ResearchGate

See discussions, stats, and author profiles for this publication at: https://www.researchgate.net/publication/343738032

Displacement-based formulation of Koiter’s method: application to multi-
modal post-buckling finite element analysis of plates

Preprint - August 2020

DOI: 10.13140/RG.2.2.25893.73441/1

CITATIONS READS
0 252
2 authors:
Saullo G. P. Castro Eelco L. Jansen
x ,  Delft University of Technology Hogeschool Rotterdam
67 PUBLICATIONS 678 CITATIONS 194 PUBLICATIONS 797 CITATIONS
SEE PROFILE SEE PROFILE

Some of the authors of this publication are also working on these related projects:

Project Evaluation and modelling of the fatigue damage behaviour of polymer composites at reversed cyclic loading View project

Project FULLCOMP - FULLy integrated analysis, design, manufacturing and health-monitoring of COMPosite structures View project

All content following this page was uploaded by Saullo G. P. Castro on 19 August 2020.

The user has requested enhancement of the downloaded file.


https://www.researchgate.net/publication/343738032_Displacement-based_formulation_of_Koiter%27s_method_application_to_multi-modal_post-buckling_finite_element_analysis_of_plates?enrichId=rgreq-c4db7d2c34939de117b7acb97bccb3c1-XXX&enrichSource=Y292ZXJQYWdlOzM0MzczODAzMjtBUzo5MjYyMTQyMDIwODUzODBAMTU5NzgzODA4MjY0Nw%3D%3D&el=1_x_2&_esc=publicationCoverPdf
https://www.researchgate.net/publication/343738032_Displacement-based_formulation_of_Koiter%27s_method_application_to_multi-modal_post-buckling_finite_element_analysis_of_plates?enrichId=rgreq-c4db7d2c34939de117b7acb97bccb3c1-XXX&enrichSource=Y292ZXJQYWdlOzM0MzczODAzMjtBUzo5MjYyMTQyMDIwODUzODBAMTU5NzgzODA4MjY0Nw%3D%3D&el=1_x_3&_esc=publicationCoverPdf
https://www.researchgate.net/project/Evaluation-and-modelling-of-the-fatigue-damage-behaviour-of-polymer-composites-at-reversed-cyclic-loading?enrichId=rgreq-c4db7d2c34939de117b7acb97bccb3c1-XXX&enrichSource=Y292ZXJQYWdlOzM0MzczODAzMjtBUzo5MjYyMTQyMDIwODUzODBAMTU5NzgzODA4MjY0Nw%3D%3D&el=1_x_9&_esc=publicationCoverPdf
https://www.researchgate.net/project/FULLCOMP-FULLy-integrated-analysis-design-manufacturing-and-health-monitoring-of-COMPosite-structures?enrichId=rgreq-c4db7d2c34939de117b7acb97bccb3c1-XXX&enrichSource=Y292ZXJQYWdlOzM0MzczODAzMjtBUzo5MjYyMTQyMDIwODUzODBAMTU5NzgzODA4MjY0Nw%3D%3D&el=1_x_9&_esc=publicationCoverPdf
https://www.researchgate.net/?enrichId=rgreq-c4db7d2c34939de117b7acb97bccb3c1-XXX&enrichSource=Y292ZXJQYWdlOzM0MzczODAzMjtBUzo5MjYyMTQyMDIwODUzODBAMTU5NzgzODA4MjY0Nw%3D%3D&el=1_x_1&_esc=publicationCoverPdf
https://www.researchgate.net/profile/Saullo_Castro?enrichId=rgreq-c4db7d2c34939de117b7acb97bccb3c1-XXX&enrichSource=Y292ZXJQYWdlOzM0MzczODAzMjtBUzo5MjYyMTQyMDIwODUzODBAMTU5NzgzODA4MjY0Nw%3D%3D&el=1_x_4&_esc=publicationCoverPdf
https://www.researchgate.net/profile/Saullo_Castro?enrichId=rgreq-c4db7d2c34939de117b7acb97bccb3c1-XXX&enrichSource=Y292ZXJQYWdlOzM0MzczODAzMjtBUzo5MjYyMTQyMDIwODUzODBAMTU5NzgzODA4MjY0Nw%3D%3D&el=1_x_5&_esc=publicationCoverPdf
https://www.researchgate.net/institution/Delft_University_of_Technology?enrichId=rgreq-c4db7d2c34939de117b7acb97bccb3c1-XXX&enrichSource=Y292ZXJQYWdlOzM0MzczODAzMjtBUzo5MjYyMTQyMDIwODUzODBAMTU5NzgzODA4MjY0Nw%3D%3D&el=1_x_6&_esc=publicationCoverPdf
https://www.researchgate.net/profile/Saullo_Castro?enrichId=rgreq-c4db7d2c34939de117b7acb97bccb3c1-XXX&enrichSource=Y292ZXJQYWdlOzM0MzczODAzMjtBUzo5MjYyMTQyMDIwODUzODBAMTU5NzgzODA4MjY0Nw%3D%3D&el=1_x_7&_esc=publicationCoverPdf
https://www.researchgate.net/profile/Eelco_Jansen?enrichId=rgreq-c4db7d2c34939de117b7acb97bccb3c1-XXX&enrichSource=Y292ZXJQYWdlOzM0MzczODAzMjtBUzo5MjYyMTQyMDIwODUzODBAMTU5NzgzODA4MjY0Nw%3D%3D&el=1_x_4&_esc=publicationCoverPdf
https://www.researchgate.net/profile/Eelco_Jansen?enrichId=rgreq-c4db7d2c34939de117b7acb97bccb3c1-XXX&enrichSource=Y292ZXJQYWdlOzM0MzczODAzMjtBUzo5MjYyMTQyMDIwODUzODBAMTU5NzgzODA4MjY0Nw%3D%3D&el=1_x_5&_esc=publicationCoverPdf
https://www.researchgate.net/institution/Hogeschool_Rotterdam?enrichId=rgreq-c4db7d2c34939de117b7acb97bccb3c1-XXX&enrichSource=Y292ZXJQYWdlOzM0MzczODAzMjtBUzo5MjYyMTQyMDIwODUzODBAMTU5NzgzODA4MjY0Nw%3D%3D&el=1_x_6&_esc=publicationCoverPdf
https://www.researchgate.net/profile/Eelco_Jansen?enrichId=rgreq-c4db7d2c34939de117b7acb97bccb3c1-XXX&enrichSource=Y292ZXJQYWdlOzM0MzczODAzMjtBUzo5MjYyMTQyMDIwODUzODBAMTU5NzgzODA4MjY0Nw%3D%3D&el=1_x_7&_esc=publicationCoverPdf
https://www.researchgate.net/profile/Saullo_Castro?enrichId=rgreq-c4db7d2c34939de117b7acb97bccb3c1-XXX&enrichSource=Y292ZXJQYWdlOzM0MzczODAzMjtBUzo5MjYyMTQyMDIwODUzODBAMTU5NzgzODA4MjY0Nw%3D%3D&el=1_x_10&_esc=publicationCoverPdf

Graphical Abstract

Displacement-based formulation of Koiter’s method: application to multi-modal post-buckling
finite element analysis of plates

S. G. P. Castro,E. L. Jansen
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Highlights

Displacement-based formulation of Koiter’s method: application to multi-modal post-buckling
finite element analysis of plates

S. G. P. Castro.E. L. Jansen

e Derivation of a complete formulation of Koiter’s method for multi-mode analysis

e Achievement of a transparent correspondence between formulation and numerical implementation of Koiter’s method

e Application to single-mode and multi-mode initial post-buckling analysis of isotropic and composite plates

e Development of an enhanced Bogner-Fox-Schmit (BFS) finite element with enriched in-plane displacements to verify
the formulation

e Verification by comparison with literature

e Calculation and report of reference values for multi-modal expansion coefficients and second-order fields
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ABSTRACT

Koiter’s asymptotic method enables the calculation and deep understanding of the initial post-buckling
behaviour of thin-walled structures. For the single-mode asymptotic analysis, Budiansky (1974) pre-
sented a clear and general formulation for Koiter’s method, based on the expansion of the total poten-
tial energy function. The formulation from Budiansky is herein revisited and expanded for the multi-
modal asymptotic analysis, of primordial importance in structures with clustered bifurcation modes.
Given the admittedly difficult implementation of Koiter’s method, especially for multi-modal analysis
and during the evaluation of the third— and fourth—order tensors involved in Koiter’s analysis; the pre-
sented study proposes a formulation and notation with close correspondence with the implemented
algorithms. The implementation is based on state-of-the-art collaborative tools: Python, NumPy and
Cython. The kinematic relations are specialized using von Karméan shell kinematics, and the displace-
ment field variables are approximated using an enhanced Bogner-Fox-Schmit (BFS) finite element,
modified to reach third-order interpolation also for the in-plane displacements, using only 4 nodes per
element and 10 degrees-of-freedom per node, aiming an accurate representation of the second-order
fields. The formulation and implementation are verified by comparing results for isotropic and com-
posite plates against established literature. Finally, results for multi-modal displacement fields with

up to 5 modes and corresponding post-buckling factors are reported for future reference.

1. Introduction

The asymptotic theory originally proposed by Koiter [1]
allows a rapid evaluation of the initial post-buckling behav-
ior of structures. The method has been used within a semi-
analytical context [2, 3] and has also been applied within a
finite element framework [4, 5, 6, 7, 8, 9, 10, 11, 12, 13,
14, 15, 16]. In recent years, the method has been applied
in the context of variable stiffness of panel-type structures
[17, 18, 14, 16, 19, 20] and in the analysis of imperfection
sensitive shells [21, 22, 23].

In particular, the multi-modal formulation of Koiter’s
approach provides a systematic and efficient procedure to
assess the nonlinear behavior of the structure in cases
where several buckling modes interact, such as in structures
highly optimized for buckling [24, 25, 26] and imperfection-
sensitive shell structures [27, 28, 29, 30, 31, 32]. In such
designs, small imperfections due to variations in manu-
facturing parameters can induce different bifurcation paths
[33, 34], which can be studied by Koiter’s perturbation anal-
ysis.

Plates may also show clustered buckling modes, usually
when high aspect ratios are involved [16]. Madeo et al. [16]
evaluated variable stiffness plates where 4 modes were re-
quired in the multi-modal expansion to obtain a satisfactory
approximation of the post-buckling behavior. In these stud-
ies, the authors used a bi-linear mixed 4-node plate element
(MISS-4 [35, 36, 37]) with first-order shear deformation the-
ory.

The aim of the present work is to derive a complete

ORCID(S): 0000-0001-9711-0991 (S.G.P. Castro); 0000-0001-7511-2910
(E.L. Jansen)

displacement-based formulation for the single- and multi-
modal Koiter’s asymptotic analysis. The formulation and
notation herein proposed attempts to keep a close correspon-
dence between the theory and the implemented algorithms,
and thereby helpful in addressing the issues experienced in
the past with the finite element implementation of Koiter’s
asymptotic method, as highlighted by Casciaro [9].

The following discussion starts revisiting the double ex-
pansion of the total potential functional using Koiter’s the-
ory, as proposed by Budiansky [38] for a single-mode
asymptotic analysis. The formulation is then expanded for
the more general case of a multi-modal asymptotic analy-
sis. General-purpose functional derivatives are presented
and expressions for these functional derivatives are later ob-
tained using von Kdrmén non-linear plate kinematics. These
expressions can be used with any displacement-based an-
alytical, semi-analytical or numerical approach; and in the
present study it is proposed to approximate the displace-
ment fields using the Bogner-Fox-Schmit (BFS) element
[39], one of the most accurate rectangular finite elements
for predicting the deflection of thin-walled shells, as stated
by Zienkiewicz & Taylor [40, p. 153]. The conventional
BFS achieves third-order interpolation for the deflection us-
ing only 4 nodes per element and 6 degrees-of-freedom per
node. An enrichment is proposed to the conventional BFS
element to achieve third-order interpolation also for the in-
plane displacements, keeping only 4 nodes per element and
increasing to 10 degrees-of-freedom per node. This enrich-
ment of the in-plane displacements enable high accuracy
while approximating the second-order displacement fields,
required in Koiter’s method. The developed formulation
and implementation is verified against existing literature for
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Displacement-based formulation of Koiter's method: application to multi-modal post-buckling finite element analysis of plates

single- and multi-modal asymptotic expansion of metallic
and composite plates, under various loading and boundary
conditions. Reference results for multi-modal analysis that
are not readily available in the literature are reported, includ-
ing the second-order displacement fields.

2. Expansion of the Total Potential Energy
Functional

Koiter’s asymptotic theory was first presented in 1945
[1]. Budiansky [38] presents a complete review of Koiter’s
asymptotic method, proposing a general-purpose formula-
tion based on the total potential energy functional of the sys-
tem. The present work elaborates on this formulation and
expands it to the complete multi-modal Koiter’s analysis.
Given a total potential energy functional that has the dis-
placements u and the a scalar load multiplier 4 as unknowns
¢lu, A]. At a pre-buckling static equilibrium:

Sdlug, Agl = ¢'[ug, Aglou =0 1

where ug is a known solution corresponding to the pre-
buckling load 4. The formulation herein presented is com-
patible with either a linear or a nonlinear pre-buckling state.
In Eq. 1, the notation ¢’éu is used instead of §¢ to conve-
niently express the functional variation as a tensor product
between the Fréchet derivative ¢’ and the variation of the
vector containing all degrees-of-freedom oéu [38]. The first
functional variation becomes a first-order tensor multiplying
a vector; the second variation becomes a second-order ten-
sor multiplying two vectors, and so forth, as demonstrated in
Eq. 2.

8¢ =¢'su
52¢ = ¢ sudu
8¢ = ¢ sudusdu
8¢ = ¢ Susususu

@

Assume that there exists at least one point of equilibrium
that intersects [u(4), A] at a bifurcation point [u,, 4.], such
thatu, = A,ug. This bifurcation point is evaluated according
to Appendix A. Hence, at the bifurcation point, the following
static equilibrium ought to exist:

Splug, Al = ¢ [ug, A.Jou =0 3)

Assuming that ¢ is continuous at the vicinity of u,, a Tay-
lor expansion around the equilibrium point [u,, 4.] can be
applied on Eq. 3 to find approximations for new state of
equilibrium [u(A), 4], VA > A,. The error of this approx-
imation becomes zero when lim;_,; . For this first Taylor
expansion, a displacement perturbation v is assumed such
that:

v=u(l)—u, “)

with lim;_,; v = 0 because u crosses the bifurcation

point. The notation " = ¢™u,, A1, is adopted to obtain
the result of the first Taylor expansion shown in Eq. 5, that
approximates the total potential energy functional at [u, 4],
with the new displacement state being u = u, + v.

@' [u, A 16u = ¢'.5u + ¢!/ suv + %¢;’/5uu2
%)
+ é¢i”6uv3 +04)=0

It is worth emphasizing that each Frechét derivatives from
the first expansion of Eq. 5 is calculated at [u,, 4,], and not
[ug, A.]; where u, = A.ug and ug is a linear or nonlinear
pre-buckling state. Terms q’)ﬁ”) represent n'"—order Frechét
derivatives of the total potential energy functional about the
displacement degrees of freedom u. Equation 2 demon-
strates how these Frechét derivatives of the total potential en-
ergy functional ultimately generate n'"—order tensors. Vec-
tors u and v are 15"—order tensors, such that ¢£,")v(”‘1)6u
should be read as n'"—order tensor products. Defining the
following notation for the derivatives of ¢ in terms of 4 [38]:

¢ = ¢"lug, 4]
; d
¢ = 0! (6)
. 42
b = m‘ﬁgn)
To approximate the total potential energy functional at
[u, 1] each Frechét derivate of Eq. 5 undergoes a second

Taylor expansion that assumes #(4) continuous for any load
increment 4 — A, resulting in:

$lu,, 4] = ¢§”>+<13§")u—ac>+%é@(z—m%oe) ™

The expressions in Eq. 7 are readily applied into Eq. 5 to
obtain the approximation for the total potential energy func-
tional at the new equilibrium, i.e. ¢'[u, 1], which becomes:

O/l 6w = (] + /(- 30 + %5[;;'(,1 407+ ) v
1 M l Wca N2 ) g2
+3 ((;bc + ¢ h= a0+ 38 G= A + )v Su
l iv Livey _ l v, 2 0.3
+6(¢c+¢c(/1 J)+ 360G = 2 + )véu

+ .-
®)

3. Single-Mode Asymptotic Analysis

Koiter [1] proposed to express u —u, and A — 4, using the
following asymptotic expansion:

u—u, =v="Cup +Eupp + Euppp + -

A=Ay =ad & +brAEr + ©)
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where: (1) & is a scalar parameter. (2) uy is a first-order
field, taken directly from one or a linear combination of mul-
tiple linear buckling modes. Vector uy is customarily re-
scaled dividing by the maximum normal displacement am-
plitude and multiplying by the plate or shell thickness. (3)
uyy is a second-order field that provides a correction to the
first-order field. (4) The third-order field u;y, and higher,
are assumed to have a negligible contribution. (5) a; and b,
are respectively first- and second-order load parameters to be
determined. Equation 9 is a reduced-order model (ROM) re-
lating the load A and displacement # around the equilibrium
point [u,, A.]. Note that this ROM could have been built
around any equilibrium point, a property that is explored in
the Koiter-Newton approach [41, 42, 43, 44]. Koiter’s ex-
pansion given by Eq. 9 is directly used into Eq. 8 to render:

1 .
& (5“1244/ +upd! +a; /lc“ﬂl’g) ou
+& <é"13¢? + azﬂcunéé’ + %alﬁculz ¢‘72"

1 .“ 0 .
+§a§,1§u,¢g +uprrd” Fugup ! + b,zcu,qbg’) Su

+.=0
(10)

Note in Eq. 10 that only the terms up to & are shown.
Equation 10 must be satisfied regardless the values of £ and
ou, such that each term must vanish separately. The arbitrary
value u = uy can be used [38], with uy being the first eigen-
vector when I = 1, or a composition of eigenvectors ob-
tained at the bifurcation point [u,, A.]. With éu = uj the or-
thogonality of the second-order field leads to qﬁé "upupy = 0.
Hence, Eq. 10 can be used to obtain the equations for a; and
by in the single-mode expansion:

3 4101
1 ur'e,

22, uIZd')é/

ar = —

. . 11
by =— (éu,“qb'c” + %a,acuﬁqag” (an

+%a%/13u12(52' + uIZuU(,bé") / (/lcufd')’c')
Equation 11 is in agreement with Casciaro [9]. Note in Eq.
11 that a; can be calculated using only uy, whereas b; ad-

ditionally needs the second-order field uy;. Budiansky [38]
suggests to compute uy; using the terms for &2 in Eq. 10:

(bi’ﬁ,,ﬁu + %ulzd)g,éu + a,/lcul(];g&l =0

which must hold for all arbitrary variations éu, such that:

_ 1 .
¢agy + Eu,2<;b”’ +a;Aurg! =0 (12)

c

For problems in solid mechanics d)é " will generally be an
invertible positive-definite square matrix [38], such that the
solution of Eq. 12 can be:

- -1 1 .
iy = [¢7] <—§¢’§""12 - azﬂcuml') (13)

Note in Eqs. 12 and 13 that vector ityy is appropriately
used instead of uy; because Eq. 13 allows multiple solutions
of ity for different multipliers applied to u;. However, one
must guarantee that any calculated ity is orthogonal to uj
such that the second-order displacement vector uy; becomes
a valid vector basis for the reduced-order model of Eq. 9.
Gram-Schmidt orthogonalization [45] can be used to obtain
the orthogonal component of iy, where first the projection
of éi;; onto u; is obtained as:

(dppup)

roj, Uyy =u
p Jul 11 1 ("13“1)

Next, the orthogonal u;y can be calculated subtracting the
projection from i1y, using:

_ (@pyup)
Upp =uypp —ug (ug,up) (14)

4. Multi-Modal Asymptotic Analysis

The possibility to perform post-buckling analysis in struc-
tures with clustered buckling modes is one of the apparent
advantages of Koiter’s method compared to other methods
[9, 16]. The necessity of considering multiple modes in
the asymptotic expansion has been demonstrated by many
authors, e.g. when the vibration frequencies are closely
spaced [46]; variable-angle tow plates with clustered buck-
ling modes [16]; and imperfection sensitive structures [47,
38, 48, 28, 49, 29, 50, 22].

The single-mode asymptotic expansion of Eq. 9 can be gen-
eralized to a multi-modal asymptotic expansion, as shown in
Egs. 15 and 16 [51, 12]:

u—u, =v:§iui+§[§juij+... (15)
E1G= A = Apapidi+ Arbpyued €iée + -+ (16)

where summation convention is applied for repeated in-
dices j,k,Z = 1,2,---m is applied. Equation 16 is a
reduced-order model consisting of a system of m equations
obtained for I = 1,2, -, m, which has &;,&,,--,¢,, un-
knowns. The value A; correspond to the I linear buck-
ling eigenvalue uy, always re-scaled by dividing with the
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maximum out-of-plane displacement and multiplying by the
plate thickness. Finding the right number of linear buckling
modes m in the multi-modal analysis is a common question
[9], and an accepted criterion is to select a number of modes
that lies within 10%-20% departing from the first critical
load [9].

Note that Eq. 15 consists on a reduced-order model to cal-
culate displacements u based on a pre-buckled state u, with
known linear buckling modes #; and known second-order
displacement fields #;;. As in the case of the single-mode
expansion, for plates and shells it is customary to re-scale
u;; dividing by the maximum normal displacement ampli-
tude of u;; and multiplying by the plate or shell thickness.
The coefficients &; for i = 1,...,m are found for each load
A after solving the system of m equations given by Eq. 16.
Solving Eq. 16 requires the calculation of all coefficients
a;j and b,

The expressions given by Eqs. 15 and 16 are applied
to the expanded total potential energy functional of Eq. 8.
The terms multiplying £;&, and &;§; &, are collected, analo-
gously to the terms multiplying £2 and &3 for the single-mode
expansion in Eq. 10. The collected terms for the multi-
modal expansion are shown in Eq. 17, where the follow-
ing orthogonality property of the linear buckling modes is
used: (u;,u;) = 0,Vi # j; leading to ¢'uu; = 0,Vi # j;
q’)”u =0,Vi # j;and ¢”u =0, Vi # j. Moreover, col-
lected terms in brackets that are multiplying any of the per-
turbation parameters ¢; ; » ultimately vanish, knowing that
Sjke = 0.

ik [( a;j + a,k]) Al d)" +¢"'u iy + q') uj + d) “k;]

+ &6y [ﬁi%’ui (bijie + bixe; + bigkj

+bijer + bije + bigji) + ®"u ujuu,
+¢! (Ujugy + ujupy + ugl;p
FUpllpj + Uplly + Upliy ;)

+‘£Z}”,’2ui (aiijaikf +a;;0kp + G4 Gipp t G150k

+a;i18ijp + AigiQije + Qi Qigj + Qi Qg

tai0Qijk T QigiQj T Qe Gyt aifiaikj)
+0," 4 (ay; iji
Fa; Uy + Uy + QU + G Uiy

Uy + a; Uy + a”ku Uy + Ak Jllf

+a il + @ Uil + Qg Ul + @) | Su

4+ =0
17

For the expanded equilibrium to be stationary, each term
in Eq. 17 must vanish separately, similarly to the single-
mode expansion. Assuming éu = u; in Eq. 17, the expres-
sions for a; ;. and b; ., can be obtained, as respectively given

in Egs. 18 and 19.

& uuu
a;;, = _LL”‘ (18)
! 24w,

bijkf = [¢ uiujuup

64; d)”u, '
"
+3¢! u; (ujupe + uputyy) (19)
"
+4,0 w; (a;upp + a;jupu; + ay ouin;)
25
+/l culul (alxjalkf + aukalfl + +alkfallj)]

Note in the calculation of b; ;. that the second-order fields
are needed. As in the single-mode expansion case, a non-

uij
orthogonal second-order field &; is calculated first. Note
that the terms in brackets multiplying &;&; in Eq. 17 are

obtained for any i"" mode. Therefore, the contribution for
alli =1,...,m modes are added and the following equation

for i;; i is obtained:

i=m
_ -1 1 1 :
iy = [o]] (‘54’2”“1‘"16 o 2z “z‘jk’li"id’f:') 20)

i=1

The orthogonal second-order field vectors in the multi-
modal asymptotic expansion can be obtained after succes-
sive Gram-Schmidt orthogonalization [45] operations, used
to remove the components of i, that are parallel to all linear
buckling modes used in the multi-modal expansion #;, with
i =1,2,...,m. This orthogonalization procedure is formu-
lated in Eq. 21.

Cuug)

o < jk> x>
i=

5. Functional Derivatives using Von Karman
Kinematics

This section demonstrates how to calculate the func-
tional derivatives leading to the n'"—order tensors (,b("), HU»
and ciiﬁ,”) , previously introduced during the single-mode and
multi-modal asymptotic expansions. The discussion focus
on von Karman non-linear kinematics, and can be easily ex-
tended to other non-linear kinematic equations, such as those
proposed by Sanders [49, 52] and Timoshenko & Gere [52,
section 2.2.4].

5.1. Strains

Von Kérmén proposed a kinematic relation for plates that
neglect various non-linear terms that come from the full non-
linear Green-Lagrange strain-displacement relations [52,
section 2.2.2]. Von Karman kinematics are also referred
to in the literature as Donnell-type [53, 54] or Kirchhoff-
Love non-linear equations. Using classical equivalent single
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Displacement-based formulation of Koiter's method: application to multi-modal post-buckling finite element analysis of plates

layer theory, the three-dimensional strains are expressed as
e(x,y,z) = €(x, y)+zk(x, y), such that the extensional € and
rotational x strains can be defined in terms of the in-plane
displacement field variables u(x, y), v(x, y), w(x, y) as:

Exx Usx + %w’i
E=4€,, = U,y+%w,)2}
Yxy U,, + U,y + W, Ww,,
(22)
Kyx —W,xx
K=Ky = "Wy
Ky —2w,,

Assuming the following approximation for the displace-
ment field:

u, v, wl = S"
Su
S¥=|8?
Sw

(23)

where S$*"% are known shape functions; each component
u, v, w can be written adopting summation convention for
repeated indices as:

u==Su,
v==Su, (24)
w=S"u,

with @ = 1,2, ---,n. The strain variations can be repre-
sented as:

be =€'6u

ok =x'éu (25)

where the / (prime) symbol is used to denote a Frechét’s
differentiation. Adopting index notation to represent the
strains, such that €, = &4,y = €,,,63 = 7,k =
Kyxs K2 = Ky K3 = Ky, the first and second variations of
the extensional and rotational strains become:
— o/
og; = €;,6u,
Sk; = k! Su,
_
o(dg;) = 5,»,7,,5”(15”1;
0(6k;) = K, 6u,buy,

(26)

With these definitions, the first Frechét’s differentiation of
the strains can be represented as:

u w
Sa’x+w,xSa’x

! U w
£, = Say T WiySg,
u U w w
Sa’y + Sa’x + w,xSa’y +w,,S

YT ax
27
_ngxx
/ w

K, =9 ~Sayy

-25%

a,xy

The second differentiation:

w Qw

Sﬂ,XSb,x

"o o_ w Quw

En = S”sySb,y
w Quw w Qw (28)

Sa,ySb,x + Sa’be’y
" _
K, = 0

Note in Eq. 28 that .5;; , fepresents a symmetric second-
order tensor, which is an important property to be considered
while implementing the method.

For the differentiations with respect to A, we must recall
that all functional expansions were calculated about the bi-
furcation point [u,, A.], such that the strains and stresses are
those corresponding to the displacement u, = Aug, with A =
A.. Starting with € and &, using the notation d(:)/dA = (:)

and 92(-)/94% = ():

Llo,x + AwO,i

£ = Vg, + lwo,i
Ugs, + Vosy + 2/1w0,xw0,y
(29)
—W0sxx
K=\ ~Woyy
—2w0,xy

If the pre-buckling state u is evaluated linearly for a plate
with no bending-extension coupling and only in-plane pre-
buckling loads, wy = 0 and the initial post-buckling analy-
sis is greatly simplified. Nevertheless, the formulation pre-
sented next is valid for the more general case of wy # 0.

The second differentiation with respect to 4 gives:

2
I/Uo,x
. :
R (30)
2w0,xw0,y
k=0

For e; and x;, the first differentiation with respect to A
gives:

w
wO’xSa,x
o w
£,= wo’ySa,y
w w 31
wo,xSa’y + wO,ySa,x GDh
oo
Kk, =0

For the second differentiations with respect to 4, e; =0
and ¥/ = 0. For g” l, and k!, all derivatives with respect to
A are zero.

SGP Castro, EL Jansen: Preprint submitted to Elsevier

Page 5 of 21



Displacement-based formulation of Koiter's method: application to multi-modal post-buckling finite element analysis of plates

5.2. Stresses

Based on Eqgs. 22 - 31 it is straightforward to compute
the corresponding stresses. Using classical constitutive re-
lations for laminated composites [55] and adopting the in-
dex notation: N; = N,,, N, = N, and N3 = N,
M, = M,,, M, = M,, and M3 = M, ; the stress-strain
relations can be written as:

N, = A,-jfj + Binj
M; = Bijsj + Dinj

(32

where A;; represents the plate membrane stiffness; B;; the
membrane-bending coupling stiffness; and D;; the bending
stiffness; all for i, j = 1,2, 3. The first Frechét derivative of
the stress terms are:

1J"ja (33)
Ml,a = Bije;a + DlJ Kjl‘a

Recalling from Eq. 28 that K;;b = 0, the second Frechét
derivatives are:

" _ "
Niab - j ejab (34)
M e

iab 1J~ jab

Note that N l.’(;b, M l.’(;b are symmetric second-order tensors.
The first derivatives with respect to A can be readily com-
puted as:

N.=A..¢. + B.. &,
.l ij .J ij .J (35)
M; = Bijej + Dijzcj
N ./
Niu - Aijgja
S (36)
Mia = Bijsja
"
Niab =0
o (37)
Miab =0
Finally, the second derivatives about A are:
N, = Aijej
M; = B,-j£j
“y
Nia = 38
(38)
Mia =
N
Niab =0
v/
Miab =0

5.3. Functional Derivatives
Assuming a general loading vector with distributed forces

N at the plate boundaries €2, the total potential energy can
be written as:

¢ = 1 / (Ns&; + Mk;) dQ - / ANTud(5Q) (39)
2 Ja 5Q

where dQ = dxdy and summation convention is adopted

for terms with repeated index i with i = 1,2,3. The

stationary total potential energy at [u,, A.] is defined as

¢! = ¢'[u,, A.], calculated using the first variation of ¢, =

dlu,, 1.1

¢ou = [%/Q <5Ni£i+N,~55i+5Mi1<i+Mi5Ki>dQ
- / u’\‘rTaud(aQ)]
6Q
(40)

The variation ou is defined as ou = u, = {---,u,, -},
such that the first Frechét derivative of the total potential en-

ergy becomes:

¢u, = [% /Q <N{ae,. + Nl + Mk, + M,.K;a>dg
- / ANTS® d(éQ)] U,
6Q o
(41)

Resuming with the second Frechét derivative, now replac-
ing ou with ou =uy = {---,up, ---}T:

o gty = [% /Q <N.” e+ N el 4 Nel N

iab™1 ia~ib ib~ia iab
" [ !’ ! /L 0
+ Mgk + M Ky, + My ki, + Mgz, |dQuguy

- [% / <Ni’;bgi+N’ e+ Nel + Ne!
Q

ia~ib ib"ia 1= iab

ib™ia

+ Mi,;b’(i + Mi,aKi,b + M k! >d£2] u,uyp

(42)

Note that gbé " in Eq. 42 represents a second-order tensor
with all geometrically non-linear terms present. If a linear
pre-buckling state is assumed, ¢2 " becomes the linear consti-

tutive stiffness matrix of the system [9]. Continuing with the
third Frechét derivative, now using éu = u, = {---,u,, -}

1 0
" _ L 7 " o_r "o_r
¢c Ugplle = [2 o %;gi + Niabgic + Niaceib
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Displacement-based formulation of Koiter's method:

+ N, e, + N}, &, + Nyl +N e

ia“ibe ibc“ia ib%iac ic“iab
0 0
" 1 "1 "o/
+ Nig abe +%7<i + MiabKic + MiacKib

0 0
! 1J) 12; ! ! 1J)
+ Mia% + M K, + Mibﬁéj dﬂ] UqUpl

1 "ot "o r_nm
- [E/Q <Niabgic + Niaceib + Niaeibc

+NJj €l + Nl + N/ e

ibc“ia ib%iac ic“iab
iab™ic iac™ib ibc " ia

+M" ! + M K+ M K >d9]uaubuc 43)

Lastly, using ou = uy = {---,ug4, ---}7, the fourth Frechét
derivative gives:

. 1 0 0
iv — |2 /1 / "o _n 1 /
d)c UgUplt oty = [2 o Nzabdeic + Niabeicd + Nlacdeib

0 0
"o_n "o_n ! 1 1" !
+ Niac‘c’ibd + Niad‘c’ibc + ]Viaz5 cd +%gia

0
" 12 /AN]) " "
* Niva€iae ¥ NipEizea ¥ NicaEiap

0 0

0 0
! 1 /! / 1 1)) /! /
+ Njeria+ Mizkl + My s+ M,
0 0 0
" 1)) 1) / " 1)
+ Miacbid +%;Cia + Mibc%) dQ Ugplclyg
_ l N’ +N" e 4N ¢
- 2 o iabicd iac<ibd iad“ibc

"o _n 1 1 " 1
*+ Nive€iag * Niva€ige T Nicdeiab>dg] UgUpUclyg

" _n
+ Nibceiad

(44)

It is now possible to compute the functional differentia-
tions corresponding to the second expansion of the total po-
tential energy functional, about 4. From Eq. 42, the first
differentiation about A becomes:

0

: L (57 N+ N
1" _ " o
b ugktp = [5 /Q < iabEi + Nig€i + Nj€jy

Y] N Y]
+Nl.a£l.b+NA£ + N €

ib"ia ib"ia

0 0
-1 y " e Y A
4N RH G MU+ M
0 0

Y YA =Y
- Mm%+ Mx] + Mib%'> dQ] gty
_l N”'+I\;',+N"'
12 /o iab€i ia€ib ia€ib

+Ne +NE& +Ne' +M'«

ib%ia ib%ia i%iab iab™i

+ ]\.fief'

iab

+M k! + M K >d§2] uguy  (45)

ia”ib ib"ia

The second differentiation of ¢/" about 4 becomes:

: application to multi-modal post-buckling finite element analysis of plates

1 0 0
1! _ N "o A
b, uglty = D) /Q <%;;i + NigpEi + Moy
0 0
PN &+ N+ Bl + 2N
ia“ib ia/ib ibia ib%ia
0 0 0
e N N y .

+ Nib%+ Nl'eiab + Nl'glab +Ml§<[

0 0 0

"o Y ' Vi
+ Miab it %ﬁcib + Mia%
0 0
Y / YY)
+ %’g;ia + Mib%j dQ] Ugllp
— 1 N// hasd + le °/
=13 iab€i ia€ib
Q
FONE 4 N,.g;;b> dQ] wgtty (46)

The first differentiation of ¢/ can be calculated based on
Eq. 43 as:
iab"ic iab“ic iaceib

. 1 .
e vt = [5/9 (
0 0

"o N AR ) . ’
+ Niacgib + Nia'gibc + Niaszbc +Ml:;ia

+N" ¢ £ N & 4+ N J(r) N’ ¢

0 0
e +N/'é + !

ibc“ia ib"iac ib”1ac ic“iab
0 0 0 0
) y ’ " o=y y ’
+ Nicgap +%;:(ic + MK +M{af:(ib

.0
’

0 0
A
2Ja

+ NI E 4N + Nl e >d£2] ugttytt,  (47)

Nl + NI &l + N el

iab~ic iac”ib ia~ibc

ib%iac ic“iab

The second differentiation of ¢/” about 4 can be calcu-
lated from Eq. 47:

. 1 Y L
¢£//ua“buc - [E /Q (%;;;c + Ni/t:b ic +%§;b

0 0 0 0
"o A M NE) . ./
+ Niacgib + %f;;ibc + Niagtbc +%§ia
o 0 0
"o NS M Ne
+ Nibcgia + M:giac + Nibetac
0

. . 0
+ ice;;b + Nl.'c%j dQ] uugu, =0 (48)

The first and second differentiation of gbi“ with respect to
4 can be calculated based on Eq. 44:
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Displacement-based formulation of Koiter's method: application to multi-modal post-buckling finite element analysis of plates

0 0 0
i _ |1 Y " y///
d)lcuuaubut‘ud - [E/Q (%zcd Nzab zcd+ iac€ibd

0 0
" "
+ Ntac 1bd +%jlbc lad le +%jmd

0
" " "oz
szc zud+%jlac szd iac

1) 12)
+ lcdgtab Nlcd%jdﬂ]u upuuy; =0 (49)

<£i”uaubucud =0 (50)

6. Modified Bogner-Fox-Schmit Finite
Element

The Bogner-Fox-Schmit (BFS) finite element [39] is a
classical C1 contiguous confirming plate element obtained
by taking tensor products of cubic Hermite splines. The BFS
is one of the most accurate rectangular finite elements for
thin-walled shells, as stated by Zienkiewicz & Taylor [40, p.
153], and therefore has been chosen to implement the for-
mulation herein developed. With only 4 nodes per element,
the standard BFS element approximates the out-of-plane dis-
placements using 3"?—order polynomials, which is still a rea-
sonable low-order interpolation for plates and very simple to
implement [56], in contrast with triangular elements which
use higher order polynomials [56], such as the Argyris ele-
ment [57].

A drawback of the standard BFS element when used in
the context of Koiter’s method is the linear interpolation of
the in-place displacements [39], resulting in a poor conver-
gence when trying to represent the second-order displace-
ment fields ;; and all dependent quantities such as the b; ;.
factors of Eq. 19.

A modified BFS element is proposed to enable third-order
interpolation also for the in-plane displacements. Additional
4 degrees-of-freedom per node are included, being the first
derivatives of the in-plane displacements: u , U, and
v,. Hence, no nodes are added and the resultmg element
has still 4 nodes with 10 degrees-of-freedom per node. This
enhanced BFS element is referred to in the following discus-
sion as BFSC: Bogner-Fox-Schmit-Castro. The in-plane u, v
and out-of-plane w displacements are approximated using:

wo,w= Y1 S u, (51)

where u,; contains the 10 degrees-of-freedom of the "
node. The matrices containing the shape functions S;”U’w
are defined as:

S‘=[H, H* H' 0 0 00 0 0 0
§'=10 0 0 H HX H’' 0 0 0 0 (52
§¥=[0 0 0 0 0 0 H, H* H' H}|

with H;,, H I.x,H [y ,Hixy calculated using natural coordi-
nates [58, 59, 60]:

H, = 35+ E02(E& = 20+ 02 = 2)

HY = =36 +E)%(E& = Dln + 026, = 2)
’ (53)
H} = =&+ &)(E& = 2min + n)*(nm; = 1)

H = S8+ £)2(E8 — Dntn -+ m(m = D)

where 7,7, are respectively the finite element dimen-
sions along x, y. The values of &;,#; given in Eq. 54 were
adopted for each of the four nodes.

Node &
1 -1 -1
2 +1 -1 54)
3 +1 +1
4 -1 +1

In the present study, only rectangular elements were used,
such that the natural coordinates can be defined simply as:

= 2x/¢, — 1; and n = 2y/¢, — 1. All derivatives of
S;""’w required in the strain equations can then be calculated
in terms of the natural coordinates using Eq. 55. All integra-
tions over the finite element domains are performed numer-
ically using standard Guass-quadrature and a mesh of 4 x 4
integration points per element, unless otherwise specified.

9 _ 4o
ox 2 o0&
(55)
9 _%ao
dy ~ 2 oy

7. Implementation

The main challenge to implement Koiter’s asymptotic ap-
proach is the calculation of the third- and fourth-order ten-
sors ¢/ and ¢'’. A naive implementation can easily blow
the memory of any modern computer. For example, a mesh
with only 20 nodes, or 200 degrees of freedom using the
BFSC element, would generate a complete ¢é” tensor with
200* = 1.6 x 10° elements to be stored, requiring 11.92 GB
of memory if double precision is used. Moreover, calculat-
ing all 1.6x 10° terms is computationally too expensive. For
slightly larger problems found in any engineering applica-
tion such naive approach becomes just impracticable. Many
drawbacks experienced in the past with Koiter’s asymptotic
method are due to mistakes in implementation more than to
intrinsic defects of the asymptotic approach itself, as stated
by Casciaro [9]. The implementation herein proposed care-
fully takes into account all non-zero terms derived in Section
5.3 while calculating the higher-order tensors. The strategy
adopted consists on evaluating the products involving high-
order tensors ¢’ and ¢'¥ on-the-fly, already during the nu-
merical integration of each element. For instance, ¢.” de-
fined in Eq. 44 is never fully calculated. Instead, the tensor
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Displacement-based formulation of Koiter's method: application to multi-modal post-buckling finite element analysis of plates

product ¢ u,uyu uy is evaluated and stored during the finite
element assembly, using the following rearrangement of Eq.
44

d) UgUpll Uy = = Z/ <u ubNmb ieqtcl

+Lt u Nlacslbd

"
+ubu Nlbc iad

Uy +u uded zbc”b” (56)

1"
Ugig +upug Ny, € mcu u,

tu udNtcd tab a4 >d98

where Q¢ represents the domain of one finite element.
Note that only tensors up to second-order are fully calculated
and stored, e.g. N, €;54- Moreover, for the implementa-
tion one should note that N;,, = N;;. = Njzg = Njype =
Nlbd - N cd and Eiab = €iac = €iad = €ibe = €ibd = Eicd>
such that €, is calculated with Eq. 28 and N, with Eq. 34.
The implementation carried out for the present study is based
on Python [61], NumPy [62] and Cython [63], where all ten-
sor products are efficiently evaluated using NumPy [62], as
illustrated in the following pseudo-code:

from numpy import einsum

phi4 = 0@
for point in integration_points:
weight = compute_weight(point)
Niab = compute_Niab(point)
eicd = compute_eicd(point)
phi4 += 1/2*weight*einsum('iab,icd,a,b,c,d",
Niab,eicd,ua,ub,uc,ud)

The authors could verify the benefit of the proposed
formulation and notation while implementing the method,
achieving a one-to-one correspondence between the method
and implemented algorithms.

8. Results for single-mode Koiter’s asymptotic
expansion

8.1. Isotropic plates

Lanzo et al. [64] performed initial post-buckling analy-
sis in isotropic plates with various aspect ratios, loading and
boundary conditions, as illustrated in Figure 1. Table 1 com-
pares the convergence of 4./4,,, with

Lo_m_ ER
TR 12 (1-42)

Table 2 shows the convergence of b;, often referred to in
the literature dealing single-mode asymptotic expansion as
the "b—factor". The results from Lanzo et al. [64] are com-
pared against the BFSC implementation with progressively
refined meshes. The mesh refinement is controlled by the
number of elements along y, named n Ve calculating the num-
ber of elements along x using n, = a/b X n,. The numeri-
cal integration was done using 4x4 integration points, which

a

= @ R4
§§§ y Al %g% b Eg% y A2 %gg
:: X q X qs
s = &=
= N d
§ y 43 g y 44 %
:: X X q
s =
ai 3
y B1 1 F y B2 1
X q X 2§
s =2
I po i y
1 y c1 : 1 y c2 :
L v L b
vvvvvvv 4 ichehet e
ﬁ ﬁ. 7 B

Figure 1: Models for isotropic plates, adapted from Lanzo et
al. [64]

provided a converged and stable integration scheme, i.e. we
verified that adding more integration points did not change
the results and using less integration points (3x3) resulted in
unstable behaviour for models B1, B2, C1 and C2.

The first buckling mode #; and corresponding second-
order field uy; for each all models with a/b = 3 are given
in Figures 3 - 4. Those results correspond to a mesh of
(n, = 60)><(ny = 20) BFSC elements. The plots are created
using a visualization mesh of 900 x 300 points along x and
¥, respectively; calculating the consistent displacement ac-
cording to Eq. 52 at each plotting point. Note the complexity
of the second-order displacement, which are in-plane for this
case. The fast convergence for b; shown in Table 2 is a di-
rect consequence of the fast convergence of the second-order
field uyy. The enrichment on u and v enabled by the BFSC
element is the main reason for this fast-converging behavior.

8.2. Composite plates

A composite plate presented by Phan & Reddy [65] and
Bilotta et al. [66] will be used as a reference for verifica-
tion of the single-mode expansion for composite plates. The
following material properties are used:

E2 =8 GPa, Vip = 0.25

Using the load and boundary conditions of model Al of
Fig. 1, the plate geometry is defined basedona = b =1 m,
and thickness of 4 = 0.1 m. The laminate stacking sequence
is [0 /90/90/ O] , with the principal direction being the plate’s
x—axis. Table 3 shows the convergence of the critical linear
buckling eigenvalue for the BFSC element. The results from
Phan & Reddy [65] are exact solutions obtained with classi-
cal plate theory, whereas the results from [66] are based on
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Table 1
Convergence of BFSC element for first buckling mode, isotropic case
Lanzo et al. [64 BFSC convergence for 4./
Model  Case |- 0 — 4. /[A,J =4 n,=6 n=8 n=10 nyg= 2 rfy/=m{4 n,=16 n =18 n =20
a/b=1| 25x25 4.00263 3.99358 3.99921 3.99983 3.99995 3.99998 3.99999 4.00000 4.00000 4.00000
Al a/b=2 | 49x21 4.00323 3.99419 3.99929 3.99985 3.99996 3.99998 3.99999 4.00000 4.00000 4.00000
a/b=3 | 49x15 4.00674 3.99439 3.99932 3.99985 3.99996 3.99998 3.99999 4.00000 4.00000 4.00000
a/b=1 | 33x33 7.71346 7.66910 7.69296 7.69263 7.69203 7.69171 7.69154 7.69145 7.69139 7.69136
A2 a/b=2 | 49x21 7.01142 6.95834 6.97190 6.97210 6.97191 6.97178 6.97171 6.97167 6.97165 6.97163
a/b=3 - - 7.03814 7.05577 7.05595 7.05565 7.05547 7.05537 7.05531 7.05528 7.05526
a/b=1 - - 1.69586 1.69768 1.69806 1.69817 1.69821 1.69823 1.69824 1.69825 1.69825
A3 a/b=2 | 33x17 1.38808 1.38371 1.38566 1.38602 1.38612 1.38616 1.38618 1.38619 1.38619 1.38619
a/b=3 - - 1.33821 1.33894 1.33908 1.33912 1.33914 1.33914 1.33915 1.33915 1.33915
a/b=1 - - 6.73286 6.74461 6.74418 6.74373 6.74350 6.74337 6.74331 6.74327 6.74324
A4 a/b=2 | 49x21  4.85495 4.83580 4.84603 4.84698 4.84713 4.84715 4.84716 4.84716 4.84716 4.84715
a/b=3 - - 4.39779 4.40549 4.40627 4.40642 4.40645 4.40646 4.40646 4.40646 4.40646
a/b=1 | 33x33 2557659 | 24.19007 25.40526 25.50502 25.52282 25.52721 25.52846 25.52882 25.52889 25.52887
Bl a/b=2 | 49x23 2394518 | 23.30597 23.83356 23.87513 23.88171 23.88292 23.83303 23.88291 23.88275 23.88261
a/b=3 | 49x15 24.2542 23.51109 24.07096 24.10957 24.11329 24.11364 24.11343 24.11316 24.11292 24.11273
a/b=1| 33x33 48.15739 | 50.37432 48.28268 47.93517 47.83308 47.79429 47.77688 47.76807 47.76321 47.76033
B2 a/b=2 | 49x23 4221176 | 42.88262 41.91507 41.73877 41.68699 41.66723 41.65827 41.65367 41.65109 41.64952
a/b=3 | 49x15 41.72252 | 41.53774 40.70907 40.55857 40.51447 40.49763 40.48996 40.43601 40.48377 40.43241
a/b=1| 25x25 9.35185 8.71909 9.24793 9.31349 9.32538 9.32769 9.32784 9.32749 9.32708 9.32670
C1 a/b=2 | 45%x23  6.56822 6.54374 6.55314 6.55058 6.54903 6.54813 6.54757 6.54720 6.54695 6.54678
a/b=3 | 45x15 5.88460 5.95400 5.89677 5.87237 5.86074 5.85441 5.85060 5.84813 5.84645 5.84525
a/b=1 1 25x25 14.78220 | 14.92525 14.74298 14.68146 14.66129 14.65341 14.64965 14.64755 14.64623 14.64535
C2 a/b=2 | 45x23 10.34334 | 10.74294 10.44685 10.35511 10.31516 10.29405 10.28156 10.27355 10.26811 10.26424
a/b=3 | 45x15 9.74613 9.67930 9.56774 9.54651 9.54032 9.53787 9.53667 9.53599 9.53557 9.53530
Table 2
Convergence of BFSC element for b, (b—factor), isotropic case
Model Case Lanzo et al. [64] BFSC convergence for b, (b—factor)
n.Xn, b, n,=4 n,=6 n,=8 n,=10 n,=12 n,=14 n,=16 n,=18 n,=20
a/b=1 | 25x25 0.18244 | 0.18655 0.18373 0.18311 0.18289 0.18279 0.18273 0.18270 0.18267 0.18266
Al a/b=2 | 499x21 0.21177 | 0.21517 0.21277 0.21222 0.21202 0.21193 0.21188 0.21185 0.21183 0.21182
a/b=3 | 49x15 0.22167 | 0.22519 0.22302 0.22251 0.22232 0.22224 0.22219 0.22216 0.22214 0.22212
a/b=1 | 33x33 0.19576 | 0.21278 0.26446 0.19664 0.21681 0.19589 0.20598 0.19571 0.20176 0.19565
A2 a/b=2 | 499x21 0.26541 | 0.27179 0.26607 0.26500 0.26467 0.26452 0.26447 0.26443 0.26441 0.26440
a/b=3 - - 0.33573 0.33077 0.32955 0.32911 0.32904 0.32897 0.32893 0.32891  0.32889
a/b=1 - - 0.00619 0.00529 0.00504 0.00493 0.00488 0.00485 0.00482 0.00481 0.00480
A3 a/b=2 | 33x17 0.00881 | 0.00951 0.00912 0.00900 0.00895 0.00892 0.00891 0.00890 0.00839 0.00889
a/lb=3 - - 0.02572 0.02600 0.02507 0.02528 0.02497 0.02509 0.02494 0.02501 0.02492
a/b=1 - - 0.17106  0.17037 0.17023 0.17015 0.17011 0.17009 0.17007 0.17006 0.17005
A4 a/b=2 | 499x21 0.26083 | 0.31749 0.27225 0.26075 0.26085 0.26367 0.26339 0.26047 0.25998 0.26069
a/b=3 - - 0.18543 0.18392 0.18358 0.18346 0.18341 0.18337 0.18336 0.18334 0.18333
a/b=1 | 33x33 0.21935 | 0.21531 0.33212 0.22298 0.24930 0.22145 0.23232 0.22108 0.22622 0.22094
B1 a/b=2 | 499x23 0.21960 | 0.24769 0.23083 0.23598 0.22395 0.23024 0.22380 0.22462 0.22473 0.22321
a/b=3 | 499x15 0.21148 | 0.21735 0.26961 0.22659 0.21428 0.22178 0.21473 0.21194 0.21577 0.21416
a/b=1 | 33x33 0.29241 | 0.39369 0.34365 0.39354 0.30060 0.31165 0.30953 0.30172 0.29923 0.29945
B2 a/b=2 | 49x23 0.28583 | 0.34901 0.33925 0.32215 0.28414 0.29305 0.28055 0.28671 0.28312 0.28326
a/b=3 | 49x15 0.27654 | 0.33651 0.34539 0.31122 0.28495 0.28404 0.27896 0.27751 0.27998 0.27734
a/b=1 | 25x25 0.11453 | 0.10765 0.11914 0.11926 0.11897 0.11877 0.11864 0.11855 0.11849 0.11845
C1 a/b=2 | 45x23 0.07171 | 0.07680 0.07527 0.07465 0.07438 0.07424 0.07417 0.07412 0.07409 0.07407
a/b=3 | 45x15 0.07992 | 0.11259 0.09853 0.09254 0.08860 0.08632 0.08505 0.08429 0.08383 0.08353
a/b=1 | 25x25 0.11686 | 0.15020 0.12852 0.12391 0.12229 0.12159 0.12124 0.12104 0.12092 0.12084
C2 a/b=2 | 45%x23 0.13282 | 0.11883 0.17133 0.15872 0.15760 0.14789 0.14515 0.14331 0.14308 0.14044
a/b=3 | 45x15 0.08651 | 0.10179 0.09192 0.08984 0.08913 0.08883 0.08868 0.08860 0.08855 0.08851

bi-quadratic finite elements and a mesh of 25x25 elements.
Note the good agreement between the BFSC element and
the literature for all anisotropic ratios E, / E,, already with a
mesh of only 4x4 elements.

The convergence of the b; coefficient is shown in Table 4.
The second-order displacement field u;; was solved with Eq.

13 and orthogonalized with Eq. 14. Note in Figure 6 how the

u, v, Vu? + v? displacement components of uy; change with
the anisotropic ratio E; / E,, clearly showing that in the ini-
tial post-buckling the displacements are progressively more
focused with the increase of E;/E,, and that these focused
post-buckling displacements are aligned with the 0° and 90°
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Figure 2: u; for isotropic plates with a/b = 3; each row corresponds to one model; columns from left to right are linear buckling
modes for: 1 =1,2,3,4
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Table 3
Convergence of BFSC element for first buckling mode and model Al with a/b = 1, anisotropic case

E,JE, Phan & Reddy [65] Bilotta et al. [66] BFSC convergence for A./4,,,
Acl Dres n,=4 n,=06 n,=8 n,=10 n,=12 n,=14 n,=16 n,=18 n,=20
1 - - 4.1596 4.1662 4.1670 4.1671 4.1671 4.1672 41671 4.1671 4.1671
3 5.7538 5.7561 5.7501 5.7534 5.7537 5.7538 5.7537 5.7537 5.7538 5.7540 5.7540
10 11.492 11.4976 11.4923 11.4922 11.4919 11.4919 11.4921 11.4919 11.4914 11.4916 11.4910
20 19.712 19.7148 19.7167 19.7135 19.7127 19.7127 19.7119 19.7124 19.7122 19.7144 19.7036

directions of the laminate stacking sequence. Eq. 19. Despite the different index ordering, Eq. 19 and Eq.

57 are equivalent in cases where a;; = 0.

9. Results for multi-mode Koiter’s asymptotic

. 1 4 1 o Lo
expansion s wujuuy + SO Wup;; + 5P Upu

bl = —
9.1. Isotropic plates ijk¢
Tiso [10] presented multi-modal results for model Al us-

ing a geometry of: a = 0.14 m, b = 0.10 m and thickness

4illugug
(57)

of 1 mm; with isotropic material properties E = 70 GPa
and v = 0.3. With this configuration, the first two buck-
ling loads are close and respectively equal to 2828.15 N
and 2866.50 N. Tiso’s definition of coefficients b;;;, can
be translated to the notation herein presented as given in Eq.
57, which has a different index ordering when compared to

Table 5 show the verification of the formulation herein
presented against the results from Tiso [10] for a multi-
modal expansion using 2 modes.

Jansen & Rahman [67] used the general purpose finite ele-
ment code DIANA [68] to investigate the dynamic response
of plates and shells using reduced-order models based on
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Figure 3: u,, for isotropic plate with a/b = 3; each row corresponds to one model; columns from left to rlght are: u, v, u2 + v?
Table 4
Convergence of BFSC element for b, (b—factor), model Al with a/b = 1, anisotropic case
E,JE Bilotta et al. [66] BFSC convergence for b, (b—factor)
V72 by, (b—factor) n,=4 n,=6 n,=8 =10 n,=12 n=14 n,=16 n,=18 n,=20
1 - 0.17403 0.17138 0.17078 0.17056 0.17046 0.17041 0.17038 0.17036 0.17034
3 0.19865 0.20384 0.20011 0.19933 0.19906 0.19894 0.19887 0.19883 0.19880 0.19878
10 0.17075 0.17792 0.17277 0.1v172 0.17135 0.17117 0.17108 0.17103 0.17100 0.17098
20 0.12595 0.13393 0.12809 0.12689 0.12646 0.12627 0.12616 0.12609 0.12604 0.12607

Koiter’s theory. The plate therein investigated has a geom-
etry of a = 0.6 m, b = 0.2 m, total thickness of 1 mm.
The same plate was used to verify the formulation and im-
plementation herein presented for the multi-modal asymp-
totic expansion of a composite plate. Using the loading
and boundary condition of model Al (Figure 1, the anal-
yses in DIANA are carried out using two element types: 1)
The eight-node quadrilateral shell element CQ40L, based on
first-order shear deformation kinematics (FSDT), mesh with
16x48 elements; 2) Allman-type triangular element [69, 70],
with kinematics based on the classical laminated plate the-

ory (CLPT). The Allman-type element triangular mesh has
24x72x2 elements. Table 6 presents the linear buckling
eigenvalues and Table 7 presents the results for the b; ., co-
efficients using 5 modes, calculated per Eq. 19 for a plate
with isotropic properties E = 70 GPa and v = 0.3. The
relative error is calculated about the results using DIANA’s
Allman-type element. The BFSC mesh has 16x48 elements,
and the authors verified that all models are converged. There
is clearly a close agreement between DIANA’s implementa-
tion and the present formulation, with a maximum difference
of 9%, attributed to differences verified for the linear buck-
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Figure 4: uy, for isotropic plate with a/b = 3; each row corresponds to one model; columns from left to right are: u, v, Vu? + v?

Table 5

Multi-modal expansion coefficients biTj;j;,’ for isotropic plate
bige Tiso [10] BFSC | bjie  Tiso [10] BFSC
by 0.1353 0.1347 | by, 0 0
b 0 0 byi1n 0.0663 0.0682
biyay 0 0 by1oy 0.2796 0.2543
biim 0.0663 0.0692 | byp 0 0
b 0 0 by 0.2747 0.2729
b 0.0675 0.0644 | by, 0 0
b1y 0.2747 0.2766 | by, 0 0
biom 0 0 by 0.2221 0.2176

ling eigenvalues 4;, shown in Table 6. For many coefficients,
there is a sign switch because ; are symmetric eigenmodes
about the plate mid-plane, providing interchangeably posi-
tive and negative solution for some of the b, ., coefficients.

Figure 7 illustrates the second-order field modes u;; for
the isotropic plate used in the multi-modal asymptotic ex-

Table 6

Eigenvalues A, for isotropic plate used in multi-modal analysis,

units in [N /m]

Eigenvalue Igl(g\(l)ﬁ i:l'?n'\el:ﬁ BFSC
A 6307 6337 6328
Ay 6344 6885 6866
A3 7405 7432 7426
Ay 8105 8165 8127
As 9863 9955 9886
Ag 12040 12182 12066
Ay 14606 14822 14635
Ag 17542 17584 17575

pansion.

9.2. Composite plates

Table 8 presents the linear buckling eigenvalues and
Table 9 present results for a composite plate with layup
of [+45 / —45/90/0] sym and material properties E;; =
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Table 7
Multi-modal expansion coefficients b, , for isotropic plate using 5 modes

DIANA DIANA DIANA DIANA DIANA DIANA DIANA DIANA DIANA DIANA

buccQaoL  Allman  BPSC B ‘ buccQaoL  Alman  BTSC B ‘ buecqaoL  Alman  BTSC B ‘ buecqaoL Alman  PPSC BT b cquol Alman  BPSC EY
by 021531 021756 021564 1% | by, 0 0 0 by 0 0 0 bay 001072 001079 001084 0% | by, 0 0 0
b 0 0 0 by, 011844 011830 011971 1% | by, -0.11414 011583  0.10853 6% | by 0 0 0 by, -0.01003 001004 -0.01012 1%
by 0 0 0 bus 003165 003132 002035 6% | by, 01588 015732 0.16034 2% | by, 0 0 0 by 000353 000349 -0.00352 1%
by, 0.03791 003852  0.03868 0% | by, 0 0 0 bane 0 0 0 by, 0.09640  0.09693  0.09810 1% | by, 0 0 0
by 0 ) 0 by 0.03206 003256 -0.03278 1% | by, 004183 004100 -0.04218 1% | by, 0 0 0 by, 007800 007834 007940 1%
b0 0 0 buy 010201 010181 000610 6% | by, 013375 013454 014553 8% | by, O 0 0 by 001008 001006 -0.01014 1%
by 022357 022823 0.23092 1% | by 0 0 0 by 0 0 0 by -0.02560 -0.02558 -0.02360 8% | by 0 0 0
b 005975 006042  0.05661 6% | byym O 0 0 b 0 0 0 baw 00285 002539 002385 6% | by 0 0 0
bipss 0 0 0 bypy  0.09139 -0.09116 -0.09643 6% | by, 0.14851 -015510 -0.14509 6% | by, 0 0 0 by, 001031 001934 -001798 7%
bu 006222 006282 00632 1% | by 0 0 0 b 0 0 0 buw 007448 007506 007873 5% | by 0 0 0
by 0 0 0 by  0.03709  0.03637 003935 8% | by, 017117 017440  0.16386 6% | by 0 0 0 by 000333 000331 -000333 1%
by 0.05075 006042 005661 6% | by 0 0 0 by 0 0 0 by 003334 003378 -0.03504 6% | by, 0 0 0
by 0.08108  0.08206  0.08364 2% | by 0 0 0 byss 0 0 0 bys  0.00267 000238  0.00239 0% | bey 0 0 0
bz 0 0 0 byy 0.04110 -0.04103 -0.03948 6% | by, 002392 002267 0.02277 0% | by, 0 0 0 byy 002074 002000 -0.03152 5%
b 00210 002185 002200 1% | by O 0 0 b 0 0 0 baw 002099 003073 002020 5% | by 0 0 0
by, 0.03791 003852  0.03868 0% | by 0 0 0 by 0 0 0 by, 0.08099 008163 0.07762 5% | by, 0 0 0
b 0 0 0 buo 004796 004733 0.04364 8% | by, 022521 003110 024585 6% | byo 0 0 0 bue 002135 002158 -0.02012 7%
birgs 0 0 0 by  0.04655 -0.04697 -0.04411 6% | by, 0.01803 001631 001636 0% | by 0 0 0 by, 002118  0.02148 -0.02031 5%
bui 034088 034603 035002 1% | by 0 0 0 by 0 0 0 buw 004186 004112 004182 1% | by 0 0 0
buss 0 0 0 byys 013952 0.13888 014561 5% | by, 0.20255 021020 -0.19972 5% | by 0 0 0 by 003251 003196 003228 1%
by 0 0 0 by 003314 003261 003286 1% | by, 003946 003965 -0.03989 1% | byy 0 0 0 by 006468 006506 0.06222 4%
bys 006222 006282 006322 1% | by 0 0 0 buss 0 0 0 bys 003748 003783 -003525 7% | by 0 0 0
by 0.02100 002185 002200 1% | byq, 0 0 0 busy 0 0 0 by  0.03716 003765 -003557 6% | bye 0 0 0
b 0 0 0 bus 006348 006273 005827 7% | bys 035252 035857 037768 5% | bys O 0 0 bue 002082 002016 0.02049 1%
byss  0.48408  0.49000 049626 1% | bye 0 0 0 byss 0 0 0 byss 0.05705 005601 005654 1% | byg 0 0 0
by 0 0 0 boy 011844 011830 011971 1% | by, -0.11414 011583  0.10853 6% | by, O 0 0 by, 001003 001004 -0.01012 1%
by, 0.19257  0.19643  0.18555 6% | by 0 0 0 bysis 0 0 0 by, -0.04879  -0.04927 -0.05214 6% | by 0 0 0
by 007002 007018 007591 8% | bmy O 0 0 b 0 0 0 bow 002199 002266 -0.02134 6% | by 0 0 0
bisis 0 0 0 by, 0.04796 -0.04733 004364 8% | by, 0.16784 -017373 -0.16313 6% | by, 0 0 0 boyy 004244 004283 -0.04494 5%
byys -0.06255 0.06201 006338 1% | byyq 0 0 o buys 0 0 0 biys -0.03388  0.03390 003150 7% | s o 0 0
bow 022357 023823 023002 1% | by O 0 0 b 0 0 0 b 0.02560 002558 -0.02360 8% | b 0 0 0
by 0 0 0 by 026634 027587 027403 1% | by, 006669 -0.07876 -0.07909 0% | by, 0 0 0 by -0.02111 002278 -0.0229 1%
b 0 0 0 b 001850 002120 002139 0% | by, 026692 027435 021908 2% | b 0 0 0 b 001844 -001904 001300 5%
by -0.09054 000132 -0.08418 8% | by, 0 0 0 bysns 0 0 0 by, 014102 0.14500  0.14725 1% | by, 0 0 0
bg 0 0 0 b 006939 007388 0.07438 1% | by 021850 -022834 021563 6% | b 0 0 0 by 011457 011821 011945 1%
by  -0.05075 006042  0.05661 6% | by, 0 0 0 bassy 0 0 0 by 0.03334 003378 -0.03594 6% | by, 0 0 0
by 0 0 0 bpuw 00150 002120 002139 0% | bo, 029211 030076 028465 5% | bay O 0 0 b 002075 003041 003205 5%
bysys 0 0 0 by 0.07402  0.07417 007547 2% | byyy 000700 -0.00521 -0.00520 0% | by 0 0 0 by -0.00283 000235 -0.00237 1%
by, 0.08787 -0.00062 008509 6% | by, 0 0 0 biyse 0 0 0 by 0.01855 -0.01893 001006 1% | bey, 0 0 0
b 0 0 0 b 006062 006173 005831 6% | b 004564 004006 004134 1% | b O 0 0 bs 001383 001407 -0.01422 1%
bisuy 0 0 0 by -0.04796 -0.04733 -0.04364 8% | by, 022521 -0.23110 -0.24585 6% | by, 0 0 0 by, 002136 002158 -0.02012 7%
b 017252 017588 018602 6% | bpy O 0 0 bow 0 0 0 bow 009860 010277 000780 5% | boy 0 0 0
bpsy  0.07775  -0.08090 -0.07615 6% | by 0 0 0 bisis 0 0 0 bpyy  0.01781  -0.01853 -0.01868 1% | by 0 0 0
by 0 0 0 bow 026417 026094 027235 1% | bo. 012520 012052 -0.13036 1% | bau 0 0 0 bow 001864 -001991 0.01807 9%
bpis -0.11982  0.12102 -0.11240 7% | byys 0 0 0 bosss 0 0 0 by 0.10346  -0.10630  0.11089 4% | by 0 0 0
boy 006222 006282 -0.0632 1% | bny 0 0 0 boy 0 0 0 boy 003748 003783 -0.03525 7% | boy 0 0 0
bisss 0 0 0 bpy  -0.06930 007388 -0.07438 1% | by, 035269 -0.36471 0.38396 5% | bo, 0 0 0 by 007955 008253 007916 4%
bisy 0 0 0 by -0.06062 -0.06173 005831 6% | bye -0.03351 0.02823 -0.02844 1% | by, 0 0 0 by, 001144 -0.01186 -0.01201 1%
b 026338 026794 028080 5% | bpe O 0 0 b 0 0 0 bow 003271 003480 003165 9% | baw O 0 0
bisss 0 0 0 by 037666 0.38331 038701 1% | by, 0.16398 -016879 -0.17032 1% | by 0 o 0 bos -0.05715 0.05705 -0.05765 1%
by 0 0 0 bay 003165 003132 002035 6% | by, 01588 015732 016034 2% | by 0 0 0 by 000353 000340 -0.00352 1%
by, -0.07002 007018  0.07591 8% | by 0 0 0 bysis 0 0 0 by, 0.02199 002266 -0.02134 6% | by 0 0 0
buye 008961 009097 008547 6% | by, 0 0 0 by 0 0 0 b 000354 000331 000333 1% | bu. 0 0 0
bisis 0 0 0 by, 006246 -0.06251 -006648 6% | by, 0.01803 001631 0.01636 0% | by, 0 0 0 beyy 001709 001753 -0.01667 5%
by 002066 002068 -0.02081 1% | by 0 0 0 bye 0 0 0 b 005219 005239 0.05522 5% | b 0 0 0
by -0.05975  0.06042 005661 6% | by, 0 0 0 besay 0 0 0 by 002485  -0.02539 002385 6% | by, 0 0 0
by 0 0 0 by 001850 -0.02120 -0.02139 0% | by, 026692 027435  0.27908 2% | by, 0 0 0 by, -0.01844 -0.01904 001800 5%
b0 0 0 by, 00BIOL 008131 007607 5% | by 000700 -000521 000520 0% | by O 0 0 b 000385 000342 -0.00345 1%
by 0.11790 012059 -0.12824 6% | by, 0 0 0 brsss 0 0 0 by 0.01855 -0.01893 -001906 1% | by, 0 0 0
b 0 0 0 b 000781 009850 0.10382 5% | b -0.03351 002823 -0.02844 1% | by 0 0 0 b 001383 001407 0.01422 1%
by, 0.08108  0.08206 0.08364 2% | by, 0 0 0 bygsy 0 0 0 by 0.00267 000238  0.00239 0% | by, 0 0 0
b 0 0 0 b 007402 007417 007547 2% | by, 000700 -0.00521 -0.00520 0% | by 0 0 0 by 000283 000235 -0.00237 1%
bisys 0 0 0 by 0.00194 -0.00141 000141 0% | by 012149 012257  0.12130 1% | biy 0 0 0 bew 001391 001388 -0.01386 0%
by 0.00944  0.00851 000854 0% | by, 0 0 0 brsss 0 0 0 by 0.06196  0.06203 006314 2% | by, 0 0 0
b 0 0 0 b 000020 000763 0.00769 1% | b, 016495 016646 -0.16606 0% | b 0 0 0 b 0.04960 004936  0.05034 2%
bisur 0 0 0 by 0.04655 -0.04607 -0.04411 6% | by, 001803 001631 0.01636 0% | by, 0 0 0 by, 002118 002148 -0.02031 5%
b 007775 008000 007615 6% | by 0 0 0 b 0 0 0 baw OO0I781 001853 001868 1% | by 0 0 0
by 001252 001182  0.01188 0% | by 0 0 0 byses 0 0 0 by,  0.06741 006758 006420 5% | bay, 0 0 0
b 0 0 0 bow 003475 003502 003525 1% | b, 041852 042450 043188 2% | b 0 0 0 b 001553 001522 001538 1%
bips  0.18455  0.18703 019700 5% | byys 0 0 0 bysss 0 0 0 by 0.02005  0.02878  -0.02905 1% | by 0 0 0
by 002190 002185 -0.02200 1% | buy 0 0 0 by 0 0 0 bay 003716 003765 -0.03557 6% | bu, 0 0 0
bisss 0 0 0 bny  -0.06062 -0.06173 005831 6% | bys -0.03351 002823 -0.02844 1% | by, 0 0 0 b 001144 001186 -001201 1%
by 0 0 0 by, 0.01266 001107 001118 1% | by 016495 016646 -0.16606 0% | by, 0 0 0 bue, 005255 005240  0.04992 5%
b 010603 010060 -0.10418 5% 0 0 0 bos 0 0 0 bow 002725 002667 002604 1% | b 0 0 0
bisss 0 0 0 004548  -0.04564 -0.04606 1% | by 0.58796  0.59206  0.60319 2% | by 0 0 0 bes 002128 002076 -0.02102 1%
by 003791 003852 003868 0% 0 0 0 by 0 0 0 by 009640 009693 009810 1% | by, 0 0 0
by 0 ) 0 by, 0.04796 -0.04733 004364 8% | by, 0.16784 -017373 -0.16313 6% | by 0 0 0 by, 0.04244 004283 004494 5%
by 0 0 0 bus 006246 -006251 0.06648 6% | b, 001803 001631 001636 0% | by 0 0 0 by 001709 001753 -0.01667 5%
by 028640 029139  0.27692 5% | by, 0 0 0 bays 0 0 0 buyy  0.04186 004112  0.04142 1% | bay, 0 0 0
bs 0 0 0 bus 007022 006999 0.06519 7% | by, 025104 025760 024333 6% | by 0 0 0 bus 003251 003196 003228 1%
by 0 0 0 by 0.09139 -0.09116 -0.09643 6% | by,  0.14851 -015510 -0.14599 6% | by 0 0 0 by 001931 001934 -001798 7%
by -0.00054 -0.00132 -0.08418 8% | by, 0 0 0 by 0 0 0 by 014102 014500 014725 1% | by, o 0 o
b 011700 012050 012824 6% | by O 0 0 bun 0 0 0 buw 001855 -001893 001906 1% | by O 0 0
by 0 0 0 by, 018470  0.19014  0.18089 5% | by, 0.12031 -012684 -0.12780 1% | by, 0 0 0 by, 005806 -0.06065 0.06330 4%
b 013255 013508 012575 7% | b O 0 0 b 0 0 0 buw 003271 003489 003165 9% | b O 0 0
by 0 0 0 by 004110 -0.04193 -0.03948 6% | by, 0.02392 002267 0.02277 0% | by 0 0 0 by 002074 002000 -0.03152 5%
b 008787 009062 -0.08509 6% | by O 0 0 b 0 0 0 buy 001855 001893 001906 1% | by, 0 0 0
by 0.00944 000851  0.00854 0% | by, 0 0 0 [ 0 0 0 by  0.06196 006203 006314 2% | by, 0 0 0
b 0 0 0 by 003337 003420 003456 1% | by 045534 046200 043073 5% | by 0 0 0 by 0OL705 001642 -0.01658 1%
by 013142 013441 012692 6% | by 0 0 0 by 0 0 0 by 0.02725  0.02667 002694 1% | by 0 0 0
by 034088 034603  0.35002 1% | by, 0 0 0 by 0 0 0 by 004186 004112 004142 1% | by, 0 0 0
b 0 0 0 bup 026417 026994 027235 1% | by, 012520 012052 013036 1% | by O 0 0 b 001864 001991 0.01307 9%
byuss 0 0 0 by 003475 -0.03502 003525 1% | by, 0.41852 042450 0.43188 2% | by 0 0 0 by, 001553 001522 -001538 1%
b 014804 014680 014777 1% | by O 0 0 b 0 0 0 buw 031532 031030 031882 0% | by, 0 0 0
byuss 0 0 0 byys 006128 -0.06455 0.05853 9% | by, 0.18407 018253 -0.18424 1% | by 0 0 0 by, 016826 0.17003 017164 1%
by 0 0 0 buo 006348 006273 0.05827 1% | by, 035252 035857 037768 5% | buy 0 0 0 by 002082 002916 002049 1%
b, -0.26338 026794 -0.28089 5% | by 0 0 0 buss 0 0 0 bus, 0.03271 003489  0.03165 9% | buy 0 0 0
b 010603  0.10069 -0.10418 5% | b 0 0 0 busy 0 0 0 by 0.02725 002667 002694 1% | bee, 0 0 0
b 0 0 0 buww 010382 010668 020510 4% | b 02020 010694 009871 1% | by 0 0 0 buw 010377 010517 010118 4%
byss 020173 019992 020174 1% | by, 0 0 0 buyss 0 0 0 byss 029520 020799 030066 1% | beyes 0 ) 0
by 0 0 0 by 003206 003256 0.03278 1% | by, 004183 004190 -0.04218 1% | by 0 0 0 by 007300 007834  0.07940 1%
by, -0.06255 0.06291 -0.06338 1% | by 0 0 0 bysia 0 0 0 by, -0.03388  0.03390 -0.03150 7% | by 0 0 0
by 002066 002068 -0.02081 1% | by O 0 0 b 0 0 0 b 005219 005239 00552 5% | by 0 0 0
bysiy 0 0 0 by, -0.07022  0.06999  -0.06519 7% | by, 0.25104 0.25769 -0.24333 6% | by, 0 0 0 bss;4  0.03251 0.03196  0.03228 1%
bus 040130 040706  0.3885 4% | b O 0 0 b 0 0 0 b 005234 005111 005166 1% | by 0 0 0
by 0.06222  0.06282 -0.06322 1% | by, 0 0 0 besay 0 0 0 by -0.07448  0.07506 -0.07873 5% | by, 0 0 0
by 0 o 0 by 0.06939 0.07388 -0.07438 1% | by, 021859 0.22834 0.21563 6% | by 0 ) 0 by, 011457 011821 011945 1%
b 0 0 0 b 000781 000860 010382 5% | by 003351 002823 002844 1% | by O 0 0 b 001383 -001407 -0.01422 1%
by -0.13255 013504 012575 7% | by, 0 0 0 [ 0 0 0 by 0.03271 -0.03489 003165 9% | by, 0 0 0
b 0 0 0 b 026154 026762 025647 4% | b 01350 01428 -0.04394 1% | by O 0 0 b 005715 005705 -0.05765 1%
by 0.02190  0.02185 002200 1% | by, 0 0 0 bygsy 0 0 0 by, 0.02099 003073 002920 5% | by, 0 0 0
by 0 0 0 bow 006062 -006173 0.05831 6% | b, -0.04564 004096 -0.04134 1% | b, 0 0 0 by 001383 001407 001422 1%
bisys 0 0 0 by 0.00929 0.00763 -0.00769 1% | byy, 0.16495 016646 -0.16606 0% | by 0 0 0 by 004960  0.04936  0.05034 2%
b 013142 013441 012692 6% | by O 0 0 b 0 0 0 by 002725 002667 -0.02604 1% | by 0 0 0
bigss 0 0 0 brys  0.03760 -0.03847 003892 1% | byy; 0.62291 062848 059811 5% | by 0 0 0 b 002128 002076 -0.02102 1%
bysey 0 0 0 by -0.13052  0.13888 -0.14561 5% | by, 020255 021020 -0.19972 5% | by, 0 0 0 by 003251 003196 003228 1%
b 011982 012102 011240 7% | by O 0 0 b 0 0 0 b 010346 -010630 011080 4% | by 0 0 0
by 0.18455  0.18703  -0.19700 5% | byeys 0 0 0 byses 0 0 0 by  0.02005 0.02878 -0.02905 1% | by, 0 0 0
b 0 0 0 bw 006128 -006455 005853 9% | b 018407 018253 -0.18424 1% | b 0 0 0 by 016326 017003 0.17164 1%
by 0.18507  0.18245  0.18430 1% | byeys 0 0 ) byses 0 0 0 by 018211  0.18432 017724 4% | by 0 0 0
buy 048408 049009 049626 1% | by O 0 0 by 0 0 0 by 005705 005601 005654 1% | by 0 0 0
bisss 0 0 0 by, 037666 038331 038701 1% | by, 0.16398 -016879 -0.17032 1% | by 0 0 0 by, -0.05715 005705 -0.05765 1%
by 0 0 0 b 004548 004564 0.04606 1% | b, 055796 050206 060319 2% | by 0 0 0 b 002128 002076 -0.02102 1%
bysy 020173 019992 020174 1% | byes, 0 0 0 0 0 0 bss, 029529 029799 030066 1% | bess, 0 0 0
bysss 0 0 0 b. -0.18789  0.18501 -0.18679 1% 0.25230 0.24895  -0.25181 1% | bysss 0 0 0 bssss 0.35181 0.35393  0.35447 0%
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Figure 5: uy; for isotropic plate with a/b = 3; each row corresponds to one model; columns from left to right are: u, v, Vu? + v?
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127.62900 GPa, E22 = 11.30740 GPa, G12 = G23 = Table 8
G3 = 6.00257 GPa and v, = 0.300235. Results using  FEigenvalues 4, for composite plate used in multi-modal analy-
DIANA’s CQ40L and Allman-type elements are present to- sis, units in [N /m]

gether with the BFSC results. The error of the BFSC im-

DIANA  DIANA

plementation is again calculated about the results obtained Eigenvalue BFSC
. CQ40L  Allman
with the Allman-type element. The same mesh, load and
boundary conditions of the previous isotropic case are used. A 5257 5312 5303
Again, a maximum error of 9% is verified for the b;;;, co- A 5420 5483 5467
. : : : A 6011 6088 6060
efficients, attributed to the differences in 4; values between /13 6132 6185 6178
the Allman-type and BFSC elements. 4
Fi 3 ill h d-order field mod f As 6877 6976 6928
igure .1 ustrates t e. secon -or. er field modes u.,-j or Ay 7967 8100 8021
the cpmpos1te plate used in the multi-modal asymptotic ex- A, 0258 0441 0317
pansion. Ag 10740 10993 10804

10. Conclusion
buckling analysis and reduced-order models based on Koi-

A complete displacement-based formulation for the Koi-
ter’s method. The present work used state-of-the-art collab-

ter’s multi-modal asymptotic expansion was presented. The

formulation and notation adopted enabled a close correspon-  ©rative tools to implement the developed methods: Python
dence between the formulation and implemented algorithms, ~ [011, NumPy [62] and Cython [63].
facilitating further developments on the field of initial post- A modified Bogner-Fox-Schmit (BFS) finite element
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Table 9
Multi-modal expansion coefficients b;;,, for composite plate using 5 modes

DIANA DIANA DIANA DIANA

DIANA DIANA
0 cQaol Allman B¢ BT b cquol Allman

b DIANA DIANA
Kt CQ40L Allman

CQ4oL Allman

DIANA DIANA

BFSC Er CQM0L  Allman

BFSC  Err ‘bu“ BFSC  Err BFSC  Err

by, 018993  0.18806 0.18646 1% 0 0 0 by, 001064 -0.01116 0.01117 0% | by, 0 0 0 [ 0 0 0
b 0 0 0 010871  0.10467  0.10615 1% | by, 0 0 0 by, 010064 009356 008835 6% | by, -0.01046 -0.01025 0.01036 1%
by 003384 -0.03531 003531 0% 0 0 0 by, 009543 0.09330  0.09447 1% | by, 0 0 0 bsiis 0 0 0
bins 0 0 0 0.02851 0.02771 0.02604 6% | by, 0 0 0 by, 013833 013851 014054 1% | by, -0.00367 -0.00358 0.00359 0%
bis 0 0 0 -0.02044  -0.02877  0.02901 1% | by 0 0 0 b5 -0.03644 -0.03392 0.03400 1% | by, 008213 0.08050 0.08152 1%
by 0 0 0 009250 0.08810 0.08345 5% | by, 0 0 0 byy 011881 010097 011925 8% | by, -0.01053 -0.01010 001013 0%
by» 019890  0.18587  0.18916 2% 0 0 0 by, 002464 002214 -0.02063 7% | by 0 0 0 by 0 0 0
biias 0 0 0 008446  0.08087 -0.08539 6% | byay 0 0 0 byy 013451 013344  -0.12660 5% | by, 0.02016 0.01891 001763 7%
by 005216  0.04922  0.04641 6% 0 0 0 byy 002454 0.02422  -0.02281 6% | by, 0 0 0 boing 0 0 0
b5 -0.05386  -0.05109 0.05169 1% 0 0 0 by 007375  0.06968  0.07309 5% | by 0 0 0 bsias 0 0 0
by -0.03384 -0.03531 0.03531 0% 0 0 0 byy 007951 007781 0.07424 5% | by, 0 0 0 by 0 0 0
biis 0 0 0 004284  0.03044 -0.03650 7% | by, 0 0 0 byy 020449 019737 -0.20872 6% | by, 002261 0.02198  0.02072 6%
by 030355  0.20547 020851 1% 0 0 0 byy 004021 -0.03494  0.03563 2% | by 0 0 0 bsyss 0 0 0
by 0 0 0 004266  0.04314  -0.04045 6% | by, 0 0 0 by 001420 -0.01106 0.01132 2% | byy, 0.02246  0.02207 002172 5%
b 0 0 0 012820 0.12414  0.12060 4% | byss 0 0 0 byss 018158 018143 017310 5% | bys; -0.03298 -0.02875 002942 2%
buigy 0 0 0 003365 003258 0.03515 8% | by, 0 0 0 by, 015212 015288 014439 6% | by, -0.00338 -0.00331 0.00337 2%
by 005216  0.04922  0.04641 6% 0 0 0 by, 003332 003282 -0.03470 6% | by, 0 0 0 bsis 0 0 0
buusy 0 0 0 003810 0.03953 -0.03732 6% | by 0 0 0 by -0.02012 -0.01827 001900 4% | by, 0.03179 003211 003355 4%
by 007169 007286 0.07382 1% 0 0 0 byy 000231 -0.00184 0.00188 2% | by 0 0 0 boyas 0 0 0

byus -0.01888 -0.01784 0.01790 0% by, 0.02959  0.03017  0.02878 5% | by

0 0 0 0 0 0 i 0 0 0
-0.02064 -0.02832 0.02838 0% | by by -0.03360 -0.03137 003100 2% | by, 006765 0.06635  0.06365 4%

busi 0 0 0 0 0 0
by -005386 -0.05100 0.05169 1% 0 0 0 bys, 003650 003461 0.03273 5% | by 0 0 0 byyss 0 0 0
busy 0 0 0 005671  0.05304  0.04936 7% | bys 0 0 0 bys; 031573 030416 031875 5% | bys -0.02001 -0.02405 0.02547 2%
bus 001888 -0.01784 0.01790 0% 0 0 0 bys; 003635  0.03617  0.03431 5% | bys, 0 0 0 byysy 0 0 0
buss 042279 0.40110  0.40683 1% 0 0 0 byss 0.05338 -0.04528  0.04646 3% | byss 0 0 0 bss 0 0 0
b 0 0 0 010871 010467 0.10615 1% | by, 0 0 0 boy 010064 0.09356  0.08835 6% | by, -0.01046 -0.01025 0.01036 1%
bo 016024 0.15646  0.14871 5% 0 0 0 by, 004850  0.04530 -0.04815 6% | by 0 0 0 bons 0 0 0
b 0 0 0 004284  0.0304 -0.03650 7% | by 0 0 0 by 015060  0.14565 -0.13722 6% | by, 004557  0.04424  0.04627 5%
bpy 006157  0.05785 0.06264 8% 0 0 0 002192 0.02219  -0.02104 5% | byys 0 0 0 bos 0 0 0
by -0.05423  -0.05030 0.05057 1% 0 0 0 003262 0.02077  0.02784 6% | byys 0 0 0 bonis 0 0 0
b 019890  0.18587  0.18916 2% 0 0 0 002464 0.02214  -0.02063 7% | by, 0 0 0 [ 0 0 0
[ 0 0 0 025341 024575 024462 0% 0 0 0 b -0.06973 -0.08089 -0.07988 1% | by, -0.02405 -0.02558 0.02557 0%
b 007839 0.07004 -0.06520 7% 0 0 0 014389 013969  0.14099 1% | by, 0 0 0 b 0 0 0
bins 0 0 0 001075 -0.02396 -0.02355 2% 0 0 0 b, 0.23980  0.22601 023077 2% | by, 0.01987  0.01990 -0.01893 5%
bims 0 0 0 006766 -0.07177 0.07160 0% 0 0 0 bms 019737  0.18845 -0.17980 5% | byns 0.12450 0.12107 012234 1%
by 0 0 0 004284  0.03048 -0.03659 7% 0 0 0 by 0.20480 010737 -0.20872 6% | by, 0.02261 0.02198 0.02072 6%
bpy 015454 0.14361 -0.15216 6% 0 0 0 010056  0.09946  0.09525 4% | by, 0 0 0 [ 0 0 0
biys 0 0 0 025015  0.24887  0.25000 0% 0 0 0 by 011461 -0.10795 -0.10874 1% | by, 0.02115  0.02203 -0.02096 9%
by 006971  0.07019 -0.06650 5% 0 0 0 001857 -0.01900 -0.01911 1% | by, 0 0 0 bosas 0 0 0

by 010376 009420  0.08797 7% 0 0 0 010470 0.10162 -0.10542 4% | byyss 0 -0.00001 0 bosss 0 0 0

by 005216  0.04922  0.04641 6% 0 0 0 003332 003282 -0.03470 6% | by, 0 0 0 bosay 0 0 0
b 0 0 0 -0.01075 -0.02396 -0.02355 2% 0 0 0 bpp 026106  0.24556 023420 5% | by, 003241 0.03214 -0.03365 5%
by 007805 0.07661 -0.07208 6% 0 0 0 0.01867 -0.01795 -0.01808 1% | byyyy 0 0 0 bisis 0 0 0
bisis 0 0 0 006795  0.06695 0.06802 2% 0 0 0 b -0.00373  0.00075  0.00030 by 000238 -0.00116 0.00129 11%
biass 0 0 0 005590 0.05582 -0.05302 5% 0 0 0 b -0.03551 -0.02317 0.02485 7% | by; -0.01483 -0.01425 -0.01444 1%
bps  -0.05386 -0.05109 0.05169 1% 0 0 0 003659  0.03461  0.03273 5% | by, 0 0 0 bossy 0 0 0
bisss 0 0 0 006766 -0.07177  0.07160 0% 0 0 0 bos 032196 0.30442 031968 5% | by, 0.08671  0.08617  0.08325 3%
bos; 023458 0.22045 023094 5% 0 0 0 003422 003612 -0.03311 8% | by, 0 -0.00001 0 bosss 0 0 0
bisss 0 0 0 0.05500 0.05582 -0.05302 5% 0 0 0 bpsy  -0.02367 -0.01102 001226 11% | by, -0.01274 -0.01274 -0.01283 1%
bisss 0 0 0 035028 033969 0.34263 1% 0 0 0 bass 014729 -0.13501 -0.13719 2% | by -0.05897 -0.05460 0.05557 2%
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Figure 6: u,, for anisotropic plate Al with a/b = 1; rows from
top to bottom are: E,/E, = 1,3,10,20; columns from left to

right are: u, v, Vu? + 02

was proposed and referred to as Bogner-Fox-Schimt-Castro
(BFSC), which has enriched in-place displacements when
compared to the conventional BFS element to enable an
accurate representation of the second-order displacement
fields. This element has only 4 nodes per element and 10
degrees-of-freedom per node, which are: u, u,,, Uy, Uy Usy,
sy W, Wiy, W, and w,,,. The results herein presented
showed that the third-order interpolation of w provided led
to an ultra-fast convergence of the linear buckling eigenval-
ues, whereas the third-order interpolation of u and v led to
a ultra-fast convergence of the second-order displacement
fields and consequently of the b, factors obtained in Koi-
ter’s analysis.

Future studies should investigate the same strategy herein
adopted to enrich the in-plane interpolation of the BFS ele-
ment to create modified versions of the TUBA3 family [57].
Other approaches for enriching the membrane displacement
field could also be investigated, such as the interpolation
covers suggested by Jun et al. [71] for triangular shell el-
ements. Another alternative is to use fifth-order Hermite
polynomials enhancing the BFS element to also interpolate
the rotational strains w,, and w,,,, keeping C I continuity
even with distorted meshes, thus keeping the high conver-
gence rates herein observed for non-rectangular meshes [72].

In the present study, Von Karman nonlinear kinematics
were used to derive the n'"—order tensors obtained from the
total potential energy of the system. The effect of using more
complete nonlinear kinematics such as Sanders [49, 52] and
Timoshenko & Gere [52] should also be investigated, espe-
cially for shells with single and double curvature.

The displacement-based notation herein presented sim-
plifies formulating and implementing the compatibility be-
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Figure 7: u;; for isotropic plate used in multi-modal asymp-
totic expansion analysis; columns from left to right are: u, v,

Vu? + 0?2

tween different semi-analytical domains [73, 74, 75, 76],
even for Koiter’s asymptotic analysis. Such possibilities
would allow one to apply semi-analytical methods for stiff-
ened panels and shells using efficient displacement repre-
sentations such as those provided by Legendre hierarchical
polynomials [77, 78, 79, 80].

Finally, the effect of initial imperfections should be in-
cluded in the presented formulation to enable asymptotic
perturbation analyses, especially important in imperfection
sensitive shells.
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Figure 8: u;; for composite plate used in multi-modal asymp-
totic expansion analysis; columns from left to right are: u, v,

Vu?+ 0?2

A. Linear Buckling Analysis

In Eq. 5 it is known from the equilibrium condition that
¢'[u,, A,] = 0. Dividing the remaining terms by ||v||:

¢l AcJou = ¢ lutg. A ) L sut- ¢”’[uc,/1 1021 su

lloll
0 (58)

d)’”[uc, A ]v ﬂ5u +04) =

It becomes convenient to define a normalized eigenvector
u; at A — A;, such that (u;,u;) = 1:

v
u = -2 (59)
ol

Thus, one can change Eq. 58 using the definition of u; to
obtain:

1
¢'[u, A;16u = ¢ [u,, A;Ju;6u + §¢"’[u,_., A Tu;vu

+ éqﬁi”[uc, A luv*ou+ 0(4) =0 (60)

From Eq. 60, the following relation is obtained when 4 —
Aj,ie. v —0:

¢ [, 4 Ju;ou = @' [Aug, A;lu;6u = 61)

Equation 61 represents the Neutral Equilibrium Criterion
[29], which can be used to compute 4; and u;, i.e. the lin-
ear buckling eigenvalues and eigenmodes, based on a pre-
buckling state [ug, Ag]l. For a system with N degrees-of-
freedom there are N pairs A;, #;, so that one should select the
mode u; that corresponds to the lowest positive 4;, named
A in the previous discussions for single-mode asymptotic
expansion. In most commonly used eigenvalue solvers, the
eigenvalues can be computed and sorted in ascendant order,
such that only a few first pairs of eigenvalues and eigenvec-
tors need to be calculated.
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