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Abstract 

Mechanical metamaterials have emerged in the last few years as a new type of artificial 

material which show properties not usually found in nature. Such unprecedented 

properties include negative stiffness, negative Poisson’s ratio, negative compressibility and 

fluid-like behaviors. Unlike normal materials, materials with negative Poisson’s ratio 

(NPR), also known as auxetics, shrink laterally when a compressive load is applied to 

them. The 2D re-entrant honeycombs are the most prevalent auxetic structures and many 

studies have been dedicated to study their stiffness, large deformation behavior, and shear 

properties. Analytical solutions provide inexpensive and quick means to predict the 

behavior of 2D re-entrant structures. There have been several studies in the literature 

dedicated to deriving analytical relationships for hexagonal honeycomb structures where 

the internal angle � is positive (i.e. when the structure has positive Poisson’s ratio). It is 

usually assumed that such solutions also work for corresponding re-entrant unit cells. The 

goal of this study was to find out whether or not the analytical relationships obtained in 

the literature for �>0 are also applicable to 2D-reentrant structures (i.e. when �<0). 

Therefore, this study focused on unit cells with a wide range of internal angles from very 

negative to very positive values. For this aim, new analytical relationships were obtained 

for hexagonal honeycombs with possible negativity in the internal angle � in mind. 

Numerical analyses based on finite element (FE) method were also implemented to 

validate and evaluate the analytical solutions. The results showed that, as compared to 

analytical formulas presented in the literature, the analytical solutions derived in this 

work give the most accurate results for elastic modulus, Poisson’s ratio, and yield stress. 

Moreover, some of the formulas for yield stress available in the literature fail to be valid 

for negative ranges of internal angle (i.e. for auxetics). However, the yield stress results 

of the current study demonstrated good overlapping with numerical results in both the 

negative and positive domains of �. 

Keywords: NPR; auxetics; analytical; re-entrant; Poisson’s ratio; honeycombs. 
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1. Introduction 

Metamaterials have emerged in the last few decades as a new type of artificial material 

which show physical properties not usually found in nature [1, 2]. Mechanical 

metamaterials are new category of metamaterials which exhibit unprecedented properties 

such as negative stiffness, negative Poisson’s ratio [3, 4], negative compressibility [2, 5] 

and fluid-like behaviors [6, 7]. Unlike normal materials, materials with negative Poisson’s 

ratio (NPR), also known as auxetics, shrink laterally when a compressive load is applied 

to them. Auxetics have found many applications in novel products as they offer high 

energy absorption capacity, high indentation resistance, and fracture toughness [5]. Their 

special ability to deform differently in the transverse direction also makes them suitable 

to be used as building blocks in actuators [8-10].  

There are several types of designer auxetics including re-entrant [11, 12], rotating semi-

rigid structures [13, 14], chiral [15-17], and origami-based [18, 19] auxetics. The 2D re-

entrant honeycombs (Figure 1c) are the most prevalent auxetic structures and many 

studies have been dedicated to study their stiffness [20], large deformation behavior [21], 

and shear properties [22] using analytical, numerical, and experimental approaches. 

Analytical solutions provide inexpensive and quick means to predict the behavior of 2D 

re-entrant structures [23]. 

There have been several studies [24-26] dedicated to deriving analytical relationships for 

hexagonal honeycomb structures where the internal angle � is positive (See Figure 1b). It 

is usually assumed that such solutions also work for corresponding re-entrant unit cells 

(See Figure 1c). The goal of this study is to find out if the analytical relationships obtained 

in the literature for �>0 are also applicable to 2D-reentrant structures. Therefore, this 

study focuses on unit cells with a wide range of internal angles from very negative to very 

positive. For this aim, analytical relationships have been obtained for hexagonal 

honeycombs with possible negativity in the internal angle � in mind (i.e. 2D re-entrant 

unit cells). Numerical analyses based on finite element (FE) method have been 

implemented to validate and evaluate the analytical solutions.  
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(a) 

  

(b) (c) 

Figure 1: (a) DOFs of a unit cell, and (b,c) dimensions of hexagonal and re-

entrant unit cells 

2. Materials and Methods 

2.1. Stiffness matrix 

The method used here for obtaining the elastic properties is very similar to what is 

presented in [24]. As the way the cells are organized and their center-to-center distance is 

different from [24], there are some minor differences in derivations. Therefore, the full 

procedure of obtaining the elements of the stiffness matrix is not presented in the main 

paper, but it is provided in the Appendix accompanying the paper.   

The external forces required to be applied to a degree of freedom �� is denoted by ��. The 

force-displacement relationship of this system has the following form: 
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where the stiffness matrix elements ��� must be determined in order to obtain the 

displacements, rotations, forces and moments as a function of the applied force � from 

which different elastic properties of a unit cell can be found. By looking at the geometries 

in Figure 1, it can be seen that � = �� �� − � tan � − ℎ� and � = �� �� !. 

Using the obtained stiffness matrix elements (see Appendix), the force-displacement 

relationships using the stiffness matrix can be constructed as 
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The corresponding force-displacement relationship for Timoshenko beam theory can be 

obtained by replacing 
��'�9:;  in the Euler-Bernoulli equation by 

�<='�>?; @ ?=ABCD which yields  
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The external forces acting on vertex B is zero, and the external force acting on point C 

in the X direction is zero, thus �� = �	 = 0. On the other hand, the force acting on point 

C in the Y direction is LM  N�, and the external force acting on point A is LO  N�. Then, 

the force vector becomes 
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2.2 Obtained mechanical properties 

The unknown elements can be obtained simply by inverting the stiffness matrix given in 

Eq. (2) or (3) and by multiplying it in the force vector given in Eq. (4). Using the obtained 

unknowns ��, it is possible to calculate the elastic modulus, Poisson’s ratio, and yield 

stress as a function of the geometrical and material properties '(, LMD , and Q(. In all the 

following derivations, the formulas � = �� �� − � tan � − ℎ� and � = �� �� ! are considered. 

 

a) Elastic Modulus 

The elastic modulus in each direction is found by dividing stress in that direction (i.e. LO  �/2�� in the S direction and LM�/2�
 in the T direction) into strain in that direction,. 

Using the Euler-Bernoulli stiffness matrix, the relative elastic modulus in the S direction 

is obtained as (LM=0): 

4 ''(5U = �V	HI���W� ���−V��cos	 � + V��� + ��HI�� − �V��23�X (5) 

and using the Timoshenko stiffness matrix, the relative elastic modulus in the S direction 

is obtained as 

4 ''(5U = 5�V	HI���W��5�� + 7V� + 11V�Q(�cos	 � + 5V��� + ��HI�� − 5�V��23�X (6) 

Using the Euler-Bernoulli stiffness matrix, the relative elastic modulus in the Y direction 

is obtained as 
 4 ''(5[ = �V	��W��� − V�� �23� � + V�X (7) 

 

and using the Timoshenko stiffness matrix, the relative elastic modulus in the T direction 

is obtained as 
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4 ''(5[ = 5�V	��W�5�� + 7V� + 11V�Q� �23� � + 5V�X 
 

(8) 

 

b) Poisson’s ratio 

The Poisson’s ratio can be obtained by dividing the two strains in X and Y directions. For ν_`, we have ν_` = − abac = d=d<  ef for LM = 0. Using the Euler-Bernoulli force-displacement 

relationship, the Poisson’s ratio ν�� is found as 

QOM = �� HI�� � �23���� − V���W���� − V��cos	 � + V��� + ��HI�� − �V��23�X (9) 

 

and for Timoshenko beam theory, it becomes 

QOM = �� HI�� � �23��5�� + 11QV� + 7V���W� �5�� + 7V� + 11V�Q�cos	 � + 5V��� + ��HI�� − 5�V��23�X (10) 

 

For ν`_, we have ν`_ = − εxεy = d<dj  HW for LO = 0 which for Euler-Bernoulli beam theory gives 

QMO = ���� −  V���23�2��2�W��� − V�� �23� � + V�X (11) 

 

and for Timoshenko beam theory, it becomes 

QMO = ��5�� + 11Q(V� + 7V���23�2���m11Q(V� + 5�� + 17V� − �5�� + 7V� + 11Q(V��HI��2��n (12) 

 

c) Yield stress 

It was seen in the honeycomb unit cell in which loading is applied in S� direction, in S� 
direction, and bi-axially that the end points of the inclined edges BC are the location with 

maximum stress. If the point B is dislocated for �� in S� direction, and the point C is 

dislocated for �
 and �	 in S� and S� directions respectively, by assuming that the beam 

BC is clamped at one of its ends B or C, increase in the axial direction of the beam BC 

is �
 sin � + ��� − �	� cos �. Similarly the lateral displacement of the free end of the beam 
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BC is ��� − �	� sin � − �
 cos �. These displacements cause the axial load and bending 

moments 

o = &'(� ��
 �23 � + ��� − �	� HI� �� 
p = 6'(/�� m��� − �	� �23 � − �
 HI� �n 

(13) 

 

which impose the axial and flexural stresses of 

LrO�r: = '(� ��
 �23 � + ��� − �	� HI� �� 
Ls:tOuvt = 3'(x�� m��� − �	� �23 � − �
 HI� �n 

(14) 

 

By adding the axial and flexural stress in the above equation, the maximum stress in the 

honeycomb unit cell can be found as LyrO = |LrO�r:| + {Ls:tOuvt{. The yield stress of the 

structure can then be found by 

L|: = LM(L�LyrO  (15) 

where LM( is the yield stress of the constructing material and L� is the applied stress in 

direction 2. The relative yield stress based on Euler-Bernoulli beam theory in the S 

direction was found as 

} LMLM(~U = 2V���3�|HI����| +  V|�23���|� (16) 

 

and for the Timoshenko beam theory was obtained as 

} LMLM(~U = 10�V���3|�11Q(V� +  5�� +  12V��HI����| +  5�V|�23���|� (17) 

 

The relative yield stress in the T direction and for Euler-Bernoulli beam theory was found 

as 

 

(18) 
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} LMLM(~[ = 2V���V|HI����| +  3�|�23���|�  

and for the Timoshenko beam theory was obtained as 

 

} LMLM(~[ = 10�V���5�V|HI����| + 3|�11Q(V� +  5�� +  12V���23���|� 
(19) 

 

2.3. Numerical modelling 

FE simulations were implemented for evaluation and validation of the derived analytical 

relationships for 2D re-entrant structure. A single unit cell with periodic boundary 

conditions was considered for this purpose. To obtain the numerical results for mechanical 

properties of the structure in two main directions, two distinct loading conditions were 

applied in the � and � directions. To obtain more precise and accurate results, beam 

elements based on Timoshenko beam theory (BEAM 189, ANSYS APDL) were used for 

discretization of the struts, and each strut was divided into five Timoshenko beam 

elements. As compared to Euler-Bernoulli beam theory, the Timoshenko beam theory, as 

it takes the transverse shear deformation into account, could result in better prediction 

of deformation especially in thick beams (i.e. in high values of relative densities). Since 

the material properties of the bulk material have negligible effect on the normalized 

material properties of the lattice structure, the linear elastic behavior with the values of '( = 200 GPa and �( = 0.4 were considered for the elastic modulus and Poisson’s ratio of 

the constituent material, respectively. To obtain the numerical results for various values 

of �, an APDL script was developed to reduce the analysis time cost. The problem was 

solved for � in the range of −45° to +45° to observe the trend of changes in the mechanical 

properties by gradually going from honeycomb structure to re-entrant structure. It is 

worth noting that to avoid the rigid body motions, one of the nodes of the unit cells was 

considered as fully constraint in the ANSYS APDL solver. As the unit cells in the lattice 

structure were considered to be rigidly connected to each other at the vertices of the 

structure, the external sides of the unit cells were constrained rotationally as well. The 

following geometrical properties were considered for the simulations: � = 0.014 m, � =0.00667 m, N = 0.004 m, and V = 0.0008 m. 
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3. Results and discussions 

First, the results of the current study are compared to the results of the previous studies 

[24-26] which requires to take � = ℎ/2. The curves of elastic modulus obtained in this 

study were higher than the curves based on formula derived by Masters and Evans [26], 

and they were lower than the curves based on formulas of Gibson and Ashby [25] and 

Hedayati et al. [24] (Figure 2a,b). While the 'O curves had a domical shape, the 'M curves 

had bell shape. In general, the elastic modulus obtained in this study were close to the 

corresponding values in the works of Masters and Evans [26] and Hedayati et al. [24], 

while they were quite far from the results of Gibson and Ashby [25], see Figure 2a,b. The 

Gibson and Ashby’s [25] formula also predicted infinite value for 'M at � = 0 (Figure 2b) 

which is very unrealistic. In a previous study of ours [24], it was shown that the Gibson 

and Ashby’s [25] formulas take some simplifying assumptions which makes them only 

suitable for very thin (paper or metal-sheet) honeycombs. However, as for the case of 

thick honeycombs, which are most the times the only feasible options in the AM 

honeycombs, the Gibson and Ashby’s [25] formulas deviate from the experimental and 

numerical results. 

As for the Poisson’s ratio (Figure 2c-d), all the curves had good overlapping with one 

another, except for the case of the Gibson and Ashby’s [25] formulas. The Gibson and 

Ashby’s [25] formula gave non-realistic extreme values for Poisson’s ratio QMO when � 

approached zero. All the curves had symmetry with respect to the origin of the plot (i.e. �=0 and QMO = 0). 

As for the yield stress, the formulas proposed by other works failed to give correct answers 

in � < 0 (they are shown by dashed gray curves in Figure 2e-f), even though those works 

had not claimed that their formulas is also applicable to negative ranges of �. The yield 

stress results of the current study, demonstrated good overlapping with numerical results 

in both the negative and positive domains of �. The yield stress values were symmetrical 

with respect to the line � = 0 (Figure 2e-f). While the yield stress in the y direction had 

a noticeable peak at � = 0, the curves for the yield stress in the x direction were relatively 

independent from the internal angle �. 
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(a) (b) 

  

(c) (d) 

  

(e) (f) 

Figure 2: Comparison of (a) ��, (b) ��, (c) ���, (d) ���, (e) ��, and (f) �� between 

the results of the current study and previous studies for � = �/�. The yield strength 

formulas in Hedayati et al [24] and Gibson et al [25] are obtained for � > �. The 

extension of curves attributed to those formulas to � < � is therefore demonstrated 

by grey color. 
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Even though the results presented in Figure 2 demonstrated the validity of our analytical 

solution, they are presented for a constant 
(� = 1/2 ratio. They were plotted for a constant �/ℎ ratio of 1/2, because this assumption has been considered in the previous studies [24-

26] where analytical solutions for hexagonal honeycombs are derived. In many actual 

metamaterials, such as gradient [8] and random [27] auxetic metamaterials, the ratio �/ℎ 

should vary throughout the structure to keep the width � and height � of all the unit 

cells equal. See for example the unit cells presented in Figure 1b and Figure 1c which 

have the same width � and height �. The trends of the graphs presented for variable �/ℎ ratio (Figure 3) are in general similar to what was observed for constant �/ℎ ratio of 

1/2 (Figure 2). As compared to the results of the case with constant �/ℎ ratio of 1/2, the 

values obtained for the case of variable �/ℎ is in general lower (with a maximum difference 

of 0.59% in the � direction and 0.38% in the � direction), lower (with a maximum 

difference of 0.077% for �� and 0.036% for yx), and equal values for respectively elastic 

modulus, Poisson’s ratio, and yield strength. It is also beneficial to note that the 

Timoshenko and Euler-Bernoulli results are very similar to one another in all the cases 

other than in 'O and ��. They have a maximum difference of 13.23%, 9.66%, 2.61%, 

8.96%, 14.18%, and 11.96% for respectively E_, E`, υ_`, υ`_, σ_, and σ`. 
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(a) (b) 

  

(c) (d) 

(e) (f) 

Figure 3: Comparison of (a) ��, (b) ��, (c) ���, (d) ���, (e) ��, and (f) ��  
between the numerical and analytical results for � = ������������  
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4. Conclusions 

The goal of this study was to find out if the analytical relationships obtained in the 

literature for �>0 are also applicable to 2D-reentrant structures. Therefore, this study 

focused on unit cells with a wide range of internal angles from very negative to very 

positive. For this aim, new analytical relationships were obtained for hexagonal 

honeycombs with possible negativity in the internal angle � in mind. Numerical analyses 

based on finite element (FE) method were also implemented to validate and evaluate the 

analytical solutions. The results showed that, as compared to analytical formulas 

presented in the literature, the analytical solutions derived in this work give the most 

accurate results for elastic modulus, Poisson’s ratio, and yield stress. Moreover, some of 

the formulas for yield stress available in the literature fail to be valid for negative ranges 

of internal angle (i.e. for auxetics). However, the yield stress results of the current study 

demonstrated good overlapping with numerical results in both the negative and positive 

domains of �. 
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