e‘j[k z(‘r’y)]e_j[k_kz][z(*rvy)_zmin] dS

— e*jAkzZmin / / S(r)ejkzxejkyyefjAszz(x,y)dxdy,
T Y

=—0 =—00

where the dummy primed variables (2/,%/,2") and dS’ have been changed to

the unprimed variables (x,y, z) and dS. The following quantities have also been
defined,

s(r) = s(rz F 2@ AR =k — k., Az(z,y) = 2(2,y) — 2. (5.3.1.87)

=
N

Now, express e J8k=02(2.y)

located at z = z,,

into a Taylor series on the spatial reference plane

N
, . o1 n
e_JAszz(g;,y) _ e—]Aszzr § : |: (—]Akz)n (Z(ZL', y) — 2 ) ] , (53188)

|
n—=0 n.

where Az, = 2, — 2z, and N, is the order of Taylor series.
Substitute (5.3.1.88) into (5.3.1.86), the planar TI-FFT algorithm (spatial
domain division method) for the radiation vector L is obtained as

N, N
T . ° 1
L(s) =21 {ejAkzzr S l o (—j k)" (5.3.1.89)
r=1 n=0 :

x FTop [ 50¢) (2(a,9) — 2 )" | ] }

where N, is the number of spatial reference planes required in the computation,
which depends on the spatial slicing spacing ¢, = max { 2(z,y) — 2, ] = Zy1— 2
and the characteristic surface variation Az. (within which the electromagnetic
field is of interest): N, o Az./d,. The readers should note that the actual
maximum interpolation distance is %, which is located at the middle of two
adjacent spatial reference planes, but ¢, is used in this article to simplify the
notation. Apparently, to achieve the desired computational accuracy (denoted
as Yp1), the choice of the spatial slicing spacing ¢, between two adjacent spatial

reference planes depends on Ak, . defined as

%)



1201

km/k km,c/k exact(A) approxation(\)
0.990 0.141 100.50 100.00
100+~ 0.950 0.312 20.51 20.00
0.900 0.436 10.53 10.00
0.800 0.600 5.56 5.00
0.700 0.714 3.92 3.33
80+ 0.600 0.800 3.13 2.50
0.500 0.866 2.67 2.00
0.400 0.917 2.38 1.67
0.300 0.954 2.20 1.43
< 60 0.200 0.980 2.08 1.25
<° 0.100 0.995 2.02 1.11
0.000 1.000 2.00 1.00
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Figure 5.4: The plots of the characteristic wavelength . for different k... The
exact value (line) is given in (5.3.1.91) and the approximation (dots) is given in
(5.3.1.92). The plots show that A. > X for a narrow-band beam. The maximum

deviation of the approximation from the exact value is 1\, which occurs at k, . =
0 (kiL.=k).

2
k—koo=k— k2 — k3, =ka, a=1—,1- (%)5,3.1.90)

where, k, . is the characteristic bandwidth defined on x-y plane and the 2D
Fourier spectrum outside the characteristic bandwidth £, . is negligible. For
this reason, k| . can also be regarded as the characteristic bandwidth of the
clectromagnetic wave. It is clear that the smaller the bandwidth %k, ., the larger
the d, could be, which also means a smaller N,. So, a narrow-band beam and
a small surface variation Az, (quasi-planar geometry) are in favor of the planar
TI-FFT algorithm. Note that the computational grid subdomains divided by the
spatial reference planes should satisfy the position requirement (z € [z, 2, +9.]),
but they don’t need to be continuous in the spatial domain.
In view of the importance of the 9., it is interesting to define the characteristic
wave length A, for a narrow-band beam, from (5.3.1.90),

N
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Figure 5.5: Contour plot of §, given in (5.3.1.93) for different order of Taylor se-
ries NV, and different computational accuracy 7., of the planar TI-FFT algorithm,
for k.. = 0.9k (k.. = 0.436k, see Fig. 5.4). Some typical values are marked
as black filled circles: black filled circle a denotes (yr; = —30 dB, N, = 5,
5, = 0.8)), black filled circle b denotes (v = —50 dB, N, =5, 6, = 0.5\) and
black filled circle ¢ denotes (v = —80 dB, A, =8, 4, = 0.5)).

2 2
A= = T _A (5.3.1.91)

Akee k- K2k, «

For a narrow-band beam (k, . < k),

k 2
Ae ~ 2 (k > Al (5.3.1.92)

1,

Fig. 5.4 plots the exact value (line) and approximation (dots) of the char-
acteristic wavelength A. for different k,., together with some selected points
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given in the table, from which it can be seen that A\, > 100X for k.. > 0.99k
(kL. < 0.141k) and the maximum deviation of the approximate from the exact
value is 1\, which occurs at k.. = 0.

It can be seen from (5.3.1.89) that, for a given computational accuracy v,
the spatial slicing spacing 9§, should satisfy the following relation,

1 1
1 1 T No A 1 ~No
~0[ (Ak., 8.V 5, ~ — | — == — ,
PYTI |: ( ’ ) :| - ka < ’}/TI ) 271'01 ( ’YTI )
(5.3.1.93)

For a narrow-band beam (k, . < k),

1/ kN\/ 1 \ %
5.~ — = A 5.3.1.04
m (’m) ( Yrr ) ( )

Fig. 5.5 shows the contour plot of §, with respect to different order of Taylor
series NV, and different computational accuracy 7, of the planar TI-FFT algo-
rithm, for a narrow-band beam with k, . = 0.9k (k.. = 0.436k), from which it
can be seen that the spatial slicing spacing ¢, € 0.3\ ~ 0.8\ and the order of
Taylor series N, € 5 ~ 10 will give the computational accuracy vy € —30 dB ~
—80 dB.

Now consider a quasi-planar surface with a characteristic surface variation of
Nz, = N\, from (5.3.1.93) the number of spatial reference planes N, is given as

e
N, = A;C ~ 2m< L ) N, (5.3.1.95)
z Y11

For a narrow-band beam (k) . < k),

2 1
N~ (kZ) < 71 )No N.. (5.3.1.96)

Now the number of FFT operations Nrpr and the computational complexity
CPU are obtained as

1
1 \ %
Nipr =N, x N, = 2nax ( o ) NN, (5.3.1.97)
TI
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1

CPU = Nir O] Nlogy N | :2m< 1 )NONONZ O[ Nlog, N |,

Y1
(5.3.1.98)
For a narrow-band beam (k, . < k),
L\ 1\ %
Nipr Nﬁ< = ) ( — ) NN (5.3.1.99)
k Y1

kL,c
k

2 1 o
) ( - ) NoN. O Nlog, N |. (5.3.1.100)

CPU ~ 7r<
Y1

where an N = N, x N, computational grid has been assumed. Obviously, the
computational complexity CPU has a square law dependence on the character-
istic bandwidth %, . of the electromagnetic wave and have a linear dependence
on the surface variation (Az. = M, \). The computational complexity CPU also
has an inverse N,"-root dependence on the computational accuracy ~y.. So the
characteristic bandwidth & . has the most significant effect on the computational
complexity of the planar TI-FFT.

It can be seen from (5.3.1.97) and (5.3.1.98) that the number of FFT op-
erations Nppr and the computational complexity CPU depend on the order of
Taylor series N,. As an example, Fig. 5.6 shows the number of FFT operations
Neer (per A surface variation Az.) for the electromagnetic wave with k, . = 0.9k
(k.. =0.436), at different computational accuracies v, = (—20, —40, —60, —80)
dB, from which the optimized order of Taylor series N2** can be found as
Nt = (2, 5, 7, 9) respectively. Mathematically, N2 can also be obtained
through finding the minimum value of Nypy in (5.3.1.97) by assuming that N, is
a continuous variable,

Nppr O [In [N, — In [yy] &
0 —0— [ No] o] 5] =0,  (5.3.1.101)
aNO Nopt a./\[o t
o ng
1
NPt~ round [ In [’y H = round [ — 0.115174(dB) ] . (5.3.1.102)

where “round” means to round the value to its nearest integer (actually, to
achieve a higher computational accuracy 7., the upper-bound could be used but
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Figure 5.6: The Values of expression (1/yz)" No'in (5.3.1.97) for different ac-
curacies vy = (—20, —40, —60, —80) dB, in a), b), ¢) and d) respectively.
The corresponding optimized order of Taylor series (red circles) is found as
Nt = (2, 5, 7, 9), which confirms the mathematical linear prediction in
(5.3.1.102) and its plot in Fig. 5.7. The corresponding values of (1/7T1)1/N"
are given as N2t ~ (7, 13, 19, 25) respectively.

FFT
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NP = 2.3
1
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20 log [ym]

Figure 5.7: The linear dependence of the optimized order of Taylor series NP on
the computational accuracy yr; (dB). It can be seen that N2 ~ (2.3,4.6,6.9,9.2)
for different computational accuracy v = (—20, —40, —60, —80) dB, which cor-
responds to the exact values given in Fig. 5.6 after N°** is rounded to the nearest
integer, which is No** = (2,5,7,9).

- 4
kZ’C/k kD‘C/k exact(A) approxation(A)
6 0.990 0.141 5.855 5.884
0.950 0.312 1.171 1.201
0.900 0.436 0.586 0.616
0.800 0.600 0.293 0.325
5F 0.700 0.714 0.195 0.230
0.600 0.800 0.146 0.183
0.500 0.866 0.117 0.156
4l 0.400 0.917 0.098 0.139
= 0.300 0.954 0.086 0.129
= 0.200 0.980 0.073 0.122
O 0.100 0.995 0.065 0.118
3 0.000 1.000 0.059 0.117
2 | -
1 | -
) ’ : ; ! 1 I | | J
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
k. /k

Figure 5.8: Plots of the exact value (line) of §2** given in (5.3.1.103) and approx-
imation (dots) given in (5.3.1.104) for 8ilfferent k.. (k. .).



the computational complexity is a little higher). Fig. 5.7 also shows the linear
dependence of the optimized order of Taylor series N2 on the computational
accuracy Yy (dB), which has been shown in (5.3.1.102).

The optimized spatial slicing spacing §2** can be obtained from (5.3.1.93),
which is

)\ 1 _IH[L:I )\ 1
§OPt ~ . Tl ~ —)\C, 5.3.1.103
N 27ra< Y1 ) 2mreacv 17 ( )

For a narrow-band beam (k, . < k),

1 kN
OF ~ — A .3.1.104
N en (kl,) 7 (5:3.1.104)

where e ~ 2.718 is the natural logarithmic base. It is interesting to note that
the optimized spatial slicing spacing ¢, doesn’t depend on the computational
accuracy yp; and strongly depends on the characteristic bandwidth %, . (inverse
square law). Fig. 5.8 shows 0" for different k.. (k. .), from which it can be
seen that 2 > 0.5\ for k, . > 0.9k (k. < 0.436k).
The optimized number of spatial reference planes N** is given as

Az,
Now = 5—2 — 2real, ~ 17aN., (5.3.1.105)

For a narrow-band beam (k, . < k),

2
NEP ~ e (%) N.. (5.3.1.106)

Substitute (5.3.1.102) into (5.3.1.97) and (5.3.1.98), the optimized number of
FFT operations N2t and the optimized computational complexity CPU" can
also be obtained,

1
NPt = 2mealn [1 N, (5.3.1.107)
Y1

For a narrow-band beam (k, . < k),

k) 1
N;’gfrwwe< lvc> In l]/\f (5.3.1.108)
k Y1
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Figure 5.9: The dependence of the optimized number of FFT operations N22%.
(per A surface variation Az.) on k, . and the computational accuracy ;.

The optimized computational complexity CPU is given as

CPU™ ~ NgtO[ Nlog, N |. (5.3.1.109)

Fig. 5.9 shows the optimized number of FFT operations N2 (per A surface
variation Az.), with respect to the k,. (k. .) and the computational accuracy
Y11

To have a concrete picture of the optimized quantities given above, consider
a quasi-planar surface with a characteristic surface variation Az. = 1A (N, =
10) and a narrow-band beam with k,. = 0.9k (k.. = 0.436k). To obtain the
computational accuracy v = —80 dB, the following optimized quantities are
obtained from (5.3.1.102)-(5.3.1.109),

NP~ 0.1151 x 80 ~ 9. (5.3.1.110)

5o ( ! )2 0.6\ (5.3.1.111)
? er \0.436 o T

N, L oo (5.3.1.112)
o~ 3.1
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Figure 5.10: The spectral domain division method for both the spectral (Section
5.3.1) and spatial (Section 5.3.2) types of TI-FFT algorithm. Only &k, > 0 half
sphere surface is used for half-space z > 2’ computation in this article. k,, and
k.,+1 denote the r™ and (r + 1)™ spectral reference planes respectively. Jg, is
the spectral slicing spacing.

NP ~ 9x2=18 per A surface variation. (5.3.1.113)

FFT

CPU™ ~ 180 [ Nlogy, N | per A surface variation. (5.3.1.114)

Spectral domain division method The radiation vector L in (5.2.1.63) can
also be expressed as
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L(S) — ejkzzmin /OO

T=—00

/OO dxdyl eIkat pikyy ?(rzeg’kzm(z,y)] ’
)

=—00 n-z

(5.3.1.115)

The Taylor expansion of L in (5.3.1.115) over k, is given as

‘ Ny No 1 n
L(s) = 2melh=mn Z{ 3 [ (5l =k ) (5.3.1.116)

n!
r=1 n=0 n.

YFT, | 509 ( Deoy) )" ] ] }
where S(r) is given as

s(r) = ﬂeﬂ‘kz’rﬁz(w% (5.3.1.117)

~ ~

n-z

k., denotes the spectral reference plane. From (5.3.1.116), for the given com-
putational accuracy ¢, the spectral slicing spacing 0k, = max { k,— k., } =
k.,+1 — k., should satisfy the following relation,

Y~ O (0, D2 ], (5.3.1.118)

1 1\ %1 1\ %
— O, ~ — ~ — 5.3.1.119
e Azc< Yrr ) NM( Yrr > ’ ( )

The number of spectral reference planes N, is given as

Ak, 1 \%
N, = =~ 2T < — ) N, (5.3.1.120)
(5k;z Y1

The number of FF'T operations is given as

L\
Y11
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For a narrow-band beam (k, . < k),

1

2 1
Nrww(lﬂ’c) ( * ) "N (5.3.1.122)

k Y1
o\ 1\
Nipr ~ 1 | 22 — NN (5.3.1.123)
k Y1

It is obvious that A in (5.3.1.120) and Ny in (5.3.1.121) are the same as
those given in the spatial domain division method in (5.3.1.96) and (5.3.1.97)
respectively, which also means that the spatial and spectral division methods
have the same optimized quantities, i.e., N** in (5.3.1.105), N in (5.3.1.102),
o in (5.3.1.103), Ngxtin (5.3.1.107) and CPU™ in (5.3.1.109). The readers are
encouraged to see Section 5.3.1 for details.

5.3.2 The spatial TI-FFT algorithm

After the radiation vector L of the source term has been found through (5.3.1.89)
or (5.3.1.116), the 2D Fourier spectrum F of the electric field E(r) can be ob-
tained through the 2D Fourier spectrum of Kottler formula (5.2.2.75). The elec-
tric field E on a plane is then computed through the IFT in (5.2.3.77). For a
quasi-planar surface, the TI technique can also be used, which leads to the spa-
tial TI-FFT algorithm. There are also two numerical implementations for the
spatial TI-FFT, i.e., the spatial domain division method given in Section 5.3.2
and the spectral domain division method given in Section 5.3.2.

Spatial domain division method Consider the PWS expression for the elec-
tric field E(r),

E(r) ze‘j’“(szIFTm[ | Flka, k)] | edthesten) ] (5.3.2.124)

Note that (5.3.2.124) is actually very similar to the spatial domain division
method for the radiation vector L in (5.3.1.86) of Section 5.3.1. Following the
similar procedure, the electric field E is finally obtained as

. Ny No 1 n
E(r) = e %=y Z{ 3 [ (=i le(z,y) = 2] ) (5.3.2.125)

n!
r=1 n=0 n.
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xIFT,, [ Flky, ky) (k)" ] ] }
where F(k,, k,) is given as

F b, ky) = F(ky, k) eTtz2@0) Bk (5.3.2.126)

Obviously, the optimized quantities are the same as those in Section 5.3.1.

Spectral domain division method The PWS representation (5.3.2.124) can
also be expressed as

E(r) = ¢ 0T T,y | Fky, ket hweidht:00 | (53.127)

where F (ky, ky) is given as

Fka, ky) = F(ky, k) elF=@0) o= hz2min, (5.3.2.128)

Similarly, the Taylor expansion of E(r) for the spectral domain division
method can be obtained as

N, N, .
E(I‘) — Z {ejkz,rAz(x,y) Z [ 7’1‘ ( — jAZ(I’,y) ) (532129)
r=1 n=0 :

xIFTQD[ Flhasky) (ke —key)" } H

Again, the optimized quantities are also the same as those in Section 5.3.1.

5.3.3 Pseudocodes for the planar TI-FFT algorithm

In this section, the pseudocodes are shown to describe the procedure of the pla-
nar TI-FFT algorithm (spatial domain division method) in the electromagnetic
scattering problem shown in Fig. 5.2, where both the incident input beam and
the scattered output beam are located on plane z = 0.

(PROGRAM BEGINS)
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Calculate the 2D Fourier spectrum F° of the incident input beam E' according to
(5.2.8.77);

(Algorithm preconditioning begins)

Estimate the characteristic bandwidth k| . of the incident input beam and obtain
the optimized spatial slicing spacing 627" according to (5.8.1.103);

Obtain the characteristic surface (S) variation Az, and calculate the optimized
number of spatial reference planes N2 according to (5.5.1.105);

Specify the desired computational accuracy v of the planar TI-FFT algorithm
and obtain the optimized order of Taylor series N2*' according to (5.53.1.102);

(Algorithm preconditioning ends)
(The spatial TI-FFT algorithm begins)
For r =1 to N, (iteration loop begins)

Obtain the electric field on the r'" spatial reference plane, denoted as Eg);

Obtain the electric field on the r™ spatial surface subdomain (denoted as Eg,)
through the spatial TI-FFT algorithm (spatial domain division method), which is given
in (5.3.2.125);

r =r+ 1 (iteration loop continues until r = N)
(The spatial TI-FFT algorithm ends)
IF (surface S is smooth enough)

Approzimate the equivalent surface current as Js, ~ 20 x By, (physical equiva-
lent);

ELSE

Obtain the equivalent surface current Js, using the EFIE or MFIE method (through
MoM);

END
(The spectral TI-FFT algorithm begins)

For r =1 to N, (iteration loop begins)
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Obtain the 2D Fourier spectrum F. of the scattered output beam E° for the r™

.
spatial surface subdomain, using Js,;

Update the complete 2D Fourier spectrum F° by summing the contribution from
the 1% to the r'* subdomains as F° = F° + F7 (note that F?_y = 0), according to the
spectral TI-FFT (spatial domain division method) in (5.5.1.89);

r =r+ 1 (iteration loop continues until r = N,)
(The spectral TI-FFT algorithm ends)
Obtain the scattered output field on plane z = 0 through the IFT, E° = IFT,, [F°];

(PROGRAM ENDS)

Figure 5.11: The “quasi-spherical” surface with a sine wave perturbation used in
the numerical evaluation of the planar TI-FFT algorithm, see Section 5.3.5 for
details. The mathematical form is given in (5.3.5.130).
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Figure 5.12: The input FGB magnitude patterns: a) x-component; b) y-
component; and c) z-component. Contours are in 3 dB decrements.

5.3.4 Computational Results

To show the efficiency of the planar TI-FFT algorithm, the direct integration
of the Kottler formula in (5.1.5.42) has been used to make comparison with the
planar TI-FFT algorithm. Two examples are used for such purpose, both at
110 GHz with A ~ 2.7 mm: 1) a 45°-tilted Fundamental Gaussian Beam (FGB)
scattered by a PEC quasi-spherical surface with a sine wave perturbation; and
2) a beam-shaping 4-mirror system design for a single-mode (TEq /110 GHz),
1.25 MW CPI gyrotron [4, 2].

5.3.5 The scattering of a 45°-tilted FGB

The incident FGB (110 GHz or A ~ 2.7 mm) has an angle of 45° between direction

z and the beam propagation direction (f{z = W) This 45°-tilted FGB is

defined on a plane that is perpendicular to l;i, and it is linearly polarized at the
direction € = W, with symmetrical beam waist radius of w = 1 cm. The

PEC “quasi-spherical” surface with a sine wave perturbation is given as

- 2 22 g2 =3 o y>
z 59>\+\/(75)\) 2 —y?+10 cos(27r15/\> cos(27r15/\ .

(5.3.5.130)
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Figure 5.13: The comparison of the electric field on the quasi-spherical PEC
surface: solid lines (TI-FFT) and circles (direct integration method) are mag-
nitudes; dashed lines (TI-FFT) and dots (direct integration method) are real
parts.

The quasi-spherical surface is shown in Fig. 5.11 and the x-, y- and z- com-
ponents of the input FGB have been shown in Fig. 5.12.

In the numerical implementation of the planar TI-FFT algorithm, the com-
putational accuracy vy = 0.0001 (—80 dB) has been used and the following
optimized quantities are obtained from (5.3.1.110)-(5.3.1.114),

13
NP~ 9, 5P ~ 0.6, NP~ 56~ 22 (5.3.5.131)

o

N2t = NP N~ 198, CPU™ ~ 1980 [ Nlog, N |. (5.3.5.132)
where the quasi-spherical surface (Fig. 5.11) has a characteristic surface varia-
tion Az, ~ 13\.

The comparison of the electric field on the PEC quasi-spherical surface is
given in Fig. 5.13 for both the magnitudes (solid lines are results from the
planar TI-FFT algorithm and circles are for the direct integration method) and
real parts (dashed lines are for the planar TI-FFT algorithm and dots are for the
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Figure 5.14: The x-component (magnitude) of the scattered output beam.

direct integration method), from which it can be seen that the planar TI-FFT
algorithm has the desired —80 dB computational accuracy.

The scattered output field E° are evaluated on plane z = 0, where the inci-
dent input field starts. The comparison of results between the planar TI-FFT
algorithm and the direct integration method is given in Fig. 5.17 for both the
magnitudes and real parts, which shows again that the planar TI-FF'T algorithm
has the desired —80 dB computational accuracy.

5.3.6 A beam-shaping 4-mirror system design for a single-
mode, 1.25 MW CPI gyrotron

In this numerical simulation, a beam-shaping 4-mirror system has been designed
for a single-mode (TEq /110 GHz), 1.25 MW CPI gyrotron, to shape the mea-
sured input beam (TEgy /110 GHz) from a QO launcher into a target FGB,
which is then injected into a corrugated waveguide through the diamond win-
dow. Fig. 1.2 shows the configuration of the beam-shaping 4-mirror system (the
readers are encouraged to look at [1], [2] for details about the beam-shaping
mirror system design for the QO gryrotron application).
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Figure 5.15: The y-component (magnitude) of the scattered output beam.

The measured input beam from the QO launcher contains x-component E!
and y-component E;, which are shown in Fig. 5.18 (z-component E! ~ 0 and
not shown). Fig. 5.19 shows the computer-simulated output beam and its com-
parison with the target FGB. The comparison of results from the planar TI-FFT
algorithm and the direct integration method has been shown in Fig. 5.20, with

good agreement again.

5.3.7 The CPU Time and the Accuracy
The CPU time t; for the planar TI-FFT algorithm and ty; for the direct integra-

tion method are summarized in Table 5.2 for example 1 (example 2 is similar),
together with the coupling coefficient defined as
[ E3 LED ) dedy

T1,0 [-~DI,w

Cv = [¢] o
VI ES o[> dadyy/JF [BS,  dady|

where, EI,, and Ep , denote the scattered output field components obtained

through the planar TI-FFT algorithm and the direct integration method re-

v=umxy,2. (5.3.7.133)
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Figure 5.16: The z-component (magnitude) of the scattered output beam.

spectively. From Table 5.2, it can be seen that even though at large sampling
spacings 0, = 0, = 0.524\ (N, = N, ~ 112), the coupling coefficients are still
well above 99.9%, which means that the characteristic bandwidth &, . of the
scattered electromagnetic beam is narrow. At this sampling rate, the direct in-
tegration using Simpson’s 1/3 rule is not accurate enough [1]-[6]. Also note that
the coupling coefficients C, = 99.999% (v = x,y, z) reach their maximum values
at N = N, ~ 128 (6, = 0, = 0.459)), after which the accuracies remain con-
stant and thus the Nyquist rate can be estimated roughly as Nyyqus ~ 128. The
reason for this phenomenon is, that after the sampling rate increases above the
Nyquist rate, further increasing the sampling rate will not give more information
or computational accuracy. It is clear that the planar TI-FFT allows a larger
sampling spacing (or a smaller computational grid number: N = N, x N,) to
obtain a similar computational accuracy (coupling coefficient) due to the FFT,
which means less CPU time.

The CPU times for the planar TI-FFT algorithm t; and for the direct in-
tegration method ty; are shown in Fig. 6.5, together with their corresponding
asymptotic computational complexities: N log, N for the planar TI-FFT algo-
rithm and N? for the direct integration method. Fig. 6.6 shows the ratio tor/ b
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Figure 5.17: The comparison of the scattered output fields on plane z = 0: solid
lines (TI-FFT) and circles (direct integration method) are magnitudes; dashed
lines (TI-FFT) and dots (direct integration method) are real parts. The plots
show that the planar TI-FFT algorithm has the desired —80 dB computational
accuracy (Yri)-

and its asymptotic value N/log, V.
All work was done in Matlab 6.5 (release 13) on a Dell Pentium IV, 3.2 GHz
PC with 2 GB RAM.

5.3.8 Discussion

In this section, the advantages and problems of the planar TI-FFT algorithm are
discussed. Possible solutions and suggestions are presented for different problems.

Advantages of the planar TI-FFT algorithm It has been shown that the
planar TI-FFT algorithm works in both the spatial and spectral domains, which
leads to the spatial TI-FFT and the spectral TI-FFT respectively. Two methods
are available to implement the spatial and spectral types of TI-FFT algorithm,
i.e., the spatial domain division method and the spectral domain division method.
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Figure 5.18: The measured input beam from QO launcher: a) IE!| 3 dB contour
plots, from —3 dB to —30 dB; and b) |E;| 3 dB contour plots, from —6 dB to
—30 dB. Values below —30 dB are close to the noise floor and thus not shown.

The optimized computational complexity of the planar TI-FFT algorithm is
O (NP Nevt N log, N), for an optimized order of Taylor series N2 ~ —In ((yy)
and an optimized spatial slicing spacing between two adjacent spatial reference
planes §2°* ~ %7)\0. Also, the planar TI-FF'T algorithm allows a low sampling rate
(required by the Nyquist rate Nyyqus) due to the use of an FFT, while the direct
integration method requires a higher sampling rate - a sampling spacing smaller
than A/5 is suggested for Simpson’s 1/3 rule integration [4, 6]. What’s more,
the planar TI-FFT avoids the singularity problem of the computation of the
electromagnetic field on the source points, which has to be treated in the direct
integration method and the FMM. The planar TI-FFT achieve this through the
backward propagation of the electromagnetic wave onto the source field surface,
through the spatial TI-FFT algorithm, and after the Fourier spectrum of the
scattered electromagnetic field has been computed through the spectral TI-FFT
algorithm.

Problems and possible solutions Although the planar TI-FFT algorithm
has so many advantages given above, some problems do exist in the practical
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Figure 5.19: The computer-simulated output beam E; (other components are
negligible) is shown in black and the target FGB is shown in red, with 3 dB
decrements, from —3 dB to —57 dB, from which it can be seen that the beam-
shaping 4-mirror system has successfully shaped the input beam (Fig. 5.18) into
the target FGB.

applications.

Complicate geometry As an example, consider surface S shown in Fig. 5.23,
where the surface itself is not a quasi-planar surface and the direct implementa-
tion of the planar TI-FFT algorithm requires a large number of FF'T operations,
which can be seen from the spatial reference planes with a spatial slicing spacing
d,. The problem can be solved by dividing surface S into two surface patches
AS; and ASs, which can be considered as quasi-planar surfaces and the planar
TI-FFT can be used on them independently, with coordinate systems selected
based on the spatial reference planes. At the extreme limit where surface patches
AS; and AS, are planes, the number of FFT operations reduces to Nepr = 2.
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Figure 5.20: The scattered output beam E; (other components are negligible)
from mirror 4 (M, in Fig. 1.2): a) plots in % direction; and b) plots in y
direction. Solid lines and circles are for magnitudes, obtained from the planar
TI-FFT algorithm and the direct integration method respectively; dashed lines
and dots are for are for real parts, obtained from the planar TI-FFT algorithm
and the direct integration method respectively.

Observation points not on the computational grid It is well-known that
the FFT requires an even grid spacing (but ¢, and d, need not to be equal),
which raises the question of how to calculate the electric field at points that are
not exactly on the computational grid, e.g., the red filled circles in Fig. 5.24. One
solution for this problem is to zero-pad the computational grid in the spectral
domain, which corresponds to the interpolation of the computational grid in the
spatial domain, as shown in Fig. 5.25. In the above example, it has been assumed
that the observation points are evenly distributed and the interpolation results
are exact provided that the sampling rate is above the Nyquist rate [30]. For
complicate observation point configurations (e.g., unevenly distributed points),
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Table 5.2: The CPU times and the coupling coefficients of E° for different grid
sizes: example 1

N =N, x N, 0y = 0y (A)  tm(sec.) tor(sec.) tpr/ trr Co(%) Cy(%) C. (%)

64 x 64 0.917 4.0 12.4 3.1 75.534 75.337 73.976
80 x 80 0.734 6.2 29.6 4.8 94.756 94.483 91.249
112 x 112 0.524 10.9 115.0 10.6 99.987 99.969 99.902
128 x 128 0.459 14.0 196.6 14.0 99.999 99.999 99.999
144 x 144 0.408 16.6 310.2 18.7 99.999 99.999 99.999
162 x 162 0.362 21.2 474.6 224 99.999 99.999 99.999
176 x 176 0.334 25.2 696.0 27.6 99.999 99.999 99.999
192 x 192 0.306 30.3 1000.0 33.0 99.999 99.999 99.999
224 x 224 0.262 42.0 1861.2 44.3 99.999 99.999 99.999
256 x 256 0.229 50.1 3855.0 76.9 99.999 99.999 99.999
320 x 320 0.183 86.3 9311.4 107.9 99.999 99.999 99.999
512 x 512 0.115 247.1 64591.6 261.4 99.999 99.999 99.999
576 x 576 0.102 318.7 103463.0 324.6 99.999 99.999 99.999
1024 x 1024 0.057 1098.4 1033466.0 940.9 99.999 99.999 99.999

the approximate techniques like the Gauss’s forward/backward interpolations
can be used.

The translation in spatial domain In the real situation, the source field
surface and the observation surface are separate far away from each other (see
Fig. 5.26). It is not practical nor necessary to use a large computational grid
that covers both the source field surface and the observation surface. This kind of
problem can be solved by using two computational grids, one for the source field
surface and the other for the observation surface, with the same grid spacings
(0z, 0y). Then the translation of the observation coordinate system in the spatial
domain, which is denoted as (zg, ¥o), corresponds to the phase shift in the spectral
domain. Suppose the electric field in the source coordinate system is expressed
as E(z' — x0,y — 40), according to the property of the Fourier transform [30],
the electric field E(x,y) in the observation coordinate system is given as

E(I’,y) = IFT2D [ FTQD [ E(CL'/ — ZL‘Q7y/ — yO) :| e_jkwwoe_jk’yyo ‘| )
(5.3.8.134)
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Computational redundancy In the numerical implementation of the planar
TI-FFT algorithm, the spatial domain or the spectral domain are divided into
many small subdomains where the FFT can be used to interpolate the electro-
magnetic field (see Fig. 5.3). However, the FFT operation is done on the whole
spatial or spectral domain even though the interpolation is only necessary on the
relatively small subdomain, which causes the computational redundancy in the
planar TI-FFT algorithm. Fortunately, the computational redundancy is small
for a quasi-planar surface and a narrow-band beam. The improvement to the
Taylor-FFT algorithm is to use the Hermite interpolation scheme to incorporate
all the reference planes to do the interpolation on the whole surface.

5.4 Summary of the Planar TI-FFT Algorithm

In this article, the optimized planar TI-FFT algorithm for the computation of
electromagnetic wave propagation, diffraction and scattering has been introduced
for the case of the narrow-band beam and the quasi-planar geometry. Two types
of TI-FFT algorithm are available, i.e., the spatial TI-FFT and the spectral TI-
FFT. The former is for computation of electromagnetic wave on the quasi-planar
surface and the latter is for computation of the 2D Fourier spectrum of the elec-
tromagnetic wave. There are also two numerical methods to implement the two
types of TI-FFT algorithm, i.e., the spatial domain division method and the spec-
tral domain division method. The optimized order of Taylor series used in the
planar TI-FFT algorithm is found to be closely related to the algorithm’s compu-
tational accuracy 7.y, which is given as N2** ~ — In 4, and the optimized spatial
slicing spacing between two adjacent spatial reference planes only depends on the
characteristic wavelength A, of the electromagnetic wave, which is 62" ~ %7)\6.
The optimized computational complexity is given as O (N> NN log, N) for
an N = N, x N, computational grid, which is comparable to the computational
complexity of the FMM. The planar TI-FFT algorithm allows a low sampling rate
required by the Nyquist sampling theorem. Also, the algorithm doesn’t have the
problem singularities. The planar TI-FFT algorithm has applications in near-
field and far-field computations, beam-shaping mirror system designs, diffraction
and scattering phenomena, millimeter wave propagation, and microwave imaging
in the half-space scenario.
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Figure 5.21: The actual CPU times t; and t; are shown as symbols, together
with their corresponding asymptotic behaviors (lines): O(N log, N) for the pla-
nar TI-FFT algorithm and O(N?) for the direct integration method.
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Figure 5.22: Ratio of tp,/ty; (symbols) with their corresponding asymptotic val-
ues (line): N/log, N.
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Ei

Figure 5.23: An example of complicate surface S that can be divided into two
quasi-planar surface patches AS; and AS;. The computations of each surface
patch is done in its corresponding coordinate system whose z-coordinate is per-
pendicular to the slicing spatial reference planes.
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Figure 5.24: The problem of computation of electromagnetic field on the obser-
vation points that are not on the computational grid (4 x 4), which are denoted as
red filled circles in the spatial domain (assume that they are evenly distributed).
(Ok,» Or,) are grid spacings in the spectral domain. (d,, d,) are grid spacings in
the space domain.
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Figure 5.25: The zero-padding in the spectral domain (4 x 4 — 8 x 8) corre-
sponding to the interpolation in the spatial domain (4 x 4 — 8 x 8). (0x,, Or,)
are still the same after zero-padding. But grid spacings in the spatial domain
become (d,/2, 0,/2) after interpolation.
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Spatial domain

v

Figure 5.26: The translation of the source coordinate system 0'(0,0) to the ob-
servation coordinate system o(zg, yo) in the spatial domain. Both the source and
observation coordinate systems should have the same grid spacings (d,, d,).
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Chapter 6

THE CYLINDRICAL TI-FFT
ALGORITHM

The planar Taylor Interpolation through FFT (TI-FFT) algorithm introduced
in Chapter 5 and also in our publications [5], [7] has been shown to be efficient
in the computation of narrow-band beam propagation and scattering for the
quasi-planar geometry. However, cylinder-like geometry is not uncommon in the
electromagnetic engineering, e.g., the input mirror system design [2] for the high-
power gyrotron application. In such case, the planar TI-FFT algorithm is not
efficient and we have developed the cylindrical TI-FF'T to solve the problem.

In this chapter, we will introduce the cylindrical Taylor Interpolation through
FFT (TI-FFT) algorithm for computation of the near-field and far-field in the
quasi-cylindrical geometry. The modal expansion coefficient of the vector po-
tentials F and A within the context of the cylindrical harmonics (TE and TM
modes) can be expressed in the closed-form expression through the cylindri-
cal addition theorem. For the quasi-cylindrical geometry, the modal expansion
coefficient can be evaluated through FFT with the help of the Taylor Interpo-
lation (TT) technique. The near-field on any arbitrary cylindrical surface can
be obtained through the Inverse Fourier Transform (IFT). The far-field can be
obtained through the Near-Field Far-Field (NF-FF) transform. The cylindrical
TI-FFT algorithm has the advantages of O (Nlog, N) computational complex-
ity for N = Ny x N, computational grid, small sampling rate (large sampling
spacing) and no singularity problem.

For the cylindrical geometry, the computation is efficient because the electro-
magnetic field that is expressed in the cylindrical harmonics can be numerically
implemented through the FFT. For the quasi-cylindrical geometry, the FFT can
still be used, with the help of the Taylor Interpolation (TI) technique. Fig. 5.3
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shows the scheme used to illustrate the cylindrical TI-FFT algorithm and the
time dependence ™' (i = v/—1)is used in this article.

6.1 The Near-field and the Far-field

In this section, the near-field and the far-field for surface currents (M, Js) are
presented within the context of the cylindrical harmonics.

6.1.1 The Near-field

It can be shown [9], [10], [11] that the vector potential (F, A) due to surface
currents (M, Js) for the scattering phenomenon in the region p > p’ can be
expressed as

F(I‘) . fjfz (2)

Al = IFT{ gh HD () ¢ (6.1.1.1)
fh 1 ’ EM (I'/> . /TN
mo _ s H(l) A im¢’ Jihz 1.1.2
gfn il //S ds MJS(I'/) m ( p)e € ) (6 )

where H) () and H?)( - ) are Hankel functions of the first kind and the second
kind of integer order m respectively. The Inverse Fourier Transform (IFT) has
been defined as,

1 i 00 . )
. - . —im¢ ,—ihz
FT{-} - m;m/_m dn{ -} emimoenine, (6.1.1.3)
The electromagnetic field (E, H) is given as
B(r) = —V x F(r) — iwA(r) + —— V' |V’ A(r) (6.1.1.4)
= iw oo : 1.1
1 1
H(r) = - A(r) —iwF "IV F . 6.1.1.5
(1) = 2V % Alr) = wPlr) + V[V Fw) (6115

6.1.2 The cylindrical harmonics

The cylindrical TE and TM modes are obtained when the magnetic (electric)
surface current has only z-component, i.e., My = z M, (Js = 2 J,.). From
(6.1.1.1)-(6.1.1.5),
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Figure 6.1: The scattering of the narrow-band beam: the incident field E? prop-
agates onto PEC surface S and is back-scattered to E°. The induced surface
currents (M, Js) can be obtained through the Method of Moment (MoM) or
Physical Optics (PO) approximation if PEC surface S is smooth enough. p’ is
the source coordinate and p, is the radius of the reference cylindrical surface. n
is the surface normal to S.

OH®P (Ap) . :
M" (r) = [ 57 @ (A — pAT ]e—lm%—lhz. 6.1.2.6
(1) = | P HE (p) = A= S (6.1.2.6)
hA OH?) (Ap) mh A? . .
h — ~ m . (2) A (2) —ima¢ _—
N” (r) l Pk olhp) ¢?p H?) (Ap) +2-Hy; (Ap) ]e e (6.1.2.7)

The electromagnetic field (E, H) can be expressed as the combination of the
TE and TM modes,

B =3 [ [ M (p) + B, N () ] it (6128)
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Hi) =LY /“[%NWM&M&@) i\, (61.29)

1 w
h h h h
=— f b = — 6.1.2.10
a’m 27_‘_6 m,z? m 27T m,z? ( )
where 1 = \/g and v = —\/%6 is the electromagnetic wave velocity in the homoge-

neous medium.

6.1.3 The Far-field

The far-field can be obtained through the Near-Field Far-Field (NF-FF) trans-
form [28],

2 : —ikR ) . R
ER) = —kstee > imemime l pal + Gib" ] : (6.1.3.11)
2 : —ikR ) R .
H(R) = —ksmf; S imemime [ pibl — fal 1 : (6.1.3.12)
n m

where R is the coordinate in the far-field and R = |R/|.

6.2 The Cylindrical TI-FFT Algorithm

For the narrow-band beam and the quasi-cylindrical surface, both the elec-
tromagnetic field in (6.1.2.8)-(6.1.2.9) and the modal expansion coefficient in
(6.1.1.2) can be expressed in the Taylor series, which facilitates the use of FFT.
Due to the similarity, only TE mode will be considered in this article.

6.2.1 The Electromagnetic Field

Generally, the near-field E can be expressed in the Taylor series,

> 190"ME

E(p, + 6p) = E(p, ——
(pr +0p) = E(p )—Fn:l nl 9p |

(8p)", (6.2.1.13)
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where, p, is the reference cylindrical surface and the Taylor coefficient

can be expressed in the form of IFT. Take TE mode (M},) as an example, for
¢-component Ey, from (6.1.2.6) and (6.1.2.8),

Es(p) = IFT{ /E\W £ } (6.2.1.14)

Now, the Taylor coefficient for Ey4(p) are given as

8(n)E An+1 a(n+1)H(2) Ap)
— | =1IFT m fh . 2.1.1
op |, { < T ahpmn | (6.2.1.15)

Similar argument holds for other electromagnetic field components and TM
mode.

6.2.2 The Modal Expansion Coefficient

Similarly, H()(Ap') in the the modal expansion coefficients (f?,g") in (6.1.1.2)
can be expanded into the Taylor series,

o A" 9 H(Ap)

HWY <A [pr + 5p’D HWY(Ap,) + Z W o) (0p")"  (6.2.2.16)
! p

Pr

where 0p' = p' — p,.. Now, the modal expansion coefficient in (6.1.1.2) is given
as

_yy FT{ o (Apr) j?j:)) 50y } (6.2.2.17)

AS n=0

AS

where the Fourier Transform FT is defined similarly as IFT in (7.3.2.14) and
AS is the small surface patch between two adjacent reference cylindrical surfaces;
what’s more, the following quantities have been defined,

m A"’ 0 HM (Ap) M, (r') I M,(r)
’Ym(ApT) = 5 ] (n) ) 3 / = = ~ / .
i2 n! 0(Ap) o Js(r') n-p Js(r')

n is the surface normal to S.
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Figure 6.2: 20log,, |E:|.

6.3 Numerical Result

To show the efficiency of the cylindrical TI-FFT algorithm, the direct integration
method [1], [3], [4], [6] has been used to make comparison with the cylindrical
TI-FFT algorithm. The numerical example used for such purpose is a 110 GHz
(A ~ 2.7 mm) Fundamental Gaussian Beam (FGB) scattered by a PEC quasi-
cylindrical surface with a cosine wave perturbation. The incident FGB is x-

polarized and propagates at z direction, with symmetrical beam waist radii w, =
w, = 8\. The quasi-cylindrical PEC surface is given as

= 222401 (293) (22) 3.0.1
y(x, 2) (80A)” — 22 + 0.1\ cos Taox) © 2750 (6.3.0.19)

p(x,z) =xcos¢+ysing, ¢ = arctan [y}
T
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Figure 6.3: 20log, |E3|.

The scattered field E* is evaluated on plane y = 0 (where the incident FGB
starts to propagate). Fig. 6.2 and Fig. 6.3 show the magnitude patterns of the
x-component E? and the z-component E] of the scattered output field E* (y-
component Ej is small and not shown). The comparison of result obtained from
the cylindrical TI-FFT algorithm and that from the direct integration method
is given in Fig. 6.4, for both the magnitude and the real part.

The CPU time for the cylindrical TI-FFT algorithm t;; and the CPU time
for the direct integration method tp; are shown in Fig. 6.5. The ratio tp;/ty is
shown in Fig. 6.6, for different size of the computational grid (N = Ny x N,).
All work was done in Matlab 7.0.1, on a 1.66 GHz PC, with Intel Core Duo and
512 MB RAM.
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6.4 Summary of Cylindrical TI-FFT Algorithm

The cylindrical TI-FFT algorithm for the computation of the electromagnetic
wave propagation and scattering has been introduced for the narrow-band beam
and the quasi-geometry geometry. The cylindrical TI-FFT algorithm has the
complexity of O (Nlog, N) for N = N, x N, computational grid. The algorithm
allows for a low sampling rate (limited the Nyquist sampling rate) and doesn’t
have the problem of singularity.
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Figure 6.4: Comparison of the cylindrical TI-FFT algorithm with the direct in-
tegration method: a) E, (dB); and b) E, (dB). Plots are shown in x direction,
across the maximum value point of |E,|. Solid and dashed lines denote the mag-
nitude and real part obtained from the direct integration method respectively;
circles and dots denote the magnitude and real part obtained from the cylindrical
TI-FF'T algorithm respectively. E, is small and not shown.
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Chapter 7
THE PHASE CORRECTION

The Perfect Electric Conductor (PEC) mirror phase corrector plays an impor-
tant role in the beam-shaping mirror system design for Quasi-Optical (QO) mode
converter (launcher) in the sub-THz high-power gyrotron. In this Chapter, both
the Geometry Optical (GO) method and the phase gradient method have been
presented for the PEC mirror phase corrector design. The advantages and dis-
advantages are discussed for both methods. An efficient algorithm has been
proposed for the phase gradient method.

7.1 2D Phase Unwrapping

The phase correction requires the knowledge of the unwrapped 2-Dimensional
(2D) phases of the incident electric field and the reflected electric field (67, 67).

However, the phase obtained from the electric field E through 6 = arctan [%}

(R and & denote the real part and the imaginary part respectively) is the wrapped
2D phase, which contains discontinuities of 2n7 (n is an integer). So, in order to
ensure the smoothness of the PEC mirror surface, the wrapped 2D phases (é’,
97") must be unwrapped through the 2D phase unwrapping methods [47, 48].

Mathematically, in the ideal situation where there is no residues in the wrapped
2D phase @, the discreet phase gradient V6§ = V6 (assuming that V6 < 7) and
the 2D phase unwrapping can be expressed as,

0 = /Cvé - dr + 0(ry) (7.1.0.1)

where, 6 denotes the 2D unwrapped phase along the integration path C' and rg
denotes the starting point of the path integration. Note that the unwrapped

95



phase 6 obtained through (7.1.0.1) should not depend on the integration path
C. However, due to the residues in practice, the discrete phase gradient should
be written as VO = (Vg + V x R) and the unwrapped phase 6 is obtained as
follows,

6 — /C(Vg 4V % R)-dr + 60(ro) (7.1.0.2)

From (7.1.0.2), it can be seen that V x R # 0 is caused by the existence of
residues and the unwrapped phase 6 depends on the integration path C. There
are many 2D phase unwrapping algorithms to deal with the residues in the litera-
tures [47], [48]. For example, the path following algorithm (e.g., “quality-guided”
method and “mask-cut” method) gives faithful congruent unwrapped phase (with
2nm difference from the wrapped phase). However, path following algorithm is
time-consuming and the unwrapped phase contains many discontinuities due to
the existence of residues. Another commonly-used algorithm, the minimum norm
method unwraps the wrapped phase by minimizing the r-norm phase difference
between the gradients of the wrapped phase and the desired unwrapped phase
[48]7

r T

00 00

o9 00 99 _ 99
Oor Ox

5 (7.1.0.3)

Wy

where, w, and w, are weights for X and z directions respectively. When r = 2,
it is called the Least Mean Square (LMS) method.

7.2 The GOPC Method

In the sub-THz QO regime, it is reasonable to assume that the intensity or

magnitude of the electric field is locally constant and the local phase change

can be evaluated through the GO method, as shown in Fig. 7.1. For fixed

computational grid given on x-z plane (in favor of FF'T operation), dy is preferred,
K-

which is rewritten as follows (cos o = *2),

0y = —— 50 =6" — 0" (7.2.0.4)
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Figure 7.1: The PEC mirror surface correction in the sub-THz QO regime: k*
and k" are wave vectors for the local incident beam (with incident angle o)
and the local reflection beam (with reflected angle o). 05 is the PEC mirror
surface correction in n direction and dy is the PEC mirror surface correction in
y direction.

There are two approaches to calculate the local wave vector k (incident wave
vector k' and reflected wave vector k"), i.e., 1) the Poynting vector approach;
and 2) the phase gradient approach. The Poynting vector approach assumes that
the local beam propagates in the direction given by the Poynting vector,

kxEx (H)"xExV x (E)* (7.2.0.5)

The phase gradient approach approximates the local wave vector as the gra-
dient of the phase,

k oc V6 (7.2.0.6)
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It is not difficult to show that the two approaches are equivalent in the far-
field limit.

7.3 Phase Gradient Phase Correction Method

To overcome the shortcomings of the GOPC method, we have developed the
PGPC method and the corresponding efficient algorithm to fasten the 2D phase
unwrapping.

7.3.1 Basic Theory

Instead of (7.2.0.4), the expression of the PEC mirror surface correction dy in
the phase gradient method is given as

0 0
V(60) VO — Vi

5y = (7.3.1.7)

The phase gradient V6 for the electric field E = |E|e? can be found as

VE = V{[El"’} (7.3.1.8)
= V{E[}¢’ + BV {*}

= lV{|E]} +¢\Eyw] e

vE
E

— V{[E]} = R|VEe"|

—Vh = %l ]:%[va] (7.3.1.9)

From (7.3.1.8) and (7.3.1.9), the expression for V (d6) in (7.3.1.7) is obtained,

VE" VE
E" Ei

Vv (50) = %[ 1:%[%@} (7.3.1.10)

Ei
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Figure 7.2: Tllustration of the FFT-based efficient algorithm for the phase gradi-
ent method. E? and E” are the incident electric field and reflected electric field
respectively. S is the PEC mirror phase corrector. y is the coordinate of the PEC
mirror phase corrector and y,. is the coordinate of the slicing reference plane.
is the spacing between two adjacent slicing reference planes.

7.3.2 An Efficient Algorithm for PGPC

By slicing the PEC mirror phase corrector into many subdomains, as shown in
Fig. 7.2, the FFT can be used [7, 2] to compute the electric field E and it’s
derivatives,

E(y) =IFT { F(k,, kz)e_ikyy} , F(ky k) =FT {E(y = 0)} (7.3.2.11)

IE(y)
ov

= IFT{ — ik, F(k,, k:z)e_ikyy} . v=1,2 (7.3.2.12)
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where, the Fourier Transform (FT) and the Inverse Fourier Transform (IFT) are
defined as follows,

FT{ : } = 217r/0:0 daek=T /O;{ : }eikzzdz (7.3.2.13)

FT{-} = ;T/o; dkze_ik”/o:o{ ek, (1.3.2.14)

The wrapped phase difference 60 = (éi — é’") is obtained from (7.3.2.11). Due
to similarity, only x-component XE, is considered here,

3 (1P { Frlh ket ) 3 (1P { Filh ket )

80, = arctan — arctan
R (IFT{ F’ (kg k,)e~ikw} ) R <IFT{ Fi (k,, kz)e—ikyy} )
(7.3.2.15)
With the help of (7.3.2.11)-(7.3.2.14), the gradient of the phase difference
V (86,) on the slicing reference plane y, in Fig. 7.2 can be obtained from
(7.3.1.10),
v IFT {k Fi(k,, k)e %} IFT {k Bl (k,, k)e
V (60,) = V (56.,) { .( ) : }— { 7«( )_.k }
IFT{ Fi(ky, ko)e o} IFT{ Fj(ke, k.)eh}
(7.3.2.16)

To obtain the PEC mirror surface correction dy through (7.3.1.7), §6, has to
be unwrapped. Here, an FFT-based phase unwrapping algorithm is presented
for the r-norm minimum problem given in (7.1.0.3). Suppose that §6, can be
expressed in the Fourier series,

80, = IFT{f (ks k.)} (7.3.2.17)

Then,

9 (60.)
ov

= IFT{—ik,f (ks k.)}, V=1,2 (7.3.2.18)
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To obtain §6,., the Fourier coefficient f(k,, k.) is chosen to minimize the cost
function @ given in (7.1.0.3), with w, = w, = 1. For LMS method where r = 2,
it can be shown that f(k,, k.) takes the following form,

kFT{V (60,) - %} + kFT{V (60,) - 2}

QUAIN=CQU) _ o, s 5y =i e

0f

(7.3.2.19)
Now, the PEC mirror surface correction dy can be obtained from (7.3.1.7),
with the help of (7.3.2.16)-(7.3.2.19).
7.4 Summary of the Phase Correction Techniques

In this Chapter, both the GO method and the phase gradient method have been
presented for the PEC mirror phase corrector design. The FFT-based efficient
algorithm has been proposed for the phase gradient method to speed up the
design procedure.
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Chapter 8

MULTI-MODE
OPTIMIZATION

It has been shown in Chapter 7 that the single-mode surface correction to the
PEC surface can be done through either the GOPC method or the PGPC
method. For multi-mode surface correction, the phase correction can’t be satis-
fied at the same time for all modes and the performance cost function has to be
defined and minimized.

8.1 Least Mean Square (LMS) Optimization

Since we are concerned about the phase difference, let’s define the r-norm per-
formance cost function as follows,

P:/X/Zzi: lwi\uiéy—éﬁi] ]d:cdz (8.1.0.1)

where, 0y is the multi-mode PEC surface correction; w; is the weight for the ith

mode; 6; is the phase difference of the ith mode; and v; is given as

(8.1.0.2)

Vi

B 2kcosa’  GOPC method
=\ V(0 —60)-5 PGPC method

Without loss of generality, let’s take r = 2 (Least Mean Square phase dif-
ference) and minimize the performance cost function with respect to dy, from
8.1.0.1,
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oP
95y~ /X /Z ; [Qwil/i (v;0y — 591')1 dxdz =0 (8.1.0.3)

DY wiyz?éei

= 0y SR

8.2 Different Weighting Scheme

In this section, we will give different weighting scheme that is used in (8.1.0.2).

1) Single-mode single-frequency weighting
w, =1, w; =0, 1#]j (8.2.0.4)
2) Even weighting

P = = 8.2.0.5
wi= (8205)

The even weighting scheme is the simplest one for multi-mode multi-frequency
design.

3) Amplitude weighting

o — Bl
DI O
This weighting scheme is based on the amplitude of the electric field distri-
bution.

(8.2.0.6)

4) Power weighting

B E,|?
> B

This weighting scheme is based on the power of different modes.

(8.2.0.7)

w;
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Table 8.1: Typical tilting and offset values for four modes

TEg»e TEae TEoue TEosg
tilting at x (deg.) | 0.50 0.10  -0.25  -0.50
offset at x (cm) 0.65 0.30  -0.05 -0.35

tilting at 2 (deg.) | -0.05  -0.05  0.00  0.00
offset at z (cm) | -0.10  0.10 0.35 0.30

8.3 Tilting and Offset of the Output Diamond
Window

It has been shown that in multi-mode design practice, the tilting and shift of
the output FGB position (refer to 8.1) is desirable and necessary [1]. This is
because, different modes have different frequencies (wavelength) and they “see”
different sizes of the mirrors and propagation length. What’s more, the input
modes obtained from the QO launcher also have different incident angles. Dur-
ing the multi-mode design practice, the optimized tilting angle «; and the offset
amount z; can only be obtained for specific problem and according to the follow-
ing experiences,

a) design a single-mode (e.g., TEgy ) single-frequency mirror system;

b) propagate different modes from the launcher using the design mirror system
from a);

c¢) determine the output desired FGB tilting angles and offset amounts for
different modes by fitting the tilted- and offset-FGBs with the output beams
from b);

d) adjust the tilting angles and offset amounts during the following multi-
mode multi-frequency design if necessary.

Typical values of the tilting and offset have been listed in Table 8.1, after [1].
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Output
Beam

Input
Beam Launcher

y
. b
| | | | | 7o

37.4cm 27.7cm 200cm 150cml25cm X

Figure 8.1: Illustration of tilting and offset of the multi-mode multi-frequency
design. a, s and r, s (u = x, z, 1 denotes different modes) are the tilting angle and
the offset amount for multi-mode multi-frequency design. Note that both o, ;
and 7, s have been exaggerated, typically |a, | < 1° and 7,5 < lem. Usually,
tiltings and offsets at both X and z directions are required.
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Chapter 9
COMPUTER SIMULATION

To test the efficiency of the design procedure introduced in this article, a sub-THz
beam-shaping 4-mirror system has been designed for a single-mode (TEqg6/110
GHz), 1.25 MW CPI gyrotron application to shape the single-mode (TEgz4/110
GHz) input beam into the target FGB. In this particular sub-THz beam-shaping
mirror system design, the beam wavelength A ~ 2.7 mm, which makes the itera-
tive GOPC method feasible. The configuration of the sub-THz beam-shaping 4
-mirror system has been shown in Figure 1.2. M; (in front of the QO launcher)
and My can be considered as “quasi-cylindrical” PEC mirror surfaces, with radii
p1 = 6.5 cm (~ 24)\) and py = 7.4 cm (~ 27)) respectively; while M3 and M,
(in front of the diamond window) can be considered as “quasi-planar” PEC mir-
ror surfaces. So the TI-FFT algorithm can be used to speed up the sub-THz
beam-shaping mirror system design.

9.1 Single-mode Single-frequency Design

First, the single-mode (TEqy ) single-frequency (110GHz) beam-shaping mirror
system was designed to test the efficiency of the described design procedure. The
pseudocodes for the design procedure has been shown in Chapter 2: Section 2.2.

Table 9.1 shows x© for each iteration ¢ (N, = 16). Note that the convergence
for the first 4 iterations is fast (x* = 99.67%); while the convergence after the
4™ jteration becomes relatively slow: the fist maximum value of x©) appears at
the 14™ iteration (x("* = 99.85%).

The single-mode (TEj26/110 GHz) input beam (mainly E4) from the QO
launcher is shown in Figure 9.1a) and the computer simulated output beam
(mainly E,, solid lines) on the diamond window for the last iteration (¢ = N, =
16) is shown in Figure 9.1b), together with the target FGB as a comparison. Also,
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2471

z (cm)

Figure 9.1: The input/output beams for a single-mode (TE326/110 GHz), 1.25
MW CPI gyrotron application: a) the input beam magnitude pattern (|E,|): dB
contours are in 3 dB decrements, from —3 dB down to —30 dB. Values beyond
—30 dB are close to the measurement noise floor and not shown; and b) the
output beam magnitude pattern (|E.|): the comparison between the computer-
simulated output beam (solid lines) and the target FGB (dashed lines) was made,
from —3 dB down to —48 dB, in 3 dB decrements.
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Table 9.1: Single-mode Single-frequency Convergence for Iteration ¢ (N, = 16)

¢ 1 2 3 4 5 6 7 8
YO (%) [ 89.02 97.93° 99.39 99.67 99.76 99.79 99.81 99.83

¢ 9 10 11 12 13 14 15 16
YO (%) 199.83 99.83 99.84 99.84 99.84 99.85 99.85 99.85

Table 9.2: The CPU Time Comparison (16 Iterations)

N x N tri(sec.) tpi(sec.) tpr /b

192 x 192 128.192  32001.024  43.685
256 x 256 1988.384 123363.008  62.042
320 x 320 2762.592 297961.984 107.856
012 x 512 7908.736 2066931.968 261.348

in Table 9.2, the comparison of the CPU time between the TI-FFT algorithm
(tr:) and the direct integration method (tp,) [4],[6] has been shown for different
computational grid (N x ), from which the efficiency of the TI-FFT algorithm
can be seen. What’s more, the TI-FFT algorithm allows for a large sampling
spacing limited only by the Nyquist sampling rate and there is no singularity
problem because the TI-FFT algorithm works in the spectral domain. All work
was done in Matlab 6.5 (release 13) on a Dell Pentium IV, 3.2 GHz PC with 2
GB RAM.

9.2 Multi-mode Multi-frequency Design

The design procedure for the multi-mode multi-frequency mirror system is sim-
ilar to that of the single-mode single-frequency mirror, except the multi-mode
optimization, tiltings and offests of the output desired FGB (refer to Chapter 8),
which is presented below,

(MULTI-MODE MULTI-FREQUENCY PROGRAM BEGINS)
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Make initial guesses for all 4 mirror surfaces (M1, Ma, M3 and My) and choose
the total iteration number Ny (usually Ny = 15 ~ 25 is required);

Obtain the phase 0% (s = 1, 2, 8, ... N, for N modes) of the each input beam
through the IPR technique and denote the input beam as E' = Eiejei;

For ¢/ =1 to N, (iteration loop begins)
(©)

s

Forward-propagate the all input beams EL onto M; to obtain (’E{: ,9{’“));

Forward-propagate E{:(Z) onto Mg to obtain (‘E{’“)] ,05’(6));

s

Forward-propagate Eé;“) onto Mg to obtain (‘Eg:(z)‘ ,0?;’(6));

S S S

Forward-propagate Eg:(é) onto My to obtain (‘Ei’g) ,94{:(4) X

S S )

Back-propagate the target FGB with different titling and offset values (refer to
Chapter 8) onto My to obtain <‘EZ:(€)‘ 792,726));

S
Correct My surface through the multi-mode optimization method (refer to Chapter

8), with the help of (594,5 — Hijgé) _ GZ:(E));

s

Back-propagate the target FGB with different tilting and offset values onto Mg and
b,(O)] b (0.
update (‘Es,s 0

’ V3,8 I
Correct M3 surface using the the multi-mode optimization method (refer to Chapter

8), with the help of (303, = 047 — 031");
Back-propagate the desired FGB with different tilting and offset values onto Ms
and update (‘Eg:(f) ,912):2@);
Correct My surface using the the multi-mode optimization method (refer to Chapter

8), with the help of (592,3 =5l — 93’(@);

s ,8

Back-propagate the target FGB onto M1 and update (‘E?’ff)

Correct My surface using the the multi-mode optimization method (refer to Chapter
8), with the help of (301, = 0] — o7");

s 1,s

00);

9

© (output

Forward-propagate EX (input beams) onto diamond window to obtain Eg
beams);

Ezit iteration loop when the criterion X defined in (2.1) is met or £ = Ny.
¢=1/{+1 (iteration loop continues)
(MULTI-MODE MULTI-FREQUENCY PROGRAM ENDS)

During the multi-mode multi-frequency design, different weighting scheme

has been tried, 1) even weighting with w; = % for all modes; 2) amplitude

weighting with w; = Z“Eé‘, and 3) power weighting with w; = Z|:E|£|2 The

convergency behavior of TEg; ¢ each weighting scheme has been shown in Table
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Table 9.3: Multi-mode Multi-frequency Convergence of TEq ¢ for Iteration ¢
1

(Ng = 32): even weighting with w; = 3
l 1 2 3 4 5 6 7 8

YO (%) [ 7330 9550 96.94 96.62 96.90 97.31 97.31 97.40

4 9 10 11 12 13 14 15 16
xO (%) | 97.57 97.57 97.61 97.72 97.72 97.75 97.86 97.86

4 17 18 19 20 21 22 23 24
xO (%) | 97.88 97.94 97.94 97.97 97.96 97.96 97.99 98.04

4 25 26 27 28 29 30 31 32
xO (%) [ 98.04 98.06 98.08 98.08 98.10 98.11 98.12 98.12

9.3 - Table 9.5, from which we can see the importance of the weighting scheme:
the power weighting is a little better than the amplitude weighting and they are
both better than the even weighting scheme. So, in the rest of the simulation,
we will only give results for the power weighting scheme.

Fig. 9.2 - Fig. 9.5 show the final designed mirror surfaces and Fig. 9.6 -
Fig. 9.11 show the corresponding field patterns. We can see that mirror 1 is
a perturbed cylinder (with radius about r; = 5.6¢m); mirror 2 is a perturbed
parabolical shape (with radius ro, = 7.4em in X direction and radius 7o, =
40cm in z direction); mirror 3 is a perturbed planar surface and mirror 4 is a
perturbed planar surface with 24° tilting. Since the input field from the launcher
mainly contains Q@-component, the major fields on mirror 1 and mirror 2 are
thus x-component and Z-component. The major field on mirror 3 and mirror 4
is mainly X-component because the desired output field is x-component (FGB)
and mirror 1 and mirror 2 have almost shaped the input field gg—component into
X-component.

9.3 Summary of Beam-shaping Mirror Design
Computer Simulation

We have done both the single-mode single-frequency and multi-mode multi-
frequency mirror design computer simulation based on the previous described
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Table 9.4: Multi-mode Multi-frequency Convergence of TEq ¢ for Iteration ¢

(N, = 30): amplitude weighting w; = i]jZéJ

l 1 2 3 4 ) 6 7 8
X9 (%) | 73.30 9551 97.09 95.14 95.39 96.36 96.36 0.9652

14 9 10 11 12 13 14 15 16
xO (%) [ 97.03 97.03 97.13 97.43 97.43 97.52 97.74 97.74

l 17 18 19 20 21 22 23 24
xO (%) | 97.82 97.98 97.98 98.01 98.13 98.13 98.14 98.22

14 25 26 27 28 29 30 31 32
xO (%) 198.22 98.23 9829 9829 98.30 98.34 98.35 98.35

Table 9.5: Multi-mode Multi-frequency Convergence of TEq ¢ for Iteration ¢
|E|*

(N, = 30): power weighting w; = S E

¢ 1 2 3 4 5 6 7 8
YO (%) [ 7330 9551 97.09 95.14 95.39 96.36 96.36 96.53

14 9 10 11 12 13 14 15 16
X9 (%) | 9.703 97.03 97.13 97.43 9743 97.51 97.74 97.74

( 17 18 19 20 21 22 23 24
xO (%) [ 97.80 97.97 97.97 98.01 98.14 98.14 98.16 98.25

¢ 25 26 27 28 29 30 31 32
O (%) | 9825 98.26 98.33 98.33 908.34 98.38 9338 98.39
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Figure 9.2: Surface plot of mirror 1.

procedure for QO gyrotron applications. The novel methods, algorithms and
theories greatly facilitate the design procedure and make complicate sub-THz
beam-shaping mirror system designs feasible. The design procedure is fast due
to the efficient TI-FFT algorithm for beam propagations and scatterings and it
is also accurate due to the use of the iterative GOPC method for PEC mirror
surface corrections. A practical sub-THz beam-shaping 4-mirror system design
for a single-mode (TEg26/110 GHz), 1.25 MW CPI gyrotron has been shown
and the coupling between the designed output beam and the target FGB is up
to 99.85%.
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Figure 9.3: Surface plot of mirror 2.
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Figure 9.4: Surface plot of mirror 3.
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Figure 9.5: Surface plot of mirror 4.
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Figure 9.6: Contour magnitude plot of of X-component on mirror 1 (|E;,|), in
-3 dB decrements.
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Figure 9.7: Contour magnitude plot of of y-component on mirror 1 (|E,|), in
-3 dB decrements.
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Figure 9.8: Contour magnitude plot of of X-component on mirror 2 (|Ey,|), in
-3 dB decrements.
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Figure 9.9: Contour magnitude plot of of y-component on mirror 2 (|Ey,|), in
-3 dB decrements.
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Figure 9.10: Contour magnitude plot of of X-component on mirror 3 (|E; ), in
-3 dB decrements.
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Figure 9.11: Contour magnitude plot of of X-component on mirror 4 (|E,,|), in
-3 dB decrements.
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Chapter 10

EXPERIMENT AND PROBE
COMPENSATION

To test the efficiency of the beam-shaping PEC mirror system, the cold-test
(milli-Watts radiation power) system has been built up at the Microwave Re-
search Lab, in the Electrical and Computer Engineering, University of Wisconsin,
Madison.

10.1 Experiment Setup

The cold-test experiment setup is shown in Figure 10.1, which can be explained
as follows,

1) Signal generation: the 110 GHz carrier generated by the Gunn oscillator
is modulated by the 24 KHz sine wave;

2) Signal analysis (monitor): the generated signal is passed through one port
of the 3-port directional coupler, then demodulated by the 10t order mixer, after
which it is analyzed by the spectrum analyzer;

3) Mode generation: the TEq ¢ mode (110 GHz) is excited at the input side
of the launcher;

4) Launcher conversion: the TEqs ¢ mode is converted through the launcher
(with cut and dimpled wall);

5) Beam-shaping mirror system: the output beam from the launcher is fur-
ther shaped into the Gaussian-like beam;

6) Beam measurement: the Gaussian-like beam is measured through the
tapered rectangular probe;
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7) Date acquisition: the measured data is collected and plotted in the com-
puter that is connected to the measurement probe.

Mirror 2 Mirror 4
: ~
Directional i 1
Isolator Modulator Coupler !
Attenuators
Gunn Oscillator Scanning-l'Y !
110 GHz Machine
7 +7 Probe
Signal Generator
Sine wave: 24 KHz
| | -Y 4
‘ Harmonic
Mixer N=10
Mixer
L.O. ]

11.4 GHz p p

1 in in
- IF Amp. IF Amp.
b Gunn L.O.
out 110.1 GHz Pout
Detector
T I |
4,00GHz 1 I~
PC
) Amplitude
Freq. display Spectrum Analyzer Analyzer

Figure 10.1: The experiment setup for cold-test of the beam-shaping PEC mirror
system:

10.2 Probe Compensation

It is well-known that antenna near-field measurement are more or less affected
by the presence of the measuring device [27], the probe in our case. Probe
compensation is a must in principle for non-ideal probe (ideal probe include
“elemental electric current probe”, “eclemental magnetic current probe” [49]).
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This is because the true far-field pattern or the Fourier spectrum of an antenna
under test (AUT) is distorted by the interaction of the near-field phase fronts
between the AUT and probe antennas in near-field measurements. There are
mainly 3 types of probe compensation according to scanning surface : Planar,
Cylindrical and Spherical probe compensations. Specific compensation theory
(planar, cylindrical and spherical probe compensation) works well for specific
configuration [27]. In each type of compensation, radiating fields are measured
with probes of know far-field pattern. Usually, two sets of data are required in
order to extract the two independent components of the AUT far field Ey and E,
from two independent equations. The two measurements could be done by two
completely different probes or by the same probe with different rotation angles
(usually 0° and 90°). For probe with rotation-free far-field pattern, it can be
shown that the two equations are actually dependent on each other and only
one measurement is required to do the compensation. Whats more, for high
frequency up to 110 GHz, it is extremely difficult to measure the phase directly
and the conventional IPR technique 3 can be applied on the measured near-
field pattern here (note that rigorously the conventional IPR is not correct since
the measured near-field magnitude is not exactly equal to the true near-field
magnitude due to the presence of the probe).

Several things will be addressed in this section. First, we will present the
connection between Friis formula and probe compensation; then we will give the
general expressions for any type of combinations of AUT-tilting, AUT-rotation
and probe-tilting, probe-rotation; what’s more, we will show that when there
is constraint on the AUT (Antenna-Under-Test)radiation components (Z-/9-
component or 6-/¢-component), one only need to make only one measurement in
order to do the compensation; and finally, the theory will be applied to measured
near-field data radiating from the QO launcher designed for the 110GHz TE ¢
mode gyrotron.

10.2.1 The Planar Scanning Scheme

Although cylindrical and spherical scanning are desirable for some geometry-
complicate system, planar scanning is popular whenever it is possible due to its
simplicity and not time-cost. So we only deal with the planar probe compensa-
tion.

In spherical coordinate, when the two measurements are done without probe
rotation and with probe rotation of 90°, the well-known planar probe compen-
sation theory gives [27],
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C'cosb

P(ky, ky)exp(jk.z)
(10.2.1.1)

EgUT(kw ky>E£(ka:: _ky) - EgUT(kxa ky)Eg(k:ca _ky)

B Ccos@

EG% (ke ky) Eg(—ky, —ka) = B (Ko, ky) B (—ky, —ko) = —3—Q(ks, ky ) exp(jk2)

(10.2.1.2)

Where, Eg"" and EZ°" are 6 and ¢ components of the radiating far field of
the AUT; Ej and E are § and ¢ components of the radiating far field of the
probe; P(k,, k) and Q(k,, k,) are the fourier transforms of the two measurements
without probe rotation and with probe rotation of 90°, z is the distance between
the AUT and the probe. From 10.2.1.1-10.2.1.2, the two unknown quantities
E3tT and E3UT can be solved since there are also two independent equations.

In rectangular coordinate, 10.2.1.1-10.2.1.2 can be reformulated intoE

— By (ks oy B (= by, —R) + By (ks by By (= by, —hy)  (10.2.1.3)
_ Ceost

—E;UT(k:m ky)Ef(_ky; _km) o R2 F(kim ky> eXp(ijZ)

— B3 (ke ey B (ks —ky) + B (ko by ) B (Ko, —hy) - (10.2.1.4)

C cosf )
= TGU{M k) exp(jk.z)

_E,?UT(kﬂm k:y)Eg(km _ky>
10.2.2 The Friis Formula and the Probe Compensation
In the far-field regime, letting z — oo, (10.2.1.1) reduces to

kR? exp(—jkR)
Vit (F) o« S0 SPCIRRD [pn b ok, k) — B3 (ke ) G k=R,

(10.2.2.5)

2

kR

2
. ‘E(;UT('I{;CM ky)EZU%, —ky) — E;V" (kg ky) EY (K, —ky)’

(10.2.2.6)

Pr?{gas.(R> X
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where Vijidas. (R) and Phiggas. (R) denote the measured far-field voltage and power
by the probe. Now, rewrite (10.2.2.6) as follows,

kR |?
PrﬁjeTas.<R> X ‘

2
(127 e )|+ 1 s k)PP ) (|0 )| + 1B G )

8 EST (K, ky) Bl (o, —ky)

2

2
J(E2 i) 1)) (B2 5 90— F)

(10.2.2.7)
Now,
‘EAUT(k, k )’ +|EAUT(k k )|2:iDAUT
¢ Ty Ty 'y 47TR2
2 2 Qp
| Ef ke, k)| + 1B (ke =k = 5D
A2 (| B3 e )|+ 1B (s ) )
DAUT —
Pt
AT R? (‘Eg(kxa_ y)‘ + ’Ep x7_ )
D?P =
Qp

2m ™
QF = R2/0 d¢/0 sin 0d6 UEg(kx, —ky)’z + |EY (ke —ky)ﬂ
(10.2.2.8)

where DAY and DP are the directivities of the AUT and the probe; P! is the
total transmitted power.
Also, define the Polarization Factor (PLF) as

PLF = [)AUTU{;:B;I{ ) ﬁp(kwu _ky)
SEAT (ki k) + OESV (I, k)

ﬁAUT(kI’ k,y) —
J (|27 e )|+ 137 s )
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k) = OEL (ky, —ky) — OB (ky, —ky)
v/ 2
\/(‘Eg(kxw_ky)’ + |Eg(kxv_ky)|2)

P (ki — (10.2.2.9)

So, we have,

PLF = p" (kg ky) - 7P (kas —ky) (10.2.2.10)

B3V (kg ky) Bl (ke, —Fy)

- 2 2
¢ (187 e )|+ 1 s k)P (B0 )| + 1B o =) )

2

EgUT<kx> ky)Eg<k:v7 _ky)
2 2
(B3 k) 123 ) (B2 )+ B30 ) F)

From (10.2.2.8)-(10.2.2.10), the measured power Pjjaas (R) in (10.2.2.7) re-
duces to

K\ P
Preas. (R) o< <C> QPWDAUTD”PLF (10.2.2.11)

It is clear that (10.2.2.11) is actually the Friis transmission formula except
2
for the constant term (%) QP.

10.2.3 Tilting and rotation

In our case, both AUT and probe can be treated as aperture antenna. Whats
more, they can be tilted (or rotated) with respect to the scanning plane (refer
to Fig. 10.2 for description). The tilting and rotation of the AUT and probe
can be related to the original coordinate (¢, yo, 29) in the matrix form following
3 consecutive steps (refer to 10.3), i.e., 1) rotation around the original z, with
angle «; 2) rotation around the new coordinate y; after 1) with angle §; and
3) rotation around the new coordinate z, after 2) with angle 7. The 3 transfer

matrix 773, T3 and T5** are given as
cosa sina 0
T23(a) =| —sina cosa 0 (10.2.3.12)
0 0 1
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cosa 0 —sina
T573(8) = o 1 0 (10.2.3.13)

sinae 0 cos«

cosae sina 0
T33(y) = | —sina cosa 0 (10.2.3.14)
0 0 1

and finally, the total transfer matrix from (zg,yo, 20) to (z,y, 2) is given as the
product of TP () Ty (8)T5°(v),

T%a, B,7) = T7"*(a) T3 (B) T3 (7)

cos acos 3 cosy — sin asin 7y sinacos fcosy 4+ cosasiny  —sin [ cosy
= | —cosacosfsiny —sinacosy —sinacosFsiny+ cosacosy singsin~y
cos asin 3 sin arsin 3 cos (3
(10.2.3.15)

From the Near-Field Far-Field (NF-FF) transform, it is known that the far-
field is related to the Fourier transform of the near-field, in the original coordi-
nate, we have,

EzA([)jT<k1’07 kyO) ; s AUT
AUT ]k exp( ]kR) 3Ix2 Fxo (kx07 kyO)
Eyo (kxov ky0> = S (90, CbO) FAUT(k. k )
E?(;JT(kzOv ky0> v 070
(10.2.3.16)

sinf cos ¢ sinfsin ¢

cos 6 0
S¥2(0o, do) = 0 cosf

Similarly, for probe, we have

P _

Bio(kzo: =k10) \ ik exp(—jkR) pr F2 (st — o)
Ejo(kzo, —kyo) :?S (6o, —0) FP (kaoy —ky0)
El(kag. — k) (a0, ~Hy0

(10.2.3.17)
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From (10.2.3.15), in the new coordinate (z,y, z), we have,

LR (Ko, ky) L (Kao, K
EpVT (kay ky) | = T3 (", A A | BN (Kao, kyo) [ (10.2.3.18)
L2 (Ko, ky) L2 (kao, k

0

ER ke, —ky) EZo(kz0, —kyo)
Eb(kp,—ky) | =T, 8,7) | Eyo(kao, —kyo) (10.2.3.19)
E;?(kwv _ky) E§0<kx0a _kyo)

_ jkexp(—jkR)

0 T3X3(a, 6,7)53X2<007 _¢0) < Fafﬂ(kx()a _kyO) )

F;o(k?zm _kyO)

For the scanning plane defined on the original coordinate xy — yy plane and
the AUT and probe tilted and rotated off the xy — o scanning plane, substitute
(10.2.3.18) and (10.2.3.19) into (10.2.1.3),

T
Faﬁ]UT(kcﬁgTa kA([]JT) 3X2/nAUT AUT T 3x3 AUT AUT _ AUT T
< F;E)UT(/{%JT7 kgém) [S (9 ) ¢ )] [T (a ) ﬁ y Y )} D

3x3 3X2/(0p 4P FJZ:’O(IC?ZOJ _kZO) ~ :
XT (aaﬁ/Y)S (9 7¢ ) FP (kp _kp ) = OCOS GF(kl‘Oa kyO) eXp(JkZOZ)
y0\"vz0>» 20

(10.2.3.20)
where C' = —W and the relation between the wave vectors is

L AUT kxﬂ
k;UT — T3><3(OéAUT7 5AUT7 ,yAUT) kyO (10‘2'3'2”
k,AUT kz(]

k’g _kmO

ko | =T%3(a?, 87,97) | kyo (10.2.3.22)

kP k.o
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What’s more, (0", p*V") and (6P, ¢*) are defined as

AUT k?UT- AUT ;UT
G*Y" = arccos | ¢""" = arctan JAuT (10.2.3.23)
P kP
0P = arccos []j , P = arctan [k%] (10.2.3.24)
and D is give as

-1 0 0
D=| 0 1 0 (10.2.3.25)

0 0 -1

10.2.4 Special cases

Now we will give formulas for some special cases, i.e., 1) without any rotation;
2) rotation around zy-axis; 3) rotation around y, axis; and 4) rotation around z
axis.

1) without any rotation

AUT D kg() + kazc() AUT D _kgo —k;
P<kx07 kyO) = on (kx07 ky0>FxO(km07 _kyO)TO + FyO (kxO, kyO)FyO(kI(); _k;yo)ki0
Kok krok
_F;XOUTUC:EOa ky())F;O(kan _ky0> k[?) Oyo + F;OUT(kroa kyO)F£0<kx07 _kyo) k(Z) OyO
(10.2.4.26)

2) rotation around xz(-axis

EAUTEP + k2, cos(aAVT + o)

P(kyo, kyo) = F2 " (Kao, by "") Fio (Koo, K) o

- K2k

2= Fyn" (kao, k") Flo (Koo, )
kzO kzO

+Ey0" (R0, by ") Fo (Ko, k)
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bk

3 kb ) Fh )~

(10.2.4.27)

3) rotation around yj-axis

_ LAUTLp _ 1.2 AUT _ P
k2UTRD — Ky cos(a aP)

P(kx0, kyo) = Fyo " (B2, kyo) Fyo (K7, —kyo)

kzO
k2 k2 ]{ kAUT
EER (2, ) o (K, — o) 20 (RS, o) Fl (K2, —hy) 22
20 20
kPk
— FAVT(JAUT k’yO)prO(k£7 —/{:yo) . (1)40
(10.2.4.28)

4) rotation around z;-axis
a) when both the AUT and the probe rotate,

E2VTEP cos(arVT + of) + kAVTED

Pkzo, kyo) = Foo " (k" k") Fao (KD, k) p
20

x) Yy

kyUtkD — K2UTRE cos(arYT + aP)

T (R ) o

zr Yy

kAUTk;AUT _ k?UTk}Z) Sin(aAUT + ap)
R R FE (R B) -

x) Y

+FAOUT(kAUT kAUT)FZ)O(kp kp) k‘gké’ — k;UT]{Z Sin<aAUT + ap)
X x ) Yy

ey kzO
(10.2.4.29)
b) when only the probe rotates,
P(k.ZOv k:y[)) - PCO—Polarization COS ap + PCross—Polarization Sin ap
(10.2.4.30)
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k2, + k2
PCO—Polarization — F;A(]UT(k?UT) k;UT>F50(kp k‘p>M

oy kzO
AUT (1.AUT LAUT\ [P (1.D L.P _k:g(] B kzo
+Fy0 (kz 7ky )Fy0<kw’ky)T
_FAUT(kAUT k,AUT)FP (kp kp) kxokyo + FAUT<kAUT kAUT>Fp (kp kp) kﬂﬁokyo
z0 xz My yo\vgy vy kzo 40 x vy z0\ x> My kzO
(10.2.4.31)
kook
PCross-Polarization - _Fﬁ[)UT(kQUT7 k;UT)Fi?O(k£7 kjg)%
20
kzok
_F:l;AOUT(k,iUT’ kyAUT)Fg]/)O(kg’ k”y)) ]s OyO

_FAUT(kAUT k,AUT)Fp (kp kp) kgO + kio + FAUT(kAUT k,AUT)Fp (kp kp) _kEO B k;()
x0 z Ny yO\"ves vy kzO 20 z 'y 0\ vy vy kzO
(10.2.4.32)

In particular, when the far-field of the probe is circularly symmetrical, i.e.,
Foo(KY, k) = Fio(kso, kyo) and Fyo(KL, kY) = Fyo(kao, kyo), we have,

zr My zr Ny Y

P(kxo, ky(]) = P(kl‘O? ky0)|

sin o
(10.2.4.33)

cos o + P(kyo, kyo)|

aP=0° aP=90°

which is expected due to the polarization effect of the AUT and the probe system.

10.2.5 Simulation Results

First, the probe compensation theory presented previously is applied to the FBG
(waist w = 20\) without tilting and a rectangular probe (a = b = 2mm) with
0°/25°; Second, we consider the case where the FBG (waist w = 20)) is titled
25° and a rectangular probe (a = b = 2mm) with 0°/25°; and finally, the probe
compensation is applied to the practical measured field from launcher.
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1) FGB case: a*"" =0° and o? = 0°/25°

Fig. 10.4 - Fig. 10.6 show the probe compensation (values are shown as the
probed field pattern minus the true field pattern | E,,eq| — | Eie|) for 0° Gaussian
beam (AUT with only x-component) tilting and 0° probe tilting, on plane 0.1L,

0.5L and L, with L = 2(21/\0)2;

Fig. 10.7 - Fig. 10.9 show the probe compensation for 0° Gaussian beam
(AUT) tilting and 25° probe tilting, on plane 0.1L, 0.5L and L, with L = 2%.
It is clear that the probe compensation is small for 0° tilted probe and is signif-
icant for 25° tilted probe.

2) FGB case: a*V" = 25° and o = 0°/25°

Fig. 10.10 - Fig. 10.12 show the probe compensation for 25° Gaussian beam
(AUT) tilting and 0° probe tilting, on plane 0.1L, 0.5L and L, with L = 2@;

Fig. 10.13 - Fig. 10.15 show the probe compensation for 25° Gaussian beam
(AUT) tilting and 25° probe tilting, on plane 0.1L, 0.5L and L, with L = 2@.
One can see that the probe compensation is larger (compared that of 25° tilted

probe) for 0° tilted probe and is smaller for 25° tilted probe.
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Figure 10.2: The illustration of the planar scanning measurement scheme with

tilting and rotation of the AUT and probe.
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Figure 10.3: Euler angle for the tilting and rotation.
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Figure 10.4: Probe compensation of a*"" = 0° and of = 0°, on plane z = 0.1L,
2
where L = 2@ is the far-field distance.
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x10°

Figure 10.5: Probe compensation of a*"" = 0° and of = 0°, on plane z = 0.5L,

where L = 2@ is the far-field distance.
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Figure 10.6: Probe compensation of o*"" = 0° and o = 0°, on plane z = 1L,
2
where L = 2@ is the far-field distance.
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Figure 10.7: Probe compensation of a*"" = 0° and of = 25°, on plane z = 0.1L,

where L = 2@ is the far-field distance.
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Figure 10.8: Probe compensation of a*"" = 0° and of = 25°, on plane z = 0.5L,

where L = 2@ is the far-field distance.
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Figure 10.9: Probe compensation of a*"" = 0° and o = 25°, on plane z = 1L,

where L = 2@ is the far-field distance.
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Figure 10.10: Probe compensation of a*"" = 25° and o? = 0°, on plane z = 0.1L,
2
where L = 2@ is the far-field distance.

142



of 1
4
0 1 3
2
OoF - iR
10
0 - .
1-1
Or 4 -2
-3
0f 1
-4
of 1 K
| | | | | |
180 190 200 210 220 230
X (cm)

Figure 10.11: Probe compensation of a*"" = 25° and o = 0°, on plane z = 0.5L,

where L = 2@ is the far-field distance.
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Figure 10.12: Probe compensation of a*"" = 25° and o? = 0°, on plane z = 1L,

where L = 2@ is the far-field distance.
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Figure 10.13: Probe compensation of a*"" = 25° and o? = 25°, on plane z =
2
0.1L, where L = 2@ is the far-field distance.
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Figure 10.14: Probe compensation of a*"" = 25° and o? = 25°, on plane z =

0.5L, where L = 2@ is the far-field distance.
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Figure 10.15: Probe compensation of a*"" = 25° and of = 25°, on plane z = 1L,

where L = 2@ is the far-field distance.
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Chapter 11

FUTURE PLAN

Based on the theory, algorithms and methods that have been developed in the
previous Chapters, we will design and cold-test the multi-mode beam-shaping
PEC mirror system. The modes we will design are TEgs¢ (110 GHz). 4 pieces
of PEC mirrors will be used. The first two input mirrors M; and My (“quasi-
cylindrical”) are parabolic-like and the output beam from the QO dimpled-wall
launcher is obtained from the Surf3d software. The two output mirrors M5 and
M, (“quasi-planar”) are designed using the measured input beam (output beam
from Ms). After the beam-shaping PEC mirror system design, it is tested in the
cold-test setup with 3 milli-Watts power.
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Appendix A

Derivation of (5.1.3.25) in the
Cylindrical Coordinate

FT,, [ G®R L Y R T Al
o[ G®) ] = /y:oozwme e dady (A1)

r=—00
1 . o / o "o0 e_jk|R| . VAN o
—  _pdka ikyy / / elka(z=2") oiky(y y)dxdy

Changing variables #” = x — 2/, v/ = y—v' and 2” = z— 2/, and replacing the
dummy primed variables (", 4", 2") with the unprimed variables (x,y, z), (A.1)
becomes,

FT,,| GR = A ke gk [ e e Ik dd
W[ OR) ] = e [T [T e ey
(A.2)

In the cylindrical coordinate,

Rl = \/(z — 22+ (y — )2 + (2 — 2)2 = \/(r1)? + 22 (A.3)

where r;, = 22 + y? and the following relation can be obtained from (A.3),

R
dry = ud!R\ (A.4)
ry
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Now, express (A.2) in the cylindrical coordinate with the help of (A.4),

1 .. ., .. , [ ) 1 27 )
FT G(R — = pikex Jkyy/ dIR|e kIR [ d —Jk’ﬂlcos(iﬁ—@}
w| GR) | = pelet | AR oo [ doe

1 : ! : / 0 .

= Zejkzw eIkvy / _ d|R|€]kRJ0( k. /|R]2—22 >
™ IR|=|z|

= 44_2 eikat gikyy’ o —ikzlz—2| (A.5)
7 z

where J; is the Bessel function of the first kind of order 0. Note that ¢ =

arctan [Z—ﬂ and ¢ = arctan {%} have been used to derive (A.5).
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Appendix B

2D Fourier Spectra for
Stratton-Chu and Franz
Formulas

The 2D Fourier spectrum of the Stratton-Chu formula is,

FTon | E()lpuncn ]:g><kx,ky,0>{ “’;‘L[ J.(r) | (B.1)

L) ) | B e ] R 0y |

€

+y] [ kzL[ anms,x } - ka{ na:Jms,z }‘|

—}—ij [ ka{ nmes,y } - kyL{ nmes’CE H }

The 2D Fourier spectrum of the Franz formula is,

FT. | EQ)l,.., | :Q>(l<;x,k;y,0){ _‘7[ PL[ 3,0) | (B.2)

WEe

kY (k;L[ Jou(r') | ) 1+jk><L[ Ins(r') | }

V=T,Y,2
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