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Abstract

This study introduces a computational framework for efficient and accurate seismic fragility analysis based
on a combination of artificial ground motion modeling, polynomial-chaos-based global sensitivity analysis,
and hierarchical kriging surrogate modeling. The framework follows the philosophy of the Performance-Based
Earthquake Engineering PEER approach, where the fragility analysis is decoupled from hazard analysis. This
study addresses three criticalities that are present in the current practice. Namely, reduced size of hazard-
consistent size-specific ensembles of seismic records, validation of structural simulators against large-scale
experiments, high computational cost for accurate fragility estimates. The effectiveness of the proposed
framework is demonstrated for the Rio Torto Bridge, recently tested using hybrid simulation within the
RETRO project.

Keywords: Fragility analysis ; surrogate modeling ; hierarchical kriging ; polynomial chaos expansion ;
global sensitivity analysis ; artificial ground motion.

1 Introduction

The PEER Performance-Based Earthquake Engineering (PBEE) framework is widely used to perform seismic
risk analysis. The framework is a simple statement of the total probability theorem, which combines the output
of Probabilistic Seismic Hazard Analysis (PSHA) with fragility, damage, and loss analysis. A critical part of
the framework is the coupling between hazard and structural modeling, namely, fragility analysis. It comes as
no surprise that it developed into a stand-alone research field. Given a structural system of interest, the most
recent advancement in fragility analysis requires the selection of a set of suitable ground motions to be used as
input for non-linear structural analysis. Then, the statistics of a Quantity of Interest (QoI), which in general is
denoted as Engineering Demand Parameter (EDP), are derived as a function of a given Intensity Measure (IM),
or a vector of IMs. Specifically, these conditional EDP-IM relations are named fragility functions. Following
this line, in recent years, a lot of research has been devoted to creating computational fragility frameworks,
including the selection and the use of real seismic records and non-linear time history analysis. An incomplete
list of studies in this topic includes [1, 2, 3, 4]. However, within this perimeter, a number of open issues have
been raised by the opinion paper of Bradley [5] and further elaborated in the state-of-the-art review of Silva
and co-authors [6]. Departing from these studies, this paper aims to address three criticalities:

1. In recent years, there have been significant advancements in ground motion selection procedures, which
have partially solved the problem of defining a suitable set of seismic records for structural analysis.
However, although these selections are sufficient to describe important characteristics of the hazard for
a given structure of interest, the number of available records is usually insufficient to compute accurate
estimates of the QoIs statistics.
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2. The validation of structural simulators and the quantification of the associated model uncertainty against
representative experiments—despite being critical—is often overlooked. This is due to practical reasons.
Structural testing is usually not affordable beyond the component level due to the limited capacity of
experimental facilities. Also, the budget allocated for structural testing is typically sufficient for running
a small number of destructive experimental tests, which cannot cover the entire range of IMs for the
fragility analysis.

3. The computation of fragility analysis requires a large number of time history analyses. It follows that
computational cost of structural simulators limit de facto the total number of simulations. This is a
classical problem in simulation-based Uncertainty Quantification (UQ), which is tackled by replacing
the computationally expensive simulator with an equivalent (with respect to, w.r.t., the QoI) response
surface a.k.a. surrogate model. However, defining surrogate models for non-linear dynamic analysis is
challenging and still not completely addressed by the current state of the art of fragility computation. As
a consequence, the accuracy of the fragility is limited by available computational resources.

This study introduces a computational framework for efficient and accurate seismic fragility analysis based on a
combination of artificial ground motion modeling and surrogate modeling. Moreover, the goal is to integrate the
know-how developed in ground motion selection and to follow the original spirit of the PEER-PBEE framework
to decouple the task of hazard and fragility analysis. Specifically, given a suitable set of real seismic time
series, we define an artificial ground motion model equipped with engineering-meaningful parameters. The
selected real seismic time series are thought of as realizations of the ground motion model, using the same
philosophy introduced by [7, 8]. Unlike their work, this framework uses the real seismic time series to calibrate
the parameters of the artificial ground motion model and the associated uncertainties. The definition of such
a hazard model poses the basis for using a surrogate-based UQ forward analysis.

The building blocks of the computational framework are: the artificial ground motion model, an expensive-
to-evaluate High-Fidelity (HF) structural simulator of the reference structure validated against experiments
(e.g., Hybrid Simulation (HS) in the proposed application [9]), and a corresponding cheaper Low-Fidelity
(LF) structural simulator (e.g., obtained via dynamic substructuring of the HF simulator in this study [10]).
The seismic vulnerability analysis follows these sequential steps: i) generation a family of artificial motions
(compatible with the real selected ones); ii) computation of the Polynomial Chaos Expansion (PCE) of the
LF simulator QoI prediction; iii) dimensionality reduction of the artificial ground motion parameters based on
Global Sensitivity Analysis (GSA); iv) computation of a Hierarchical Kriging (HK) surrogate that fuses LF and
HF predictions of the QoI; v) the fragility analysis is derived as a natural byproduct of the framework.

Fragility analysis and, more broadly, seismic risk assessment based on stochastic simulations is not new, and
an incomplete list of studies includes [11, 12, 13, 14]. Moreover, to the best of our knowledge, the first study
using also kriging surrogate modeling is [15] and more recently [16]. Different form the previous contributions,
this paper draws a direct link between ground motion selection and the calibration of the stochastic hazard
model; moreover, it introduces HK to combine predictions of simulators with different degrees of fidelity. In
essence, the artificial ground motion model is used to build a large ensemble of time series, which would not be
possible to compose using records of real seismic events. Therefore, this study aims to bridge classical seismic
fragility analysis with the most recent UQ advancements, and not to solve the full seismic risk analysis (as
done in [15] by fully employing the philosophy of [8]). In this context, this paper introduces a combination of
PCE-based GSA and HK so that the computational burden associated with the fragility analysis is drastically
reduced.

The framework is applied to a real-world application consisting of a Reinforced Concrete (RC) bridge case
study, which was recently tested within the RETRO project [17, 18]. LF and HF simulators are introduced,
highlighting the crucial role of HS in enabling experimental validation of the bridge model [19]. Since the
selected case study structure is insensitive to broadband ground motions, the artificial ground motion model
incorporates a pulse-like component [20], and it is calibrated against a set hazard-consistent site-specific real
records. The framework is applied to compute the fragility analysis related to the lateral drift of one of the
twelve piers of the Rio Torto Bridge.

This paper is organized as follows. Section 2 describes the proposed seismic fragility analysis framework.
Section 3 introduces the Rio Torto Bridge case study. Section 4 describes both HF and LF structural simulators
of the bridge. Section 5 describes the calibration of the artificial ground motion model using hazard-compatible
site-specific seismic records. Section 6 summarizes the results of the seismic fragility analysis of the bridge.
Section 7 includes limitations, future perspectives, and conclusions. For the sake of completeness, the entire
machinery of surrogate modeling and, in particular, PCE-based GSA [21, 22] and HK [23] are reported as
appendices providing a self-consistent notation.
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2 Seismic fragility analysis framework

2.1 Theoretical background

Let A(t) denote the stochastic process representing the input excitation of the system. The goal is to represent
the process in terms of an aleatory component (i.e., the inherent variability of the process) and an epistemic
component (i.e., the parametric variability of the process). Accordingly, it is convenient to express A(t) as
follows.

A(t) =Ma(t,Z|Xa), (1)

whereMa is a parametric stochastic model (or synthesis formula), Z is a set of random variables representing
the aleatory variability, and Xa a is a set of model parameters. In this setting, the model parameters are
considered as random variables. However, this uncertainty is epistemic (i.e., can be reduced). Let Y denote the
response QoI of a real system (e.g., the maximum displacement or internal force of a structural component),
andMc(A(t)|Xc) a suitable (w.r.t. the QoI) structural simulator, where Xc is a set of model parameters. It
follows that Y , can be written as

Y =Mc (Ma(t,Z|Xa)|Xc) , (2)
=Ms (Z|X) , (3)

whereMs :=Mc ◦Ma and X = [Xa;Xc]. Observe that whileMc is a deterministic structural simulator,Ms

is a stochastic simulator. In fact, given a realization of the model parameters, x, Y is still a random variable
with aleatory uncertainty determined by the propagation of Z|x. Using Eq.3, the Cumulative Distribution
Function (CDF) of Y , denoted by FY (y), can be written as

FY (y) = P(Ms(Z|X) ≤ y) =

∫
x

∫
z
I (Ms(z|x) ≤ y) dFZ(z)dFX(x), (4)

where I(·) denotes the indicator function, P(·) denotes probability, FZ(z), FX(x) denote the joint CDFs, and
dFZ(z) = fZ(z)dz, dFX(x) = fX(x)dx, with fX(x) and fZ(z) being the joint probability densities. Observe
thatZ is statistically independent ofX; moreover, fX(x) = fXc(xc)fXa(xa) under the (reasonable) assumption
that the parameters of the seismic input and the structural simulator are statistically independent. Next, the
conditional CDF of Y given a realization x is simply

FY |X(y|x) = P(Ms(Z|X = x) ≤ y) =

∫
z
I (Ms(z|x) ≤ y) dFZ(z). (5)

Given the distribution function FY |X , the p-quantile function returns the value yp such that FY |X(yp|x) = p.
Assuming FY |X is continuous and strictly monotonically increasing, yp = F−1Y |X(p|x). However, since X is a
random variable, yp is also a random variable and can be written as

Yp = F−1Y |X(p|X) =Mp(X). (6)

where, for convenience, we define Mp(·) := F−1Y |X(p|·), and p ∈ [0, 1]. Therefore, Yp can also be viewed as
stochastic process indexed by p. Moreover,Mp is a deterministic model, since the aleatory variability has been
marginalized in Eq.6.

Given this general framework, a few observations need to be done for this specific study. First of all, A(t) is
artificial ground motion model, andXa is a physically meaningful set of ground motions parameters. Specifically,
the model is a Gaussian filtered white noise, therefore, Z is a set of standard normal random variables (more
details in Section 5). Second, Mc is a structural simulator, and Xc is the set of model parameters. Finally,
observe that despite its simplicity, Eq.6 involves a complex and highly non-trivial computational endeavor. In
the following, this task is tackled using a non-intrusive UQ approach that assumes thatMc (and thereforeMs)
is a black-box solver.

2.2 Computational solution

In the context of earthquake engineering, the goal of this study is to determine the distribution of Yp for different
values of p. In general, the analytical solution of Eq.6 is not available; moreover, a classical Monte-Carlo-based
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solution is computationally prohibitive. In fact,Mc is an "expensive" model and, therefore, alsoMp. A natural
alternative to drastically reduce the computational cost is to replace the original model with a surrogate model.
Let M̂p denotes a surrogate model ofMp, then

Ŷp = M̂p(X), (7)

where Ŷp ≈ Yp. The statistics of Ŷp are then directly used for decision making. The surrogate model should
be compatible with the artificial ground motion model, an HF validated structural simulator and the chosen
QoI. Specifically, the proposed scheme builds on a combination of PCE-based GSA and HK, and it is here
summarized in the following steps.

1. Model definition and validation. Define the QoI, a stochastic model of the inputMa (Section 5), and
a set of structural simulators Mc (Section 4). In this study, c ∈ {LF ,HF} where c = HF corresponds
to the expensive-to-evaluate HF simulator whereas c = LF to a computationally cheaper LF simulator
(Section 2.2 provides further detail on this choices). The definition of the models reflects the following
criteria:

(a) The artificial ground motion model is defined w.r.t. a local seismic catalog based on an existing
suitable ground motion selection (e.g., [24, 25, 26]). In fact, this framework is designed to work
complementary to any ground motion selection criteria, rather than to express a preference for
specific selection criterion or to propose a new one.

(b) The HF simulator successfully passed a comprehensive validation protocol. Validation entails a com-
parison of model predictions with physical experiments that adequately reproduce the real structural
behavior [27]. This study uses HF simulators validated using HS. This minimizes the cost of con-
ducting realistic structural testing campaigns compared to shake table testing [9]. To be robust to
generalization error, the HF simulator incorporates an accurate description of the physics of the real
structure, which includes geometric and material properties. Therefore, it is ranked first in terms
of computational cost for a single evaluation amongst all structural simulators Mc. As a result,
the HF simulator is expected to succeed in representing the structural response with predetermined
accuracy within a given validation domain.

(c) The LF simulator is a computationally cheaper proxy of its HF counterpart. In principle, there are
no constraints on the types of allowed model simplifications. For example, one could decide using
different modeling paradigms for HF and LF simulators or 2D versus 3D geometrical representations.
However, the mathematical assumption underlying HK surrogate modeling is that the bias of the
LF simulator has a lower frequency content compared to the response of the HF simulator. Hence,
this study proposes to derive the LF simulator as a reduced-order representation of the HF simulator
using dynamic substructuring [10]. In particular, it is shown how to obtain a non-linear reduced-order
model as an assembly of reduced-order linear components [28] connected by non-linear springs.

2. Global-sensitivity-based dimensionality reduction. Create a large Experimental Design (ED)
{YLF,p,X}, where YLF,p = {y(1)LF,p, . . . , y

(NLF )
LF,p }, X = {x(1), . . . ,x(NLF )}, x(n) is a generic sample of

the input parameters, and y(n)LF,p is the corresponding LF estimate of the p-quantile of the QoI. Train a
non intrusive PCE surrogate model [21], M̂PCE

LF,p (x), based on {YLF,p,X}. Perform a PCE-based GSA
[22] w.r.t. the QoI. Select and retain the input random variables that contribute most to the variability
(variance) of the QoI and fix the remaining ones to their expected value. In practice, defineX = [Xα,xβ],
whereXα are the "important random variables," and xβ = E[Xβ] the rest of input parameters. A natural
output of GSA are univariate effects of input parameters, which are the expectation of a QoI conditioned
to the value of a single input variable (therefore, they provide information about the shape of the surro-
gate models). In this context they are used at step 4 for defining monotonic fragility models. A detailed
summary on PCE-based GSA is reported in Appendix A.

3. Hierarchical Kriging surrogate modeling. Train a second smaller ED {YHF,p,Xα}, where YHF,p =

{y(1)HF,p, . . . , y
(NHF )
HF,p }, Xα = {x(1)

α , . . . ,x
(NHF )
α }, x(n)

α is a generic sample of the selected model parameters,

and y(n)HF,p is the corresponding HF estimate of the p-quantile of the QoI. Train a HK surrogate M̂K
HF,p (xα)

based on {YHF,p,Xα} using the PCE surrogate model of the LF structural simulator as trend function
[29, 23]. A short summary of HK surrogate modeling is reported in Appendix B.
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4. Probabilistic characterization of the QoI. Compute the statistics of the QoI of interest (including
fragility analysis) via Monte-Carlo-based UQ analysis using the HK surrogate model. Specifically, given
an ordered sequence of quantiles P = [p1, ..., pn], steps 2-3 can be implemented sequentially to obtain n
maps (i.e., surrogate models) between YP and X. Therefore, this n ordered sequence of surrogate models
provides the complete discretized CDF of the QoI w.r.t. the input X = x, i.e. F (yP |x). Observe that
such description is sufficient for a fast inversion of Eq.6. Finally, fragility models of the QoI w.r.t. the
important random variables (Xα) are computed by MCS. Observe, that not all themarginal fragility w.r.t.
the single important variables are necessarily monotonous. Therefore, following the current practice, only
the monotonic increasing fragility are suitable for the PEER-PBEE framework. The univariate effects of
QoI quantiles computed at step 2 guides this final selection.

Despite the use of stochastic simulators (Eq.3), the outlined framework has the critical advantage of providing
by construction (Eq.6) a—deterministic—map between the input parameters and a given quantile of the dis-
tribution of the QoI. The nature of the uncertainty associated with this distribution is aleatory. Specifically, it
is the aleatory component, Z, of the stochastic model,Ms(Z|x). In fact, in the special case of a deterministic
simulator any quantile will collapse into the deterministic solution of Mc(x). A cornerstone of the proposed
framework is model calibration and validation with experimental data. In fact, the LF simulatorMLF can be
characterized by an oversimplification of the real problem, phenomenological (and not validated) assumptions,
and non-physical parameters. As a result, a rigorous global model validation becomes prohibitive, leading to
not negligible model biases. On the other hand, the advantage of LF structural simulators lies in their reduced
computational cost, enabling global studies. Few considerations need to be made in the context of earthquake
engineering. In this case, an EDP of interest is the QoI; moreover, a vector of IMs is composed by either some
of the "important" input parameters (i.e., IM ∈Xα) or by a set of instrumental IMs (IM = [PGA,PGV, ...]).
In the latter case, a statistical conversion [30] between the ground motion parameters and the instrumental IMs
can be easily derived provided a large set of simulations. The proposed framework allows the computation of
any statistic of interest for the selected EDP , including classical fragility functions and surfaces. In the fragility
analysis context, a key passage of this framework is the GSA (step 2), which provides a rigorous selection of the
important input parameters (i.e., IM) w.r.t. to the EDP variability. Observe, that this condition is explic-
itly dependent on the quantile of (major) interest. Therefore, it potentially eliminates the loss of correlation
between IM and EDP in the tail of fragility functions [31] (if this probability region is of interest).

3 The Rio Torto Bridge case study

The Rio Torto Bridge is a RC structure built in the ’70s and located on the motorway between Florence and
Bologna, Italy. The bridge comprises two independent roadways, each of 400 m length and characterized by
a 13-span deck sustained by twelve piers. Three out of thirteen spans accommodate Gerber saddles, which
protect the deck from restrained deformation due to pier settlement. Pier heights vary between a minimum of
13.80 m (Pier # 12) to a maximum of 41.00 m (Pier # 7). Figure 1a provides an overview of Rio Torto Bridge.
The Rio Torto Bridge was selected as a case study to investigate the seismic performance of old RC bridges and
possible seismic retrofitting schemes within the framework of the RETRO project [17]. The seismic response of
the bridge was evaluated via HS. In detail, mock-up models of Pier #9 and #11 of 1:2.5 scale were built and
tested via HS at ELSA Laboratory of the Joint Research Centre of Ispra, Italy. Figure 1b reports a schematic of
the hybrid model of the Rio Torto Bridge. Non-linear springs represent the in-plane stiffness of numerical and
physical piers activated by the lateral displacement of the deck. A schematic view of tested piers is also reported
in Figure 1b. Figure 2a reports a schematic of the experimental setup conceived for Pier #11. In this specific
case, actuators labeled 1A and 3B control the lateral in-plane displacement of the pier whereas, hydraulic jacks
labeled 1B and 2B impose vertical forces owing to the deck weight. Figure 2b provides a picture of the entire
installation at the JRC of Ispra. The East-West and the North-South components of the Emilia earthquake of
May 29, 2012, recorded from Mirandola station and downloaded from the ITACA database [32] were considered
as serviceability and ultimate limit state accelerograms (SLS and ULS, respectively). The response spectra of
both SLS and ULS accelerograms are shown in Section 5 where the stochastic modeling of the seismic input
for the fragility analysis is described. In this study, the uncertainty on the structural simulator parameters is
considered negligible w.r.t. the ground motion parameters, therefore, we set Xc = x̄c

∗, and X ≡ Xa. For a
comprehensive description of the HS campaign, the reader is addressed to [18].

∗This corresponds to assign a delta Probability Density Function, i.e., δ(xc − x̄c)
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(a)

(b)

Figure 1: The Rio Torto Bridge case study: a) side view retrieved from [18]; b) hybrid model.

(a) (b)

Figure 2: HS setup at JRC ispra: a) frontal and top view of Pier #11 retrieved from [19]; b) picture of the
setup from top retrieved from [18].
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(a) (b)

Figure 3: HF simulator of the Rio Torto Bridge: a) deck-to-pier connection b) pier discretization and fibre-based
cross-sections.

4 Computational modeling of the bridge

Two structural simulators of a single lane of the Rio Torto Bridge were implemented, namely, a HF finite-
element and a LF state-space structural simulator. The former was initially implemented in OpenSees [33] to
support the design of the experimental campaign. The latter was obtained, instead, via dynamic substructuring
of the HF simulator to assemble reduced-order numerical substructures for HS [18]. Accordingly, LF and HF
structural simulators show almost the same response in the linear regime.

4.1 High-fidelity finite-element model

The HF simulator was implemented in OpenSees [33]. Linear Bernoulli beam elements were used for the deck,
whose response was assumed not to exceed the linear regime. Cylindrical hinges model Gerber saddles allowing
for lateral and vertical rotations between deck elements while blocking relative torsional rotations. Displacement
Degrees-of-Freedom (DoFs) of both abutments were constrained, but not rotations. A rigid link accounted for
the offset distance between the cap beam axis, and the center of gravity of the deck cross-section. Each pier
was clamped at the base. Figure 3 provides schematic views of both deck cross-section and finite-element
discretization of piers.

All piers were modeled using non-linear fiber-based elements that allow for discretizing the longitudinal
steel reinforcement of the member cross-section. The zero-tensile-strength Concrete01 OpenSees material was
adopted for concrete assuming a compressive strength fpc = −11.47 MPa and pc = −17.16 MPa for piers
characterized by solid and hollow cross-section columns, respectively. These values were calibrated based on
the quasi-static response of Pier #9 and #11 obtained via HS. In both cases, the ultimate concrete compressive
strength was computed as fpc,u = 0.88fpc MPa and the Poisson ratio was set to ν = 0.2. Corresponding strain
values were set to εpc = −0.002 and εpc,u = −0.006, respectively. The Steel02 OpenSees material was adopted
for steel rebars assuming a tensile strength fy = 360 MPa, along with a Young modulus E = 205×103 MPa and
hardening modulus Ep = 0.025E. The Pinching4 OpenSees material was used to model the hysteretic shear
response of transverse beam elements. Parameter values were calibrated for a series of cyclic tests conducted
on a 1/4 scale mock-up model of Pier #12 documented in [34]. The OpenSees section-aggregator object was
used to couple bending and shear models within the same force-based beam element. Finally, a proportional
Rayleigh damping model was adopted with mass multiplier αd = 0.27300 and stiffness multiplier βd = 0.00787.
Figure 4 compares the hysteretic loop of the lateral restoring force of Pier #11 obtained via HS (SLS and ULS
accelerograms, as built configuration) to corresponding HF simulator predictions. As can be appreciated, the
HF simulator effectively reproduces the lateral restoring force response of Pier #11. A single evaluation of the
time history response of the HF simulator subjected to a 15 sec accelerogram sampled at 1 msec takes about
10 min if performed with a standard laptop equipped with an Intel 1.80 GHz i7-8565U CPU and 16 GB RAM
or similar.

4.2 Low-fidelity state-space model

A linearized version of the HF simulator supported the computation of reduced-order mass and stiffness ma-
trices of deck and piers of the LF simulator via component-mode synthesis [28], which is a specific dynamic
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(a) (b)

Figure 4: Measured and simulated hysteresis loops of the lateral restoring force of Pier #11: a) SLS; b) ULS.

substructuring method [10]. In detail, the reduced-order model of the deck was obtained via static condensation
retaining only lateral displacement DoFs of piers and Gerber saddles,{

u̇ = v

v̇ = m−1 (l · r − c · v − k · u− t · ag(t)) ,
(8)

where u and v are the 18 retained displacement and velocity DoFs, respectively; k, c andm are reduced-order
stiffness, damping and mass matrices, respectively, whereas t is the seismic mass vector. The latter multiplies
the seismic accelerogram ag(t) to obtain the seismic loading. The 18 × 12 Boolean matrix l collocates the 12
pier restoring forces stored in r = {r1, . . . , r12} to the related state-space equation. A non-linear single-DoF
system based on a Bouc-Wen restoring force was calibrated to mimic the response of the corresponding pier in
the HS structural simulator, 

u̇i = vi

v̇i = m−1i [gi(t)− civi − ri − tiag(t)]
ṙi = [Ai + (βi sign (rivi)− γi) |ri|n] vi,

(9)

where ui, vi, and ri are the three state variables, namely, displacement, velocity, and hysteretic restoring force,
whereas gi(t) represent the deck reaction force of the i-th pier. Mass mi and seismic mass ti were obtained via
static condensation as well. For each pier, the top lateral displacement DoF was retained as master DoF, whereas
the others were condensed. Consistently with the HF simulator, viscous damping ci was computed assuming a
proportional Rayleigh damping with mass multiplier αd = 0.27300 and stiffness multiplier βd = 0.00787. The
parameters A, β, γ and n refer to the Bouc-Wen model [35], which describes the evolution of the hysteretic
restoring force ri. As analogously done for damping, mass, and seismic mass, the parameter A, which represents
the initial stiffness of the non-linear spring, was obtained via static condensation of the HF pier model. On the
other hand, n was assumed constant and equal to one, whereas β and γ were calibrated to match the static
response of the corresponding OpenSees pier model subjected to ten sinusoidal displacement cycles producing
0.5 % drift. Regarding Pier #11, Figure 5 compares restoring force, dissipated energy history and hysteresis
loop of the calibrated Bouc-Wen spring to the corresponding OpenSees simulation. As can be appreciated
from the figure, the Bouc-Wen spring fairly reproduces both restoring force peak and dissipated energy of the
corresponding OpenSees model. Figure 6 compares the dynamic response of Pier #11 obtained from time
history analyses of LF and HF structural simulators considering the ULS accelerogram of the HS campaign
described in Section 3. A single evaluation of the time history response of the LF simulator subjected to a
15 sec accelerogram sampled at 1 msec performed with a standard laptop equipped with an Intel 1.80 GHz
i7-8565U CPU and 16 GB RAM takes about 20 sec.

5 Stochastic modeling of the seismic input

The lateral motion of the Rio Torto Bridge is characterized by a relatively long period of vibration. Conse-
quently, its reliability is not strongly affected by classic broadband motions. On the contrary, it is vulnerable
to pulse like motions with frequencies close to the structural ones. Generally, the presence of a strong pulse
component is more likely in near field motions. As a consequence, this study employs the stochastic model
proposed by Dabaghi and Der Kiureghian [20], which is designed for such type of excitations.
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(a) (b) (c)

Figure 5: LF and HF predictions of the cyclic response of Pier #11: a) restoring force, b) dissipated energy, c)
hysteresis loop.

(a) (b) (c)

Figure 6: LF and HF simulations of the seismic response of Pier #11: a) displacement, b) dissipated energy,
c) hysteresis loop.

The model is composed by a residual broad-band process (as done in [7]), and a modified version of the
Mavroeidis, pulse model with random parameters [36],

Vpul (t) =Mpul(t,Xpul) =

{
1

2
Vp cos

[
2π

(
t− Tmax,p

Tp

)
+ ν

]
− Dr

γTp

}{
1+cos

[
2π

γ

(
t− Tmax,p

Tp

)]}
, ti,p < t ≤ tf,p.

(10)
where Xpul = [Vp, Tp, Tmax,p, γ, ν]. Specifically, Vp and Tp are pulse amplitude and period, respectively, γ
represents the number of oscillations within the pulse, ν is the phase angle shift w.r.t.the time modulation
function, and Tmax,p is a location parameter for the peak of the excitation. Dr has been introduced in [20] to
guarantee zero residual displacement at the end of the excitation, and it is defined as

Dr = VpTp
sin (ν + γπ)− sin (ν − γπ)

4π (1− γ2)
. (11)

Finally, ti,p = Tmax,p − 0.5γTp, and tf,p = Tmax,p + 0.5γTp represent the start and the end of the pulse motion.
While the pulse is modeled in the velocity domain, the residual is modelled in the acceleration domain, i.e.,
ares (t) = a (t) − v̇pul (t)∗. Since the residual of the acceleration is a broadband motion, the model follows the
same principles of [7], i.e.,

Ares (t) =Mres(t,Z|Xres) = q (t|Xq)
h(t|Xh) ∗W (t,Z)

σh (t,Z|Xh)
, (12)

where ∗ denotes time convolution; Xres = [Xq,Xh]; q (t|Xq) is a parametric time modulating function with
random parameters Xq; h(t|Xh) is the impulse-response function of a linear filter with time varying random
parameters, where Xh represents a set of time invariant parameters; W (t,Z) =

∑Nt
n δ(t − tn)Zn is a band-

limited white noise process, where Z = [Z1, ...ZNt ] is a standard normal Gaussian vector; and σh (t,Z|Xh) is
the variance of the convoluted process (i.e., the numerator of Eq.12). The modulating function proposed in [20]
for near-field motions is

q (t|Xq) =

{
C
(

t
Tmax,q

)α
, 0 < t ≤ tmax,q

C exp [−β (t− Tmax,q)] , tmax,q < t,
(13)

∗lower case letter are used to indicate the single excitation; moreover, notice the time derivative on the pulse component.
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Table 1: Selected events associated with the Emilia earthquake of May 29, 2012 (Italy).

Event ID Time [h:m:s] MW D [km] Station code Latitude [deg] Longitude [deg]
IT-2012-0011 07:00:02 6 4.1 MRN 44.878231 11.061743
IT-2012-0011 07:00:02 6 4.1 MIRE 44.878212 11.061747
IT-2012-0011 07:00:02 6 9.3 T0814 44.793300 10.969200
IT-2012-0011 07:00:02 6 4.5 MIRH 44.882400 11.063100
IT-2012-0011 07:00:02 6 5.1 MIR02 44.886948 11.073198
IT-2012-0011 07:00:02 6 0.5 MIR01 44.844042 11.071316
IT-2012-0011 07:00:02 6 11.2 MIR03 44.938400 11.104500
IT-2012-0011 07:00:02 6 13 MIR04 44.927433 11.178312
IT-2012-0010 10:55:56 5.5 6.8 T0819 44.887300 10.898700
IT-2012-0011 07:00:02 6 11.3 T0813 44.877800 11.199200
IT-2012-0011 07:00:02 6 14.4 T0800 44.848600 11.247900
IT-2012-0011 07:00:02 6 6.1 SAN0 44.838000 11.143000
IT-2012-0011 07:00:02 6 8.6 MIR08 44.916900 11.089500
IT-2012-0011 07:00:02 6 9.9 T0802 44.875000 11.181600
IT-2012-0011 07:00:02 6 10.7 T0818 44.934800 11.030400
IT-2012-0011 07:00:02 6 14.3 T0811 44.783800 11.226500

where Xq = [α, β, C, Tmaxq ] are the parameters of the function. Specifically, α and β are shape parameters
controlling the ramping and decreasing phase of the residual, C is a scale factor, and Tmax,q is a location
parameter defining the peak of the residual excitation. Moreover, it can be shown that a one-to-one mapping
exists between these parameters and D5−95,Ia,res = T95,Ia,res − T5,Ia,res , T30,Ia,res , and Ia,res—where Tp,Ia,res is
the time corresponding to the p % of the cumulative Arias intensity of the residual, Ia,res. It follows that Xq

can be written as Xq = [Ia,res, T30,Ia,res , D5−95,Ia,res ]. The filter is defined by

h(t|Xh) =
ωf (t)√
1− ζ2f

exp [−ωf (t) ζf · t] sin
[
ωf (t)

√
1− ζ2f · t

]
. (14)

In Eq.14, the main frequency, ωf (t), is evolving with time linearly. Specifically, ωf (t) = ωmid + ω̇ (t− T30;Ia),
where ωmid is the frequency at time T30;Iares (i.e., at 30 % of the cumulative Arias intensity of the residual) and
ω̇ is the rate of change of the frequency with time. The damping of the filter, ζf , is considered time invariant. It
follows that Xh = [ωmid, ω̇, ζ]. For further details the reader should refer to [20]. Finally, the artificial ground
motion model can be written as

A(t) =Ma(t,Z|Xa) =Mres(t,Z|Xres) + Ṁpul(t,Xpul) = Ares(t) + V̇pul(t), (15)

where Xa = [Xres,Xpul].
In order to find parameter ranges consistent with the seismic hazard characteristic of the site, the artificial

ground motion model was calibrated against real seismic records following the procedure explained in [20]. In
detail, the seismic records of real events were selected based on the disaggregation analysis of the PGA with
probability of exceedance of 2 % in 50 years [37]. Then, it was found that only pulse-like ground motions
were likely to cause damage to the structure. Consequently, only pulse-like motions were retained and used for
the calibration of the artificial ground motion model. It follows that the analysis and the result of this case
study focus on pulse-like excitations. Table 1 reports the list of the 16 selected events, whose corresponding
accelerograms were downloaded from the ITACA database [32]. All events belong to the Emilia earthquake
occurred on May 29, 2012 (Italy). Each of the 16 events listed in Table 1 comprise N-S and E-W acceleration
records, which were decomposed into principal components as explained in [38]. Velocity pulses where found
on 12 over 16 × 2 components only, which were retained for the calibration. Figure 7 reports displacement,
velocity and acceleration response spectra of the 12 retained components as well as the response spectra of the
SLS and ULS accelerograms used for the RETRO experimental campaign. The response spectra of the selected
records, which correspond to the gray lines, fall within the range established by the response spectra of SLS
and ULS accelerograms adopted during experiments and, therefore, utilized to calibrate the HF simulator of
the Rio Torto Bridge. The artificial ground motion model with pulse-like motion was calibrated for each of the
12 retained records following the procedure described in [20]. The parameter estimates are reported in Table 2.
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(a) (b) (c)

Figure 7: Selected records with pulse-like components: a) acceleration; b) velocity; c) displacement response
spectra. Grey lines refer to single retained records with pulse-like component whereas black dashed lines indicate
the corresponding 95 % confidence interval. Blue and red lines indicate SLS and ULS records used for the HS
campaign, respectively. The periods of the first five eigenmodes of the Rio Torto Bridge estimated with the HF
simulator are also reported.

Table 2: Parameters of Dabaghi’s model identified on the pulse-like motions. min and max bounds, average
values µ, standard deviations σ and coefficients of variations CoV are computed over the 12 selected records.

Record Vp Tp ν γ tmax,p Ia,res T30,Ia,res D5−95,Ia,res ωmid ω̇ ζ

1 0.282 2.094 1.272 2.906 2.739 1.029 2.040 7.095 29.327 0.823 0.338
2 0.282 2.197 3.262 2.348 2.133 0.777 2.260 7.490 33.884 0.950 0.444
3 0.292 2.072 1.302 2.893 2.546 0.932 1.975 7.020 25.006 0.493 0.304
4 0.276 2.139 3.327 2.434 1.947 0.619 2.105 7.115 23.464 1.264 0.405
5 0.303 2.334 1.409 2.831 2.615 0.515 2.070 7.040 20.953 0.472 0.423
6 0.249 2.394 2.985 2.491 1.834 0.297 2.055 7.465 19.566 1.368 0.579
7 0.363 2.602 3.507 2.449 2.580 0.897 2.270 7.265 39.586 0.135 0.585
8 0.196 2.425 1.687 2.917 3.251 0.716 2.385 7.890 43.533 -0.344 0.462
9 0.392 2.282 4.530 2.350 2.862 0.881 2.305 7.185 32.215 0.212 0.306
10 0.292 1.949 2.616 2.339 1.472 0.408 1.530 4.195 23.015 1.948 0.408
11 0.218 1.762 3.069 2.418 1.748 0.335 1.390 3.115 33.868 0.949 0.378
12 0.205 2.688 1.924 2.212 3.352 0.298 2.025 6.720 30.052 -0.875 0.349

min 0.196 1.762 1.272 2.212 1.472 0.297 1.390 3.115 19.566 -0.875 0.304
max 0.392 2.688 4.530 2.917 3.352 1.029 2.385 7.890 43.533 1.948 0.585
µ 0.279 2.245 2.574 2.549 2.423 0.642 2.034 6.633 29.539 0.616 0.415
σ 0.056 0.254 1.001 0.249 0.573 0.255 0.286 1.378 7.159 0.742 0.089

CoV 0.201 0.113 0.389 0.098 0.236 0.398 0.141 0.208 0.242 1.203 0.214

Figure 8 compares 50 realizations of artificial records to the reference real record (with parameters listed in the
second entry of Table 2).

6 Seismic fragility analysis of the bridge

Consistently with the notation introduced in the previous sections, input variables and QoIs of for the fragility
analysis read,

YLF,p = {up,1, . . . , up,12} , X ≡Xa = {Vp, Tp, γ, ν, Tmax,p, Ia,res, T30,Ia,res , D5−95,Ia,res , ωmid, ζ} (16)

where up,i represents the p-quantile of the peak of the lateral drift of pier i-th. A GSA of pier lateral drift
was performed to retain only the relevant parameters of the artificial ground motion model. In the proposed
example, the evaluation cost of a single run of the HF structural simulator is about 10 min, that is, about 30
times larger than the evaluation cost of the LF simulator. Moreover, the evaluation of a QoI quantile relies on
the evaluation of the structural simulator response for 100 realizations of baseline noise of the artificial ground
motion model. Accordingly, PCE-based Sobol’ sensitivity indices were computed for the LF simulator of the
bridge. An initial ED of 200 samples was evaluated considering pier drift quantiles P = {0.05 : 0.05 : 0.95},
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(a) (b)

(c)

Figure 8: Response spectra of 50 realizations of the artificial ground motion model calibrated against the second
record of Table 2: a) acceleration; b) velocity; c) displacement response spectra. Red lines refer to the reference
record, grey lines represent the 50 realizations of the artificial ground motion model, and black dashed lines
indicate the corresponding 95 % confidence interval.

Table 3: First-order Sobol’ indices of lateral drift peak of Pier #11 (QoI).

P εloo Vp Tp γ ν tmax,p Ia,res T30,Ia,res D5−95,Ia,res ωmid ζ

0.100 0.026 0.506 0.416 0.014 0.000 0.000 0.000 0.002 0.000 0.001 0.000
0.200 0.011 0.514 0.412 0.019 0.000 0.000 0.002 0.001 0.000 0.004 0.001
0.300 0.012 0.520 0.410 0.017 0.001 0.000 0.005 0.000 0.000 0.007 0.002
0.400 0.010 0.534 0.381 0.016 0.000 0.000 0.016 0.000 0.000 0.013 0.004
0.500 0.012 0.537 0.362 0.016 0.000 0.001 0.026 0.000 0.000 0.017 0.009
0.600 0.012 0.545 0.332 0.014 0.000 0.001 0.040 0.000 0.001 0.023 0.012
0.700 0.012 0.547 0.298 0.014 0.000 0.000 0.055 0.000 0.003 0.032 0.018
0.800 0.012 0.539 0.265 0.013 0.000 0.000 0.078 0.000 0.006 0.039 0.023
0.900 0.026 0.520 0.214 0.016 0.001 0.000 0.115 0.000 0.010 0.052 0.040

according to step 2 of the proposed framework. Such task entailed 20, 000 evaluations of the LF simulator, that
is, about 6, 667 min of computational cost. Since GSA is used to uncover the inner working of the simulator,
in this stage, it is legitimate to assume that all input variables are independently distributed. Tables 3 and 4
report PCE-based first-order and total Sobol’ sensitivity indices related to the lateral drift of Pier #11 for the
quantiles P = {0.1 : 0.1 : 0.9}. Leave-one-out errors εloo, which are also reported, highlight fairly accurate
PCEs. Similar errors were obtained up to 0.99 quantiles for all piers. It is noteworthy that, for regression-
based PCE, the calculation of leave-one-out errors requires the evaluation of a single surrogate model based
on the entire ED [39]. The contribution of Vp, Tp, Ia,res, ωmid and ζ to the variability of drift quantiles was
systematically dominant for all piers. Constant average values reported in Table 2 were considered for all other
parameters in the following calculations. Among retained parameters, univariate effects highlighted monotonic
increasing relationships with the QoI for Vp, Ia,res and ζ only. The results of Figure 9 refer to Pier #11 but
the same trend was systematically observed for all piers. Accordingly, Vp and Ia,res were employed as IMs for
computing the fragility analysis. Following step 3 of the framework, a refined ED of 10 samples was evaluated
using the HF simulator of the bridge considering,

Xα = {Vp, Tp, Ia,res, ωmid, ζ}, (17)
xβ = E

[
{γ, ν, Tmax,p, T30,Ia,res , D5−95,Ia,res , ωmid}

]
. (18)
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Table 4: Total Sobol’ indices of lateral drift peak of Pier #11 (QoI).

P εloo Vp Tp γ ν tmax,p Ia,res T30,Ia,res D5−95,Ia,res ωmid ζ

0.100 0.026 0.539 0.471 0.024 0.002 0.001 0.012 0.003 0.000 0.005 0.007
0.200 0.011 0.536 0.448 0.031 0.002 0.003 0.010 0.003 0.003 0.011 0.006
0.300 0.012 0.536 0.435 0.028 0.003 0.003 0.012 0.002 0.005 0.015 0.009
0.400 0.010 0.546 0.408 0.026 0.001 0.002 0.024 0.001 0.002 0.021 0.008
0.500 0.012 0.549 0.388 0.027 0.000 0.003 0.033 0.000 0.000 0.021 0.012
0.600 0.012 0.555 0.358 0.023 0.002 0.002 0.048 0.001 0.002 0.029 0.017
0.700 0.012 0.554 0.323 0.025 0.001 0.003 0.062 0.002 0.004 0.040 0.022
0.800 0.012 0.547 0.287 0.022 0.001 0.005 0.090 0.001 0.011 0.048 0.027
0.900 0.026 0.526 0.230 0.025 0.005 0.004 0.124 0.003 0.012 0.060 0.046

(a) (b) (c)

Figure 9: Univariate effects for the lateral drift peak of Pier #11 (QoI) for the quantiles reported in Tables 3
and 4. Lighter curves refer to quantile p = 0.1 while darker curves refer to quantile p = 0.9.

For each sample of the refined ED, 100 baseline noise realizations were considered entailing a total of 1, 000
evaluations of the HF structural simulator, that is, about 10, 000 min of computational time. Then, HK
surrogates were trained for different ED sizes. Accordingly, HF-n indicates a HK surrogate computed with
n samples of the HF structural simulator response quantiles. Following step 3 of the framework, the PCE
surrogate trained on the LF simulator was used as a trend function for the HK surrogates. A Matérn 5/2
correlation function R (X −X ′|θ) and second-order polynomial trend function µ (X) were adopted.

According to step 4 of the framework, the fragility models reported in Figures 10 and 11 were computed via
Monte-Carlo-based UQ forward analysis using surrogate models and an EDP drift threshold value ȳ = 0.01. This
value corresponds to a medium damage state characterized by the onset of concrete spalling in the transverse
beams, as demonstrated in [34, 40, 41] by means of numerical simulations and experimental tests. Specifically,
the fragility curves reported in Figure 10 were obtained from the PCE surrogate of the LF simulator and three
HK surrogates of the HF simulator. In the latter case, the three HK surrogates were obtained considering 8, 9,
and 10 samples of the HF simulator response; hence, they are indicated as HF-8, HF-9, and HF-10, respectively.
The red shaded area indicates the 95 % confidence interval of the fragility curve computed with the HF-10 HK
surrogate. As can be observed, fragility curves approach a stable shape already with 8 samples of the HF
simulator response. The motivation behind the selection of Vp as IM for the fragility curves is twofold. First,
Vp is associated with the larger Sobol’ sensitivity index and, therefore, it is the most sensitive parameter of
the LF simulator (see Tables 3 and 4 in this regard). Moreover, according to Figure 9a, Vp shows a monotonic
increasing relationship with the selected EDP. On the other hand, the fragility surface of Figure 11 was obtained
for the HK surrogate indicated as HF-10. Owing to their substantial contribution to the variability of the EDP
demonstrated by Sobol’ indices, Vp and Ia,res were selected as IMs. Moreover, according to Figure 9, both
these two parameters show a monotonic increasing relationship with the EDP. In order to demonstrate the
accuracy of the proposed framework, both fragility models were compared to crude Monte Carlo estimates of
the failure probability of the HF simulator computed for two validation points. In this regard, the red diamonds
of Figures 10 and 11 indicate mean value and 95 % confidence interval of failure probability estimates obtained
with 100 samples∗ of the HF simulator response—i.e., circa 1, 000 min per point of computational time. In
detail, the validation point for the fragility curve (Figure 10) assumes Vp = 0.3 while the validation point for the

∗Notice that with 100 simulations the mean estimate is stable, while the confidence bounds should be considered as indicative
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Figure 10: Fragility curves for the lateral drift peak of Pier #11 (QoI).

(a) (b) (c)

Figure 11: Fragility surface for the lateral drift peak of Pier #11 (QoI): a) fragility surface; b) section along
Vp; c) section along Ia,res.

fragility surface (Figure 11) assumes Vp = 0.3 and Ia,res = 0.6. For the sake of clarity, two orthogonal sections
of the fragility surface intersecting the validation point are also included in Figure 11. For both fragility models,
Monte Carlo estimates are consistent with fragility model predictions.

Although HK surrogates were obtained assuming independent uniformly distributed ground motion parame-
ters, fragility models can be easily re-sampled considering a joint PDF calibrated for the specific seismic hazard.
Also, provided with such simulation framework, ground motion parameters can be mapped to instrumental IM
as illustrated in [30].

7 Conclusions

This study introduced a computational framework for efficient and accurate seismic fragility analysis based on a
combination of artificial ground motions and surrogate modeling of multiple stochastic simulators characterized
by different levels of fidelity. The effectiveness of the proposed framework is demonstrated throughout a bench-
mark case study, which consists of a reinforced concrete bridge vulnerable to ground motions with pulse-like
components. Specifically, surrogate modeling is applied at the level of quantiles of a scalar response quantity of
interest, which is evaluated either with an expensive-to-evaluate high-fidelity or a cheaper low-fidelity stochastic
simulator. As a result, two fragility models associated with a medium damage state are computed for the lateral
drift of one pier of the bridge based on 1, 000 evaluations of the high-fidelity simulator plus 20, 000 evaluations
of the low-fidelity simulator. Accuracy of failure probability estimates is demonstrated by comparison with
Monte Carlo simulations of the high-fidelity simulator. The main findings of the benchmark study, which can
be reasonably generalized to seismic fragility analysis of bridges, are that:

• 100 artificial ground motions are sufficient to attain fairly accurate quantile estimates in the range 0.05−
0.95 for a given sample of the stochastic simulator parameters (both low- and high-fidelity).

• Polynomial-chaos-based global sensitivity analysis facilitates the selection of the important parameters of
the artificial ground motion model to be used as intensity measures for the fragility analysis.

• Dynamic substructuring and hierarchical kriging provide a mathematically sound framework for balancing
computational cost and accuracy of structural analysis.
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It is critical to remark that the domain of validation of the high-fidelity simulator defines the perimeter of
any validated output of the framework. An important future research direction that directly builds upon this
framework is the optimal design of experimental campaigns to meet a target degree of accuracy of fragility
models.

Appendix A. PCE-based Sobol’ sensitivity indices

Assume that the vector of input variables X has support DX and follows an independent joint PDF fX (X) =∏M
m fXm (xm) where fXm is the marginal PDF of the m-th input variable. Any square-integrable mapping

Y = M (X) w.r.t. the probability measure associated with fX , can be written as a sum of functions of
increasing dimension as [42]:

M (X) =M0 +
M∑
m=1

Mm (Xm) +
∑

1≤m≤l≤M
Mm,l (Xm, Xl) + . . .+M1,2,...,M (X) , (A.1)

or equivalently:

M (X) =M0 +
∑
u 6=∅

Mu (Xu) , (A.2)

whereM0 is the mean value of Y , u = {m1, . . . ,ms} ⊂ {1, . . . ,M} are index sets, and Xu denotes a subvector
ofX containing only the components indexed by u. The number of summands in the above equation is 2M −1.
The uniqueness and orthogonality of Sobol’-Hoeffding decomposition allow for the following decomposition of
the variance D of Y :

D = Var [M (X)] =
∑
u 6=∅

Du (A.3)

where Du denotes the partial variance:

Du = Var [Mu (Xu)] = E
[
M2

u (Xu)
]
. (A.4)

The Sobol’ index Su can be defined as the fraction of the total variance Du that corresponds to the set of input
variables indexed by u:

Su =
Du
D
. (A.5)

By construction,
∑
u6=∅ Su = 1. First-order indices S(1)

m describe the influence of each parametersXm considered

separately. Second-order indices S(2)
ml describe the influence from pairs of parameters {Xm, Xl} not already

accounted for by Xm or Xl separately. High-order indices describe combine influences from larger sets of
parameters. The total sensitivity indices S(tot)

m represent the total effect of an input variable Xm accounting
for its main effect and all interactions with other input variables. It follows that S(tot)

m = 1 − S∼m, where
S∼m is the sum of all Su with u not including m. Sobol’ indices can be evaluated by Monte Carlo simulation
[43], which requires O(103) model evaluations for each index Su. Sobol’ indices can be obtained analytically
at no additional cost than computing the PCE. A concise description of PCE-based Sobol’ sensitivity indices
estimation is given herein; for further details, the reader is referred to [44, 45].

PCE relies on the decomposition of Y =M (X), as a linear superposition of non-linear functions as follows:

Ŷ =MPCE (X) =
∑
α∈A

yαΨα (X) , (A.6)

where {Ψα,α ∈ A} is a set of multivariate polynomials that are orthogonal w.r.t. the input vector with
independent components X ∼ fX(X) =

∏M
m=1 fXm(Xm), α = (α1, . . . αM ) is a multi-index that identifies

the polynomial degree in each of the input variables, and yα denotes the corresponding polynomial coefficient
(coordinate). Following the orthonormality condition, E

[
MPCE (X)

]
= y0. For practical purposes, the infi-

nite sum in Eq.A.6 needs to be truncated to a finite series. This is commonly achieved by maximum-degree
or hyperbolic norm truncation (for more details, see [21]). In order to compute the PCE, first, a so-called
ED, consisting of a set of realization of the input vector X = {x(1), . . . ,x(N)} and the corresponding model
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evaluations Y = {y(1), . . . , y(N)}, is generated. Then, the set of coefficients yα is estimated by minimizing the
expected mean-square approximation error on the ED by solving:

ŷα = arg min
yα

E
[(
Y − Ŷ

)2]
(A.7)

In the present application, the ED was formed by sampling the input variable space with a Sobol’ low-
discrepancy sequence. The minimization in Eq.A.7 was solved using the hybrid least angle regression method
originally proposed in [21]. It is straightforward to obtain the Sobol’ decomposition of Y in an analytical form
by observing that the summandsMPCE

u (Xu) in Eq.A.2 can be written as:

MPCE
u (Xu) =

∑
α∈Au

yαΨα (Xu) , (A.8)

where Au = {α ∈ A : αk 6= 0 if and only if k ∈ u} denotes the set of multi-indices such that ∪Au = A.
Consequently, due to the uniqueness of Sobol’-Hoeffding decomposition, there is an analytical expression of
MPCE

u of Eq.A.8, which serves as a proxy ofMu. The analytical expression of the total variance of a PCE is
given by [46]:

D = Var
[
MPCE (X)

]
=
∑
α∈A

y2α. (A.9)

Similarly, the partial variance Du reads:

Du = Var
[
MPCE

u (Xu)
]

=
∑
α∈Au

y2α. (A.10)

Accordingly, the Sobol’ indices of any order can be approximated by a simple combination of the squares of
the PCE coefficients by substituting Eqs.A.10 and A.9 in Eq.A.5. For instance, the first-order Sobol’ indices,
which describe the influence of each input variable Xm considered separately, read:

S(1)
m =

∑
α∈Am

y2α∑
α∈A

y2α
, Am = {α ∈ A : αm > 0 , αm 6=l = 0} (A.11)

whereas the total Sobol’ indices, which represent the total effect of an input variable Xm accounting for its
main effect and all interaction with other input variables, are given by:

S(tot)
m =

∑
α∈Atot

m

y2α∑
α∈A

y2α
, Atot

m = {α ∈ A : αm > 0}. (A.12)

Sobol’ indices provide quantitative insight on the importance of an input variable. However, they do not include
information about the direction in which an input variable affects the model response Y . So-called univariate
effects can answer this question [47, 48]. A univariate effect is the expectation of Y conditioned to the value of
a single input variable. Univariate effects have a closed analytical form for PCE models, closely related to the
first-order Sobol’ decomposition,

M(1)
m (Xm) =

∑
α∈Am

yαΨα (Xm) , Am = {α ∈ A : αm > 0, αm6=l = 0} (A.13)

In this study, computations of both PCE and Sobol’ indices were performed using UQLab, which is a MATLAB
toolbox for UQ developed by the Chair of Risk, Safety and Uncertainty Quantification of ETH Zurich [49, 50, 51].

Appendix B. HK surrogate modeling

Let {Mc, c = 1, . . . C} being a series of simulators sorted by increasing level of fidelity, and yc the associated
output, yc = Mc(x). In addition, let M̂K

c define the Kriging surrogate model of the simulator Mc(x).
A Kriging surrogate model is defined as an infinite collection of jointly Gaussian random variables (i.e., a
Gaussian stochastic process). Any finite sample of the process is a Gaussian random vector, which is completely
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defined by the multivariate Gaussian distribution [52]. In this context, the input X is sampled at Nc distinct
locations within the support DX , and the corresponding scalar output are

{
y
(n)
c =Mc

(
x
(n)
c

)
, n = 1, . . . , Nc

}
.

The Nc distinct input samples are collected in the set X c =
{
X(1), . . . ,X(Nc)

}T and the output in the set

Yc =
{
y
(1)
c , . . . , y

(Nc)
c

}T
. Here, the set Yc is considered as realization of a Gaussian random vector, Yc =[

Y (1), . . . , Y (Nc)
]T , with mean µc(X), and covariance matrix Σc(X). Therefore, the kriging surrogate model

of the c simulator can be defined as [53, 54, 52]

Mc (X) ≈ M̂K
c (X) = µc (X) + σ2cZ(X),

= fc(X)Tβc + σ2cZ (X) ,
(B.1)

where βc is a vector of regression coefficients, fc (X) is a vector collecting a series of basis functions, σ2c is
the variance of the process, and Z (X) is a zero-mean, unit-variance stationary Gaussian process. Therefore,
Z (X) is fully determined by the correlation function R (X,X ′|θ) = R (X −X ′|θ) between two distinct points
(X,X ′) in the input space, where θ is a set of hyper-parameters. Given the input ED X c and the output set
Yc, βc, θc, and σc are generally determined by generalized least squares as follow [54, 55]:

θ̂c = arg minADθ

[
1

2
log (det (R)) +

n

2
log
(
2πσ2c

)
+
n

2

]
, (B.2)

β̂(θ̂c) =
(
F T
c R

−1Fc
)−1

F T
c R

−1Yc, (B.3)

σ̂2c (θ̂c) =
(Yc − Fcβ̂c)TR−1(Yc − Fcβ̂c)

Nc
, (B.4)

whereRn,m = R(Xn,Xm) is the correlation matrix between theNc samples, and Fc = [fc(X
(1)), ...,fc(X

(Nc))]T

is the information matrix. Next, given a desired test point x∗, the random variable of the unobserved output
Y ∗c |X c,Yc =MK

c (x∗|X c,Yc) has conditional Gaussian distribution [54] with parameters

µy∗c = E
[
Y ∗c | X c,Yc

]
,

= fc (x∗)T β̂c + rT (x∗)R−1
(
Yc − Fcβ̂c

)
, (B.5)

σ2y∗c = Var
[
Y ∗c | X c,Yc

]
,

= σ̂2c

[
1− rT (x∗)R−1r (x∗) +

(
F T
c R

−1r (x∗)− fc(x∗)
)T (

F T
c R

−1Fc
)−1 (

F T
c R

−1r (x∗)− fc(x∗)
)]
,

(B.6)

where r(x∗) = θ̂c) = [R(x∗ − x(1)|θ̂c), ..., R(x∗ − x(Nc)|θ̂c)]T is the cross-correlation vector between the point
x∗ and each of the points of X c. In this study, we use a nested combination of surrogate models to define a
HK surrogate [23]. Specifically, a PCE surrogate of the LF simulator is used as a trend for the HF simulator.
For the two levels c ∈ [LF ,HF ], the HK predictor at an unobserved point x∗ can be written as [29]:

µy∗HF
= M̂PCE

LF (x∗)β̂HF + r(x∗)TR−1(YHF − FLF β̂HF ), (B.7)

where M̂PCE
LF (x∗) is PCE surrogate of the LF simulator, YHF is the vector of output from the HF simulator,

FLF = [MLF (x1), ...,MLF (xNc)], and β̂HF is a constant. The variance of the HK predictor is similar to
Eq.B.6, i.e.

σ2y∗HF
= σ̂2HF

[
1− r(x∗)TR−1r(x∗) +

(
F T
LFR

−1r(x∗)− M̂PCE
LF (x∗)

)T (
F T
LFR

−1FLF
)−1 (

F T
LFR

−1r(x∗)− M̂PCE
LF (x∗)

)]
.

(B.8)
In this study, computations of kriging surrogates were performed using UQLab, which is a MATLAB toolbox
for UQ developed by the Chair of Risk, Safety and Uncertainty Quantification of ETH Zurich [49, 56].
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