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ABSTRACT
Previous research has hinted on further improvements of the buckling behaviour of variable-stiffness
laminates by incorporating overlaps, resulting in a variable thickness profile that is non-linearly cou-
pled to the steering angles. The present study compares two modelling strategies to consider the
variable thickness distribution: 1) as-manufactured with discrete thicknesses; and 2) smoothed with
a continuous thickness distribution. The as-manufactured discrete thickness created by overlapping
tows is obtained by means of virtually manufactured laminates. The smeared approximation is much
simpler to implement, whereby the local thickness is a non-linear function of the local steering angle.
Linear buckling analyses are performed by means of fast semi-analytical models based on the Ritz
method using hierarchical polynomials and classical plate formulation. By assuming a smooth manu-
facturing mould on one side, a one-sided thickness variation is produced, resulting in non-symmetric
laminates for which the mid-plane surface is varied accordingly. Modelling guidelines are provided
regarding the use of the smeared model in a study covering a wide range of geometries, loading and
boundary conditions. With these guidelines, one can apply the smeared thickness technique in semi-
analytical models to reach a correlation within ±5% compared to a costly discrete-thickness finite
element model.

1. Introduction
In the aerospace industry, weight reduction has always

been an important goal in order to increase efficiency. This
has caused a shift in the materials from wood to metal, until
lately with composites, such as in the Boeing 787 or Airbus
A350. Owing to their specific strength and stiffness, com-
bined with their mechanical tailoring properties, composite
materials have been employed progressively more. The lat-
est composite developments involve the emergence of Tow-
Steered Laminates (TSL), also called variable-stiffness or
Variable-Angle Tow (VAT) laminates, increasing structural
capabilities by incorporating a higher degree of tailoring.

Early use of local fibre steeringwas performed in order to
increase open hole strength [45]. Later on, Biggers et al. [3]
strategically positioned uni-directional strips in order to im-
prove the buckling capabilities of composite plates, locally
varying the stiffness and benefiting from load redistribution.
The addition of these strips resulted in Variable Stiffness
Laminates (VSL). Building upon this idea of varying the
stiffness distribution locally, VAT, also called steered-tow
or fibre-steered laminates were created. VAT laminates con-
sist in the spatial variation of the fibre orientations within a
ply, as opposed to straight fibres used in conventional Con-
stant Stiffness (CS) laminates. This difference is illustrated
in Figure 1.

Since, the benefits of VAThave been used and researched
numerically into increasing mechanical properties, such as
stiffness [19], buckling [10, 18, 20, 44] and post-buckling [43,
42, 35] capabilities for laminates alone, or along the interac-
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Figure 1: Conventional constant-stiffness (CS) laminate on the
left, and variable-angle tow (VAT) laminate on the right [7].

tion of stiffeners in a bay design [15, 32] and linear buck-
ling of VAT filament-wound cylinders [38]. These benefits
have been proven in experiments to increase properties in
different applications, such as bending [37] and buckling for
cylinders [24, 25] and plates [27, 29].

The production of fibre steering requires automatedman-
ufacturing methods. Automated Fibre Placement (AFP) is a
consolidated process, largely used in the manufacturing of
composite parts. The robotic arms can be configured to bend
the tows while following a reference curved path [6]. Novel
manufacturing techniques such as Continuous Tow Shearing
(CTS) produces curved fibres by means of shearing [23].

During the AFP process, overlaps appear due to the non-
parallel path course of variable tow angle, as illustrated in
Figure 2. If these overlaps are to be avoided to keep a more
uniform thickness, the distance between two subsequent tows
can be increased to obtain gaps instead [4]. Such gaps be-
come resin rich pockets and may become predominant lo-
cations for damage and failure [26]. Subsequent cut-and-
restart of adjacent tows is another possibility to minimize
the presence of overlaps and gaps, at the price of increasing
the manufacturing costs [30]. Instead of gaps or overlaps,
the CTSmethod produces a continuously changing thickness
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Figure 2: VAT manufacturing results: AFP with gaps (a) and
AFP with overlaps (b) [5].

profile [23].
When tows are bent in the AFP manufacturing process,

fibres are prone to wrinkling and twisting [2, 7], as a di-
rect result of compressive strains applied on the inner side
of the curved fibres. To prevent this negative effect, it is a
common practise to constraint the path curvature, with early
assumptions using a minimum radius of 635 mm [28], re-
gardless of the material properties or manufacturing param-
eters; whereas recent studies clearly state that the maximum
curvature depends on deposition rate, temperature and ma-
terials [14]. Clancy et al. [14] used laser-assisted AFP of
thermoplastic tows and presented processing parameters that
allowed a minimum steering radius as low as 400 mm. The
CTS process allows a minimum steering radius of 50 mm
[23].

The presence of gaps and overlaps influence the ideal re-
sponse of a VAT laminate. The effects of gaps has been in-
corporated by the defect layer method, where the stiffness
matrix is reduced based on the relative gap percentage in a
Finite ElementMethod (FEM) element [16]. Instead,Mishra
et al. [30] adapted this defect layer method by means of a
homogenization of the stiffness matrix as a function of the
fibre angular distortion. However, despite showing higher
strength and stiffness than conventional laminates, gap de-
signs are less stiff and have a lower first-ply failure than the
overlap design counterparts [27], evenwhenmass-normalized,
in bending [37] and buckling experiments [29]. However,
little literature has investigated numerically the effects of
overlaps on the buckling behaviour of VAT laminates.

Wu [39] analyzed the effect of a varying thickness profile
due to overlaps created by AFP on a cylinder. After repli-
cating the tow courses and overlap locations, as shown in
Figure 3, Wu used this information in a FEM analysis. He
defined each element’s stiffness with the thickness and layup
information of the virtual model closest to the element’s cen-
troid and perform a non-linear buckling analysis. This ap-
proach showed to be in good comparison with experiments
of the manufactured cylinder with overlaps [40].

Figure 3: Discretised laminate thickness [39].

Upon the variable thickness phenomena, Castro et al.[10]
proposed a smeared thickness formulation to approximate
the local thickness due to overlaps inAFP-manufactured lam-
inates. The formulation is based on the tow width approx-
imation from Blom et al. [5], whilst applying a constant-
volume constraint.

Groh and Weaver [18] investigated the influence of a
varying thickness profile in CTS manufactured laminates,
modelling the variation both as a 2D plate and as a 3D curved
shell, to assess which one represents best the 3D behaviour
determined bymeans of a model using linear brick elements.
They concluded that a curved shell formulation represents
better the thickness influence, and also saw the possibility
of using double curved thickness variation to increase the
buckling performance.

Alternatively, Irisarri et al. [22] and Peeters and Abdalla
[34] used variable thickness by means of ply drops along
curved fibres to retrieve the stacking sequences after a linear
buckling optimization using lamination parameters.

The present study focuses on the use of continuous tows
in AFP manufacturing allowing the formation of overlaps.
Virtually-manufactured laminates are used to obtain the lo-
cations of the overlaps and layer-wise thickness distribution,
according to a given fibre orientation and tow width. The
resulting information is a discrete thickness distribution that
can be used either in a FEM or a semi-analytical model. The
potential of the smeared thickness approximation by Castro
et al. [10] is assessed for representing the influence of over-
laps on the buckling behaviour of the AFP laminates herein
studied, and compared with the modelling approach using
discrete overlaps. Finally, guidelines on the use of the sim-
pler smeared thickness modelling are given for a wide range
of design possibilities and manufacturing parameters.

2. Virtual Manufacturing
This section addresses the idealization of variable stiff-

ness by defining the fibre variation, followed by special con-
siderations regarding the overlaps. Finally, the procedure to
obtain the discrete thickness distribution of a laminate and
the way to incorporate manufacturing constraints are dis-
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Figure 4: Global (x, y) coordinate system and manufacturing
(x′, y′) coordinate system rotated by the angle 
. Fibre angles
are defined using the angle �, measured about the manufac-
turing coordinates.

cussed.
2.1. Fibre Steering

Two coordinate systems are introduced: a global and a
manufacturing one; both illustrated in Figure 4. The man-
ufacturing coordinate is rotated about the global coordinate
through the ply rotation angle 
 . The global coordinate sys-
tem (x, y) is used to represent the laminate properties and as-
sociated loading conditions, whereas the manufacturing co-
ordinate system (x′, y′) is used to define the fibre orientation
� and the overlap locations on a ply basis.

A one-dimensional fibre variation is defined in the man-
ufacturing coordinate system along the x′ axis by means of a
Lagrange interpolation scheme, as suggested byWu et al. [44]
and shown in Equation 1, where the manufacturing angle �
is shown in Figure 4. This interpolation scheme allows for
complex angle definitions using only a few control points
(CP) per ply. In Equation 1, there areM control points lo-
cated at fixed positions x′k.

�(x′) =
M
∑

m=0
�m

M
∏

k≠m

x′ − x′k
x′m − x

′
k

(1)

The manufactured fibre orientation �(x′) must be trans-
lated to the global coordinate angle �, also defined as posi-
tive in the counter-clockwise direction and measured about
the x-axis, according to Equation 2 and illustrated in Fig-
ure 4. The exact method and considerations to rotate a ply
are treated in Section 2.2.

�(x, y) = �(x′) + 
 (2)
A grid in the global coordinate system is created to keep

track of the thickness and stiffness distribution, necessary
for the buckling simulations. For each point in this grid, the
following parameters are stored for every ply:

• Manufacturing angle, �

Table 1
Different thickness profile for the same global fibre orientation.

CP 1 CP 2


 [°] �1 [°] Thickness
ratio [-] �2 [°] Thickness

ratio [-]

Case 1 0 0 1 45
√

2
Case 2 45 -45

√

2 0 1

• Global fibre orientation, �
• Fibre steering curvature, �
• Local thickness (either discrete or smeared), tlocal

2.2. Ply Rotation
One can construct the same global fibre orientation with

different ply rotation angles, as exemplified by the two cases
of Table 1. Two control points (CP) are used, creating a lin-
ear variation of the orientation angle �. Note that in both
Case 1 and Case 2 the final global fiber orientation is the
same, as given by � = 
+� of Equation 2. However, the non-
linear thickness variation due to overlaps is only a function
of the manufacturing angle �, as discussed in Section 2.3
and 2.4, resulting in different thickness profiles for Case 1
and Case 2. Until now, the literature only assumed uniform
thickness at any location, such that the ply rotation angle 

could simply be added afterwards [19, 20, 26, 30, 41, 44].
By means of this example, it is clear that when overlaps are
considered, the rotation angle 
 must be judged concurrently
with the manufacturing angles �.

The methodology herein suggested, taking the rotation
angle into account, is based on the actual production process:
a manufacturing area is assumed, according to the manu-
facturing coordinate system (x′, y′), which encompasses the
complete laminate, represented by the black-dotted area in
Figure 5. This manufacturing area can be viewed as the re-
gion where tows, such as the one in Figure 8, are being de-
posited next to one another by the robot head until fully cov-
ering the laminate.

The manufacturing angles � are interpolated in the man-
ufacturing coordinates system according to Equation 1. How-
ever, as the dimension along the x′ axis varies depending on
the rotation angle 
 , the CP locations are expressed as per-
centages rather than fixed positions. In this way, the CP can
always be placed on the edges of the manufacturing area,
which are at least corners of the laminate, such that an inter-
polation is possible over the complete domain.

Thereafter, the global laminate mesh is remapped to the
manufacturing coordinate system by means of Equation 3,
which can then be used in the interpolation of Equation 1.
The new x′ still serves as location for the interpolation, how-
ever, the y′ part is also important in order to know the exact
overlap location, as there could only be partial overlapping
depending on the manufacturing angle, as explained in Sec-
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Figure 5: Manufacturing area encompassing a plate, with as-
sociated rotated CP.

tion 2.3.
{

x′
y′

}

=
[

cos(
) − sin(
)
sin(
) cos(
)

]{

x
y

}

(3)

Finally, a positive ply rotation yields a varying manufac-
turing angle pattern from the top-left corner to the bottom-
right corner, and the opposite for a negative rotation. The
rotation of a ply can serve two purposes: either increasing
the thickness for a given global fibre orientation; to achieve
a global orientation not possible due to the constraint on the
manufacturing angles, as discussed later; or a combination
thereof.

The rotation strategy, and subsequent steps in thismethod-
ology, are demonstrated on a virtual manufacturing example
for one ply, whose characteristics are given in Table 2. Note
that the CP locations are given as percentages along theman-
ufacturing coordinate system (x′, y′) and that for each CP
there is a corresponding angle. Four CPs are used, leading
to a third-order interpolation of the angle �, according to
Equation 1. In Figure 6, the fibre orientation is plotted in
the manufacturing coordinate system with the plate rotated,
where the CP values of −30° and −50° are obtained at the
top-left and bottom-right corners. When the plate is viewed
in its original global coordinate system, the obtained inter-
polation pattern is the one shown in Figure 7, where the ply
rotation 
 has also been applied to obtain the angle distribu-
tion �.
2.3. Overlap Location

To evaluate the overlap locations, every tow path is de-
termined and plotted [21] using a given opacity level. When
the opaque tows superimpose, the distinct opacity levels can
be related to discrete thickness values. This procedure is ap-
plied for each individual ply, whose separate thickness can

Table 2
Virtual manufacturing example characteristics.

Variable Value

Length 50 [mm]
Width 50 [mm]

 -30 [°]

�1 at 0% -30 [°]
�2 at 30% 15 [°]
�3 at 60% 65 [°]
�4 at 100% -50 [°]

Figure 6: Virtual manufacturing example. Interpolated fibre
orientation � in the manufacturing coordinate system.

Figure 7: Virtual manufacturing example. Interpolated and
rotated fibre orientation � in the global coordinate system.

then be added together to obtain the total laminate thickness
distribution.

Bymeans of the Lagrange interpolation scheme of Equa-
tion 1, the tow path is related to the fibre orientation through
Equation 4 [5] in the manufacturing coordinate system for
a given ply. The tow path consists of a sequence of points
x′, y′, in which x′ is obtained using fixed increments Δx′,
and y′ is obtained using forward Euler integration, where
Δy′ is calculated using Equation 5. The step size Δx′ is de-
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Figure 8: Virtual manufacturing example: fibre orientation
interpolation with corresponding tow path.

fined by the length of the encompassed manufacturing do-
main along the x′ axis divided byNs−1. Once the tow path
for a single tow is obtained and plotted, the process is re-
peated by changing the starting point according to the shift
direction, until the complete plate is covered. The starting
point is shifted by a distance equal to the tow width, assum-
ing that for any ply a manufacturing angle of 0° will always
be present, such that no gaps are present. A single tow of the
virtual example is shown in Figure 8 in the manufacturing
coordinate system, with the corresponding fibre orientation.

dy′

dx′
= tan� (4)

Δy′ = tan(�(x′))Δx′ (5)
According to the aforementioned shifting strategy, the

manufacturing angles � = 0° result in no overlaps or gaps.
However, as soon as � ≠ 0 the greater effective width we,given by Equation 6 [5], will lead to overlapping adjacent
tows. The limit case of a single full overlap is obtained for
an effective tow width ofwe = 2w, covering half of the pre-vious and subsequent tows. This corresponds to |�| = 60°,
according to Equation 6. Even more overlaps are appearing
as |�| increases. The manufacturing angles and subsequent
overlap formations are shown in Figure 9, with darker re-
gions representing more thickness and overlaps. The exact
amount of overlaps is determined bymeans of pre-established
thresholds of the opacity � value. The total local thickness
can be obtained by means of Equation 7, meaning the low-
est nominal tow thickness is obtained where no overlaps are
present, and increases as an integer multiplication for each
given overlap.

we ≈
w
cos�

(6)

tlocal = (Noverlaps + 1) ttow (7)

As the overlap patterns are periodic along the shifting
axis since no variation is present in that direction, only a
restrained plotting surface using the full x′ length could be
used in determining the exact overlap locations. Thereafter,
the overlaps could be mapped to the complete rotated plate
in the manufacturing area, based on their relative coordinate
to this repeat surface. For each manufacturing grid point
with transformed x′ and y′ coordinates, the ply thickness ac-
cording to Equation 7 along the fibre orientation obtained by
the interpolation scheme of Equation 2 is stored. The dis-
crete thickness pattern of the virtual manufacturing example
is shown in Figure 10 and 11.
2.4. Smeared Thickness

Castro et al. [10] proposed a smeared thickness formula-
tion for AFP-manufactured laminates, where the local thick-
ness tlocal is approximated by Equation 8. The thickness has
a non-linear dependencywith themanufacturing steering an-
gle � defined in Figure 12, tlocal and ttow being respectively
the local smeared thickness and nominal tow thickness.

tlocal(x′, y′) =
ttow

cos�(x′, y′)
(8)

This approximation has several limitations, as firstly it is
only valid for |�| < 90°, since manufacturing angles outside
this range will yield a negative thickness which is physically
not possible. Besides that, angles outside this range would
mean tows are pointing in the negative x′ direction and hence
will not cover the remaining part of the ply.

Furthermore, as |�| approaches 90°, the smeared thick-
ness of a nominal tow behaves asymptotically to infinite as
shown in Figure 12. In reality, the case � = 90° would pro-
duce a major thickness build-up equal to the number of sub-
sequent tows, which is neither desired nor will it result in
infinite thickness. Nevertheless, the smeared approximation
for the current study is restricted to |�| <= 60° alongside the
considerations discussed in Section 3.1, which corresponds
to an increase of 3% in local thickness for a 1° increment of
the manufacturing angle �, as illustrated in Figure 12. The
smeared thickness distribution of the virtual manufacturing
example shown in Figure 11 is given in Figure 13, where
the smeared distribution results in the same volume as the
discrete distribution.
2.5. Manufacturing Constraints

Themanufacturing process of variable stiffness laminates
is significantly constrained by the minimum steering radius,
especially for AFP. In order to achieve feasible tow paths,
their curvature �must be lower than 1.575 1∕m, as discussed
in Section 1. To evaluate this constraint, the tow path ra-
dius can be precisely calculated bymeans of Equation 9 [17],
which is related to the curvature � as � = 1∕rs.

rs =

[

1 +
(

dy′

dx′

)2
]
3
2

|

d2y′
dx′2 |

(9)
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Figure 9: Overlap formation depending on the manufacturing angle �.

Figure 10: Number of overlapping tows in the manufactur-
ing coordinate system for the virtual manufacturing example
showing the overlap locations.

Applying this expression in the manufacturing coordi-
nate system, the first derivative of the fibre path (dy′∕dx′) is
the tangent of the fibre orientation as shown in Equation 4 [5],
where �(x′, y′) is directly calculated using Equation 1. The
second derivative d2y′

dx′2 becomes:

d2y′

dx′2
= 1
cos2(�)

d�
dx′

(10)

in which the derivative d�∕dx′ can be constructed in
a closed form using Equation 1, leading to the expression
given in Equation 11.

d�
dx′

=
M
∑

m=0
�m

M
∑

i=0,i≠j

[

1
x′j − x

′
i

M
∏

m=0,m≠(i,j)

x′ − x′m
x′j − x′m

]

(11)

The curvature constraint is evaluated for each ply at ev-
ery grid point in the laminate mesh, remapped to the man-
ufacturing coordinate system. The fibre variation and steer-
ing happens in this coordinate system, and is simply rotated

Figure 11: Discrete thickness distribution, given by the number
of overlapping tows, in the global coordinate system for the
virtual manufacturing example showing the overlap locations.

Figure 12: Local tow thickness approximation and thickness
sensitivity to a 1° variation of the � angle, based on Equation 8.

when viewed in the global coordinate system: the rotation
does not alter the manufacturing constraints. As soon as any
mesh location does not satisfy the curvature limit, then that
particular ply can not be manufactured and a different value
for the CP location or CP angle has to be determined in order
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Figure 13: Smeared thickness distribution, given in [mm], in
the global coordinate system for the virtual manufacturing ex-
ample.

to render a feasible design.

3. Linear Buckling Analysis
In this section, the simulation assumptions are discussed,

followed by the derivation of the buckling problem for the
semi-analytical problem, and finally the FEM implementa-
tion.
3.1. Laminate Stiffness

The VAT laminate mechanical properties will be sim-
ulated on a mesoscale by means of the ABD stiffness ma-
trix [36], whose generic formulation is given in Equation 12.
Here, Qij is the ply stiffness [36], rotated by the local angle
� in the global coordinate system; z defines the position of
the ply through-the-thickness. To consider the varying thick-
ness profile, each ply thickness zk − zk−1 is given by Equa-
tion 7 and in case of the smeared approach, the ply thickness
is given by Equation 8.

[

Aij , Bij , Dij
]

=
∑n
k=1Qij

[

(

zk − zk−1
)

,

(

z2k−z
2
k−1

)

2 ,

(

z3k−z
3
k−1

)

3

]

(12)

Due to the overlap considerations, the cross section does
not remain symmetric, as during manufacturing the plies
are added on only one side, assuming that at the other side
there is a smooth mould. Therefore, the geometrical mid
plane varies throughout the laminate, creating a varying off-
set. This phenomenon was simulated by Groh et al. [18],
where a variable mid plane was used in the curved shell and
2D plate formulations. For the curved shell a varying radius
of curvature was used throughout the laminate together with
the varying offset, whereas for the 2D plate only the varying
offset for the mid plane was used. Both approaches allowed
a geometrically accurate representation of the ply thickness
distribution over the VAT laminate, but the 2D plate formu-
lation does not consider the coupling between out-of-plane
displacements and in-plane strains due to the presence of a
shell curvature created by the thickness buildup.

Both 2D and 3D options proved to be in good agreement
for angles up to 60°, beyond which only the shell represen-
tation renders a good accuracy [18]. The proposed method-
ology of the present study uses the full ABD matrix in the
buckling problem derivation, and limits the manufacturing
angle � to 60°, alongside the thickness increase considera-
tions of Section 2.4. Hence, a 2D plate model with correct
mid-plane offset values is selected to represent the behaviour
of the VAT laminates with varying thickness.
3.2. Semi-analytical Approach

The general buckling problem is derived based on the
neutral equilibrium criterion of the total potential energy given
in Equation 13. Following the derivation in [12, 9], the gen-
eral form of Equation 14 can be obtained.

�2Π = 0 (13)

(KKK + �KgKgKg) = 0 (14)
whereKKK is the constitutive stiffness matrix based on the

geometry and stiffness properties of the laminate; KgKgKg is thegeometric stiffness matrix calculated using the pre-buckling
in-plane stresses. Their detailed derivation can be found in
Castro et al. [9, 11, 12, 13], and the implementation is pub-
licly available in a Python package [8]. BothKKK andKgKgKg areintegrated numerically, given that the constitutive stiffness
represented by the the ABD matrix spatially changes due to
fibre steering.

The unknown displacement field is solved by means of
the Ritz method, using shape functions based on Legendre
hierarchic polynomials, as derived by Rodrigues [33]. These
polynomials have the advantage to allow a full control of the
boundary conditions for the out-of-plane displacement using
the 4 first terms given in Equation 15, whereas the higher-
order terms given in Equation 17 are used for enriching the
inner domain. For the in-plane displacements, the boundary
conditions are controlled using the 2 terms of Equation 16
instead of Equation 15, assuming that Su,vi=3 = Su,vi=4 = 0.
For all cases, the inclusion of flags allows (flag = 1) or pro-
hibits (flag = 0) translations (t1 and t2) and rotations (r1 and
r2) at the plate edges, enabling the method to work with any
combination of simply-supported, clamped and free bound-
ary conditions [9].

Swi=1(� or �) = (
1
2 −

3
4� +

1
4�
3)flagt1

Swi=2(� or �) =
(

1
8 −

1
8� −

1
8�
2 + 1

8�
3
)

flagr1

Swi=3(� or �) =
(

1
2 +

3
4� −

1
4�
3
)

flagt2

Swi=4(� or �) =
(

− 18 −
1
8� +

1
8�
2 + 1

8�
3
)

flagr2

(15)

Su,vi=1(� or �) =
(

−�−1
2 + 1

)

flagt1

Su,vi=2(� or �) =
(

(�+1)
2

)

flagt2

(16)
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Table 3
Shape function terms for each field variable.

1st term 2nd term 3rd term 4th term 5th term 6th term

u Su,v
i=1 Su,v

i=2 Si=5 Si=6 Si=7 Si=8
v Su,v

i=1 Su,v
i=2 Si=5 Si=6 Si=7 Si=8

w Sw
i=1 Sw

i=2 Sw
i=3 Sw

i=4 Si=5 Si=6

Si>4(� or �) =
i∕2
∑

p=0

(−1)p(2i − 2p − 7)!!
2pp!(i − 2p − 1)!

�(i−2p−1) (17)

Table 3 shows how the shape functions of Equation 15
- 17 are ordered for each field variable. The order of the
approximation polynomial along each direction �, � is con-
trolled separately and the final approximation function is shown
in Equation 18. Details regarding the implementation are
given in Castro and Donadon [9].

S(�, �) =
∑m
i=1

∑n
j=1 Si(�)Sj(�) (18)

3.3. FEM
The four-node shell element S4 available inABAQUS [1]

was adopted for the finite element buckling analysis, using
full numerical integration as recommended in [5, 44, 41].
The element properties are assigned based on the layup in-
formation of the manufacturing grid point closest to the ele-
ment’s centroid, as performed in [39].
3.4. Test cases

Three different cases are used to investigated the use of
the smeared thickness approximation in buckling simulations.
All the cases have four control points (CP) for each ply, lo-
cated respectively at 0%, 33%, 66% and 100%. A generic
layup is applied to each case, as shown in Table 4, accord-
ing to the notation [
⟨�1|�2|�3|�4⟩] suggested by Guerdal
et al. [19]. The orthotropic material properties are Exx =
181e3 GPa, Eyy = 10.3e3 GPa, �xy = 0.28, Gxy = 7.2e3
GPa and ttow = 0.127 mm [44], with a tow width wtow of
6.35 mm, or 1/4 inch.
Case 1
Case 1, represented in Figure 14, is an equal bi-directional
loading case for a square plate, simply supported on three
sides and pinned on the last, with four plies and dimensions
of 1500x1500 mm.
Case 2
Case 2, shown in Figure 15, represents a flange, where a plate
of higher aspect ratio is simulated, with three edges simply
supported and one long edge free. It is only loaded in the
x direction, and has a length of 1000 mm and width of 200
mm. The laminate consists of four plies.

Figure 14: Definition of test case 1.

Figure 15: Definition of test case 2.

Figure 16: Definition of test case 3.

Table 4
Test cases layup.

Case 1
[[−4⟨45|7|13|6⟩], [−59⟨59|5|37| − 25| − 19⟩],
[16⟨27| − 25| − 8|40⟩], [1⟨−39|53|15| − 14⟩]]

Case 2
[[42⟨−25|48|54| − 8⟩], [−86⟨−42|9| − 40|24⟩],

[14⟨−42| − 25| − 7|30⟩], [4⟨16| − 52| − 16| − 35⟩]]

Case 3

[[−21⟨−8| − 48|12|40⟩], [−60⟨−39| − 24| − 4|42⟩],
[−42⟨−43|54| − 29| − 3⟩], [−68⟨2| − 48| − 45| − 33⟩],

[45⟨23| − 5|43| − 13⟩], [47⟨53| − 25|13|10⟩],
[52⟨3| − 7|49| − 43⟩], [98⟨−33| − 29| − 10| − 39⟩]]

Case 3
Case 3, represented in Figure 16, is a multi loading case be-
ing being applied to 2000 x 1000 mm geometry. It is loaded
by a running load in the y direction 30% of the distributed
load in the x direction and a shear load applied at the op-
posite side of the clamp with a total load half that of the x
direction. The laminate consists of eight plies.
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Figure 17: Tow path radius comparison between the virtual
manufacturing and the analytical expression of Equation 19.

4. Virtual Manufacturing Verification
The verification of the proposed virtual manufacturing

approach for VAT laminates is done in two stages: 1) start-
ing with the verification of the radius of curvature of the
tow paths; 2) comparison between the thickness patterns ob-
tained with the discrete and smeared approaches.

The radius calculated with Equation 9 is verified for the
virtual manufacturing example of Figure 8 and Table 2. The
method herein proposed is compared to the analytical ex-
pression given in Equation 19 [20], with the result shown in
Figure 17. The graph has been cut off at rs = 100 mm for
better visualization and both methods give the same result,
giving confidence to use the approach herein proposed for
calculating manufacturability constraints of each VAT ply.

r = a
sin�1 − sin�0

(19)

The thickness distribution of the obtained patterns for
both discrete and smeared simulation are compared for all
three cases of Section 3.4 and given in Figures 18 - 20. There
is a good visual agreement in the thickness patterns for all
three cases herein investigated. Comparing the values of the
maximum thickness tmax in Table 5 it can be noted that, for
the discrete case, higher thicknesses are achieved due to the
locally overlapping tows; whereas in the smeared case these
overlaps are averaged out, resulting in a smoother thickness
distribution and therefore a lower value for tmax. The quan-titative accuracy of the obtained thickness pattern is per-
formed by means the same volume requirement [10], here
translated to an average thickness requirement. Table 5 presents
the relative average thickness error calculated using the dis-
crete and smeared configurations, showing that a maximum
error of 0.14% occurred for Case 1.

5. Linear Buckling Results
Before comparing the results of the different simulation,

the convergence of the models is checked: this is assessed in

Figure 18: Discrete (top) and smeared (bottom) thickness
profile of case 1.

Figure 19: Discrete (top) and smeared (bottom) thickness
profile of case 2.

Table 5
Particular value comparison between the discrete and smeared
thickness.

tmax [mm] taverage [mm] Relative error of
the average

Discrete Smeared Discrete Smeared thickness [%]

Case 1 1.02 0.66 0.57 0.57 0.14
Case 2 1.02 0.71 0.62 0.62 0.07
Case 3 1.91 1.38 1.22 1.22 0.10

the FEMmodel by changing the number of elements, whereas
in the semi-analytical model, the convergence is controlled
by the amount of integration points and the order of the Leg-
endre polynomials constituting the shape functions. By de-
fault, 200x200 virtual manufacturing grid points are used to
generate the thickness and layup information for the FEM
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Figure 20: Discrete (top) and smeared (bottom) thickness
profile of case 3.

model, augmented with the integration point locations in
case of the semi-analytical model, along the material prop-
erties presented in section 3.4

5.1. Smeared Thickness Approximation
The convergence of the FEM results with smeared thick-

ness is given in Appendix A, and these results are used pre-
dominately for verifying the semi-analytical implementation.
Semi-Analytical Modelling
Figure 21 shows the convergence of the first eigenvalue for
all three cases using the amount of integration points in each
direction (N) equal to the order of the Legendre polynomi-
als (cf. Table 3); with one extra integration point (N+1);
and with three extra integration points (N+3). The idea of
evaluating over-integrated schemes came from the possibil-
ity that the variable stiffness requires more spatial discretiza-
tion than the displacement fields being approximated. The
results, however, show that using 12 shape functions and an
amount of integration points equal to N suffices in obtaining
a converged result.
5.2. Discrete Thickness
Semi-Analytical Modelling
For the semi-analytical simulation of the discrete thickness
case, Figure 22 shows again the convergence results for N,
N+1 and N+3 integration points; with N being the order of
the Legendre polynomials used as shape functions.

Note in Figure 22 that there is more oscillations in the
convergence of the discrete thickness models, when com-
pared to the convergence of the smoothed thickness model
given in Figure 21. Increasing the amount of integration
points for low-order shape functions, makes the result os-
cillate up to 20%. This is expected since the discrete thick-
ness generates a discontinuous stiffness which is poorly ap-

Figure 21: Semi-analytical model convergence of the smeared
thickness approach for N, N+1 and N+3 integration points.

Figure 22: Semi-analytical model convergence of the discrete
thickness approach for N, N+1 and N+3 integration points;
where N is the order of the Legendre polynomials used as shape
functions.

proximated by quadrature rules [31]. For higher-order shape
functions the solution converge, while yet showing some os-
cillation for the same reason. Therefore, the required param-
eters for a converged semi-analytical simulation can not be
predicted with certainty, and the discrete thickness is not ad-
vised in the context of semi-analytical modelling.
Finite Element Method
The FE buckling eigenvalue convergence is shown Figure 31
for all three cases. It does not suffer from oscillations, in con-
trast to the semi-analytical formulation. Using a 1% conver-
gence criterion, convergence is attained across all three cases
with 50 elements in each direction.

The converged simulations are finally compared to amuch
more refined virtual manufacturing model and simulation,
to assess the influence of the thickness grid defining the el-
ement’s properties. These refined models are run with a
1000x1000 virtual manufacturing grid and 100 elements in
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Figure 23: FE convergence using the discrete thickness ap-
proach.

Table 6
FE refined and converged eigenvalue comparison for the dis-
crete thickness.

Refined model � [-] Converged model � [-] Difference [%]

Case 1 0.74 0.74 0.11
Case 2 8.49 8.52 0.33
Case 3 24.92 24.66 -1.04

each direction, with the results presented in Table 6. This
comparison shows little influence of the grid refinement, and
that the selected 200x200 manufacturing grid is sufficient to
provide the required information on thickness and layup for
a converged FEM simulation for the discrete thickness case.

Discussion
The FEM results of the discrete thickness converge with 50
elements in each direction, using a convergence criterion of
1%. On the other hand, it is difficult to express parameters for
a converged semi-analytical model using discrete thickness,
as it does not approximate the discontinuous thickness well,
leading to an oscillation of the results even with 16tℎ-order
Legendre polynomials. Despite this oscillation, the global
trend from the semi-analytical model approach the FEM re-
sults. Finally, it was verified that a 200x200 virtual manu-
facturing grid is enough to convey the required thickness and
layup information for the discrete thickness representation to
the FEM simulation.

5.3. Validity of the Thickness Approximation
Linear buckling analyses performed using the smeared

thickness and semi-analyticalmodeling are further compared
to the discrete thickness FEM simulation. Table 7 gives an
overview of the first eigenvalue � obtained for each of the
3 cases using both ways of simulation. To further assess
whether differences are case or layup specific, two additional
random layups (given in Appendix B) are simulated both
ways for every case. These results can be found in Table 8.

Firstly, considering all the data, the smeared modelling

Table 7
Comparison of the semi-analytical smeared approximation
model and the discrete FEM simulation eigenvalue.

Discrete thickness
FEM � [-]

Smeared thickness
semi-analytical � [-] Difference [%]

Case 1 0.74 0.75 1.20
Case 2 8.52 8.12 -4.71
Case 3 24.66 25.79 4.59

Table 8
Eigenvalue comparison for the three verification cases with ad-
ditional layups.

Case 1 Case 2 Case 3
Layup number 2 3 2 3 2 3

Smeared thickness semi-analytical � [-] 0.71 0.77 5.68 13.23 25.89 25.07
Discrete thickness FEM � [-] 0.70 0.77 5.84 13.54 25.92 25.03

Relative difference [%] 0.67 -0.25 -2.82 -2.27 -0.14 0.18

Figure 24: Discrete (left) and smeared (right) thickness, 1st
eigenmode of case 1.

has a ±5% relative error range with respect to its discrete
thickness counterpart. This is a satisfactory agreement be-
tween the thickness approximation provided by the smeared
approach and the real thickness distribution of the discrete
model. Secondly, the range of relative error is regarded as
being intrinsic to a given layup sequence and not linked to
the smeared approximation. It is assumed to stem from the
influence of the local varying discrete thicknesses as opposed
to the smooth smeared approximation, as presented in Ta-
ble 5. The patterns of the ABD components distribution co-
incide, as was the case with the total thickness build-up of
Section 4. The locally different thickness can be of signif-
icant impact, as the B and D matrices depend respectively
on the square and cubic of the thickness, alongside the fibre
orientation. Coupled to the complex and interlinked rela-
tions forming the linear constitutive and geometric stiffness
matrix, this altogether is believed to lead to the errors seen
in Table 7 and 8. Finally, the eigenmode of the first eigen-
value of each test case is compared for both modelling of
the smeared semi-analytical model, and the discrete thick-
ness FEM analysis in Figures 24- 26, showing similar pat-
terns. Therefore, it is concluded that the smeared thickness
approximation suggested by [10] is well suited to represent
the behaviour of its discrete thickness VAT laminate coun-
terpart.
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Figure 25: Discrete (top) and smeared (bottom) thickness, 1st
eigenmode of case 2.

Figure 26: Discrete (left) and smeared (right) thickness, 1st
eigenmode of case 3.

6. Tow Width Ratio Limit
The aforementioned results show that the smeared thick-

ness approach gives a good approximation for the linear buck-
ling response of VAT laminates with discrete overlaps. How-
ever, this simplified thickness profile has limited representa-
tion capabilities. The approximation is well suited for global
responses, while local phenomena such as stress concentra-
tion, local strength and failure cannot be predicted, espe-
cially at and around overlap regions. These aspects should
be evaluated locally with a refined model of the exact phys-
ical representation, as the smeared thickness approximation
does not take into account any information about tow inter-
actions.

Furthermore, the influence of the tow width is investi-
gated on the validity of the smeared approximation, as it is
expected to progressively become a worse approximation for
larger towwidths, since the overlaps aremore distinct as they
appear less frequently, and have a larger area. To this end,
all three cases of Section 3.4 are evaluated again with a dis-
crete thickness FEM analysis for different tows widths. The
results are shown in Table 9, and the relative difference with
their respective smeared eigenvalue in Table 10. In order to
compare the effect on the different geometries, the towwidth
is normalised with the smallest dimension of the structure:
this dimension will remain the smallest dimension in any ro-
tated manufacturing frame, whilst being the most influenced
by the larger tow widths, creating a more discrete and less
smooth thickness distribution. The difference for the nor-
malized dimensions are displayed in Figure 27.

The data in Figure 27 does not show the expected deteri-
oration between the discrete thickness FEM simulations and
smeared semi-analytical solution. Despite the lack of the ap-
parent influence of the tow width, the authors do not believe
the smeared approach to hold valid for the complete simu-

Table 9
Buckling eigenvalue for different tow widths.

Tow width [mm]
3.175 6.35 25.4 40 65 100 175 350

Case 1 � [-] 0.73 0.74 0.74 0.74 0.75 0.76 0.76 0.77
Case 2 � [-] 8.57 8.52 8.40 8.50 8.58 8.72 8.79 8.14
Case 3 � [-] 24.65 24.66 25.03 24.48 25.63 25.61 25.63 25.23

Table 10
Buckling eigenvalue relative error for different tow widths com-
pared to the smeared approximation.

Tow width [mm]
3.175 6.35 25.4 40 65 100 175 350

Case 1 � [-] -3.04 -1.19 -1.71 -1.81 -0.35 0.62 1.07 1.80
Case 2 � [-] 5.63 4.95 3.48 4.75 5.74 7.46 8.27 0.35
Case 3 � [-] -4.45 -4.39 -2.97 -5.08 -0.62 -0.72 -0.62 -2.20

Figure 27: First linear buckling eigenvalue error, of the
smeared relative to the discrete thickness approach, for dif-
ferent tow widths per minimum dimension ratios.

lated parameter range. As stated previously, the fibre orien-
tation is taken at exactly the grid points from the interpola-
tion: with narrow tows, the grid points will always be close
to a tow centerline. However, when large tows are present
many grid points can be within one tow width, but the ori-
entation at those grid points is then dictated by the center-
line orientation and bending effect through the width of the
tow due to steering, rather than the interpolation scheme, and
would therefore induce errors.

Therefore, the effect of the tow width on the validity of
the thickness approximation cannot be fully described by the
current framework, since the exact fibre orientation is badly
predicted for large tow width ratios. By visually compar-
ing the discrete thickness given in Figure 28- 30 with their
respective smeared profile in Figure 18- 20, the authors pro-
pose that: the maximum tow width per minimum dimension
ratio should be 0.15. With this limit it is guaranteed an accu-
rate representation of the laminate stiffness and of the thick-
ness distribution, when using the simple smeared approach.
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Figure 28: Virtual manufacturing of case 1 with tow widths: 3, 25, 40, 65, 100, 175, 350 [mm]; corresponding to a ratio of tow
width to minimum plate dimension of: 0.002, 0.017, 0.027, 0.043, 0.067, 0.117, 0.233. After a ratio of 0.15, the local thickness
features become more apparent, and the smeared approach is no longer recommended.

Beyond this threshold, one start loosing global similarities
and local particularities can no longer be smoothed out. Fur-
ther investigations could be carried out with a detailed tow
model taking the fibre bending into account, whereby sam-
pling points can be assigned along the tow’s transverse di-
rection, at a large distance from the tow centreline.

7. Conclusion
In this paper, Variable Angle Tow (VAT) laminates are

first replicated virtually to obtain the overlap locations along
the fibre angle distribution. The manufacturing fibre varia-
tion is parameterized by means of a Lagrange interpolation
scheme in the manufacturing coordinate system, which is
considered alongside the complete rotation with respect to
the laminate coordinate system. Subsequently, the tow paths
are plotted graphically with a given opacity, allowing to be
superimposed and retrieve a discrete thickness profile and
overlap locations. This discrete thickness profile is approx-
imated with a continuous smeared approach, only dictated
by the manufacturing angle, to simulate linear buckling. A
procedure is also integrated to verify the manufacturability
of each ply of the VAT laminates.

Furthermore, the one sided thickness profile of the VAT
laminates is incorporated in the simulation with an offset in
the ABD formulation, albeit limited to a manufacturing an-
gle of 60°. The semi-analytical formulation is based on the
Kirchhoff-Love plate kinematics and taking all ABD terms
into account, where the displacement fields are solved by
means of the Ritz method, with Legendre polynomial shape
functions incorporating different boundary conditions through
enrichment functions. However, before the thickness and
layup information could be used in the simulations, both
discrete and smeared thickness profiles are compared with
each other to verify the virtual manufacturing methodology,
showing good agreement, with similar locations and shape
of thickness build-up.

With the pre-processing information verified, the buck-
ling analysis and thickness approximation validity was in-
vestigated. In a first instance, the semi-analytical model was
verified against a Finite Element Method (FEM) model for
different geometries, loading and boundary conditions. This
was done based on the smeared approximation with a ran-
dom variable stiffness layup, and showed good agreement
between both simulation methods. Thereafter, the discrete
thickness profile was also modelled with both the FEM and
semi-analytical modelling, with the first method experienc-
ing convergence issues due to the discontinuous thickness.
The FEM method converged, whose results were in satis-
factory agreement with the semi-analytical outcome using
the smeared approximation, for both the buckling eigenvalue
and corresponding eigenmode.

However, using the smeared approach for buckling simu-
lations is not valid for any value of towwidth, where a thresh-
old of 0.15 on the tow width over the smallest plate dimen-
sion is suggested, based on the limits of the visual correlation
between the smeared and discrete thickness profiles.

Appendix
A. Smeared thickness FEM convergence

The smeared thickness approach is also simulated bymeans
of FEM, to verify the correct implementation of the semi-
analytical model. Figure 31 shows the first buckling eigen-
value for an increased number of elements, seeded equally
in both x and y direction, with the thickness and layup infor-
mation constructed on a 200x200 point manufacturing grid.

From this data, a 1% convergence is achieved with 15
elements for all cases, regardless of the dimensions of the
plate. These 15 elements simulations are finally compared
to a much more refined virtual manufacturing model, to as-
sess the influence of the grid to construct the elements. This
refined model is created with a 1000x1000 point grid for
the thickness and layup information, and 100 elements in
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Figure 29: Virtual manufacturing of case 2 with tow widths: 3,
25, 40, 65, 100, 175, 350 [mm]; corresponding to a ratio of tow
width to minimum plate dimension of: 0.015, 0.125, 0.200,
0.325, 0.500, 0.875, 1.750. After a ratio of 0.15, the local
thickness features become more apparent, and the smeared
approach is no longer recommended.

each direction. The results of this comparison, given in Ta-
ble 11, show that the refinement of the FEM and manufac-
turing model has little influence on the buckling outcome,
meaning a 200x200 grid is enough for the virtual manufac-
turing.

The comparison between the converged first eigenvalue
� of both the semi-analytical and FEM simulation for the
smeared approximation are given in Table 12. This shows
that the semi-analytical predictions are in good agreement
with the FEM results, verifying the semi-analytical imple-

Table 11
FEM refined and converged eigenvalue comparison for the
smeared thickness.

Refined model � [-] Converged model � [-] Difference [%]

Case 1 0.75 0.75 0.6
Case 2 7.95 8.02 0.86
Case 3 25.35 25.58 0.92

Table 12
Converged smeared semi-analytical and FEM eigenvalue com-
parison.

Discrete thickness
FEM � [-]

Smeared thickness
semi-analytical � [-] Difference [%]

Case 1 0.75 0.75 0.19
Case 2 8.02 8.12 1.23
Case 3 25.58 25.79 0.84

mentation.

B. Additional Layup Comparison
Table 13 presents the two additional layups for each of

the 3 cases to compare the validity of the smeared semi-
analytical buckling simulation with the discrete FEM coun-
terpart.
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