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Abstract

This paper presents a full-waveform inversion method for reconstructing the temporal and spatialdistribution of unknown, incoherent dynamic traction in a heterogeneous, bounded solid domain fromsparse, surficial responses. This work considers SH wave motions in a two-dimensional (2D) domain.The partial-differential-equation (PDE)-constrained optimization framework is employed to search a setof control parameters, by which a misfit between measured responses at sensors on the top surface in-duced by targeted traction and their computed counterparts induced by estimated traction is minimized.Tomitigate the solution multiplicity of the presented inverse problem, we employ the Tikhonov (TN) reg-ularization on the estimated traction function. We present the mathematical modeling and numericalimplementation of both optimize-then-discretize (OTD) and discretize-then-optimize (DTO) approaches.The finite element method (FEM) is employed to obtain the numerical solutions of state and adjointproblems. Newton’s method is utilized for estimating an optimal step length in combination with theconjugate-gradient scheme, calculating a desired search direction, throughout a minimization process.Numerical results present that the complexity of a material profile in a domain increases the errorbetween reconstructed traction and its target. Second, the OTD and DTO approaches lead to the sameinversion result. Third, when the sampling rate of the measurement is equal to the timestep for dis-cretizing estimated traction, the ratio of the size of measurement data to the number of the controlparameters can be as small as 1:12 in the presented work. Fourth, it is acceptable to tackle the presentedinverse modeling of dynamic traction without the TN regularization. Fifth, the inversion performanceis more compromised when the noise of a larger level is added to the measurement data, and usingthe TN regularization does not improve the inversion performance when noise is added to the measure-ment. Sixth, our minimizer suffers from solution multiplicity less when it identifies dynamic traction oflower frequency content than that of higher frequency content. The wave responses in a computationaldomain, induced by targeted traction and its reconstructed one, are in excellent agreement with eachother. Thus, if the presented dynamic-input inversion algorithm is extended in realistic 3D settings, itcould reconstruct seismic input motions in a truncated domain and, then, replay the wave responses ina computational domain.

1 Introduction
There is a need for estimating incident seismic wavefields in a soil-structure system from limited seismicmeasurement data because, by using the identified seismic inputs, engineers can reconstruct (i.e., replay)responses within structures and soils during an earthquake event. There have been two dominant, conven-tional methods for the purpose mentioned above: the one is deconvolution and the other is the inversionof a seismic source profile at a fault in a very large domain.
The deconvolution algorithm has been used for the identification of an incoming seismic wave signal intoa soil column by using vibrational measurement on the ground surface. For instance, Mejia and Dawson(2006) have presented the deconvolution to compute a seismic input signal by using the SHAKE program(Schnabel, 1972), which solves the 1D seismic wave propagation problem in a domain of a semi-infinite ex-tent. Recently, there have been studies on the deconvolution of both vertical and horizontal componentsof surficial measurement data to identify the vertical and horizontal input wave motions (Poul and Zerva,
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2018a,b). We note that, although the deconvolution has been widely used in geotechnical earthquakeengineering, it is effective on individual soil columns only when soil stratification is horizontally uniform,and incoming seismic waves vertically propagate. Namely, when the soil property is arbitrarily heteroge-neous (not horizontally layered), and incoming seismic waves, consisted of P, S, and/or surface waves, arehighly incoherent (not vertically propagating), the deconvolution cannot effectively reconstruct the incom-ing waves.
On the other hand, there have been studies for inverting for seismic-source parameters (however simpleor complicated an adopted seismic source model may be) at a hypocenter. For instance, Akcelik et al.(2002) presented a method to invert for a simplified seismic source time signal in a large 3D domain thatincludes a source at a fault. This method requires forward and inverse wave simulations of a very largedomain. Upon characterizing the seismic source via inversion, then attention is typically turned on how topropagate themotion from the source to the surface, where the real interest is. However, in the large-scalesource-inversion problem, the material properties of a large domain could be poorly characterized (on theother hand, the material properties could be better characterized by virtue of active wave source-basedgeotechnical characterization method (Fathi et al., 2016)).
The limitations of the two methods, mentioned above, necessitate developing an alternative method thatcan identify arbitrary, incoherent incoming seismic waves in a truncated 2D or 3D domain by using sparseseismic measurement. Such a potential method could serve as an alternative to the deconvolution, whilebypassing all the complexities associated with the inversion of the source at the hypocenter and the subse-quent propagation steps. Recently, Jeong and Seylabi (2018) presented prototype research that can recon-struct a seismic input signal propagating into a 1D truncated, heterogeneous, undamped solid system byusing the partial differential equation (PDE)-constrained optimization method. Lloyd and Jeong (2018) alsoshow that the PDE-constrained optimization can reconstruct the discretized parameters of moving vibra-tional body forces in both space and time in a 1D heterogeneous, linear, elastic, undamped solid by usingthe sparse measurement of wave motions. These works were cast into a minimization problem, where amisfit between ameasured response(s) at a sensor(s) induced by a targetedwave source profile and a com-puted wave solution(s) induced by an estimated source profile is minimized, and the PDE-constrained op-timization scheme analytically evaluates the gradient of a misfit with respect to control parameters, whichparameterize an estimated dynamic input function. Because of such an analytical nature, its computa-tional efficiency of computing the gradient of a misfit with respect to control parameters does not dependon the number of them. Thus, it can update a large set of control parameters very efficiently. In addition,the PDE-constrained optimization can accommodate regularization to address the solution multiplicity offull-waveform inversion problems, typically caused by the sparsity of measurement, and to stabilize theconvergence by penalizing an undesired aspect of an estimated profile while enhancing a selected feature(e.g., smoothness) of targeted profiles.
There had been a wide range of studies on elastodynamic inverse problems—e.g., full-waveform materialinversion, inverse material design, full-waveform inverse-scattering, and source inversion—based on thePDE-constrained optimization as shown in the following literature review. Kang and Kallivokas (2010a) andKang and Kallivokas (2011) examined the numerical algorithms to image the distributions of the scalar-wavespeeds in one-dimensional and two-dimensional solids that are surrounded by Perfectly-Matched-Layers(PML), where waves are forced to decay and they are prevented from reflecting off the surrounding bound-aries (Kang and Kallivokas, 2010b; Kucukcoban and Kallivokas, 2011, 2013; Fathi et al., 2015b; Poul and Zerva,2018c). Pakravan et al. (2016) devised a newmethodology to probe the elastic and attenuating parametersof two-dimensional viscoelastic layered solids. Kallivokas et al. (2013), Fathi et al. (2015a), Fathi et al. (2016),and Kucukcoban et al. (2019) studied algorithms to invert for the Lamé parameters in two-dimensional andthree-dimensional PML-truncated solid domains, and these computational studies made significant ad-vancement in geotechnical site characterization using dynamic tests. Tran and McVay (2012) investigatedthe Gauss-Newton-based full waveform inversion approach to estimate the elastic modulus profile in atwo-dimensional domain. Mashayekh et al. (2018) investigated a new methodology to estimate the me-chanical properties of layered elastic or viscoelastic media by taking into account the dispersion relation ofthe layered medium. Tromp et al. (2008) and Zhu et al. (2017) investigated the adjoint-tomography geo-physical inversion using the spectral element wave modeling in global- or regional-scale domains by usingearthquake waves emitted from a seismic source of a known location and a known signal. Recently, Gohand Kallivokas (2019) investigated a new inverse metamaterial design method by minimizing the distancebetween the target and the computed group velocity profiles via a dispersion-constrained optimizationmethod, and the method can be used for designing metamaterials, such as user-defined omnidirectionalband gaps in an elastic medium. In addition, it had been shown that strong discontinuities within solids,
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such as the boundaries of voids, can be identified by using inverse modelings. Namely, Guzina et al. (2003)and Jeong et al. (2009) studied inverse scattering algorithms using the PDE-constrained optimization, asso-ciated with the boundary element method (BEM) wave solver, taking advantages of the moving boundaryconcept and the total derivative (Petryk and Mroz, 1986). Nguyen-Tuan et al. (2019) also made recentprogress in the inverse scattering algorithm, using the PDE-constrained optimization associated with thelevel-set based extended finite element method (XFEM) solver, so as to identify the geometry of voids in astatic-hydro-mechanical system. Both BEM and XFEMwave solvers canmodel the boundaries of the strongdiscontinuities and update their geometries without cumbersome remeshing during an inversion processas opposed to a conventional finite element method (FEM) wave solver, which should remesh a domain toupdate the boundaries’ geometries (Jung et al., 2013). On the other hand, Aquino et al. (2019) devised anovel algorithm to detect debonded interfaces (i.e., interface cracks or incomplete weld bonds) in compos-ite solids by using steady-state vibrational tests and a density function that characterizes the bonding atthe interfaces in composite solids. Besides, the following studies have investigated the methods to identifydynamic input functions. Hasanov and Baysal (2014) studied an algorithm to detect the time-independentspatial load distributions of a dynamic source on a cantilever beam. Binder et al. (2015) also recover virtual,stationary wave sources at possible locations of structural anomalies using the adjoint equation approach.Walsh et al. (2013) reported the inverse problems for the identification of dynamic sources in acoustics andelastodynamics, employing aDTOapproach. That is, the discrete formof the forwardwave equation at eachtime step is imposed into a Lagrangian, and the adjoint equation and the gradient of the Lagrangian withrespect to the source parameters are derived in discrete forms. In particular, Walsh et al. (2013) suggestedthat the DTO approach is more suitable than the OTD counterpart when the nonlinearity is considered inthe forward problem because the discrete, linearized forward equation of every time step can be individu-ally side-imposed into the Lagrangian. The PDE-constrained optimization has been also used for identifyingoptimal, non-moving wave source profiles that can focus wave energy to specific areas in solids (Tadi et al.,1996; Jeong et al., 2010, 2015; Karve et al., 2015; Karve and Kallivokas, 2015; Jeong and Kallivokas, 2016;Karve et al., 2016).
Due to the aforementioned robustness and scalability of the PDE-constrained optimization for inverse prob-lems, it is worth continuing to investigate it so as to identify incoherent seismic input motions in a multi-dimensional domain from sparse seismic measurement data. This research reconstructs the spatial andtemporal distributions of incoherent dynamic traction on a boundary of a heterogeneous, bounded, un-damped solid system of anti-plane motions by using the PDE-constrained optimization method.
Our numerical experiments show that the presented dynamic-input identification approach can success-fully identify unknown targeted traction without knowing any information about the target in heteroge-neous domains. Our parametric studies investigate the performance of the presented inverse modelingwith respect to the complexity of material heterogeneity in a domain, the number of sensors, the regu-larization intensity factor, the optimization modeling type (i.e., OTD versus DTO), the noise level in mea-surement data, and the traction signal type (i.e., a high-frequency Ricker wavelet versus a low-frequencyrealistic seismic signal).

2 Problem Definition
This study is aimed at reconstructing the spatial and temporal distributions of dynamic traction on a bound-ary of an undamped solid by using measured wave responses at sparsely-distributed sensors on the topsurface of the solid (see Fig. 1). The geometries and the material properties of the solid are assumed to beknown in advance.
2.1 The governing equation
The governing equation for the SH wave propagation in the undamped solid domain is (we omit to showthe spatial and/or temporal dependency of the variables):

∇ · (G∇u)− ρ∂
2u

∂t2
= 0, on Ω× J, (1)

where u = u(x, y, t) denotes the displacement field in the anti-plane (z) direction of the wave motionof a solid particle (i.e., SH wave motion); x, y, and t denote horizontal and vertical coordinates and time;
G(x, y) and ρ(x, y) denote the shear modulus and the mass density of the solid; Ω denotes the domain,
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Figure 1: Problem setting.
and J = (0, T ] is the time interval of interest. The solid is subject to a traction-free condition on the topsurface (Γt) and dynamic shear stress on the bottom surface (Γb):

G
∂u

∂y
(x, 0, t) = 0, 0 ≤ x ≤ L, (2)

G
∂u

∂y
(x,D, t) = F (x, t), 0 ≤ x ≤ L, (3)

whereD is the y-coordinate of Γb, and F (x, t) denotes the dynamic shear stress applied on Γb. The solidis constrained by fixed boundary conditions on the left (Γl) and right (Γr) boundaries:
u(0, y, t) = 0, D < y < 0, (4)
u(L, y, t) = 0, D < y < 0. (5)

where L is the x-coordinate of Γr. The governing wave physics is also subject to zero initial-value condi-tions:
u(x, y, 0) = 0, (6)
∂u

∂t
(x, y, 0) = 0. (7)

We note that this work considers a 2D bounded domain as a prototype for the seismic-input inversion prob-lem in the multi-dimensional setting. Continuing this work, we will investigate the seismic-input inversionin a 2D/3D unbounded (truncated) domain.
2.2 Parameterization of an estimated dynamic traction function
We discretize an estimated dynamic traction function, F (x, t), over space and time as:

F (x, t) =

Nx∑
k=1

Nt∑
j=1

Φk(x)φj(t)Fkj , (8)
where Φk(x) denotes the k-th component of a vector of global basis functions used for the spatial dis-cretization of F (x, t); φj(t) denotes the j-th component of a vector of global basis functions used for the
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temporal discretization ofF (x, t); Fkj denotes the discretized value ofF (x, t) at each discrete location xkand time tj ; andNx andNt denote the numbers of discretization points over space and time, respectively.Although the shape functions to construct Φk(x) and φj(t) can be of any low order, linear shape func-tions are used for both of them in the presented inverse modeling. The sizes of the temporal and spatialdiscretization are set to be, respectively, the time-step size (∆t) of the forward time integration and theelement size (∆x) of a mesh on Γb for a forward wave solver. The presented inverse modeling is aimed atreconstructing the set of control parameters Fkj , of which corresponding wave responses in the domainare consistent with the measurement on Γt.

3 InverseModeling—theoptimize-then-discretize (OTD) approach
This section presents the OTD modeling for identifying the temporal and spatial distributions of unknowntraction F (x, t) based on measured wave responses on the top surface of the solid. First, this sectionpresents the mathematical modeling of deriving the first-order optimality conditions in a continuous form.Second, this section shows the discrete forms of the state and adjoint equations and the gradient of theobjective functional with respect to the control parameters.
3.1 The objective functional
We cast the presented inverse problem into a minimization problem, where we seek the values of controlparameters (i.e., Fkj in (8) for all k and j) that correspond to a minimum (either global or local one) of anobjective functional:

L =

∫ T

0

Ns∑
i=1

(umi − ui)2 dt+RTN, (9)
where umi denotes the displacement field of the measured wave response at the i-th sensor induced by atargeted F (x, t); ui denotes the computed counterpart due to an estimated F (x, t), which is constructedby estimated control parameters; and Ns denotes the number of sensors. In this computational study,
umi is synthetically created by using a forward wave solver with a pseudo target of F (x, t). The first termof (9) is a misfit between umi and ui. We speculate that the misfit functional is quadratic and convex(please see the Appendix C) so that the first-order optimality conditions of the Lagrangian functional (11)would be sufficient for obtaining the inversion solution. However, due to the sparsity of measurementdata, we hypothesize that the considered inverse problem would suffer from the solution multiplicity, andthe regularization could be effective for improving the convergence of the inversion solution to a targetedprofile. To test the hypothesis, we employ the second term of (9),RTN, which denotes the Tikhonov (TN)regularization term:

RTN =
R

2

∫ T

0

∫
Γb

(
∂F (x, t)

∂x

)2

+

(
∂F (x, t)

∂t

)2 dΓ dt, (10)
where R is the regularization factor, which adjusts the amount of penalty on the derivative of F (x, t). Byminimizing the regularization term RTN along with the misfit, we attempt to minimize the discontinuityof F (x, t) and smooth it while mitigating the solution multiplicity of the presented inverse problem. Itis well known that, when the material inversion is performed, the TN regularization on a material profileoverly smooths the discontinuity at the interface of layered media. Thus, the TN regularization is suited foridentifying a smooth material profile while the total variation (TV) is used for enhancing the discontinuityof the material profile. Meanwhile, for the seismic input inversion, a typical time signal of a seismic inputmotion should be a smooth function because the high-frequency content of a discontinuous signal cannotbe retained along the propagation path from a seismic source to a near-surface domain due to attenuation.Thus, this work used the TN regularization under a hypothesis that using the TN regularization can improvethe uniqueness of the inversion solution while smoothing the estimated traction function. This hypothesisis tested in Example 4 shown in the later section ‘Numerical Experiments’.
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3.2 Lagrangian functional
By imposing the governing equation (1) and the Neumann boundary condition (3) onto the side of theobjective functional via Lagrange multipliers, a Lagrangian functional is built as:

A =

∫ T

0

Ns∑
i=1

(umi − ui)2 dt+RTN

+

∫ T

0

∫
Ω

λ

[
∇ · (G∇u)− ρ∂

2u

∂t2

]
dΩ dt

+

∫ T

0

∫
Γb
λF

[
G
∂u

∂y
− F (x, t)

]
dΓ dt, (11)

where λ = λ(x, y, t) and λF = λF (x, t) are the Lagrange multipliers. Note that the boundary conditionand initial conditions are implicitly imposed in (11): they are not shown in (11) but used for the derivation ofthe adjoint and control equations. The first-order optimality conditions of the Lagrangian functional leadto state, adjoint, and control equations. The satisfaction of these equations leads to an optimal solution,corresponding to the minimal value of the objective functional.
3.3 The first-order optimality conditions
The first-order optimality conditions of the Lagrangian functional A require the vanishing variations of Awith respect to the state variable u(x, y, t), the Lagrange variables λ(x, y, t) and λF (x, t), and the controlparameter ξ = Fkj . Such vanishing conditions lead to a triad of state, adjoint, and control equations (Lions,1971):

δλ,λFA = 0 : The first condition (state problem), (12)
δuA = 0 : The second condition (adjoint problem), (13)
δξA = 0 : The third condition (control problem). (14)

For the first condition, the variation of A with respect to the Lagrange variables λ(x, y, t) and λF (x, t)vanishes when the state problem—the original governing wave equation (1) and its associated boundaryand initial-value conditions—is satisfied. Our inverse modeling procedure automatically satisfies it by nu-merically solving the state problem for estimated control parameters.
As the second condition, the variation ofAwith respect to the state variable u(x, y, t) should vanish. Sucha vanishing variational condition leads to the following adjoint equation (see the derivation of the adjointproblem in Appendix):

∇ · (G∇λ)− ρ∂
2λ

∂t2
= 2(um − u)

Ns∑
i=1

∆(x− xi, y − yi), on Ω× [0, T ), (15)
where ∆(x− xi, y − yi) is the Dirac delta. In the adjoint PDE, the difference between um and u serves asthe time signal of a point wave source at each location of a sensor. It is noteworthy that the strong form ofthe adjoint PDE is derived from the weak-form like equation (77). Although the strong form of the adjointPDE is weakly satisfied, the FEM solution of the adjoint PDE fully satisfies the weak-form like equation (77)and, thus, satisfies the second condition of the first-order optimality condition. On the other hand, if theLagrangian functional is built by imposing the discrete form of the state PDE, the aforementioned issuedoes not arise because the corresponding discrete form of the adjoint problem fully satisfies the secondcondition of the first-order optimality condition. To study the latter aspect, this paper also presents thediscretize-then-optimize (DTO) counterpart in the later section ‘Inverse Modeling—the discretize–then-optimize (DTO) approach’, and our numerical experiments tests its inversion performance in Example 2 inthe later section ‘Numerical Experiments’.
The adjoint PDE is also subject to the following boundary conditions:

λ(0, y, t) = λ(L, y, t) = 0, D < y < 0,

∂λ

∂y
(x, 0, t) =

∂λ

∂y
(x,D, t) = 0, 0 ≤ x ≤ L, (16)
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and the following final-value conditions:
λ(x, y, T ) = 0,

∂λ

∂t
(x, y, T ) = 0. (17)

The third condition states that the variation ofAwith respect to a scalar-valued control parameter ξ = Fkjshould vanish. The vanishing variation condition leads to the following control equation (see the derivationof the control problem in Appendix):
δξA =

∂A
∂ξ

= −
∫ T

0

∫
Γb
λ
∂

∂ξ
(F (x, t)) dΓ dt+

∂RTN
∂ξ

= −
∫ T

0

∫
Γb
λΦk(x)φj(t) dΓ dt−R

∫ T

0

∫
Γb

(
∂2F (x, t)

∂x2
+
∂2F (x, t)

∂t2

)
Φk(x)φj(t) dΓ dt︸ ︷︷ ︸

the closed form of ∂A∂ξ = ∂L
∂ξ

= 0. (18)

Note that δξA = ∂A
∂ξ is the derivative of A with respect to a control parameter ξ = Fkj . Since the side-

imposed terms in A vanish, ∂A∂ξ is equivalent to ∂L
∂ξ , which constitutes a gradient vector ∇ξL, where ξ isa vector of all the control parameters. The control equation (18) implies that∇ξL at any estimated valuesof ξ can be evaluated in a semi-analytical manner by using its closed form once the solutions of state andadjoint problems are computed.

3.4 Finite element solution of the state problem

To find u(t) ∈ U for all v ∈ V , we cast the weak form of the state problem as:∫
Ω

∇v · (G∇u) dΩ +

∫
Ω

vρ
∂2u

∂t2
dΩ = −

∫
Γb
vF (x, t) dΓ, (19)

where v denotes a test function. The function spaces for a scalar-valued u and v are defined as:
U = {u : u ∈ H1, u

∣∣
Γl,Γr

= 0}

V = {v : v ∈ H1, v
∣∣
Γl,Γr

= 0} (20)
To resolve the weak form numerically, we use the standard finite-element approximation. We approximatethe test and trial functions, respectively, as:

v(x, y) ' vTψ(x, y), u(x, y, t) ' ψ(x, y)
T
u(t), (21)

where ψ(x, y) denotes a vector of global basis functions constructed by shape functions of each finiteelement mesh in the domain, and u(t) denotes a vector of nodal solutions of the state problem. Then, (19)reduces to the following discrete form:
Mü(t) + Ku(t) = F(t), (22)

where (̈ ) denotes the second-order derivative of its subtended variable with respect to t; M denotes aglobal mass matrix; K denotes a global stiffness matrix; F(t) denotes a global force vector. They are definedas:
K =

∫
Ω

G

(
∂ψ

∂x

∂ψT

∂x
+
∂ψ

∂y

∂ψT

∂y

)
dΩ,

M =

∫
Ω

ρψψT dΩ,

F(t) = −
∫

Γb
ψF (x, t) dΓ. (23)
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3.5 Finite element solution of the adjoint problem
To find λ(t) ∈ Λ for all v ∈ V , the weak form of the adjoint equation (15) is obtained as:∫

Ω

∇v · (G∇λ) dΩ +

∫
Ω

vρ
∂2λ

∂t2
dΩ = −

Ns∑
i=1

2v(xi, yi)(um(xi, yi, t)− u(xi, yi, t)). (24)
The function space for a scalar-valued λ is defined as:

Λ = {λ : λ ∈ H1, λ
∣∣
Γl,Γr

= 0} (25)
The test and trial functions are approximated as follows:

v(x, y) ' vTψ(x, y), λ(x, y, t) ' ψ(x, y)
T
λ(t), (26)

where λ(t) is a vector of the nodal adjoint solution. The weak form of the adjoint problem changes to thefollowing time-dependent discrete form:
Mλ̈(t) + Kλ(t) = Fadj(t), (27)

where Fadj(t) is defined as:
Fadj(t) = 2

Ns∑
i=1

(ψ(xi, yi)u(xi, yi, t)−ψ(xi, yi)um(xi, yi, t)). (28)
We note that the specific forms of the matrices K andM in the discrete form of the adjoint problem in (27)are identical to those for the state problem in (23).
3.6 Time integration
We solve the time-dependent discrete formof the state problem in (22) by using the implicit Newmark timeintegration (i.e., average-acceleration scheme). We omit to show the detail of the forward time integrationprocedure of the state problem.
On the other hand, for the time-dependent discrete form of the adjoint problem in (27), the time inte-gration begins from the final time t = T and ends at the initial time t = 0. That is, the backward timeintegration begins with the final-value conditions, λ(T ) = 0, λ̇(T ) = 0, and

λ̈(T ) = M−1Fadj(T ). (29)
For the backward time-marching procedure from t = T , the following approximations are used:

λ̇n = λ̇n+1 −
∆t

2
λ̈n −

∆t

2
λ̈n+1, (30)

λ̈n =
4

(∆t)2
(λn+1 − λn)− 4

∆t
λ̇n − λ̈n+1. (31)

Substituting (30) into (31) yields:
λ̈n = − 4

(∆t)2
(λn+1 − λn) +

4

∆t
λ̇n+1 − λ̈n+1. (32)

By inserting (32) into the discrete form of the adjoint equation (27), we obtain the following equation thatwill be used for computing λn at every n-th time step:
λn =

[
K +

4

(∆t)2
M

]−1{
Fadj(tn) + M

(
4

(∆t)2
λn+1 −

4

∆t
λ̇n+1 + λ̈n+1

)}
. (33)

Once we obtain λn from (33), we obtain λ̈n from (32) and, in turn, λ̇n from (30).
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3.7 The discrete form of the gradient
The gradient of the objective functional L with respect to a scalar variable ξ can now be numerically com-puted as:

∇(ξ=Fkj)L = −∆x∆t× λ(xk, D, tj)−R×∆x∆t×
[
∂2F (x, t)

∂x2
+
∂2F (x, t)

∂t2

]
at xk,tj

. (34)
Here, this works uses the aforementioned FEM solution of the adjoint problem for evaluating the gradientin (34) under the OTD approach.

4 InverseModeling—thediscretize–then-optimize (DTO) approach
This section presents the inverse modeling based on the DTO approach. The Lagrangian functional is builtby imposing the discrete form of the state problem, using the discrete adjoint variable, into the objectivefunctional in the discrete form. The first-order optimality conditions are derived in the discrete form. Thetime-integration implementation of the state and adjoint problems are already embedded in their discreteforms.
4.1 The discrete objective functional
The discrete-form counterpart of the objective functional (9) is given by:

L̂ = (ûm − û)T B (ûm − û) +
R

2
F̂
T
R F̂, (35)

where û = [u0 u̇0 ü0 u1 u̇1 ü1 . . .uN u̇N üN]T corresponds to the space-time discretization ofu(x, y, t) for
(x, y) ∈ Ω and t ∈ [0, T ], induced by an estimated F (x, t) (N is the number of time steps, and ui are thespatial degrees of freedom at the i-th time step); ûm is the space-time discretization of um(x, t) inducedby a targeted F (x, t); and B is a block diagonal matrix, determined as B = ∆tB on the diagonal, where Bis a square matrix that is zero everywhere except on the diagonals that correspond to a degree of freedomfor which measured data are available; R is the regularization factor; F̂ = [0 0 F0 F1 0 0 . . .FN 0 0]T isa global force vector corresponding to all the time steps—that is, the discrete control parameter Fkj arepopulated in F̂; and R is the matrix corresponding to the discretization scheme used for the regularizationterms defined as:

R =

∫ T

0

∫
Γb

(
∂w(x, 0, t)

∂x

∂wT (x, 0, t)

∂x
+
∂w(x, 0, t)

∂t

∂wT (x, 0, t)

∂t

)
dΓ dt, (36)

wherew(x, y, t) denotes a vector of global basis functions, in both space and time, constructed by shapefunctions of each finite element mesh in the domain and the shape functions over the time. That is, anestimated traction function F (x, t) can be discretized as:
F (x, t) = wT (x, y = 0, t)F̂. (37)

4.2 The discrete Lagrangian functional
The Lagrangian functional corresponding to (35) is built by imposing the discrete form of the state problemusing the discrete adjoint variable:

Â = (ûm − û)T B (ûm − û) +
R

2
F̂
T
R F̂ + λ̂

T
(Qû− F̂), (38)

where λ̂ = [λ0 λ̇0 λ̈0 λ1 λ̇1 λ̈1 . . .λN λ̇N λ̈N]T is the discrete (space-time) Lagrange multiplier that en-forces the discrete forward problem as a constraint; and Q is the discrete forward operator defined as:
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Q =



I 0 0 0 0 0 . . . 0 0 0 0 0 0
0 I 0 0 0 0 . . . 0 0 0 0 0 0
K 0 M 0 0 0 . . . 0 0 0 0 0 0
L1 L2 L3 Keff 0 0 . . . 0 0 0 0 0 0
a1I I 0 −a1I I 0 . . . 0 0 0 0 0 0
a0I a2I I −a0I 0 I . . . 0 0 0 0 0 0... ... ... ... ... ... . . . ... ... ... ... ... ...
0 0 0 0 0 0 . . . L1 L2 L3 Keff 0 0
0 0 0 0 0 0 . . . a1I I 0 −a1I I 0
0 0 0 0 0 0 . . . a0I a2I I −a0I 0 I


, (39)

where:
a0 =

4

(∆t)2
, a1 =

2

∆t
, a2 =

4

∆t
, (40)

Keff = a0M + K, (41)
L1 = −a0M, L2 = −a2M, L3 = −M. (42)

4.3 The first-order optimality condition in the DTO modeling
The discrete optimality conditions of (35) require that the variations of Âwith respect to λ̂, û and F̂ vanish.The first condition, taking the variation with respect to λ̂, recovers the discrete form of the state equation:

∂Â
∂λ̂

= Qû− F̂ = 0. (43)
For the second condition, the variation of Â with respect to û should vanish:

∂Â
∂û

= QT λ̂+ 2B (ûm − û) = 0. (44)
Equation (44) represents the discrete adjoint equation. Since it involves the transpose of Q, we solve itby marching backwards in time. For example, from the last two rows of (39), we obtain the final condi-tions:

λ̈N = 0, (45)
λ̇N = 0, (46)

respectively; and the third row from the bottom yields:
KeffTλN = 2∆tB (uN − umN ) + a1λ̇N + a0λ̈N , (47)

which can be solved for λN . For time steps n = N − 1, N − 2, . . . , 1, we first update λ̈n and λ̇n as thefollowing:
λ̈n = MTλn+1 − λ̈n+1, (48)
λ̇n = a2MTλn+1 − λ̇n+1 − a2λ̈n+1, (49)

and, then, solve the following:
KeffTλn =2∆tB (un − umn) + a1λ̇n + a0λ̈n

+ a0MTλn+1 − a1λ̇n+1 − a0λ̈n+1, (50)
Finally, the first three rows of (15) result in the following equations. First, we solve:

MT λ̈0 = MTλ1 − λ̈1, (51)
and, then, update λ̇0 and λ0 as the following:

λ̇0 = a2MTλ1 − λ̇1 − a2λ̈1, (52)
λ0 = −KT λ̈0 + a0MTλ1 − a1λ̇1 − a0λ̈1 + ∆tB (u0 − um0). (53)
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We note that the backward adjoint time integration in the DTO approach differs from that shown in itscounterpart of the OTD approach.
The third condition states that the variation ofA with respect to F̂ should vanish:

∂Â
∂F̂

= R R F̂− λ̂ = 0, (54)
which represents the discrete control equation and implies that ∂Â∂ξ = ∂L̂

∂ξ is the component of the vector:
R R F̂− λ̂, (55)

at its row corresponding to ξ = Fkj .
4.4 Implementation of the regularization term in the gradient

Figure 2: Fkj is surrounded by four elements in the space in terms of x and t: the horizontal and verticalaxes represent, respectively, the x coordinate and time t.
This subsection shows the detail of evaluating the regularization term, R R F̂, in (55). The non-zero contri-bution of an element (shown in Fig. 2) in the space in terms of x and t to Rmatrix is:

Re = ∆x∆t


( 1

3
1

(∆x)2 + 1
3

1
(∆t)2 ) (− 1

3
1

(∆x)2 + 1
6

1
(∆t)2 ) (− 1

6
1

(∆x)2 −
1
6

1
(∆t)2 ) ( 1

6
1

(∆x)2 −
1
3

1
(∆t)2 )

(− 1
3

1
(∆x)2 + 1

6
1

(∆t)2 ) ( 1
3

1
(∆x)2 + 1

3
1

(∆t)2 ) ( 1
6

1
(∆x)2 −

1
3

1
(∆t)2 ) (− 1

6
1

(∆x)2 −
1
6

1
(∆t)2

(− 1
6

1
(∆x)2 −

1
6

1
(∆t)2 ) ( 1

6
1

(∆x)2 −
1
3

1
(∆t)2 ) ( 1

3
1

(∆x)2 + 1
3

1
(∆t)2 ) (− 1

3
1

(∆x)2 + 1
6

1
(∆t)2 )

( 1
6

1
(∆x)2 −

1
3

1
(∆t)2 ) (− 1

6
1

(∆x)2 −
1
6

1
(∆t)2 ) (− 1

3
1

(∆x)2 + 1
6

1
(∆t)2 ) ( 1

3
1

(∆x)2 + 1
3

1
(∆t)2 )

 .
(56)

Accordingly, the four elements surrounding Fkj (see Fig. 2) contribute to the 9× 9 submatrix (i.e., R4E) of
R. Then, the component ofR R F̂ corresponding to Fkj can be computed as:

∂RTN
∂Fkj

= R(R4E5-th row)F4E, (57)
where the 5-th row of R4E (i.e., R4E5-th row) is:

R4E5-th row = ∆x∆t



(− 1
6(∆x)2 −

1
6(∆t)2 )

( 1
3(∆x)2 −

2
3(∆t)2 )

(− 1
6(∆x)2 −

1
6(∆t)2 )

(− 2
3(∆x)2 + 1

3(∆t)2 )

( 4
3(∆x)2 + 4

3(∆t)2 )

(− 2
3(∆x)2 + 1

3(∆t)2 )

(− 1
6(∆x)2 −

1
6(∆t)2 )

( 1
3(∆x)2 −

2
3(∆t)2 )

(− 1
6(∆x)2 −

1
6(∆t)2 ).



T

, (58)
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and F4E is defined as:

F4E =



F(k−1)(j−1)

F(k−1)j

F(k−1)(j+1)

Fk(j−1)

Fkj
Fk(j+1)

F(k+1)(j−1)

F(k+1)j

F(k+1)(j+1)


. (59)

Thus, under the DTO approach, (57) can be implemented as:
∂RTN
∂Fkj DTO

=−R×∆x∆t×{
1

6

(
F(k−1)(j−1) − 2F(k−1)j + F(k−1)(j+1)

(∆x)2

)
+

4

6

(
Fk(j−1) − 2Fkj + Fk(j+1)

(∆x)2

)
+

1

6

(
F(k+1)(j−1) − 2F(k+1)j + F(k+1)(j+1)

(∆x)2

)
+

1

6

(
F(k−1)(j−1) − 2Fk(j−1) + F(k+)(j−1)

(∆t)2

)
+

4

6

(
F(k−1)j − 2Fkj + F(k+1)j

(∆t)2

)
+

1

6

(
F(k−1)(j+1) − 2Fk(j+1) + F(k+1)(j+1)

(∆t)2

)}
, (60)

while, its counterpart in the OTD approach can be implemented as:
∂RTN
∂Fkj OTD

= −R×∆x∆t×
{(

Fk(j−1) − 2Fkj + Fk(j+1)

(∆x)2

)
+

(
F(k−1)j − 2Fkj + F(k+1)j

(∆t)2

)}
, (61)

which corresponds to (34).

5 Numerical Implementation of the Inversion Process
By utilizing the semi-analytically evaluated gradient vector∇ξL, this work iteratively updates a set of esti-mated control parameters by using the gradient-based minimization scheme as follows:
(a) First, we compute synthetic measured data um at sensors by using pseudo-target traction F (x, t).
(b) Then, u(x, t) is obtained by using estimated F (x, t) that is constructed by estimated control param-eters ξ.
(c) The adjoint problem is, then, solved by using the solution of the state problem in the previous step.
(d) The gradient of the objective functional,∇ξL, is evaluated.
(e) Finally, the gradient-basedminimization scheme updates the estimated control parameters ξ via theconjugate-gradient method and the Newton’s method. The conjugate-gradient method determinesthe best search direction, and the Newton’s method determines an optimal step length.

The numerical optimizer repeats the above steps (b) to (e) and iteratively solve for the control parametersthat satisfy the vanishing control equation. A set of these steps is counted as an inversion iteration. Thedetailed procedure of the numerical optimizer is summarized in Algorithm 1.
5.1 Conjugate gradient
In every s-th inversion iteration, the gradient vector is computed asg(s) = ∇ξL(s). By usingg(s), the searchdirection d(s) is computed by using the conjugate-gradient scheme (Fletcher and Reeves, 1951):

d(s) = −g(s) (s = 0 and everym (e.g.,m = 5)),
d(s) = −g(s) +

g(s).g(s)

g(s−1).g(s−1)
d(s−1) (s ≥ 1). (62)

The g(s) is reset to be equal to−g(s) at everym inversion iteration in order to eliminate the progressively-accumulated error in the search direction (Kang and Kallivokas, 2010a). In the presented numerical exper-iments, we usedm = 5.
12



Algorithm 1Minimization Algorithm
1: Set TOL=10−10

2: BuildM andKmatrices for forward and adjoint wave solvers.3: Compute um by using a forward wave solver with target traction F (x, t).4: Set an iteration index s = 1 and initial control parameters (ξ(s=1) = 0) and compute L(s=1).5: while (L(s+1) > TOL×L(1) and s < 103) do6: Compute u(x, y, t) by solving the discrete form of the forward problem using ξ(s).7: Solve the discrete form of the adjoint problem.8: Compute the components of a gradient vector, g(s) = ∇ξL(s).9: Compute an optimal search direction d(s) by using the conjugate-gradient scheme.10: Compute an optimal step length h(s) by using the Newton’s method.11: Update estimated control parameters as ξ(s+1) = ξ(s) + d(s)h(s) and compute L(s+1).12: s← s+ 113: end while

5.2 Adaptively-calculated regularization factor
The value of the regularization factor R in the above gradient (18) determines the extent, to which thepenalty is imposed on the oscillation of the spatial and temporal variation of F (x, t). If R is too large,the estimated traction profile may remain too smooth. If R is too small, the numerical optimizer couldsuffer from the solution multiplicity. To determine the optimal value ofR during the inversion process, thiswork adopts the regularization factor continuation scheme (Kang and Kallivokas, 2010a). To this end, wedecompose L into Lm andRTN = RLR, which are defined as:

Lm =

∫ T

0

Ns∑
i=1

(umi − ui)2 dt,

LR =
1

2

∫ T

0

∫
Γb

(
∂F (x, t)

∂x

)2

+

(
∂F (x, t)

∂t

)2 dΓ dt. (63)
Accordingly,∇(ξ=Fkj)L in (18) can be decomposed into the following two in the OTD approach:

∇(ξ=Fkj)Lm = −
∫ T

0

∫
Γb
λΦk(x)φj(t) dΓ dt, (64)

R∇(ξ=Fkj)LR = −R
∫ T

0

∫
Γb

(
∂2F (x, t)

∂x2
+
∂2F (x, t)

∂t2

)
Φk(x)φj(t) dΓ dt. (65)

or the following two in the DTO approach: ∇(ξ=Fkj)L̂m andR∇(ξ=Fkj)L̂R, which are the components of
the vectors, respectively, −λ̂ and RR F̂ in (55), at their rows corresponding to ξ = Fkj . Here, Kang andKallivokas (2010a) suggested imposing the following inequality:

R|∇ξLR| < |∇ξLm|, or R <
|∇ξLm|
|∇ξLR|

. (66)
Thus, in each inversion iteration,R can be set as:

R = IR
|∇ξLm|
|∇ξLR|

, (67)
where IR denotes the regularization intensity factor. Since Kang and Kallivokas (2010a) heuristically foundthat the value of IR should be 0 < IR < 0.5 for the material inversion, we tested the performance of thepresented inversion with respect to IR in the numerical experiments as well.
5.3 Updating the estimated control parameters
Starting with an initial guess for the control parameter vector ξ, which is comprised of Fkj , the estimateof ξ can be updated iteratively as:

ξ(s+1) = ξ(s) + h(s)d(s), (68)
where h(s) is a scalar-valued step size and d(s) is a search-direction vector computed by the conjugate-gradient scheme, and s is the iteration index in the optimization process. For each iteration, s, theNewton’s
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method (Lloyd and Jeong, 2018) is used to determine the optimal step size, h(s). Namely, in each s-thiteration in the numerical optimization process, there are up to 4 sub-iterations (r is the sub-iterationindex). We begin from an initially estimated hs(r=1)
, and, for the next sub-iteration of (r + 1) up to r of 4,we update hs(r+1)

as the following:

hs(r+1)
= hsr −

( L′(hsr )(s+1)

L′′(hsr )(s+1)

)
= hsr −

(
L(hsr+η)(s+1)−L(hsr−η)(s+1)

2η

)
(
L(hsr+η)(s+1)−2L(hsr )(s+1)+L(hsr−η)(s+1)

η2

) (69)

whereL(hsr )(s+1) is the objective functional given the updated ξ in (68) using hsr . For each sub-iteration,
r, values for thefirst and secondderivatives of the objective functionalwith respect tohs—i.e.,L′(hsr )(s+1)and L′′(hsr )(s+1)—are determined numerically via central difference approximations. In the very righthand side term of (69), L(hsr ± η)(s+1) is L(s+1) evaluated when ξ(s+1) = ξs + (hsr ± η)ds.

6 Numerical Experiments
This section shows a set of numerical examples, investigating the performance of the presented inversemodeling with respect to various factors. In all the examples, we consider a square-shaped solid domain,of which extent is 60 m × 60 m. To avoid an inverse crime, we compute the synthetic measured data umusing an element size set as 0.5m, while an element size of 1m is used in the FEM solvers for obtaining stateand adjoint solutions in the computational domain. The same time step of 0.001 s is used in the forwardand inversion problems. The solid has a uniform mass density ρ of 1000 kg/m3.
Two targeted dynamic tractions,F1(x, t) andF2(x, t), are considered in this section. The targetedF1(x, t),of which amplitude changes over space and time, is shown in Fig. 6(a). Its peak amplitude is 200 N/m2,and the total observation duration T1 is 1.5 s in the inversion simulation of F1(x, t). The time-dependentvalue of the targeted F1(x, t) at any specific value of x is a Ricker wavelet (for instance, see F1(30, t) inFig. 3(a)) with its central frequency of 10 Hz (see the frequency contents of F1(30, t) in Fig. 3(b)).
The targeted F2(x, t) is shown in Fig. 19(a), and its amplitude changes over space and time. Fig. 3(c) showsthe time-dependent value of the targeted F2(30, t) and Fig. 3(d) shows its frequency contents. The signalis a part of a recorded ground motion signal during the 1994 Northridge earthquake from the Pacific Earth-quake Engineering Research Center (PEER) ground motion database (PEER, 2000). The total observationduration T2 is 6 s for the inversion simulation to identify the targeted F2(30, t).
For the inversion process, we discretize estimated F1(x, t) by using 91,500 control parameters—i.e., 61(over space)× 1500 (over time)—and F2(x, t) by using 366,000 control parameters—i.e., 61 (over space)
× 6000 (over time). The temporal and spatial intervals for the discretization are 0.001 s and 1 m, respec-tively, for both forces. Initially-estimated values of all the control parameters are zero. Our numerical opti-mizer iteratively updates the values of all the control parameters by using the presented inverse modelingprocedure.
In what follows, six examples of numerical experiments are presented. The first example is focused on theperformance of inverting for F1(x, t) with respect to the complexity of the material profile in the domain.To this end, we consider the following material profiles:

• Material profile 1: A homogeneous solid with the wave speed of Vs = 250 m/s,
• Material profile 2: A 2-layered solid with 1 inclusion as in Fig. 4(a) with wave speeds of Vs1 = 300m/s, Vs2 = 350 m/s, and Vs3 = 200 m/s,
• Material profile 3: A 3-layered solid with 3 inclusions as in Fig. 4(b) with wave speeds of Vs1 = 400m/s, Vs2 = 450 m/s, Vs3 = 300 m/s, Vs4 = 350 m/s, Vs5 = 200 m/s, and Vs6 = 250 m/s.

The second example compares the performance of identifying F1(x, t) by using the OTD method versusthe DTOmethod. The third example tests the inversion performance of identifying F1(x, t)with respect tothe number of sensors on the top surface of the domain. The fourth example examines the convergenceof the estimated F1(x, t) into the target with respect to the regularization intensity factor, IR. The fifthexample is focused on the performance of inverting for F1(x, t) with respect to the noise level. Lastly,the sixth example shows the capability of our inverse modeling to reconstruct F2(x, t), which is a realisticseismic signal as opposed to F1(x, t). Each example considers the result data of multiple cases, of which
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Figure 3: (a) The time signal of F1(x = 30, t); (b) the amplitude of Fourier Transform of F1(x = 30, t); (c)the time signal of F2(x = 30, t); and (d) the FFT of F2(x = 30, t).
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Figure 4: Heterogeneous solids: (a) Material profile 2; and (b) Material profile 3.
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input parameters are summarized in Table 1. For the sake of assessing the accuracy to reconstruct F (x, t)in the numerical results, the following error norm between estimatedF (x, t) and its target is used:
E =

∫ T
0

∫
Ω
|F (x, t)target − F (x, t)estimate|2 dΩ dt∫ T

0

∫
Ω
|F (x, t)target|2 dΩ dt × 100[%]. (70)

Table 1: Summary of all cases.
Case number Material profile Force profile Approach # of sensors IR Noise level [%]1 1 1 OTD 30 0.5 02 2 1 OTD 30 0.5 03 3 1 OTD 30 0.5 04 3 1 DTO 30 0.5 05 3 1 OTD 15 0.5 06 3 1 OTD 10 0.5 07 3 1 OTD 5 0.5 08 3 1 OTD 15 1.0 09 3 1 OTD 15 0.1 010 3 1 OTD 15 0.01 011 3 1 OTD 15 0.0 012 3 1 OTD 15 0.0 113 3 1 OTD 15 0.0 214 3 1 OTD 15 0.0 315 3 1 OTD 15 0.01 216 3 1 OTD 15 0.1 217 3 1 OTD 15 0.5 218 3 2 OTD 15 0.0 0

Before our parametric studies on the inversion performance, we verify the theoretical derivation of theadjoint and control equations and the numerical implementation. That is, the gradients obtained by oursemi-analytical OTD and DTO approaches are compared with that from the finite difference (FD) approach.In this verification, we used the targetedF1(x, t), a heterogeneous domain of thematerial profile 3, shownin Fig. 4(b), only one sensor in the center of Γt, IR of 0, and the noise level of 0%. In order to reducethe computational cost of the FD approach, the spatial distribution of F1(x, t) is set to be uniform, and,thus, only the temporal variation of F1(x, t) is considered. Fig. 5 shows excellent agreement among thenormalized gradients (i.e.,∇ξL/|∇ξL|) that are calculated by using the OTD approach, the DTO approach,and the FD approach, respectively, at the first inversion iteration. Thus, our theoretical derivation andnumerical implementation of the presented inverse modeling are trustable.
6.1 Example 1: Investigating the inversion performance with respect to the material

profile complexity.
In this example, we test the performance of the presented inversemodeling with respect to the complexityof the material profile by using the results of Cases 1 to 3. We used the OTD approach, 30 sensors, IR of0.5, and the noise level of 0% in these Cases.
Fig. 6(b,c,d) show reconstructed dynamic traction for Cases 1, 2, and 3, respectively. Figs. 7 and 8 showthat the values of L and E , in general, decrease as the number of iterations increases. Fig. 7 depicts that
L shows a sawtooth behavior over iterations. We suggest that it occurs because of the penalty that isimposed by the regularization term on the derivative of F1(x, t). Namely, as seen in the later Examples4 and 6, when IR is equal to zero, the sawtooth behavior of L does not occur. Besides, Fig. 8 shows thatthe more complex the material profile is, the higher terminal value of E is obtained. Fig. 9 shows thatthe wave responses of um due to the targeted F1(x, t) match those of u due to the reconstructed one attwo sensors in Cases 1-3. It implies that our numerical minimizer is very effective in minimizing the misfit:there is a very small difference, of the scale of 10−13 to 10−12, among the terminal values of L in Fig. 7for Cases 1 to 3. Even though u match um at the end of the inversion simulation, our optimizer results
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Figure 5: Comparison between the gradients generated by the OTD approach, DTO approach and the FDapproximation.
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Figure 6: (a) Target and (b-d) Reconstructed F1(x, t) for Cases 1-3 at the 1000th iteration. Horizontal andvertical axis in the contour plot represent, respectively, the numbering of the discretized points over space(x) and time (t) of the distribution of F1(x, t).
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Figure 8: Example 1 - Error, E , versus iterations with respect to the material profiles.
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in a higher terminal value of E for a more complex material profile. To explain this aspect, we note thatLloyd and Jeong (2018) reported that a more heterogeneous background solid leads to a larger terminalvalue of an error between a targeted moving, body force-typed wave source function and its estimatedcounterpart in a 1D solid setting. It is because, the more heterogeneous the material property of a domainis, the waves reverberate more inside the domain. That is, because of the reverberation, as seen in Fig. 6,the reconstructed traction has a stronger noise-like behavior, leading to a higher final value of E when amore heterogeneous material profile is used. Thus, in a more heterogeneous solid setting, the inversionsolver is less likely to converge towards a targeted traction function.
Fig. 10 shows the snapshots of the wave responses in the entire computational domain, induced by (a) thetargetedF1(x, t) and (b) its reconstructed counterpart in Case 3. Both responses are in excellent agreementwith each other even though the terminal value of E in Case 3 is the largest among the Cases 1-3. Thus, thepresented dynamic-input inversion algorithm could be further developed for reconstructing seismic inputmotions and, then, “replaying" the corresponding wave responses in a truncated computational domainduring seismic events.
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Figure 9: um and u, at sensors placed on the top surface. (a-b) measured at x = 20 m and x = 40 m,respectively, for Case 1. (c-d) measured at x = 20 m and x = 40 m, respectively, for Case 2. (e-f) measuredat x = 10 m and x = 20 m, respectively, for Case 3.

6.2 Example 2: Comparison between the inversion performances of the OTD and DTO
approaches

This example compares the performanceof theOTDapproachwith that of theDTO counterpart by using theresults of Cases 3 and 4, in both of whichwe reconstruct the targeted tractionF1(x, t) by using thematerialprofile 3, IR of 0.5, and the noise level of 0%. Fig. 11 shows the targeted F1(x, t) and its reconstructedcounterparts obtained by using the OTD and DTO approaches, in Cases 3 and 4, respectively. We could notvisually noice the difference between the two reconstructed ones in Fig. 11. Thus, we suggest that there isno difference between the final reconstructed traction function obtained by using the OTD approach andthat by using the DTO approach in this 2D SH wave work. Fig. 12 also shows that the terminal values of Land E , when using the OTD approach, are in excellent agreement with those using the DTO counterpart.However, a sawtooth behavior of L occurs more when we use the DTO approach than the OTD approach.As mentioned earlier, the sawtooth behavior occurs because of the regularization. Namely, as shown in(60) and (61), the gradient of the regularization term in the OTD approach is implemented differently fromthe DTO counterpart so that their corresponding behaviors of L differ from each other.
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Figure 10: Wave responses, u(x, y, t), at 1.5 seconds due to (a) target traction and (b) reconstructed tractionin Case 3.
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Figure 11: (a) Targeted F1(x, t) and (b,c) Reconstructed F1(x, t) for the OTD and DTO approaches, respec-tively, at the 1000th iteration.

6.3 Example 3: Investigating the inversion performance with respect to the number
of sensors

In this example, we study the inversion performance with respect to the number of sensors on the topsurface. We considered Cases 3, 5, 6, and 7, which use 30, 15, 10, and 5 sensors, respectively, and thematerial profile 3, IR of 0.5, and the noise level of 0%. Fig. 13 shows that, although increasing the numberof sensors decreases the terminal value of E of the inversion, using 5, 10, 15, and 30 sensors gives rise tothe terminal values of E of the almost same magnitude, i.e., 25 to 26% with a slight difference of only upto 1% from each other. Thus, we suggest that when the sampling rate of the measurement is equal to thetimestep for discretizing F1(x, t), the ratio of the size of measurement data to the number of the controlparameters can be as small as 1:12—e.g., (5 sensors × 1500 timesteps):(61 nodes × 1500 timesteps)—inthe presented example.
6.4 Example 4: Investigating the inversion performance with respect to IR

This example studies the accuracy of the inversion with respect to the regularization intensity factor, IR.We used 15 sensors on the top surface, the material profile 3, and the noise level of 0% for all the cases inthis example. In addition to the Case 5 in Example 3, where IR of 0.5 is used, we considered Cases 8-11,which use IR of 1.0, 0.1, 0.01, and 0.0, respectively.
As can be seen in Fig. 14, the terminal value of L for a large value of IR (e.g., IR = 1.0) is larger than thosefor smaller values of IR. We also note that, when IR is 0.0, the sawtooth behavior of L does not occur inFig. 14. Furthermore, Fig. 15 shows that the terminal value of E for IR of 1.0 is 54.9 % and is about twicehigher than those (about 25 %) for 0 ≤ IR ≤ 0.5.
The inversion performance, in terms of E over the iterations, is relatively unstable for IR of 1.0, while it isstable for 0 ≤ IR ≤ 0.5. That is, using IR of 1.0 increases E after the 180-th iteration. Fig. 16 compares thefinal estimated traction function, when IR is 1.0, with that for IR of 0.0. Fig. 16 shows that the noise-likebehavior is more severe in the reconstructed traction for IR of 1.0 than that for IR of 0.0. We also notethat when IR of 0.0 was used, E is the smallest (24.65%) in this example as shown in Fig. 15.
We discuss why using IR of 0.0 leads to as a small terminal value of E as IR greater than 0.0 in the fol-
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Figure 12: Example 2 - L and E with respect to the inverse approach.
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Figure 13: Example 3 - Error, E , versus iterations with respect to the number of sensors.
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lowing. As discussed in the previous 1D work of the seismic-input inversion (Jeong and Seylabi, 2018), theproposed dynamic-traction inversion is naturally equipped with the smoothing effect even without usingthe TN regularization. Namely, the FEM solver naturally filters out high frequencies of the estimated trac-tion function and smooths its temporal variation evenwithout the regularizationmethod. Similarly, it filtersout the high-wavelength content of the spatial variation of an estimated traction function. Because of suchinherent low-pass filtering of the FEM solver, as shown in our presented numerical results, even when TNregularization is not used, the inversion solver smooths an estimated traction function.
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Figure 14: Example 4 - Objective functional, L, versus iterations with respect to IR.

6.5 Example 5: Investigating the inversion performance with respect to the noise
level

In this example, we focus on examining the performance of inverting F1(x, t) with respect to the noiselevel of random noise that is added to um prior to the inversion. We used the OTD approach, the materialprofile 3, 15 sensors, IR of 0.0, and examined the noise level of 0%, 1%, 2%, and 3%, which correspond toCases 11-14, respectively. Fig. 17 shows that, the larger the noise level is, the larger the terminal values of
L and E are obtained when no regularization is used.
Fig. 18 shows the inversion performance with respect to IR (Cases 15-17 in addition to the Case 13) whenwe use the material profile 3, 15 sensors, and the noise level of 2%. We note that IR of 0.01, 0.1, and 0,5did not make any difference in the terminal value of E compare to that for IR of 0.0. Thus, we suggest thatusing the TN regularization does not improve the inversion performance in the presented work when umcontains noises.
6.6 Example 6: Examining the feasibility of the presented inverse modeling to recon-

struct a realistic seismic signal F2(x, t)

In this example, we focus on examining the feasibility of inverting for a realistic seismic signal F2(x, t). Weused the OTD approach, the material profile 3, 15 sensors, IR of 0.0, and the noise level of 0%. Fig. 19shows the excellent agreement between the targeted and reconstructed dynamic tractions, F2(x, t), inCase 18. Fig. 20 and 21 show the values of L and E , respectively, over iterations, and L decreases withoutthe sawtooth behavior because IR of 0.0 is used. Overall, F2(x, t) has much lower frequency contentthan F1(x, t) so that the wave responses induced by F2(x, t) are less complex than those by F1(x, t)(see the wave responses in Fig. 22 and compare them with those in Fig. 10). Thus, our minimizer suffersfrom solution multiplicity less severely when it identifies F2(x, t) than F1(x, t). Accordingly, the terminal
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Figure 15: Example 4 - Error, E , versus iterations with respect to IR.
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(a) (b)

Figure 16: Example 4 - Estimated traction F1(x, t) for (a) Case 8, where IR = 1.0, and (b) Case 11, where
IR = 0.0

value of E , 3.86%, for reconstructing F2(x, t) in Case 18 is much smaller than its counterpart, 29.76%,of reconstructing F1(x, t) in Case 11. Fig. 22 shows the snapshots of the wave responses in the entirecomputational domain, induced by (a) the targeted F2(x, t) and (b) its reconstructed counterpart in Case18. In general, both responses are in excellent agreement with each other.

7 Conclusion
Wepresent themathematicalmodeling and numerical implementation of a new inversion process for iden-tifying the spatial and temporal distributions of dynamic traction applied on a boundary of a 2D solid do-main with SH scalar wave motions. We tackle the inverse problem by using a gradient-based minimizationscheme. The gradient of an objective functional is evaluated semi-analytically by using the adjoint solution.We present both OTD and DTOmethods, each of which resolves the adjoint problem differently from eachother.
Numerical results show the following findings of the performance of this new inversion method. First, thecomplexity of the material profile in a domain increases the error between the reconstructed traction andits target. Themore heterogeneous thematerial property of a domain is, thewaves reverberatemore insidethe domain. Because of the reverberation, the reconstructed traction has a stronger noise-like behavior,leading to a higher terminal value of E when a more heterogeneous material profile is used. Thus, in amore heterogeneous solid setting, the inversion solver is less likely to converge towards a targeted tractionfunction. Second, the OTD and DTO methods lead to the same inversion results, but the distribution of Lover the iterations shows a more significant sawtooth behavior when we use the DTO method than theOTD method. Third, when the sampling rate of the measurement is equal to the timestep for discretizing
F (x, t), the ratio of the size of measurement data to the number of the control parameters can be assmall as 1:12 in the presented work. Fourth, the regularization intensity IR should not be too large: forinstance, IR is recommended to be smaller than and equal to 0.5. We also note that the terminal valueof E , when IR of 0 is used, is as small as those when using 0.01≤ IR ≤0.5. Thus, it is acceptable totackle the presented inverse modeling of dynamic tractions without the regularization. Fifth, the terminalvalues of L and E increase as the noise of a larger level is added to um, and using the TN regularizationdoes not improve the inversion performance when noise is added to um. Sixth, our minimizer suffers fromsolutionmultiplicity less when it identifies dynamic traction of lower frequency content than that of higherfrequency content.
As shown in the numerical results, the wave responses in the entire computational domain, induced by thetargeted traction and the reconstructed one, are in excellent agreement with each other in the presentedhighly-reverberating domain. Thus, if the presented dynamic-input inversion algorithm is extended intorealistic 3D settings (see below for the details of the extension), it could allow engineers to reconstructincident seismic motions and, then, to replay the wave responses in a 3D truncated domain.
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Figure 17: Example 5 - L and E with respect to the noise level.
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Figure 18: Example 5 - L and E for 2% of noise with respect of IR.
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Figure 19: Example 6 - (a) Target and (b) Reconstructed F2(x, t) for Case 18 at the 6000-th iteration.
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Figure 20: Example 6 - Objective function, L, versus iterations.
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Figure 21: Example 6 - Error, E , versus iterations.

7.1 Future extensions
The presented domain does not fully represent a realistic one, which should be truncated by a wave-absorbing boundary condition (WABC) and subject to remote seismic excitation. Thus, we will extend thiswork as follows. A large extent of the computational domain will be truncated by using a WABC. Then,one can invert for seismic input motions in a truncated 2D/3D domain in the following two possible meth-ods.
First, an estimated incident seismic wave can be modeled as an equivalent traction function on a WABC,e.g., dashpot (Lysmer and Kuhlemeyer, 1969). The estimated traction function will be discretized overspace and time, and all the discretized values will be control parameters to be identified. For instance, an
x-directional traction function, Fx(x, y, t), on a face that is perpendicular to the z-axis of a WABC will bediscretized over space (x and y) and time (t). Then, by using the presented traction-inversion approach,we can reconstruct the traction on the surfaces of a WABC.
Second, the Domain Reduction Method (DRM) will be featured in a forward wave solver. Bielak and Chris-tiano (1984) and Bielak et al. (2003) had developed the DRM, bywhich free-field wavemotions are applied,as a dynamic input, along a fictitious boundary (also known as a DRM boundary) enclosed by the WABC.The DRM has been widely used for modeling wave behaviors of truncated solid domains subject to remoteseismic excitations (Paolucci and Pitilakis, 2007; Tripe et al., 2013; Jeremić et al., 2013; Rahnema et al., 2016;Poursartip et al., 2017; Zhang et al., 2019). Thus, the extension of the presented method will be aiming atreconstructing free-field seismic inputmotions at a DRMboundary. That is, wewill spatially and temporallydiscretize estimated incident seismic wavefield functions at the two boundary surfaces of a single-elementDRM buffer layer of the domain. For instance, we will discretize an x-component incident-wavefield func-tion at the horizontal boundary of a DRM buffer layer, i.e., u0

bx
(x, y, t) or u0

ex(x, y, t)—the subscripts band e denote the boundaries of the DRM layer neighboring the interior and exterior domains, respectively.Next, wewill reconstruct the spatial and temporal distributions of the estimated incident seismic wavefieldfunctions.

Data Availability Statement
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Figure 22: Wave responses, u(x, y, t), at 6.0 seconds due to (a) target load and (b) reconstructed load inCase 18.
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• MATLAB code (.m format) of the presented inverse modeling that contains the optimization solverand the forward and adjoint wave solvers.
• MATLAB datasets (.mat format) of the presented numerical results (Cases 1 to 18).
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A Derivation of the adjoint problem
The variation ofA with respect to u should vanish as:

δuA =

∫ T

0
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Ns∑
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a

+
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0
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d

−
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=0

= 0. (71)

Part a in (71) can be written as:
a =
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where∆(x−xi, y−yi) is the Dirac delta function. Integrating part b in (71) by parts over space twice leadsto:
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Due to the Divergence Theorem, (73) becomes:
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where ∂(·)
∂n denotes a directional derivative of a variable in the direction of an outward unit normal vector

n on Γ. Integrating c in (71) by parts over time twice leads to:
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Because ∂δu
∂t (t = 0) and δu(t = 0) vanish, (75) becomes:
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Due to (72), (74), and (76), (71) can be written as:
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δuA = 0 in (77) is satisfied when we satisfy the adjoint problem in (15) to (17).

B Derivation of the control equation
The variation ofA with respect to ξ should vanish as:
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Part e in (78) can be written as:
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Integrating f in (78) by parts twice over space leads to:
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By integrating g in (78) by parts over time twice and knowing that ∂
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Due to (79), (80), and (81), (78) becomes:
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∂u

∂ξ

[
−2(um − u)

Ns∑
i=1

∆(x− xi, y − yi) +∇ · (G∇λ)− ρ∂
2λ

∂t2

]
︸ ︷︷ ︸

=0

dΩ dt

−
∫ T

0

∫
Γb
λF

∂

∂ξ
(F (x, t)) dΓ dt+

∂RTN
∂ξ

= 0. (82)
Eq. (82) reduces to:

δξA = −
∫ T

0

∫
Γb
λ
∂

∂ξ
(F (x, t)) dΓ dt+

∂RTN
∂ξ

= 0. (83)
The first term of (83) is:

−
∫ T

0

∫
Γb
λ
∂

∂ξ
(F (x, t)) dΓ dt = −

∫ T

0

∫
Γb
λΦk(x)φj(t) dΓ dt︸ ︷︷ ︸

the first term of (18)

, (84)

In addition, the second term in (83) is:
∂RTN
∂ξ

=
∂

∂ξ

(
R

2

∫ T

0

∫
Γb

(
∂F (x, t)

∂x

)2

+

(
∂F (x, t)

∂t

)2 dΓ dt
)

=R

∫ T

0

∫
Γb

(
∂F

∂x

∂F̂

∂x

)
+

(
∂F

∂t

∂F̂

∂t

)
dΓ ddt

=

[
R

∫ T

0

∂F

∂x
F̂ dt

]L
0︸ ︷︷ ︸

=0

−R
∫ T

0

∫
Γb

∂2F

∂x2
F̂ dΓ dt

+

[
R

∫
Γb

∂F

∂t
F̂ dΓ

]T
0︸ ︷︷ ︸

=0

−R
∫ T

0

∫
Γb

∂2F

∂t2
F̂ dΓ dt

=−R
∫ T

0

∫
Γb

(
∂2F (x, t)

∂x2
+
∂2F (x, t)

∂t2

)
Φk(x)φj(t) dΓ dt︸ ︷︷ ︸

the second term of (18)

, (85)

where F̂ is defined as:
F̂ =

∂F (x, t)

∂ξ
= Φk(x)φj(t), (86)

and we enforce that:
∂F

∂x
= 0, at x = 0, L,

∂F

∂t
= 0, at t = 0, T. (87)
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C On the quadratic and convex objective functional
In this section, we prove that the objective functional is quadratic and convex. From the compact form ofthe state problem, û can be defined as:

û = Q−1F̂. (88)
Due to (88), the discrete objective functional (L̂) can be written as:

L̂ = (ûm − û)T B (ûm − û)

= (ûm − Q−1F̂)T B (ûm − Q−1F̂)

= (ûTm − F̂
T
(Q−1)T)B (ûm − Q−1F̂)

= ûTm B ûm︸ ︷︷ ︸
a

− F̂
T
(Q−1)T B ûm︸ ︷︷ ︸

b

− ûTm BQ−1F̂︸ ︷︷ ︸
c

+ F̂
T
(Q−1)T BQ−1F̂︸ ︷︷ ︸

d

, (89)
where the part a is a constant, and the parts b and c are linear functions so that their Hessians vanish. Thepart d in (89) is a quadratic function. Therefore, proving that the part d in (89) is convex will show that L̂is convex.

Sensor 
measuring 
vibrations

F(x,t): dynamic shear traction 
in the anti-plane direction

y

x(0,0)

Fixed 
boundary

Fixed 
boundary

Nodes

Figure 23: Problem setting of Appendix C
To this end, we consider the following simple example—a homogeneous square-shaped solid domain, ofwhich extent is 60 m× 60 m with its shear wave speed of 400 m/s and mass density of 1000 kg/m3. Theshear stress is applied on the bottom surface, and one sensor is placed in the middle of top surface (seeFig. 23). The solid is constrained by fixed boundary conditions on the left and right boundaries, and theelement size is 30 m. Therefore, in this case, there are only three degrees of freedom in the discretizeddomain. We consider 2 time steps, where ∆t = 0.1 s. In such a case, the matrices M, K, and Q are thefollowings:

M =

199980 99990 0
99990 399960 99990

0 99990 199980

 , K =

213344000 −53344000 0
−53344000 426688000 −53344000

0 −53344000 213344000

 , (90)
and

Q =


I 0 0 0 0 0
0 I 0 0 0 0
K 0 M 0 0 0
L1 L2 L3 Keff 0 0
a1I I 0 −a1I I 0
a0I a2I I −a0I 0 I

 , (91)
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where:
a0 =

4

(∆t)2
, a1 =

2

∆t
, a2 =

4

∆t
, (92)

Keff = a0M + K, (93)
L1 = −a0M, L2 = −a2M, L3 = −M. (94)

The vector F̂ is built as:

F̂ =


0
0

F0

F1

0
0

 , F0 =

F30,0

0
0

 , F1 =

F30,1

0
0

 , (95)

where F30,0 and F30,1 are the components of a force vector at the node of x = 30 m and at the timestepsof t = 0 s and t = 0.1 s, respectively. In addition, the block diagonal matrix B is defined as:

B = ∆t


B1 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 B2 0 0
0 0 0 0 0 0
0 0 0 0 0 0

 , B1 = B2 =

0 0 0
0 0 0
0 0 1

 . (96)

Therefore, in this case, due to (90)-(96), the part d in (89) can be written as:
d = F̂

T
(Q−1)T BQ−1F̂

= 1.25× 10−24F 2
30,0 + 1.25× 10−24F 2

30,1 + 2.5× 10−24F30,0F30,1. (97)
As shown in (97), the part d in (89) is a quadratic function in terms of F30,0 and F30,1.
We note that the part d in (89) is convex if the eigenvalues of its Hessian matrix are non-negative (greaterthan or equal to 0). Here, the Hessian matrix of the part d in (89) is:

H =

 ∂2d
∂F 2

30,0

∂2d
∂F30,0∂F30,1

∂2d
∂F30,1∂F30,0

∂2d
∂F 2

30,1

 =

[
2.5× 10−24 2.5× 10−24

2.5× 10−24 2.5× 10−24

]
, (98)

of which eigenvalues are obtained as:
|I*λ - H| =

∣∣∣∣λ− 2.5× 10−24 2.5× 10−24

2.5× 10−24 λ− 2.5× 10−24

∣∣∣∣ = 0. (99)
Namely, the eigenvalues are:

λ1 = 0, λ2 = 5× 10−24. (100)
Both eigenvalues are non-negative so that the part d in (89) is convex, and, therefore, the objective func-tional L̂ is also convex.
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