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Abstract

An intricacy in vibration-based structural damage detection (VSDD) relates to environmental variabilities imposing
limitations to the damage detectability. One method that has been put forth to resolve the issue is cointegration.
Here, non-stationary vibration features are linearly combined into stationary residuals, which are then employed as
damage indices under the assumption that the non-stationarity is governed by environmental variabilities. In the
present paper, the feasibility of using cointegration to mitigate environmental variabilities while retaining sensitiv-
ity to damage is examined through an experimental study with a steel beam. A temperature-based environmental
variability is introduced to the beam by use of a heating cable, while damage is emulated by adding local mass
perturbations. The vibration response of the beam in different environmental and structural states is captured and
utilized as features in a cointegration-based damage detection scheme. The performance of the scheme is assessed
and compared to that of a scheme not accounting for the variability on the basis of the false positive ratio (FPR), the
true positive ratio (TPR), and the area under the receiver operating characteristic curve (AUC). The results show
that cointegration effectively mitigates the temperature variability and allows for an improved damage detectability
compared to that of the scheme without a mitigation strategy.

Keywords: Structural Health Monitoring, Damage detection, Cointegration, Environmental variability, Experimen-
tal study.

Introduction

The objective of vibration-based structural damage detection (VSDD) is to allow for a global assessment of whether
or not the structural integrity of the system in question has been compromised. VSDD is conventionally resolved by
comparing vibration features extracted from the current, potentially damaged structure to a baseline model composed
of the corresponding vibration features extracted from the reference state of the structure [1]. An item that hinders
the applicability of VSDD is variability in the environmental parameters (EPs), such as temperature, wind speed,
and precipitation [2]. In particular, the dynamic properties of any structure are sensitive to changes in the EPs, thus
vibration features exhibit significant changes over time also when no damage is present [3, 4, 5].

Numerous supervised and unsupervised learning methods have been proposed to mitigate the influence of environ-
mental variabilities (EVs) in VSDD [1, 6]. The advantage of the unsupervised methods is that they do not require the
EPs to be measured, hence making them easier to implement in practice. Cointegration, which is adapted from the
field of econometrics [7], is one of these unsupervised methods [8]. The operating assumptions in cointegration-based
damage detection are that the EVs render the vibration features non-stationary and that the effects of the EVs and
damage do not couple [8]. Hereby, the non-stationary features can be linearly combined to one or multiple stationary
residuals in which the non-stationary trends are purged [9].

In the present paper, we evaluate the application feasibility of the VSDD cointegration-based scheme proposed in
[6, 10]. In particular, we apply the scheme to mitigate imposed EVs and hence allow for damage detection in a
laboratory setting with a cantilevered beam. In the experiment, three damaged states are established by adding
three different masses at the top of the beam, while temperature variations are imposed through a heating cable



attached to the beam. The performance of the cointegration-based scheme is compared to that of a scheme that does
not account for the EVs [11]. The false positive rate (FPR), the true positive rate (TPR), and the area under the
receiver operating characteristic curve (AUC) are used as performance measures for the evaluation.

The paper is organized as follows: a methodology section outlines the explored damage detection schemes, followed by
a description of the experimental setup. The damage detection results obtained using the two schemes are reported
in the results section, and, lastly, the paper closes with some concluding remarks.

Methodology

Let Yt ∈ RF×m denote a vibration response matrix of a structural system measured through F sensors at a discrete
observation t ∈ [1, N ]. The rows of Yt contain the F time series of the vibration response, yf,t ∈ R1×m, where m is
the number of time samples. From the response signals, a set of damage-sensitive vibration features are computed
and subsequently used to characterize the state of the structural system as undamaged or damaged by use of some
discordance measure.

Mahalanobis distance-based outlier analysis of response covariances

The covariance matrix of the vibration response matrix Yt can be established from

∀i ≤ j ∈ [1, F ] : Σij =
1

m− 1

m∑
k=1

(Yik − µi)(Yjk − µj), (1)

where µi is the mean of the ith vibration response such

∀i ∈ [1, F ] : µi =
1

m

m∑
k=1

Yik. (2)

In this scheme, the feature xt is constructed from the n unique elements of the covariance matrix Σ ∈ RF×F , with
n = F (F + 1)/2 since Σ = ΣT . Thus,

xt = [Σ11 Σ12 ... Σ1F Σ22 Σ23 ... Σ2F ... ΣFF ]
T
. (3)

The Mahalanobis distance (MD) is used as discordance measure for xt. Let µ ∈ Rn and S ∈ Rn×n denote the mean
vector and covariance matrix of the features from the training phase in the undamaged/reference structural state,
then, in the testing phase, the deviation of xt from the baseline model is quantified by

d2Mt
= (xt − µ)

T
S−1 (xt − µ) . (4)

As such, d2Mt
constitutes the damage index from which inferences regarding the structural state are made. Specifically,

if D is the selected threshold, then d2Mt
≤ D implies that the structure is undamaged, while d2Mt

> D implies that
the structure is damaged.

Cointegration-based scheme

As mentioned introductory, we employ the cointegration-based scheme proposed in [6, 10]. Let cf,t ∈ Rm denote the
real and imaginary parts of the unique Fourier coefficients of yf,t and take

d2Mf,t
= (cf,t − µf )

T
Sf

−1 (cf,t − µf ) , (5)

where µf ∈ Rm and Sf ∈ Rm×m are the mean vector and covariance matrix of cf,t ∈ Rm computed in the training
phase for N observations. We gather d2Mf,t

in d2Mf
∈ RN and define the matrix D2

M = [d2M1
d2M2

... d2MF
]T ∈ RF×N .

The vector d2Mt
, which corresponds to the columns of D2

M , is used as feature in the cointegration.

The next step in the scheme is to find a stationary linear combination of the training features to construct a baseline



model. To this end, the Johansen cointegration procedure (JCI) [12] is applied. In this procedure, the training
features are fitted to the vector error-correction model (VECM)

∆d2Mt
= Πd2Mt-1

+

k−1∑
i=1

Ci∆d
2
Mt-i

+ εt, (6)

where ∆d2Mt
= d2Mt

− d2Mt-1
, εt ∼ N (0, S) is a noise vector, Π and Ci are F × F parameter matrices, and k is the

model order (or number of included lags). If the VECM is a true error correction model and the variables under
consideration have the same order of integration (that is, ∆d2Mt

and ∆d2Mt-i
are stationary), then Π is rank deficient,

say of rank r, and can therefore be decomposed as

Π = ABT , (7)

where A, B ∈ RF×r are matrices spanning the column and row spaces of Π. The column vectors in B can thus be
used to project the non-stationary features into stationary residuals. According to the JCI, the vector that gives the
most stationary residual is the particular column vector in B associated with the largest eigenvalue [13]. This vector,
which we denote βββ, is referred to as the cointegrated vector and its corresponding stationary residual, computed as

z = βββTD2
M , (8)

is the cointegrated residual. A set of lags kj ∈ [k1 k2 ... kw] is tested in order to find the setting that gives the βββ
yielding the most stationary z. The quantification of stationarity is conducted based on the Augmented Dickey-Fuller
(ADF) test. The ADF test is employed to test the “degree of stationarity” of each z. In this test, the cointegrated
residual is fitted to the model

∆zi = ρzi-1 +

q−1∑
j=1

bj∆zi-j + εi, i ∈ [1, N ], (9)

where q is the number of lags (also referred to as model order) added to ensure that εi ∼ N (0, σ2). The parameters
ρ and bj in (9) are estimated to fit the model and evaluate the null hypothesis of z being non-stationary. The null
hypothesis is evaluated through the test-statistic tρ. If tρ is lower than the critical value from the Dickey-Fuller
tables, z is stationary. The more negative the tρ obtained, the more stationary is z [13].

The results of the ADF depend on the q selected for model (9). For this reason, the ADF of the set of z is performed for
a range of qi ∈ [q1 q2 ... qv]. From each test, the most stationary cointegrated residual and its associated cointegrated
vector βββi are found. These cointegrated vectors βββi, i ∈ [1, v], are the ones that give the most stationary cointegrated
residuals in the defined ranges of q and k. In this study, the range of values to be used for k is defined according to
the procedure described in [14], which is also used for q, thus

q = k =

[
3, 12

(
N

100

)1/4
]
. (10)

The procedure for finding the set of suitable cointegrated vectors βββi within these ranges is summarized in Fig. 1. If
the training features are cointegrated, this procedure gives v suitable cointegrated vectors βi.

Once βββi has been found from the training features, (8) is used to compute the cointegrated residual of each of the
features from the testing phase. Let ZL and ZU denote lower and upper limits, then the structural system in question
is labelled as damaged if the testing phase residual is not confined to the interval [ZL,ZL].

Laboratory experiment

The performances of the two VSDD schemes outlined in the methodology section are evaluated experimentally based
on a cantilevered steel beam, which is exposed to temperature-based EVs.
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Figure 1: Procedure to find suitable cointegrated vectors βββi from the range of lag values for k and q.

Experimental set-up

The beam, which is depicted in Fig. 2a, is instrumented with nine accelerometers that sample with a frequency of
8192 Hz. In each observation/experimental trial, the accelerometers capture 15 s of the response induced by an
impulse load applied to the bottom of the beam. The beam system is analyzed in its reference/undamaged state and
in three damaged states, where, as indicated in Fig. 2b, masses of 1, 2.5, and 4.3 g are added in the free end of the
beam. Temperature variability is introduced in all structural states by use of a heating cable, which is attached to
the beam as seen in Fig. 2c. A thermostat controls the temperature sensed by a NTC thermistor fixed to the beam,
and an infrared thermometer is used to measure the temperature. The temperature variability is shown in Fig. 3.
Evidently, the variability differs for the different structural states, which has been chosen to test the efficiency of the
VSDD schemes when some of the EVs are not accounted for in the baseline models.



(a) Nine accelerometers
mounted on the front of
the beam.

a
(b) Mass of 4.3 g added
to the top of the beam to
emulate damage.

(c) Heating cable at-
tached to the back of the
beam.

Figure 2: Cantilevered beam for the laboratory experiment.

Data acquisition and feature extraction

From the 15 s period of available vibration data, an interval of 0.5 s (4096 sample points) is extracted and stored
in yf,t ∈ R1x4096 for further analysis. Training and testing observation sets are obtained from the undamaged state
of the beam, and a set of observations is obtained from each of the three damaged states. The features xt for the
MD-based scheme are computed from (3). For the cointegration-based scheme, we plug cf,t ∈ R4096 into (5) and
attain the MDs for each sensor, which are gathered in D2

M ∈ R9×N . The suitable cointegrated vector(s) βββi are
found from the training features by following the procedure outlined in Fig. 1. From each βββi, the corresponding
cointegrated residual zi is computed by (8) for the training and testing observations.

Results

The baseline models for the VSDD schemes are constructed from N = 270 training observations, while 100 observa-
tions from the undamaged state and 85 observations from each of the three damaged states are tested against the
baseline models. Fig. 4a shows the resulting d2Mt

from the MD-based scheme, and the results from the cointegration-
based scheme with q =10 and k =10 are displayed in Fig. 4b. In the latter, the mitigation of the influence of the
EVs can be clearly appreciated in the testing observations from the undamaged state. To quantify the performance
of each scheme, FPRs, TPRs, and AUCs are computed from the damage indices. For the computation of FPRs and
TPRs, a threshold of 1% is used in the MD-based scheme, while lower and upper limits of ±1% are used in the
cointegration-based scheme. The computed values are summarized in Tbs. 1 and 2, where it can be seen that the
cointegration-based scheme with lag values q =10 and k =10 provides the best performance.
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Figure 3: Temperature field imposed on the beam.

Table 1: Performance indicators of the MD-based scheme (FPR and TPR for 1% threshold).

AUC FPR(%) TPR(%)
0.9193 2.00 58.82

Table 2: Performance indicators of the cointegration-based scheme (FPR and TPR for limits of ±1%).

q k AUC FPR(%) TPR(%)
3 7 0.9282 3.00 29.80
4 12 0.9496 4.00 71.37
5 10 0.9456 4.00 75.46
6 11 0.9422 5.00 77.25
7 8 0.9161 2.00 28.62
8 8 0.9161 2.00 28.62
9 8 0.9161 2.00 28.62
10 10 0.9841 4.00 92.15
11 8 0.9161 2.00 28.62
12 11 0.9422 5.00 77.25
13 11 0.9422 5.00 77.25
14 12 0.9496 4.00 71.37
15 8 0.9161 2.00 28.62

Conclusion

The present paper offers a comparative study of two VSDD schemes for detecting mass perturbations in a labo-
ratory beam system exposed to temperature-governed EVs. In particular, the performance of a recently proposed
cointegration-based scheme is compared to that of a conventional MD-based outlier analysis scheme that does not
account for the EVs. It is found that the cointegration-based scheme allows for a mitigation of the EVs, hence
providing an improved damage detection performance compared to that provided by the conventional scheme. It
must, however, be noted that the performance of the cointegration-based scheme hinges on a proper selection of the
number of lags to include in the VECM and the cointegrated vector(s) to use in the computation of the cointegrated
residual(s). To the authors’ knowledge, a general procedure for this selection is not available.
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(a) MD-based results
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(b) Cointegration-based results with q =10 and k =10

Figure 4: Temperature fields and VSDD results
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