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ABSTRACT

Vacuum arc remelting (VAR) is a melting process for the production of homogeneous ingots, achieved by ap-
plying a direct current to create electrical arcs between the input electrode and the resultant ingot. Arc behavior
drives quality of the end product, but no methodology is currently used in VAR furnaces at large scale to track
arcs in real time. An arc position sensing (APS) technology was recently developed as a methodology to predict
arc locations using magnetic field values measured by sensors. This system couples finite element analysis of VAR
furnace magnetostatics with direct magnetic field measurements to predict arc locations. However, the published
APS approach did not consider the effect of various practical issues that could affect the magnetic field distribution
and thus arc location predictions. In this article, we studied how altering assumptions made in the finite element
model affect arc location predictions. These include the vertical position of the sensor relative to the electrode-ingot
gap, a varying electrode-ingot gap size, ingot shrinkage, and the use of multiple sensors rather than a single sensor.
Among the parameters studied, only vertical distance between arc and sensor locations causes large sources of
error, and should be considered further when applying an APS system. However, averaging the predicted locations
from four evenly spaced sensors helps reduce this error to no more than 16 % for a sensor position varying from
0.508 m below and above the electrode-ingot gap height.

1 Introduction
Vacuum arc remelting, or VAR, is the metallurgical process of remelting metal ingots with the application of a direct

current into the system, in a vacuum environment. The result is a high-quality metal ingot that exhibits increased homogeneity
and decreased defects. The high-quality metals produced by VAR are typically used for high-performance applications such

as aerospace systems [1]. VAR is often used on Ni- and Ti-based alloys [2-5].
Figure 1 depicts a VAR furnace cross section. The current applied to the system forms electrical arcs in the gap between

the melted ingot and the input consumable electrode. Since no ingot exists at the start of the process, common practices
include adding small metal pieces to the bottom of the crucible to help form an arc. These arcs begin the melting process
of the electrode, which then transfers mass to the bottom of the crucible due to gravity. This mass solidifies at the bottom
of the ingot as the arcs form and heat transfer occurs in the electrode-ingot gap, which moves up the crucible as more mass
is transferred from the electrode to the ingot. Arcs can form anywhere in the gap; presently, operators can neither visualize
nor control the formation of arcs. (Multiple arcs can also form simultaneously in different locations, but this is beyond the
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scope of the current study.) A water-cooled jacket prevents the copper crucible from melting. At the top of the melted ingot a
liquid pool of the material exists. The characteristics of this melt pool have a large impact on final quality of the ingot [4—6].
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Figure 1: Cross section of VAR furnace. Image taken from Woodside et al. [2].

The application of large currents through the system results in a strong magnetic field surrounding the furnace, on which
several studies have focused [2, 7-9]. The arc position in the ingot-electrode gap is a key parameter that affects the magnetic
field. Arcs concentrate the electrical current passing through the system and impact the distribution of the magnetic field.

Detailed investigation of VAR furnaces has frequently relied on computational modeling [2-6, 8, 10-12]; many studies
reported on the importance of the arc to the overall process and characteristics of the resulting ingot. Gartling et al. [10]
created a numerical model of the VAR process that delivered qualitatively accurate results. They emphasized the need to
study the effects of electromagnetic—and therefore arc—characteristics on melt pool stirring. Alam et al. [11] studied the
development of thermal stresses during the VAR process, modeling melting using specified heat and material transfer rates
rather than simulating the arc itself. Reiter et al. [12] simulated heat transfer in VAR ingots during the melting process,
where the coupling of an electromagnetic mathematical model was essential for accurate results. Wang et al. [8] developed
a two-dimensional axisymmetric model to study arc characteristics under different axial magnetic fields. They focused on
magnetohydrodynamics and plasma behavior in the electrode-ingot gap, assuming that plasma consisted of only electrons
and ions and that a hydrodynamic approximation can describe its flow. They concluded that the current density distribution
plays a significant role on arc characteristics because it directly correlates to the heat flux density at the anode. Wang and
colleagues later developed more complex two- and three-dimensional models to study interactions between high-current
vacuum arcs, anode melting/deformation, and melt pool flow in vacuum interrupters [13—17]. Although the systems con-
sidered in these studies differ physically from a VAR where the electrode is consumed, the effect of the arc on the melt
pool in particular may be similar. Mir et al. [18] studied the thermal behavior of the consumable electrode using infrared
cameras, focusing on heat transfer characteristics. However, their technique required altering a furnace and revealed little
insight on arc behavior. Zhao et al. [4] used a two-dimensional finite element model to study fluid dynamics in the molten
pool. The model assumed that only buoyant forces act on the melt pool, the melt pool exhibits turbulent flow properties,
chemical reactions are negligible, and material properties depend only on temperature. They did not consider the effects of
arc location on the melt pool, but mentioned it as a source of interest. Pericleous et al. [3] developed a three-dimensional
transient multi-scale model that incorporated a macro-level finite-element-based computational fluid dynamics model cou-
pled with a microscale solidification model to study VAR processes. They found that arc location and characteristics drive
the occurrence of “freckles” and “white spots,” two key defects in the quality of VAR ingots [3].

Clearly, arc behavior drives the remelting process and determines ingot quality, but arc positions are challenging to
quantify due to the VAR system geometry and high-temperature environment. Currently, video cameras directed down the
annular gap between the electrode and crucible give operators qualitative information of arc behavior, and can help detect
side arcs. However, these systems cannot track instantaneous arc formation and motion. A robust arc detection and tracking
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system would give insight into the material properties of the final ingot.

Multiple groups have investigated using measurements of the magnetic field around a VAR to find the location of an arc
(or arcs) in the ingot-electrode gap. Ward and Jacobs [7] introduced a technique, later termed magnetic source tomography,
for determining an arc location based on external magnetic field measurements. Nair and Ward [9] extended this approach
using a constrained nonlinear optimization algorithm to find single and double non-diffuse arcs, and without the need to
specify the current traveling through the arcs. They showed that arc locations can be predicted with less than 5 % error
with signal-to-noise ratios above 30, and also that eight sensors were necessary to accurately predict arc location. Woodside
et al. [2, 19] developed an approach based on a continuous arc position solution, determined from furnace-specific finite-
element simulations, that provides a single, unique arc location from a single Hall-sensor measurement of magnetic field.
They assumed an axisymmetric furnace, homogeneous material properties, and the presence of single non-diffuse arc in a
three-dimensional finite element model. More recently, Nair et al. [20] presented faster numerical methods for determining
arc location.

These studies showed that arc locations can be predicted well using magnetic flux density measurements around VAR
furnaces combined with accurate numerical models [2, 7, 9, 20]. However, these approaches relied on assumptions and
simplifications that should be examined further to encourage their application in industry, particularly in the context of
process control [21].

The purpose of this study is to model the magnetostatics of the VAR process in different scenarios, while evaluating
the impact of previously made assumptions, to determine the potential errors of arc locations predicted by the Arc Position
Sensing (APS) system of Woodside and King [19]. Understanding the behavior of the APS technology due to changing
parameters could lead to further validation or improvement [2, 9, 20]. We used a multiphysics finite-element model software
to study the system. First, in Section 2 we describe the methodology and approach used to establish a working model of
the system, and discuss the methodology of the arc location prediction equations. Next, in Section 3, we inspect several
factors that may impact the accuracy of arc location predictions, including the vertical distance between the sensor and arc,
the size of the electrode-ingot gap, the effects of ingot shrinkage, and the use of multiple sensors. Finally, in Section 4 we
summarize our results into primary conclusions, and make some recommendations of best practices for using—and further
developing—the APS technology.

2 Methodology

In this section, we describe our approach to modeling the VAR furnace and predicting arc locations based on model
results. We used the multiphysics finite-element modeling software COMSOL Multiphysics [22] to simulate a simplified
VAR furnace, with arcs located in different locations in the electrode-ingot gap. Our model only considered magnetostatics,
based on the steady-state Ampere’s Law and current conservation equation:

J=Vx(4'y,'B)—ovxB (1)
B=VxA 2)
V-J=0 3)

where J is the current vector, g is the permeability of a vacuum, u, is the relative permeability of the material, B is the
magnetic flux density vector, G is the electrical conductivity, v is the particle velocity, and A is the magnetic vector potential.

We modeled a simplified axisymmetric VAR furnace, based on the geometry of Woodside et al. [2]. Table 1 lists the
geometric specifications, and Fig. 2 shows the geometry of the VAR furnace studied. The electrode and ingot were both
assumed to be titanium, with an electrical conductivity of 7.407 x 10° S/m and relative permeability of 7.9585 x 10~.! The
surrounding crucible was selected as copper (electrical conductivity of 5.998 x 107 S/m and relative permeability of near 1),
and the outer shell as steel (electrical conductivity of 4.032 x 10 S/m, and relative permeability of near 1). The annular space
between the electrode and crucible and the electrode-ingot gap were modeled as near-vacuums, with an electrical conductivity
of essentially zero (1 x 10713 S/m), and relative permeability of exactly 1. A small cylinder connecting the ingot and electrode
represented the arc, with all current forced through that small location; the arc was assigned an electrical conductivity 20
orders of magnitude larger than its surroundings. The size of the cylinder has minimal effects on the magnetostatics of the
scenario if its position and current remain constant. [9]. Another simplification applied to the model is the assumption that
principles of superposition can be used in order to take into account the effects of multiple arcs. [2]. The application of
superposition was utilized by both Woodside et al. as well as Nair and Ward [2, 9]. The top of the copper crucible was
assigned a current source of 35,000 A, and the system was grounded at the ram that feeds the electrode. Domain boundary
conditions were set to mimic an infinite domain. The entire domain used a mesh consisting of free tetrahedral cells, that was
automatically determined by COMSOL. We assigned the mesh size near the electrode-ingot gap as “fine” settings, with a

I “Relative permeability” refers to the ratio of a material’s (magnetic) permeability to the permeability of free space (up), 4% x 10~7 H/m.
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Table 1: Geometric specifications of modeled VAR furnace

Component Radius (m) Height (m)
Electrode 0.381 1.000
Ingot 0.432 1.057
Crucible (outer) 0.472 4.000
Crucible (inner) 0.432 4.000
Furnace shell (outer) 0.640 4.000
Furnace shell (inner) 0.472 4.000

Arc 0.010 0.0254

minimum element size of 0.0016 m. The rest of the furnace geometry was set to “medium” settings, with a minimum element
size of 0.08 m. The outer boundary was set to “coarse” mesh settings, with a minimum element size of 0.224 m. Mesh
settings resulted in a total element count of approximately 170,000. Further refining the grid changed solutions to within
5 % of the results published here, so we selected the aforementioned settings as a tradeoff between acceptable accuracy and
time-to-solution.

Next, we simulated sensor readings from one location. We chose a point in the three-dimensional space of the domain
to represent the sensor location; a physical sensor itself was not modeled, as its presence should not affect the magnetic field
distribution. We performed parametric sweeps of the arc location to calculate flux density changes at the sensor location.
(Swept parameters in COMSOL include ry and 6y, where ry is the radial position of the arc from the center of the furnace
and 6 is the angular position of the arc with respect to the x-axis.) Figure 3 shows the magnitude of magnetic flux density
(given in T) as a function of arc position for a sensor located at (0 m,—0.64 m).

Arc position predictions can now be examined. As determined by Woodside et al. [2] arc position determination can
be achieved through the application of the Biot—Savart law. The Biot—Savart law with a magnetostatic derivation of the
Maxwell-Ampere law, using the relation between superimposed line sources of current, and magnetic flux density vector B
at a location r is given by

Mo dl' x ¢
B(r)="—I [ = 4
(I') 47 / Hr||2 ) ( )

where dI’ is an element of the length along the total current, r is the vector from the source to the point, and £ is the unit
vector of r. This equation can be used to find the components of the magnetic field:

B,:mJ( Jisin®; —1> , and (5)
d; g
— ficos0;
Br: rI .
m (Z 7 ©)

where B; and B, are the tangential and radial components of the magnetic flux density, m; is the tangential furnace coefficient,
m, is the radial furnace coefficient, / is the line current, 8 is the input angle in the model of an arc, from the center of the
furnace, dy is the input radius of an arc, from the center of the furnace, ; is the angle from the sensor to the arc location, d;
is the length from the sensor to the arc location, r; is the distance from the sensor to the center of the furnace, and f; is the
fraction of the total current associated with the arc.

Figure 4 shows a top-down cross-section of the VAR furnace modeled, including sensor locations. The furnace coeffi-
cients m; and m, depend on the geometry and configuration of individual furnaces [2]. The input angle for the COMSOL
model and the angle 0 are different measurements. Using the Biot—Savart equations, a nonlinear regression was used to
determine the unknown furnace coefficients m; and m,. Once these were determined, the single-line current versions of the
Biot—Savart equations were solved for d; and 6; (according to Fig. 4) with input or measured magnetic flux density compo-
nents. A vector reference frame rotation and translation is done to transform the magnetic field values from the reference of
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Figure 3: Norm (i.e., vector magnitude) of the magnetic flux density with respect to arc location in Cartesian coordinates.
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These equations represent the basis of the APS technology [2]; using a given geometry and finite-element-based fur-
nace coefficients, the arc can be located using measurements of magnetic flux density and the current through the system.
Performing a parametric sweep of arc locations in the model results in magnetic flux density components at the sensor loca-
tion. This array of values is equivalent to experimentally measured sensor magnetic flux density values. Figure 5 shows the
predicted arc locations in contrast to the exact locations. Table 2 compares the furnace coefficients found here with those of
Woodside et al. [2]; our implementation predicts arc locations within five percent of the published values. This discrepancy
likely resulted from slight differences in geometry or solver setup (we developed our model based on published descriptions),
differing COMSOL versions, or a different selection of input arc locations to calculate the furnace coefficients.

Table 2: Comparison of furnace coefficients from Woodside et al. [2] with those determined here

m, (NJA2)  m, (N/A2)

Present results 8.15x10°% 4.98x10°8
Woodside etal. 9 x 1078 49x10°8

The remaining sections of the article describe the performance of the arc position sensing approach as various model
parameters are varied or assumptions are relaxed. This performance is described in terms of percent error in the predicted
arc locations with respect to the known arc locations, normalized by the ingot radius (0.432 m). The error is determined as
the difference between two position vectors, the predicted and exact locations of the arc:

_ )2 —_ )2
error = \/(x x). +0-9) + 100 O]
radiusipgor

where x, y are the exact positions and £, ¥ are the predicted positions.

3 Results and discussion

In this section, we describe the results of our studies on the impact of various factors on the accuracy of arc location
predictions. We considered the effects on arc location predictions of vertical sensor position (i.e., relative vertical distance
between the sensor and arc), electrode-ingot gap size, ingot shrinkage, and using the average of predictions from multiple
sensors. All error calculations were based on the difference between the known position specified in the COMSOL model
and the location predicted using Egs. (7) and (8).

3.1 Effect of vertical sensor position

The original APS studies of Woodside et al. [2, 19] considered a single sensor located in the plane of the electrode-ingot
gap, where theoretically the most accurate results would be achieved due to the line-current source assumption. In reality,
due to the continuous movement of the electrode and growth of the ingot, the sensor would be in that plane only for a small
amount of time relative to the the entire process. In addition, Ingots used for industrial VAR applications can be several
meters in length amplifying any error caused by deviation from the electrode-ingot gap. A solution to this problem is the
application of multiple rings of sensor installed in intervals that lie within acceptable error. We therefore want to quantify
the potential error induced by a vertical separation between sensor and arc, in order to decide how frequently or far apart
sensors should be placed along a furnace. To determine the error of vertical distance between the arc and sensor, we varied
the vertical sensor position away from the plane of the gap in multiples of the electrode-ingot gap height: 10, 1, 2, 3,5, 7,
10, 15, and 20.

Figure 6 shows a box-and-whisker statistical distribution of the percent error in predicted arc position with respect to
vertical sensor position using a single sensor; clearly, the error increases both as the sensor moves above and below the gap.
The red line inside the rectangles represents the median, the blue boxes span the 25th and 75th percentiles of the data, and
the black whiskers span the maximum and minimum values not defined as outliers. Outliers—defined as values greater than
three times the standard deviation—are represented by red plus-sign markers. Interestingly, the trend in increasing error is
asymmetric, with error increasing more rapidly for sensor locations above the gap. The asymmetry observed in error is most
likely caused by the asymmetry of the current loop in the system. The reasons for the error being lower for sensors below
the electrode-ingot gap is not clear.
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Figure 6: Statistical error distribution of predicted arc locations with respect to vertical sensor position using constant furnace
coefficients.

For the results shown in Fig. 6, arc locations were predicted assuming constant furnace coefficients determined using data
for a sensor placed at the plane of the electrode-ingot gap. We can also recalculate coefficients for each sensor location, and
investigate whether this practice improves results. This procedure is identical to that of the normal coefficient calculation, but
uses magnetic flux density measurements at the various vertical sensor locations (rather than in the plane of the gap). Figure 7
shows the distribution of error in predicted arc locations using furnace coefficients recalculated for each sensor location. The
varying furnace coefficients aided in suppressing outliers, and reducing maximum error. For the sensor position of 20x A,
using varying coefficients reduced maximum error by more than 30 %, and decreased median error by approximately 5 %.
Median error shows a slight increase for all vertical sensor positions; however, using varying furnace coefficients reduced the
overall distribution of error. The application of varying furnace coefficients decreased maximum error by 9.27 % on average
for all sensor locations, compared to using constant coefficients.
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Figure 7: Error distribution of predicted arc locations with respect to vertical sensor position using adaptive furnace coeffi-
cients.

Looking at four points in more detail, for a sensor located 5x above and below the gap, median error for variable
coefficients increased by 5.43 % and decreased by 0.46 % respectively, compared to their constant coefficient counterparts.
For a sensor located 10x above and below the gap, median error decreased by 0.31 % and increased by 2.92 %, respectively.
In real world systems the true vertical position of the electrode-ingot gap is unknown, however reasonable estimates can be
made using data from the melt such as weight and size of the ingot, time, and ram position. Including this step in the algorithm
could result in higher accuracy as shown in the results, however it would require real-world testing and experimentation to
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Figure 8: Arc location prediction trends for varying, single sensor position in the positive z direction using constant furnace
coefficients; the sensor is located at (0,—0.64 m) .

While percent error at each location offers some information about measurement accuracy, examining the actual pre-
dicted locations and how they change can give insight on trends. Figure 8 shows arc location predictions as the sensor
location moves from the electrode-ingot gap plane upwards along the furnace wall, for vertical sensor locations of 0, 0.0762,
0.254, and 0.508 m (or 0, 3, 10, and 20 A,). As the sensor position moves away from the electrode-ingot gap, the arc location
predictions cluster together near the center of the furnace. We hypothesize that this results from the current density con-
centrating inwards inside the electrode as it traverses through the electrode and into the smaller-radius ram. The equations
used to locate arc positions are two dimensional, using tangential and radial magnetic flux values in the plane of the sensor’s
vertical position. The magnetic flux values measured by sensors positioned away from the electrode-ingot gap plane are
small; for example, a sensor positioned at the electrode-ingot gap plane, a maximum of 3.3 x 1073 T in the radial direction
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and 3.5 x 1073 T in the tangential direction are observed.

On the other hand, a sensor located 0.5 m above the electrode-ingot gap measures a maximum of 2.5 x 107 T in the
radial direction and 7.5 x 107 T in the tangential direction. In Eqs. 7 and 8 used to calculate position, magnetic flux compo-
nents appear in the denominator—so the order-of-magnitude smaller values at the higher sensor location result in predicted
locations further away. However, Fig. 8 shows that the location predictions shift further away and also cluster around the
center of the furnace. This supports the hypothesis that the electrical current funnels as it traverses the electrode, and the
magnetic flux density values being measured at sensor locations away from the gap is the current density in the electrode for
that plane. This clustering behavior would impact results by indicating the presence of arcs near the center of the furnace,
when they might actually occur near the edges of the electrode and ingot.

3.2 Effect of gap size

All previous calculations assumed a constant electrode-ingot gap. In theory, the gap size should remain approximately
constant as the ram raises the electrode based on its melting and solidification rate; in reality, the gap size is constantly
changing slightly throughout this process. This variation could introduce non-negligible errors into the predictions of arc
locations, and therefore we studied the effect of gap size on the accuracy of arc location predictions. Previous studies set the
gap height to a constant 0.0254 m [2, 19]; here, we varied the height between 0.5-2.5 times the baseline value, or specifically
0.0127, 0.0254, 0.0381, and 0.0635 m. Gap sizes considered in the literature include 0.01 m [6, 9] for smaller radius ingots/
electrodes, although Zanner studied the effect of gap sizes ranging 0.006—0.05 m [23] on melt rate.
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Figure 9: Arc location predictions with varying gap height for a single sensor location.

Figure 9 shows arc location predictions with varying gap height for a single sensor location. The error in arc location
prediction exhibits little sensitivity to gap height; between the smallest and largest gap heights, the median error differs by
less than 1.5 % and the maximum error by less than 5 %.

3.3 Effect of ingot shrinkage

The physical characteristics of the ingot differ drastically from top to bottom during the melting process. At the top,
a molten pool of liquid metal circulates on top of the soft, hot metal solidifying near the sides and bottom. As the VAR
process continues and the ingot grows, the metal cools and contracts. This causes the metal to shrink and pull away from
the crucible, reducing the electrical contact surface area with the crucible; this behavior is known as ingot shrinkage. The
section of the material that remains in contact with the crucible wall is called the contact zone. Since shrinkage changes the
surface area of the ingot that contacts the crucible wall—and thus the area where electrical current passes—it could alter the
current path and thus the magnetic field distribution, potentially affecting predictions of arc location. We studied the effects
of shrinkage by applying grounded boundary conditions to the contact zone and electrical insulation to the shrinkage gap
zone, following the approach of Pericleous et al. [3]. We varied the size of the contact zone from the full length of the ingot
to 0.032 m, ranging from zero shrinkage to a contact zone 3 % of the ingot height.

Figure 10 shows the error distribution for predicted arc locations with increasing shrinkage, corresponding to decreasing
contact zone height. While error increases slightly as the contact zone shrinks, in general shrinkage causes an median error
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Figure 10: Error in predicted arc locations with varying contact zone height, mimicking ingot shrinkage.

increase of less than 2 % in predicted arc locations, corresponding to a similar change in magnetic flux density. However,
the higher current density resulting from smaller contact zones could affect the z component of magnetic flux density more
significantly—although this component does not play a role in the current APS approach based on horizontal (i.e., x and y)
components.

3.4 Effect of using multiple sensors

Thus far, we only used magnetic field measurements at one sensor location for calculations to determine arc locations.
Both our results and those from Woodside et al. [2, 19] show that the error increases as the arc moves away from the sensor.
Therefore, for an axisymmetric system, we hypothesize that the results from multiple sensors can be averaged to improve the
accuracy of the overall prediction. To test this, we averaged predicted arc locations from 2—16 evenly spaced sensors around
the furnace.

First, we examined the trends in arc location prediction for two separate sensors located at opposite sides of the furnace;
Figure 11 shows these (separate) predicted arc locations, compared with the exact locations. Although the sensors predict
similar locations for arcs located near the center of the furnace, near the perimeters the predicted locations exhibit a bias
towards the closer sensor. Figure 12 compares exact arc locations with predictions based on the average location from four
evenly spaced sensors. The averaging resulted in an even spacial distribution of the arc positions; as Figure 13 shows,
the error predicted locations is also evenly distributed compared with that from a single sensor. This information is useful
because it can be used to develop correction algorithms to predict arc locations more accurately. Based on these results,
more sensors might aid in smoothing the error further; however, evenly distributed results do not guarantee more accurate
results—in fact, outliers could bias the predictions. Figure 14 shows the error distribution in predicted arc locations achieved
by averaging calculations using 1, 2, 4, 8, and 16 evenly distributed sensors. The error distribution contracts with the addition
of sensors, but the predictions do not improve with more than four sensors.

Now we can analyze whether using four sensor averaging of arc location predictions aid in the reduction of error for
a varying sensor height. In Section 3.1 we calculated how error distribution was affected by the relative vertical position
of a single sensor with respect to the electrode-ingot gap. Now, we apply the same methodology while using arc location
predictions determined with four-sensor averaging. The results are shown in Figure 15. The total error distribution is
smaller than the single-sensor results from Section 3.1 with a maximum error of less than 16 % at the highest and lowest
positions. Using four sensors also suppresses the outliers. These results were calculated using varying furnace coefficients;
the coefficients were recalculated at every vertical position.

4 Conclusions

The magnetostatic characteristics of a simplified vacuum arc remelting furnace were studied using the finite element
method, to determine the effects of various physical phenomena on the resulting magnetic field. This was done to analyze a
system for predicting the locations of electrical arcs that form in the electrode-ingot gap in these furnaces. Arc distribution
throughout the remelting process plays a strong role in the material properties of the produced ingot, so real-time tracking of
arc locations can provide a priori indications of ingot quality.

First, we reproduced the prior results of Woodside et al. [2] for predicting arc locations; we matched arc location
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Figure 12: Arc location predictions using four sensors around the furnace; these locations are the average of the locations
predicted by each of the four sensors.

predictions within 3.5 % of their results. This minor discrepancy likely resulted from slight differences in model setup,
solver version, or selection of input arc locations to calculate the furnace coefficients. We then studied the effects of changing
certain parameters or eliminating previously made assumptions to increase confidence in this arc position sensing approach.
Based on our simulations, we drew the following conclusions:

1. Error in predicted arc locations increases substantially as the sensor moves vertically from the electrode-ingot gap;
for distances of 0.508 m above and below the plane of the gap, the maximum error reached around 40 % for constant
furnace coefficients and 25 % for adaptive furnace coefficients. Furthermore, as the sensor moves away from the gap,
the magnetic flux density decreases and results in clustering of predicted locations near the center of the domain.

2. Gap height variations do not significantly affect predictions in arc location: varying the gap height from 0.0128 m to
0.063 m resulted in the median error changing by 0.55 % and the maximum error by 1.65 %.

3. Ingot shrinkage does not affect predictions in arc location; varying the ingot contact zone from the entire length down
to 0.032 m kept the maximum error around 10 %, and did not change the median error of around 2 percent.
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4. Averaging the measurements of four evenly spaced sensors around the furnace reduces prediction error distribution by
12.64 % compared to a single sensor; there is little to no improvement on location predictions with the implementation
of more than four sensors. The total error distribution reduces by 0.85 % comparing the implementation of four sensors
with sixteen. The application of four sensor averaging aids in the suppression of error when taking into account vertical
sensor position.

Overall, out of the parameters and assumptions we studied, we conclude that gap height variation and ingot shrinkage do
not affect arc location predictions. However, increasing vertical distance between the sensor and arc will lead to significant
errors in location prediction, and should be considered for further development of the arc position sensing technology.
Furthermore, as Nair and Ward [9] pointed out, the impact of noise should also be evaluated, since practical applications of
the technology will encounter noise in the magnetic field measurements.
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