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{

𝑄1

𝑄2

𝑄3

𝑄4

} = [

𝑘11 𝑘12 𝑘13 𝑘14

𝑘21 𝑘22 𝑘23 𝑘24

𝑘31 𝑘32 𝑘33 𝑘34

𝑘41 𝑘42 𝑘43 𝑘44

] {

𝑞1

𝑞2

𝑞3

𝑞4

}

𝑘𝑖𝑗

𝐹

𝑠 =
1

2
(𝑊 − 𝐻 tan𝜃 − ℎ) 𝑙 =

𝐻

2cos𝜃

{

𝑄1

𝑄2

𝑄3

𝑄4

} =

[
 
 
 
 
 
 
 

2𝐴𝐸

𝑠
−

2𝐴𝐸𝑠

𝑠
0 0

−
2𝐴𝐸

𝑠

4𝐴𝐸𝑠

𝑙
sin2 𝜃 +

48𝐸𝑠𝐼

𝑙3
cos2 𝜃 +

2𝐴𝐸𝑠

𝑠
−

4𝐴𝐸𝑠

𝑙
𝑠𝑖𝑛2 𝜃 −

48𝐸𝑠𝐼

𝑙3
cos2 𝜃 (

4𝐴𝐸𝑠

𝑙
−

48𝐸𝑠𝐼

𝑙3
) cos 𝜃 sin𝜃

0 −
4𝐴𝐸𝑠

𝑙
𝑠𝑖𝑛2 𝜃 −

48𝐸𝑠𝐼

𝑙3
cos2 𝜃

48𝐸𝑠𝐼

𝑙3
cos2 𝜃 +

4𝐴𝐸𝑠

𝑙
sin2 𝜃 +

4𝐴𝐸𝑠

ℎ
(
48𝐸𝑠𝐼

𝑙3
−

4𝐴𝐸𝑠

𝑙
) cos 𝜃 sin𝜃

0 (
4𝐴𝐸𝑠

𝑙
−

48𝐸𝑠𝐼

𝑙3
) sin𝜃 cos 𝜃 (

48𝐸𝑠𝐼

𝑙3
−

4𝐴𝐸𝑠

𝑙
) cos 𝜃 sin𝜃

4𝐴𝐸𝑠

𝑙
cos2 𝜃 +

48𝐸𝑠𝐼

𝑙3
sin2 𝜃]

 
 
 
 
 
 
 

{

𝑞1

𝑞2

𝑞3

𝑞4

}

12𝐸𝑠𝐼

𝑙3
1

12𝐸𝑠𝐼

𝑙3
+

𝑙

2𝜅𝐴𝐺𝑠

{

𝑄1

𝑄2

𝑄3

𝑄4

} =

[
 
 
 
 
 
 
 
 
 
 
 
 
 

2𝐴𝐸𝑠

𝑠
−

2𝐴𝐸

𝑠
0 0

−
2𝐴𝐸𝑠

𝑠

4𝐴𝐸𝑠

𝑙
sin2 𝜃 +

4

𝑙3

12𝐸𝑠𝐼
+

𝑙
2𝜅𝐴𝐺𝑠

cos2 𝜃 +
2𝐴𝐸𝑠

𝑠
−

4𝐴𝐸𝑠

𝑙
sin2 𝜃 −

4

𝑙3

12𝐸𝑠𝐼
+

𝑙
2𝜅𝐴𝐺𝑠

𝑐𝑜𝑠2 𝜃 (
4𝐴𝐸𝑠

𝑙
−

4

𝑙3

12𝐸𝑠𝐼
+

𝑙
2𝜅𝐴𝐺𝑠

)cos 𝜃 sin 𝜃

0 −
4𝐴𝐸𝑠

𝑙
sin2 𝜃 −

4

𝑙3

12𝐸𝑠𝐼
+

𝑙
2𝜅𝐴𝐺𝑠

𝑐𝑜𝑠2 𝜃
4

𝑙3

12𝐸𝑠𝐼
+

𝑙
2𝜅𝐴𝐺𝑠

cos2 𝜃 +
4𝐴𝐸𝑠

𝑙
sin2 𝜃 +

4𝐴𝐸𝑠

ℎ
(

4

𝑙3

12𝐸𝑠𝐼
+

𝑙
2𝜅𝐴𝐺𝑠

−
4𝐴𝐸𝑠

𝑙
) cos 𝜃 sin 𝜃

0 (
4𝐴𝐸𝑠

𝑙
−

4

𝑙3

12𝐸𝑠𝐼
+

𝑙
2𝜅𝐴𝐺𝑠

)sin 𝜃 cos 𝜃 (
4

𝑙3

12𝐸𝑠𝐼
+

𝑙
2𝜅𝐴𝐺𝑠

−
4𝐴𝐸𝑠

𝑙
) cos 𝜃 sin 𝜃

4𝐴𝐸𝑠

𝑙
𝑐𝑜𝑠2 𝜃 +

4

𝑙3

12𝐸𝑠𝐼
+

𝑙
2𝜅𝐴𝐺𝑠

sin2 𝜃

]
 
 
 
 
 
 
 
 
 
 
 
 
 

{

𝑞1

𝑞2

𝑞3

𝑞4

}

𝑄2 = 𝑄3 = 0

𝜎𝑦  𝑏𝑊 𝜎𝑥  𝑏𝐻
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{

𝑄1

𝑄2

𝑄3

𝑄4

} = {

𝜎𝑥  𝑏𝐻
0
0

𝜎𝑦 𝑏𝑊

} 

𝑞𝑖

𝐸𝑠, 𝜎𝑦𝑠
,  𝜈𝑠

𝑠 =
1

2
(𝑊 − 𝐻 tan𝜃 − ℎ) 𝑙 =

𝐻

2cos𝜃

 

𝜎𝑥  𝑊/2𝑞1 𝑋 𝜎𝑦𝐻/2𝑞4  𝑌

𝑋

𝜎𝑦

(
𝐸

𝐸𝑠
)
𝑋

=
𝑊𝑡3𝑐𝑜𝑠𝜃

𝐻{𝑙 (𝑙2−𝑡2)cos3 𝜃 + 𝑡2(𝑙 + 𝑊)𝑐𝑜𝑠𝜃 − 𝐻𝑡2𝑠𝑖𝑛𝜃}

𝑋

(
𝐸

𝐸𝑠
)
𝑋

=
5𝑊𝑡3𝑐𝑜𝑠𝜃

𝐻{𝑙(5𝑙2 + 7𝑡2 + 11𝑡2𝜈𝑠)cos3 𝜃 + 5𝑡2(𝑙 + 𝑊)𝑐𝑜𝑠𝜃 − 5𝐻𝑡2𝑠𝑖𝑛𝜃}

(
𝐸

𝐸𝑠
)

𝑌

=
𝐻𝑡3

𝑊𝑙{(𝑙2 − 𝑡2) 𝑠𝑖𝑛2 𝜃 + 𝑡2}

 𝑌
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(
𝐸

𝐸𝑠
)

𝑌

=
5𝐻𝑡3

𝑊𝑙{(5𝑙2 + 7𝑡2 + 11𝑡2𝜈) 𝑠𝑖𝑛2 𝜃 + 5𝑡2}

 

X Y

νxy νxy = −
εy

εx
=

q2

q1
 
𝑊

H
𝜎𝑦 = 0

ν12

𝜈𝑥𝑦 =
𝑊𝑙 𝑐𝑜𝑠2 𝜃 𝑠𝑖𝑛𝜃(𝑙2 − 𝑡2)

𝐻{𝑙(𝑙2 − 𝑡2)cos3 𝜃 + 𝑡2(𝑙 + 𝑊)𝑐𝑜𝑠𝜃 − 𝐻𝑡2𝑠𝑖𝑛𝜃}

𝜈𝑥𝑦 =
𝑊𝑙 𝑐𝑜𝑠2 𝜃 𝑠𝑖𝑛𝜃(5𝑙2 + 11𝜈𝑡2 + 7𝑡2)

𝐻{𝑙 (5𝑙2 + 7𝑡2 + 11𝑡2𝜈)cos3 𝜃 + 5𝑡2(𝑙 + 𝑊)𝑐𝑜𝑠𝜃 − 5𝐻𝑡2𝑠𝑖𝑛𝜃}

νyx νyx = −
εx

εy
=

q1

q4
 
H

W
𝜎𝑥 = 0 

𝜈𝑦𝑥 =
𝐻(𝑙2 − 𝑡2)𝑠𝑖𝑛(2𝜃)

2𝑊{(𝑙2 − 𝑡2) 𝑠𝑖𝑛2 𝜃 + 𝑡2}

𝜈𝑦𝑥 =
𝐻(5𝑙2 + 11𝜈𝑠𝑡

2 + 7𝑡2)𝑠𝑖𝑛(2𝜃)

𝑊(11𝜈𝑠𝑡2 + 5𝑙2 + 17𝑡2 − (5𝑙2 + 7𝑡2 + 11𝜈𝑠𝑡2)𝑐𝑜𝑠(2𝜃))

 

𝑋1 𝑋2

𝑞2 𝑋2

𝑞4 𝑞3 𝑋1 𝑋2

𝑞4 sin 𝜃 + (𝑞2 − 𝑞3) cos 𝜃

(𝑞2 − 𝑞3) sin 𝜃 − 𝑞4 cos 𝜃
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𝑃 =
𝐴𝐸𝑠

𝑙
(𝑞4 𝑠𝑖𝑛 𝜃 + (𝑞2 − 𝑞3) 𝑐𝑜𝑠 𝜃)

𝑀 =
6𝐸𝑠𝐼

𝑙2
((𝑞2 − 𝑞3) 𝑠𝑖𝑛 𝜃 − 𝑞4 𝑐𝑜𝑠 𝜃)

𝜎𝑎𝑥𝑖𝑎𝑙 =
𝐸𝑠

𝑙
(𝑞4 𝑠𝑖𝑛 𝜃 + (𝑞2 − 𝑞3) 𝑐𝑜𝑠 𝜃)

𝜎𝑓𝑙𝑒𝑥𝑢𝑟𝑒 =
3𝐸𝑠𝑎

𝑙2
((𝑞2 − 𝑞3) 𝑠𝑖𝑛 𝜃 − 𝑞4 𝑐𝑜𝑠 𝜃)

𝜎𝑚𝑎𝑥 = |𝜎𝑎𝑥𝑖𝑎𝑙| + |𝜎𝑓𝑙𝑒𝑥𝑢𝑟𝑒|

𝜎𝑝𝑙 =
𝜎𝑦𝑠𝜎𝑖

𝜎𝑚𝑎𝑥

𝜎𝑦𝑠 𝜎𝑖

𝑖 𝑋

(
𝜎𝑦

𝜎𝑦𝑠
)

𝑋

=
2𝑡2

𝐻(3𝑙|𝑐𝑜𝑠(𝜃)| +  𝑡|𝑠𝑖𝑛(𝜃)|)

(
𝜎𝑦

𝜎𝑦𝑠
)

𝑋

=
10𝑙𝑡2

𝐻(3|(11𝜈𝑠𝑡2 +  5𝑙2 +  12𝑡2)𝑐𝑜𝑠(𝜃)| +  5𝑙𝑡|𝑠𝑖𝑛(𝜃)|)

𝑌

(
𝜎𝑦

𝜎𝑦𝑠
)

𝑌

=
2𝑡2

𝑊(𝑡|𝑐𝑜𝑠(𝜃)| +  3𝑙|𝑠𝑖𝑛(𝜃)|)
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(
𝜎𝑦

𝜎𝑦𝑠
)

𝑌

=
10𝑙𝑡2

𝑊(5𝑙𝑡|𝑐𝑜𝑠(𝜃)| + 3|(11𝜈𝑠𝑡2 +  5𝑙2 +  12𝑡2)𝑠𝑖𝑛(𝜃)|)

𝑃𝑐𝑟,𝐴𝐵 =
𝜋2𝐸𝑠𝐼𝐵𝐵`

(𝐾𝑙𝐵𝐵`)
2

=
𝜋2𝐸𝑠𝐼

𝑠2

𝜎𝑐𝑟 =
𝑃𝑐𝑟,𝐴𝐵

𝐴𝑢𝑐
=

𝜋2𝐸𝑠𝐼

𝐻𝑏𝑠2
=

𝜋2𝐸𝑠𝑡
3

12𝐻𝑠2

𝑃𝑐𝑟,𝐵𝐶 =
𝜋2𝐸𝑠𝐼

(𝐾𝑙𝐵𝐶)2
=

𝜋2𝐸𝑠𝐼

𝑙2

𝑃𝑐𝑟,𝑈𝐶 = 2𝑃𝑐𝑟,𝐵𝐶 cos 𝜃 𝑃𝑐𝑟,𝑈𝐶 = 2
𝜋2𝐸𝑠𝐼

𝑙2
cos 𝜃

𝜎𝑐𝑟 = 2
𝜋2𝐸𝑠𝐼

𝑙2𝐴𝑢𝑐
cos 𝜃 =

𝜋2𝐸𝑠𝑡
3

6𝑙2𝑊
cos 𝜃

𝑥 𝑦
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𝐸𝑠 = 200 𝑣𝑠 = 0.4

𝜃

𝜃 −45° +45°

𝑊 = 0.014 𝐻 =

0.00667 𝑏 = 0.004 𝑡 = 0.0008

𝑠 = ℎ/2

𝐸𝑥 𝐸𝑦

𝐸𝑦 𝜃 = 0
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𝜈𝑦𝑥 𝜃

𝜃 𝜈𝑦𝑥 = 0

𝜃 < 0

𝜃

𝜃

𝜃 = 0

𝜃 = 0

𝜃

𝑠

ℎ
= 1/2

𝑠/ℎ 1/2

𝑠/ℎ

𝑊 𝐻

𝑊 𝐻

𝑠/ℎ 𝑠/ℎ

𝑠/ℎ

𝑠/ℎ

𝑥 𝑦

𝑥𝑦

𝐸𝑥 𝝈𝒙

Ex Ey υxy υyx σx σy
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𝑬𝒙 𝑬𝒚 𝝊𝒙𝒚 𝝊𝒚𝒙 𝝈𝒙 𝝈𝒚

𝒔 = 𝒉/𝟐

𝜽 > 𝟎

𝜽 < 𝟎
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𝑬𝒙 𝑬𝒚 𝝊𝒙𝒚 𝝊𝒚𝒙 𝝈𝒙 𝝈𝒚

𝒔 =
𝑾−𝑯𝒕𝒂𝒏(𝜽)−𝒉

𝟐
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𝜎𝑦𝑠

𝜽

𝜃

𝜃



15 
 

𝜃
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