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Abstract

This paper introduces a new inversion method for the reconstruction of complex, incoherent SH in-cident wavefield in a domain that is truncated by a wave-absorbing boundary condition (WABC), usinga partial differential equation (PDE)-constrained optimization method. In numerical examples, dynamictraction at the WABC mimics seismic incident wavefield. Estimated traction is discretized over spaceand time, and the discretized values are reconstructed by using seismic motion data that are sparselymade by sensors on the top surface of a domain and a vertical array. The discretize-then-optimize (DTO)approach is used in the mathematical modeling and numerical implementation, and the finite elementmethod (FEM) is applied to solve state and adjoint problems. The numerical results show that incident,inclined plane waves, cannot be fully reconstructed if using only the top surface sensors. In order to im-prove the inversion performance, a vertical array of sensors on the side boundary of a domain should beincluded. Second, a sufficiently large number of sensorsmust be employed to improve the algorithm’s in-version performance. Third, the minimizer suffers less from solution multiplicity when it identifies lowerfrequency traction (e.g., a realistic seismic signal). Fourth, the larger value of the inversion error in thereconstructed traction does not necessarily translate to an error of the same order of magnitude in thecorresponding reconstructed wave responses in the computational domain. Fifth, our presented inver-sion algorithm’s accuracy is not compromised by thematerial complexity of a background domain. Lastly,the error in the reconstructed traction and the error in the corresponding wave responses grow whenthe noise of a larger level is added to the measurement data, but not in the same proportion. By extend-ing the presented method into realistic 3D settings, this algorithm can indicate where large amplitudesof stress waves (i.e., weak points) occur in built environments and soils in a domain of interest duringseismic events.

1 Introduction
The ability to properly reconstruct response of infrastructure systems to actual earthquake loads, whichare difficult to identify, would allow for improvement in the inspection of existing infrastructures that arehit by earthquakes as well as the design of new infrastructures. In order to properly reconstruct the re-sponse of infrastructure objects during earthquakes, the so-called earthquake soil-structure interaction(ESSI) systems, engineers need knowledge about earthquake wavefields that are exciting ESSI systems. Inother words, engineers, analysts need to be able to identify incident seismic wavefield in a domain ad-jacent, within a few hundred meters, to the ESSI system. By using such reconstructed, realistic seismicwavefields, engineers can assess the impact of earthquakes on ESSI systems. It is important to note thatthe reconstructed incident seismic wavefield will contain a realistic combination of body and surface waveswith broad frequencies and complex wave incoherence. To reconstruct seismic wavefield in a given ESSIdomain, engineers could perform the following types of analysis.
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The deconvolution algorithm has been used for the identification of an incoming seismic wave signal intoa one-dimensional (1D) soil column by using the transfer function of a soil column and surficial measure-ment data (Ju, 2013;Mejia andDawson, 2006; Poul and Zerva, 2018a,b). Namely,Mejia andDawson (2006)showed the procedure to back-calculate an incident wave signal that induces seismic wave responses in a1D soil column by using the deconvolution method and the SHAKE code (Schnabel, 1972) as a 1D seismicwave solver. We note that, although the deconvolution has been widely used in geotechnical earthquakeengineering, it is effective on an individual soil column only when soil stratification is horizontally uniform,and when 1 component (1C) incoming seismic waves propagate vertically. However, it is well known thatseismic waves typically consist of (a) 3 component (3C) body waves, which consist of primary, compres-sional, P waves, and secondary, shear, S waves, and (b) 3C surface waves, which consist of Rayleigh waves,Love waves, and other types of irregular surface waves. Because incoming seismic waves, consisting ofbody and surface waves, are in general, highly incoherent (not vertically propagating), the deconvolutioncannot reconstruct these 3C incoming waves.
In addition, one could identify seismic-source profiles at ahypocenter in a regional-scale domain. For in-stance, Akcelik et al. (2002) presented a method to invert for a simplified seismic source time signal in alarge 3D domain that includes a source at a fault. This method requires forward and inverse wave simula-tions in a very large domain (e.g., an area of 100 km-by-100 kmwith a depth of 10 km). Upon characterizingthe seismic source via inversion in a low-frequency scale (e.g., f < 1 Hz), seismologists could compute thelow-frequency wave motions propagated from the source to a near-surface, where the real interest is.However, it is infeasible to accurately characterize the material properties of such a large domain. Thus,the reconstructed wave responses from this approach could be highly inaccurate. Moreover, the computa-tional cost of such a large-scale source-inversion problem is typically too large to identify the seismic sourceprofile with higher frequency components. In other words, the discretization spacing of finite element orfinite difference model in such a regional-scale source-inversion simulation cannot be sufficiently small tomake it efficient and accurate. Thus, in a practical sense, such methodology cannot reconstruct seismicwavefield with enough accuracy and with a frequency range of interest.
As an alternative to the aforementioned conventional methods (i.e., the deconvolution in a 1D soil columnand the source-characterization method in a large-scale domain), we present a new numerical method toidentify arbitrary, incoherent incoming seismic waves in a multi-dimensional truncated domain by usingsparse seismic measurement. To fill this algorithmic gap, we are investigating a new numerical method,where we could discretize the spatial and temporal distribution of an estimated incident wave and cal-culate the discretized parameters of the estimated wave that can minimize the discrepancy between themeasured data at sensor locations and their computed counterparts induced by the estimated wave. Sincethe number of discretized parameters is quite large (e.g., millions), the PDE-constrained optimization-basedinversion framework could be favorable in this problem because it allows semi-analytical calculation of agradient of an objective functional with respect to a large set of control parameters.
The PDE-constrained optimization framework has advanced the inverse problems associated with elasto-dynamic wave motions, and the associated applications span from material and scatterer characteriza-tion to dynamic-input identification. For examples, the geotechnical site characterization methodologieshave been investigated in a soil domain that is truncated by Perfectly-Matched-Layers (PML) Fathi et al.(2015b); Kang and Kallivokas (2010b); Kucukcoban and Kallivokas (2011, 2013); Mashayekh et al. (2018);Poul and Zerva (2018c) by using state-adjoint-control equation approaches Fathi et al. (2015a, 2016); Kalli-vokas et al. (2013); Kang and Kallivokas (2010a, 2011); Kucukcoban et al. (2019). The Gauss-Newton-basedfull-waveform inversion method, which is based on a gradient vector and a Hessian matrix, had also beenstudied for characterizing thematerial profiles in a truncated two-dimensional solid domain Pakravan et al.(2016); Tran and McVay (2012) for the application of the site characterization. Askan et al. (2007, 2010)and Askan and Bielak (2008) described anelastic full-waveform seismic inversion algorithms for estimatingseismic velocity and attenuation properties of large heterogeneous basins from surface observations ofground motions. Seidl et al. (2020, 2019) used the PDE-constrained optimization to estimate both shearmodulus and traction boundary condition distributions in a joint-inversion problem for the biomechanicalimaging (BMI) application. Hamdaoui et al. (2019) utilized an adjoint method to identify the shear modu-lus and the loss factor of a viscoelastic sandwich structure. Lamert et al. (2018) investigated a method thatutilizes elastodynamic full-waveform inversion to localize disturbances (e.g., concrete remnants) ahead ofa tunnel. Reuber et al. (2020) presented an adjoint formulation that uses principal stress directions asdata in the misfit function to identify rheological parameters (e.g., density, viscosity) of lithosphere andmantle. Wang and Brigham (2017) presented an inverse material characterization algorithm that combinesdirect inversion and optimization-based inversion to estimate the spatial distribution of elastic modulus in
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A targeted dynamic traction mimics a plane incident wave that impinges the domain with an incident angle of 45 degree. 

WABC

WABC

WABC

Figure 1: The problem configuration, showing an exemplary domain with a homogeneous material of itswave speed Vs1 and inclusions with their wave speeds Vs2 and Vs3 .

plate structures from incomplete response field measurements. Kraft et al. (2016) studied an adjoint stateapproach for the identification of vehicle parameters (e.g., stiffness of the suspension) from on-track mea-surements for calibration of railway vehicle models. Lloyd and Jeong (2018) has shown the adjoint-controlequation approach to identify the profiles of moving wave sources of an arbitrary number in a heteroge-neous 1D solid. The discretize-then-optimize (DTO) approach—deriving the adjoint and control equationsin discrete forms based on a discrete objective functional—has also advanced the field of the identificationof dynamic wave sources in solids Walsh et al. (2013). An inverse-scattering problem—the field of detect-ing complex geometries of wave-scattering objects Guzina et al. (2003); Jeong et al. (2009); Nguyen-Tuanet al. (2019)—has also been studied by the PDE-constrained optimization framework.
To investigate the feasibility to identify arbitrary, incoherent incoming seismic waves in a truncated do-main by using sparse seismic measurement by using the PDE-constrained optimization framework, Jeongand Seylabi (2018) studied a full-waveform source-inversion method to identify an incoming seismic wavein a 1D semi-infinite solid. Guidio and Jeong (2020) also presented the mathematical modeling and numer-ical implementation of a new inverse-source method to identify the spatial and temporal distributions oftargeted traction on the boundary of a 2D heterogeneous, bounded, undamped solid by using the sparsemeasurement of anti-planewavemotions without any prior information about targeted traction. Theworkshowed that the DTO-based inversion leads to the same performance as the optimize-then-discretize (OTD)counterpart, but the former is more straightforward in terms of the mathematical modeling than the lat-ter. The work also shows that using the Tikhonov (TN) regularization does not improve the accuracy of theinversion.
Continuing the aforementioned papers Guidio and Jeong (2020); Jeong and Seylabi (2018), the presentedpaper discusses a numerical method that can fully reconstruct the comprehensive profiles (i.e., both spa-tial and temporal distributions) of complex, incoherent seismic incident wavefields propagating into a 2Dtruncated domain of anti-plane shear wave motions.

2 Problem Definition
This study explores a new full-waveform inversion method for reconstructing the spatial and temporal dis-tributions of dynamic traction in a 2D reduced domain from data of wave responses measured at sparsely-located sensors. Here, the semi-extent of the domain is truncated by using a wave-absorbing boundarycondition (WABC). Sensors are located horizontally on the top surface and vertically at the right-hand sideof a domain. The problem configuration is shown in Fig. 1.
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2.1 The governing equation
The governing equation for the anti-plane shear wave propagation in an undamped solid domain is (forbrevity, the spatial and/or temporal dependencies of variables are omitted):

∇ · (G∇u)− ρ∂
2u

∂t2
= 0, on Ω× J, (1)

where u = u(x, y, t) denotes the displacement field in the anti-plane (z) direction of the wave motionof a solid particle (i.e., SH wave motion); x, y, and t denote horizontal and vertical coordinates and time;
G(x, y) and ρ(x, y) denote the shear modulus and the mass density of the solid; Ω denotes the domain,and J = [0, T ] is the time interval of interest. The solid is subject to a traction-free condition on the topsurface (Γt):

∂u

∂y
(x, 0, t) = 0, 0 ≤ x ≤ L. (2)

The absorbing boundary conditions are presented on the bottom (Γb), left (Γl) and right (Γr) boundaries,respectively as:
∂u

∂y
(x,D, t) =

f(x,D, t)

G
− 1

Vs
∂u

∂t
, 0 ≤ x ≤ L, (3)

∂u

∂x
(0, y, t) =

f(0, y, t)

G
− 1

Vs
∂u

∂t
, D ≤ y ≤ 0, (4)

∂u

∂x
(L, y, t) = − 1

Vs
∂u

∂t
, D ≤ y ≤ 0, (5)

whereD is the y-coordinate of Γb; L is the x-coordinate of Γr; and Vs(x, y) is the shear wave speed of themedium. We note that f(x, y, t) denotes the dynamic traction of shear stress applied in the z-direction onthe boundaries, and f(x, y, t) is used for modeling the incoming seismic wavefield arriving at the WABCboundary 1:
f(x, y, t) =

2G

Vs
∂uI
∂t
, (6)

where uI denotes the incident seismic wavefield. We consider that uI impinges the domain at Γl and
Γr with an inclined angle. The zero initial-value conditions are presented as the system is initially atrest:

u(x, y, 0) = 0,
∂u

∂t
(x, y, 0) = 0. (7)

3 Forward Wave Modeling
This section presents the finite element modeling for obtaining the numerical solutions of the governingequation (1).
3.1 Finite element method to solve the state problem
From the governing equation (1), the weak form of the state problem is cast in order to find u(t) ∈ U forall v ∈ V : ∫

Ω

∇v·(G∇u) dΩ +

∫
Γr
v
G

Vs
∂u

∂t
dΓ +

∫
Γl
v
G

Vs
∂u

∂t
dΓ +

∫
Γb
v
G

Vs
∂u

∂t
dΓ

+

∫
Ω

vρ
∂2u

∂t2
dΩ =

∫
Γb
vf(x, y, t) dΓ +

∫
Γl
vf(x, y, t) dΓ, (8)

where v denotes a test function. The function spaces, U and V , are defined as:
U = {u : u ∈ H1}, V = {v : v ∈ H1} (9)

1We note that Bielak’s Domain Reduction Method (DRM) Bielak et al. (2003) can be used for modeling the wave responses in atruncated domain induced by an incident wavefield, impinging aWABC of a domain. In this work, we are testing our inverse algorithmin a truncated domain by using the boundary conditions (3-6) as an alternative to the DRM.
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Next, the test and trial function are approximated by the standard finite-element approximation as follows:
u(x, y, t) ' ψ(x, y)

T
u(t), v(x, y) ' vTψ(x, y), (10)

where ψ(x, y) denotes a vector of global basis functions that is made of shape functions in the local co-ordinate of each element in the domain; v denotes a vector of nodal solution of the test function; and
u(t) denotes the nodal solution vector of the state problem at time t. Then, the weak form (8) reduces to:

Mü(t) + Cu̇(t) + Ku(t) = F(t), (11)
where ( ˙ ) and ( ¨ ) denotes, respectively, the first and second-order derivative of its subtended variablewith respect to t;M denotes a global mass matrix; C denotes a global dumping matrix; K denotes a globalstiffness matrix; and F denotes a global force vector. The vectors and matrices are defined as:

K =

∫
Ω

G

(
∂ψ

∂x

∂ψT

∂x
+
∂ψ

∂y

∂ψT

∂y

)
dΩ,

C =

∫
Γr

G

Vsψψ
T dΓ +

∫
Γl

G

Vsψψ
T dΓ +

∫
Γb

G

Vsψψ
T dΓ,

M =

∫
Ω

ρψψT dΩ,

F =

∫
Γb
ψf dΓ +

∫
Γl
ψf dΓ. (12)

3.2 Time integration of the state problem
We solve the time-dependent discrete form (11) in every discrete j-th time step as:

Müj + Cu̇j + Kuj = Fj . (13)
Applying the initial value-conditions (7) onto (13), the solution vector at the initial time step is obtained bysolving the following:

Mü0 = F0, (14)
By using the implicit Newmark time integration, this work solves the system of equations for each timestep. The solution vector of a next time step is related to that of a previous time step as:

u̇j =
2

∆t
(uj − uj−1)− u̇j−1, (15)

and
üj =

4

(∆t)2
(uj − uj−1)− 4

∆t
u̇j−1 − üj−1, (16)

where ∆t denotes the size of a time step. By plugging (15) and (16) into (13), it turns into the follow-ing:[
4

(∆t)2
M +

2

∆t
C + K

]
uj = Fj + M

(
4

(∆t)2
uj−1 +

4

∆t
u̇j−1 + üj−1

)
+ C
(

2

∆t
uj−1 + u̇j−1

)
. (17)

By using (17), this work solves for uj . Then, the values of u̇j and üj can be updated by using uj and,respectively, (15) and (16).
3.3 Compact form of the state problem
Equations (14) to (17) can be cast in the following compact form:

Qû = F̂, (18)
where the vector û corresponds to the space-time discretization of u(x, y, t) for (x, y) ∈ Ω and t ∈ [0, T ],induced by f(x, y, t); and F̂ is a global force vector corresponding to all the time steps. These vectors arebuilt as:
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û =



u0

u̇0

ü0...
uN
u̇N
üN


, F̂ =



0
0

F0...
FN
0
0


, (19)

where the total number of time steps is defined as N. Finally, the matrixQ is the discrete forward operatordefined as:

Q =



I 0 0 0 0 0 . . . 0 0 0 0 0 0
0 I 0 0 0 0 . . . 0 0 0 0 0 0
K C M 0 0 0 . . . 0 0 0 0 0 0
L1 L2 L3 Keff 0 0 . . . 0 0 0 0 0 0
a1I I 0 −a1I I 0 . . . 0 0 0 0 0 0
a0I a2I I −a0I 0 I . . . 0 0 0 0 0 0... ... ... ... ... ... . . . ... ... ... ... ... ...
0 0 0 0 0 0 . . . L1 L2 L3 Keff 0 0
0 0 0 0 0 0 . . . a1I I 0 −a1I I 0
0 0 0 0 0 0 . . . a0I a2I I −a0I 0 I


, (20)

where:
a0 =

4

(∆t)2
, a1 =

2

∆t
, a2 =

4

∆t
,

Keff = a0M + a1C + K, L1 = −a0M− a1C, L2 = −a2M− C, L3 = −M. (21)
In (20), the 1st and 2nd rows correspond to the initial conditions u0 = 0 and u̇0 = 0; the 3rd row isequivalent to (14); the 4, 7, 10, ...-th rows correspond to (17); the 5, 8, 11, ...-th rows are (15); and the 6, 9, 12,...-th rows are (16). Instead of the time marching scheme, by solving the matrix system of (18) "all at once",we could obtain the forward wave solutions. However, to save the computational cost, we opt for usingthe time marching scheme for solving (18).

4 Inverse Modeling
This section presents mathematical modeling for identifying the temporal and spatial distributions of un-known dynamic traction f(x, y, t)—mimicking unknown incoming seismic wavefield per (6)—based onmeasured wave responses while the properties of the system, such as the extents and the material prop-erties of the solid, are assumed to be known. Specifically, the components of global force vectors corre-sponding to targeted traction will be identified.
To this end, the presentedwork studies the discretize-then-optimize (DTO) approach because, in contrast tothe OTD counterpart, the DTOmethod involves quite a compactmathematical modeling procedure to side-impose the governingwave equation to an objective functional and to derive the derivatives of a Lagrangianfunctional with respect to adjoint and control variables. Namely, an objective functional is formulated in adiscrete form, and, then, the discrete optimality conditions are derived and implemented.
4.1 Control parameters
Under this inversion method, we identify Pkj—a component of F̂ corresponding to γk and tj—as controlparameters, whereγk is thek-th discrete nodeon theboundariesΓl andΓb, and tj is the j-th time step. Thediscrete numbering of γk increases counter-clockwise from the top-left corner of the domain. Fig. 2 showsthe discrete numbering k in Pkj with a reduced number of discrete nodes. We note that the componentsof F̂ that do not correspond to discrete nodes on Γl and Γb vanish, and they will not be inverted for.
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Nodes

Figure 2: Discrete numbering k in Pkj corresponding the discrete node γk on the boundaries Γl and Γb.

4.2 Discrete Lagrangian functional
As a minimization problem, we seek the values of the control parameters (i.e., Pkj for all k and j) thatcorrespond to a minimum of a discrete objective functional, which is defined as:

L̂ =
1

2
(û− ûm)T B (û− ûm), (22)

where û corresponds to the space-time discretization of a forward simulation variable induced by a set ofestimatedPkj ; ûm is the space-time discretization ofum(x, y, t) induced by a set ofPkj of to targeted forcevector. In this computational study, we synthetically create the measured displacement field, um(x, y, t),by using our FEM solver with a pseudo target force vector. In (22), B is defined as ∆tB, where B is asquare matrix, of which components are all 0 except for those of the diagonal, having values of all 1, if theycorrespond to the degrees of freedom of sensor locations. In this work, the measured data is obtainedfrom sparsely-distributed sensors.
To tackle the minimization problem, the following Lagrangian functional Â is built by imposing the discreteform of the forward wave problem, using a Lagrange multiplier vector λ̂, onto L̂:

Â =
1

2
(û− ûm)T B (û− ûm)− λ̂

T
(Qû− F̂), (23)

where λ̂ is the discrete (space-time) Lagrange multiplier:
λ̂ =

[
λT0 , λ̇

T

0 , λ̈
T

0 , ..,λ
TN , λ̇

T

N , λ̈
T

N ,
]T
. (24)

We show that the objective functional (22) is quadratic and convex (please see the Appendix A) so that thefirst-order optimality conditions of the Lagrangian functional (23) could be sufficient for obtaining an inver-sion solution. Thus, we do not need to include any regularization in the presented work: our previous workGuidio and Jeong (2020), considering a 2D bounded domain, also showed that the Tikhonov (TN) regular-ization does not improve the performance of inverting dynamic traction on a boundary of 2D bounded soliddomain. However, as shown in the previous work, because of the sparsity of the measurement data, theinversion solution may not be unique in the presented work unless a sufficiently large number of sensorsmeasure wave motions: We discuss this aspect in Example 2 in the presented work.
4.3 The first-order optimality conditions
To identify unknown, target control parameters, the following optimality conditions should be satisfied:

∂Â
∂λ̂

= 0 The first condition (state problem), (25)
∂Â
∂û

= 0 The second condition (adjoint problem), (26)
∂Â
∂F̂

= 0 The third condition (control problem). (27)
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The first condition, (25), the vanishing derivative of Âwith respect to λ̂, will be automatically satisfiedwhenwe solve the discrete forward problem (18), which is also referred to as the discrete state equation:
∂Â
∂λ̂

= −Qû + F̂ = 0. (28)

As the second condition, (26), the derivate of Âwith respect to û should vanish, and it will be automaticallysatisfied when we solve the following discrete adjoint problem:
∂Â
∂û

=
∂L̂
∂û︸︷︷︸
a

−∂(λ̂
T
Qû)

∂û︸ ︷︷ ︸
b

= 0. (29)

The part a in (29) can be written as (see the derivation in Appendix B):
a = B (û− ûm). (30)

The part b in (29) can be written as:
b = − ∂

∂û
(λ̂TQû)︸ ︷︷ ︸

scalar
= − ∂

∂û
(λ̂

T
Qû)T

= − ∂

∂û
((Qû)T λ̂) = − ∂

∂û
(ûTQT λ̂)

= −QT λ̂. (31)
Due to (30) and (31), (29) can be written as:

∂Â
∂û

= −QT λ̂+ B (û− ûm) = 0︸ ︷︷ ︸
adjoint equation

. (32)

Because (32) includes transpose of Q, we solve it by marching backwards in time. Namely, from the lasttwo rows of QT , we obtain the final conditions:
λ̈N = 0, λ̇N = 0, (33)

respectively; and the third row from the bottom of QT results in the following equation:
KeffTλN = ∆tB (uN − umN) + a1λ̇N + a0λ̈N, (34)

which can be solved for λN. For time steps j = N− 1, N− 2, . . . , 1,we first update the followings:
λ̈j = MTλj+1 − λ̈j+1, (35)
λ̇j = (a2MT + CT )λj+1 − λ̇j+1 − a2λ̈j+1. (36)

Then, solve the following:
KeffTλj =∆tB (uj − umj) + a1λ̇j + a0λ̈j + (a0MT + a1CT )λj+1 − a1λ̇j+1 − a0λ̈j+1. (37)

Eventually, the first three rows of QT lead to the followings:
MT λ̈0 = MTλ1 − λ̈1, (38)
λ̇0 = −CT λ̈0 + (a2MT + CT )λ1 − λ̇1 − a2λ̈1, (39)
λ0 = −KT λ̈0 + (a0MT + a1CT )λ1 − a1λ̇1 − a0λ̈1 + ∆tB (u0 − um0). (40)

As the third condition, (27), the vanishing derivative of Â with respect to F̂ is tantamount to the followingcontrol equation:
∂Â
∂F̂

= λ̂ = 0, (41)

8



which implies that the inversion solution of F̂ should lead to the vanishing λ̂. In otherwords, if the inversionsolution of F̂ matches its target, û will match ûm at sensor locations. Thus, the driving force term, B (û−
ûm) in (32) vanishes so that λ̂ will vanish per (32). Eq. (41) also implies that ∂Â

∂(ξ=Pkj) = ∂L̂
∂(ξ=Pkj) is the

component of the vector λ̂ corresponding to the global node numbering and the time step of ξ = Pkj . Inother words, (41) becomes:
∇(ξ=Pkj)Â = ∇(ξ=Pkj)L̂ =

{
λ̈(γk, tj) when j = 1,
λ(γk, tj) when j ≥ 2, (42)

where λ̈(γk, tj) or λ(γk, tj) denotes the component of λ̂ corresponding to the degree of freedom and thetimestep ofPkj . Eq. (42) implies that this works uses the solution of the adjoint problem for evaluating the
gradient of L̂with respect to ξ in (42) in a semi-analytical manner. In addition, it also implies that searchinga set of the control parameters, ξ, that leads to the vanishing λ̂ is equivalent to searching ξ leading tothe zero-valued ∇ξL̂. This process is equivalent to the gradient-based minimization. The gradient-basedminimization process, shown in the Algorithm 1.

5 Numerical Implementation of the Inversion Process
By utilizing the semi-analytically evaluated, reduced2 gradient vector∇ξL̂, this work iteratively updates aset of estimated control parameters by using the gradient-based minimization scheme as follows:
(a) First, we use pseudo-traction f(x, y, t), which corresponds to an inclined incident wave, to create apseudo targeted force vector F̂ and generate synthetic measured data ûm at sensors.
(b) Then, û is obtained by using estimated F̂ that is constructed by estimated control parameters ξ (i.e.,

Pkj).
(c) Next, the adjoint problem is solved (i.e., computing λ̂) by using û that is calculated in the previousstep.
(d) By using the adjoint solution, we compute the gradient of the objective functional,∇ξL̂.
(e) The conjugate-gradient method Guidio and Jeong (2020) determines the best search direction, andan optimal step length is calculated by Newton’s method Guidio and Jeong (2020).
(f) Lastly, the gradient-basedminimization scheme updates the approximate control parameters ξ usingthe search direction and optimal step length.

The numerical optimizer repeats the steps (b) to (f) above, and a set of these steps is counted as an inver-sion iteration. Throughout inversion iterations, our numerical optimizer iteratively calculate the values ofestimated control parameters that lead to the vanishing gradient of the objective functional. The compre-hensive method for the numerical optimizer is outlined in the Algorithm 1.
5.1 Updating the estimated control parameters
Starting from the initially-guessed (zero-valued) control parameter vector ξ consisting of Pkj , the estima-tion of ξ can be modified iteratively as follows:

ξ(s+1) = ξ(s) + h(s)d(s), (43)
where h(s) is a scalar-valued step size and d(s) is a search-direction vector computed by the conjugate-gradient scheme Guidio and Jeong (2020), and s is the iteration index in the optimization process. For eachiteration, s, the Newton’s method Guidio and Jeong (2020); Lloyd and Jeong (2018) is used to determinethe optimal step size, h(s).

6 Numerical Experiments
In this section, we investigate the performance of the presented inversion method in a domain truncatedby using a WABC in consideration of various factors.

2The full gradient is [ ∂L̂
∂λ̂

(= 0); ∂L̂
∂û

(= 0); ∂L̂
∂ξ̂

].
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Algorithm 1 Inversion Algorithm
1: Set TOL=10−7 and maximum iteration number = 1000.2: BuildM,C, andKmatrices.3: Create synthetic measurement data ûm from a forward wave solver using a targeted force vector F̂ corresponding to targetedtraction f(x, y, t).
4: Set an iteration index s = 1 and initial control parameters (ξ(s=1) = 0) and compute L̂(s=1).5: while (L̂(s+1) > TOL×L̂(1) and s < (maximum iteration number)) do6: Solve the discrete forward problem using ξ(s) and compute û.
7: Obtain λ̂ by solving the discrete adjoint problem.8: Compute the components of a gradient vector, g(s) = ∇ξL̂(s).9: Compute an optimal search direction d(s) by using the conjugate-gradient scheme.10: Compute an optimal step length h(s) by using Newton’s method.
11: Update estimated control parameters as ξ(s+1) = ξ(s) + d(s)h(s) and compute L̂(s+1).12: s← s+ 1.
13: if (s == (maximum iteration number) and L̂(s−10)−L̂(s)

L̂(s−10)
× 100 ≥ 1%) then

14: maximum iteration number = maximum iteration number +1000.15: end if.16: end while.

Figure 3: Material profile 2: a 2-layered solid with two inclusions.

The considered domain size is set to be 200m× 60m, and themass density ρ is uniform as 3000 kg/m3 inthe domain. Twomaterial profiles, which differ from each other in terms of wave speeds, are considered inthe presented numerical experiments. Thematerial profile 1 is of a homogeneous background solid domainwith two inclusions as in Fig. 1 with shear wave speeds of Vs1 = 353.55 m/s, Vs2 = 800 m/s, and Vs3 = 1000m/s. Thematerial profile 2 is a 2-layered background solid with the same two inclusions, as shown in Fig. 3,with shear wave speeds of Vs1 = 353.55 m/s, Vs2 = 223.6 m/s, Vs3 = 800 m/s, and Vs4 = 1000 m/s.
The synthetic measured data ûm is computed by using an element size of 0.5 m for a targeted force vector.To avoid an inverse crime3, we use an element size of 1 m for evaluating state solution û and the adjointsolution λ̂ for an estimated force vector. ∆t of 0.001 s is used for computing all ûm, û, and λ̂.
For a homogeneous background domain (i.e., the material profile 1), four targeted force vectors F̂1,2,3,4

(corresponding to four different targeted dynamic tractions) are considered in the presented numericalexperiments. The dynamic tractions are applied on the left and bottom boundaries of a homogeneousbackground domain, and they mimic incident plane wavefield propagating with an incident angle 45◦. Thetime-dependent values of targeted F̂1,2,3 corresponding to a node at a specific location x = 100 m and y= -60 m—Ricker wavelets with different frequency contents—are shown in Fig. 4(a-f). The signals corre-sponding to F̂1,2,3 have the central frequency of 5, 10, 15 Hz, respectively. The total observation durationis 1.5 s in the inversion simulation of identifying targeted F̂1,2,3. On the other hand, the time-dependentsignal corresponding to F̂4 at the same location and its frequency content are shown in Fig. 4(g,h). Thissignal is a portion of a registered ground motion signal during the 1994 Northridge earthquake from thePacific Earthquake Engineering Research Center (PEER) ground motion database PEER (2000). The totalobservation duration is 6 s for the inversion simulation to identify the targeted F̂4.
On the other hand, F̂5 is a force vector due to dynamic traction on the left and bottomboundaries of a two-layered background domain (i.e., the material profile 2), and this signal mimics incident plane wavefield ofan incident angle 45◦ in the bottom layer. The signal corresponding to F̂5 at x = 100 m and y = -60 m is aRicker wavelet with a central frequency of 5 Hz.

3We should replicate a situation where the wave solver for computing û is only approximating its true physics that governs ûm.
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(a) (b)

(c) (d)

(e) (f)

(g) (h)

Figure 4: (a,c,e,g) The time signals of F̂1,2,3,4 corresponding to a node at x = 100 m and y = -60 m, respec-tively; (b,d,f,h) the amplitude of Fourier Transform of each signal.
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Table 1: Summary of all cases.
Case Material Target Vertical # of Noise Terminal Errornumber profile force profile array sensors level error E Eu

1 1 F̂1 N 50 0% 7.60% 0.89%
2 1 F̂1 Y 65 0% 1.45% 0.16%
3 1 F̂1 Y 32 0% 1.60% 0.18%
4 1 F̂1 Y 16 0% 18.61% 8.84%
5 1 F̂2 Y 65 0% 2.82% 0.62%
6 1 F̂3 Y 65 0% 10.90% 3.45%
7 1 F̂4 Y 65 0% 0.33% 0.00%
8 2 F̂5 Y 65 0% 1.56% 0.16%
9 2 F̂5 Y 65 1% 2.88% 0.18%
10 2 F̂5 Y 65 2% 7.10% 0.20%
11 2 F̂5 Y 65 5% 41.02% 0.40%
12 2 F̂5 Y 65 10% 112.40% 0.86%

For the inversion process, the temporal and spatial intervals for the discretization are 0.001 s and 1 m,respectively, for computing wave responses induced by all the estimated F̂ in all the cases. Cases 1-6 and8-11, which consider F̂1,2,3,5, use 391,791 control parameters (i.e., 261 (over space)× 1501 (over time)), andCase 7, which consider F̂4, uses 1,566,261 control parameters (i.e, 261 (over space) × 6001 (over time)).The control parameters are set as zero at the initial inversion iteration.
In what follows, six examples of numerical investigations are presented:

• The first example is aimed at comparing the performance of inverting Pkj , corresponding to F̂1,between Case 1—utilizing only the sensors on the top surface (Γt) of the domain—versus Case 2—using a vertical array of sensors on the right boundary (Γr) with those on Γt.
• The second example tests the inversion performance of identifying F̂1 with respect to the numberof sensors on Γr and Γt in Cases 2 to 4.
• The third example is focused on analyzing the performance of inverse modeling to reconstruct tar-geted force vectors, of which time-dependent signals contain different central frequencies: Cases 2,5, and 6 use F̂1, F̂2, and F̂3, respectively, corresponding to tractions with central frequencies of 5,10, and 20 Hz.
• The fourth example investigates the inversion performance of identifying F̂4, which corresponds toa realistic seismic signal, in Case 7. Namely, the performance in Case 7 will be compared with that inCase 2.
• The fifth example examines the convergence of the estimated control parameters into targeted F̂5

by using the material profile 2 (the 2-layered background solid with two inclusions) in Case 8.
• Lastly, the sixth example studies the effect of noise level in measurement data on the inversion per-formance of identifying F̂5. In addition to Case 8, where a noise level of 0% is used, Case 9-12 areconsidered and correspond to noise levels of 1%, 2%, 5%, and 10%, respectively.

The summary of all the cases presented in this study is shown in Table 1.
For appraising the effectiveness to reconstruct F̂ in the numerical results, the following error norm be-tween estimated force vector and its target is used:

E =
|F̂target − F̂estimate|2

|F̂target|2
× 100[%], (44)

where we compare the components of F̂target and F̂estimate corresponding to the nodes on the boundarieswhere tractions are applied.4 For the sake of assessing the accuracy to reconstruct the wave responses
4More specifically, they are compared with each other at the nodes of the domain that is discretized for simulating the waveresponses for F̂estimate. Since a twice smaller element size is used for computing the wave responses for F̂target, the components of

F̂target at those nodes are multiplied twice when they are compared with F̂estimate in (44).
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in the entire computational domain, the numerical results show the following error norm between thewave response solution vector at the j-th time step, uj , induced by final F̂estimate and its counterpart, umj ,induced by F̂target for all the time steps5:
Eu =

N∑
j=1

|umj − uj |2

|umj |2 × 100[%]. (45)

6.1 The exemplary forward wave responses
Fig. 5(a-d) show the wave responses in the whole computational domain induced by targeted F̂1 in Case 1at t = 0.3 s, 0.4 s, 0.5 s, and 0.6 s, respectively. Fig. 6 presents the wave responses caused by targeted F̂5

in Case 8, in which material profile 2 is employed, at the same time steps.
The plots at t = 0.3 s in Fig. 5(a) and Fig. 6(a) show that the dynamic input traction at the WABC mimicsseismic incident, inclined plane waves. Fig. 6(a,b) shows the change in the incident angle of the wavecaused by the difference of the shear wave speeds in the two-layered medium. This behavior complieswith Snell’s Law.
Fig. 5(b) and Fig. 6(b) display the waves passing through the first inclusion, which is located at 60 m fromthe left boundary. Fig. 5(c) and Fig. 6(c) show the wave motions passing through the second inclusion,which is 120 m from the left boundary. Finally, Fig. 5(d) and Fig. 6(d) exhibit the waves arriving at the rightboundary.
Fig. 7 shows the comparison between the components of targeted F̂1 and those of a vector 2G

V
∂u
∂t—per

(6)—on Γl, Γb, and Γr in a homogeneous domain induced by the same F̂1. As shown in Fig. 7(b), they arein excellent agreement with each other except for those that are attributed to the waves reflected from
Γt, in turn, arriving at Γl and Γb. Therefore, our underlying rationale of (6) is justified.
6.2 The verification of the inverse modeling
The theoretical derivation of the adjoint and control equations and the numerical implementation areverified prior to the parametric studies. The gradient obtained by our semi-analytical DTO approach iscompared with that from the finite difference (FD) procedure, which uses the following equation:

∂L̂
∂ξ FD

=
L̂(ξ + h)− L̂(ξ)

h
, (46)

where ξ indicates a control parameter. In this verification, we used the targeted F̂1, material profile 1, andonly one sensor in the center ofΓt. Fig. 8 reveals an outstanding agreement between the normalized gradi-ent (i.e.,∇ξL̂/|∇ξL̂|) that is calculated by using the presented DTO approach and that by the FD approach.Both of them are computed at the first inversion iteration for control parameters corresponding to a nodeat x = 100 m and y = -60 m. Therefore, the theoretical derivation and mathematical implementation aretrustable.
6.3 Example 1: Investigating the inversion performance with or without a vertical ar-

ray of sensors
In this example, we compare the performance of the presented inverse modeling of identifying a targetedset of Pkj of F̂1 in Case 1, where we use the sensors only on the top surface Γt, with that in Case 2, wherewe add a vertical (e.g., at borehole) array of sensors on the boundary on the right side Γr. We used thematerial profile 1 and 50 sensors on Γt in both Cases. In Case 2, a vertical array of 15 sensors are added on
Γr.
Fig. 9 shows the targeted set of Pkj and its reconstructed counterpart obtained by using sensors on only
Γt versus both Γt and Γr, in Case 1 and 2, respectively. When Case 1 is tested, as shown in Fig. 9(b), thetargeted control parameters on the bottom boundary Γb (especially, those at the right-bottom portionof Γb) cannot be fully recovered. However, by adding the vertical array of sensors on Γr, they are fullyreconstructed (Fig. 9(c)).

5Again, thewave responsesuj andumj are comparedwith each other at the nodes of the domain that is discretized for simulating
the wave responses for F̂estimate.
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(a)

(b)

(c)

(d)

Figure 5: (a-d)The wave motions of u(x, y, t)[m], at t = 0.3 s, 0.4 s, 0.5 s, and 0.6 s, respectively, in Case 1.
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(a)

(b)

(c)

(d)

Figure 6: (a-d) The wave motions of u(x, y, t)[m], at t = 0.3 s, 0.4 s, 0.5 s, and 0.6 s, respectively, in Case 8.
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Figure 7: (a) A set of Pkj corresponding to targeted traction and (b) 2G
V

∂u
∂t of the wave responses inducedby the targeted traction in N/m2 in Case 1.
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Figure 8: Comparasion between the gradients generated by the presented inverse modeling and the FDapproximation.
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(a)
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not accurately  
reconstructed

Figure 9: Example 1: (a) A set of Pkj corresponding to targeted traction and (b,c) The sets of reconstructed
Pkj for Case 1 and 2 at the 1000th iteration. The dominant frequency of 5 Hz is used. The horizontal axisin the contour plot represents the nodes on the absorbing boundaries of the domain that is discretized forsimulating the wave responses for F̂estimate. Moreover, since the element size used to calculate the waveresponses for F̂target is twice smaller, the targeted force components are twice multiplied at those nodes.We repeat this in the other contour plots where the targeted set of Pkj and its reconstructed counterpartare compared.
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Figure 10: Example 1 - After 1000 iterations, the final value of E is 7.60% in Case 1, and that in Case 2 is1.45%, which shows a reduction of 6.15% in E .

Fig. 10 shows that, by using the vertical array of sensors in Case 2, the terminal value of E of the inversionbecomes much smaller than that in Case 1. After 1000 iterations, the final value of E is 7.60% in Case 1, butthat in Case 2 is 1.45%, which shows a reduction of 6.15% in E . Thus, we suggest that using not only thesensors on the top surface but also a vertical array of sensors improves the inversion performance in thepresented problem setting compared to the case using only the sensors on the top surface.
As shown in Table 1, even though the terminal error E is 7.60% in Case 1, the error Eu between the waveresponses induced by targeted and final estimated force vector is only 0.89% in Case 1. It is because thewave induced by a particular set of Pkj at the right bottom corner passes Γr immediately after its onset.

6.4 Example 2: Investigating the inversion performance with respect to the number
of sensors

In this example, we test the performance of identifying a targeted set of Pkj of F̂1 with respect to thenumber of sensors on Γt and Γr. We considered Cases 2, 3, and 4, which use 65 sensors (50 on Γt and 15on Γr), 32 sensors ( 25 on Γt and 7 on Γr), and 16 sensors (12 on Γt and 4 on Γr), respectively, and materialprofile 1.
Fig. 11 shows the targeted set ofPkj corresponding to F̂1 and its counterparts obtained in Cases 2, 3, and 4.Fig. 11 shows that when Cases 2 and 3 are tested (64 and 32 sensors are used), the inversion algorithm canaccurately reconstruct the targeted control parameters. However, in Case 4, where 16 sensors are used,the control parameters cannot be accurately recovered.
As shown in Fig. 12, while the terminal values of the errors E in Case 2 and 3, where 65 and 32 are used,are 1.45% and 1.6%, the error E is increased to 18.61% in Case 4, where 16 sensors are utilized.
Table 1 shows that the error Eu between the wave responses induced by the target and its final-estimatedcounterpart also grows as the number of sensors is decreased. For instance, the error Eu grows from 0.16%in Case 2 to 8.84% in Case 4. Fig. 13 shows the wave responses’ snapshots in the entire computationaldomain obtained in Case 4 due to targeted and reconstructed control parameters. Although the two waveresponses look overall alike in Fig. 13, the value of Eu in Case 4 is the highest among all the cases 1 to12.
Thus, we suggest that the desirable ratio of the size of measurement data to the number of control pa-rameters can be as small as 1:8—e.g., (32 sensors× 1500 timesteps):(261 nodes× 1500 timesteps)—in thepresented example.
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Figure 11: Example 2: (a) The set of Pkj corresponding to targeted traction and (b,c,d) the sets of recon-structed Pkj for Case 2, 3, and 4, respectively, at the 1000th iteration.
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Figure 12: Example 2 - After 1000 iterations, the final value of E is 1.45% in Case 2, 1.60% in Case 3, and18.61% in Case 4.
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Figure 13: Example 2 - Case 4: Wave responses, u(x, y, t)[m], in the domain induced by (left) the targetedset of Pkj and (right) its reconstructed counterpart at (a-b) 0.3 s, (c-d) 0.4 s, (e-f) 0.5 s, and (g-h) 0.6 s.
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Figure 14: Example 3 - The terminal value of E , 1.45%, for reconstructing Pkj in Case 2 is smaller than itscounterparts, 2.82% in Case 5 and 10.90% in Case 6.

6.5 Example 3: Investigating the inversion performance with respect to the dominant
frequency of the time signal of targeted traction

This example studies the accuracy of the inversion with respect to the dominant frequency of the timesignal of targeted traction. We used 50 sensors on the top surface Γt, 15 sensors on the vertical array along
Γr, and material profile 1. In addition to the Case 2 in Example 1, where the central frequency of targetedtraction is 5 Hz, we examined Case 5 and 6, which consider targeted traction of central frequencies of 10and 20 Hz, respectively.
Fig. 14 shows that, the higher frequency content the targeted traction contains, the higher terminal valueof E is obtained. Namely, the terminal value of E , 1.45%, for reconstructing F̂1 in Case 2 is smaller thanits counterparts 2.82% for identifying F̂2 in Case 5 and 10.90% for reconstructing F̂3 in Case 6. Thus, wesuggest that the inversion modeling presented in this study suffers from solution multiplicity more whenit identifies traction of a higher dominant frequency.
Due to the traction time signals’ higher frequencies in Case 5 and 6, more inversion iterations are usedfor reaching convergence of inversion solution in these cases than Case 1 (i.e., 1000 iterations in Case 1 vs2000 iterations in Cases 5 and 6).
Fig. 15(a,c,e) show sets of Pkj corresponding to targeted traction for Cases 2, 5, and 6, respectively, whileFig. 15(b,d,f) show their reconstructed counterparts. Figs. 16 to 18 also show the snapshots of the wave re-sponses in the entire computational domain induced by the targeted F̂1,2,3 and their reconstructed coun-terparts, respectively. All the figures present agreements betweenwave responses induced by the targetedand reconstructed force vectors. As shown in Table 1, Eu, the error between wave responses induced by
F̂target and its final-estimated counterpart, is smaller than the terminal value of error E for all Cases. Forinstance, in Case 6, the terminal value of E is 10.90%, but Eu Thus, we suggest that the larger terminalvalue of E in the reconstructed force vector of a higher central frequency does not necessarily lead to Euof the same order of magnitude due to inherent low-pass filtering of a typical FEM wave solver.
6.6 Example 4: Examining the feasibility of the presented inverse modeling to recon-

struct targeted traction of a realistic seismic signal
In this example, we study the performance of identifying a targeted set of Pkj of F̂4, which is created by arealistic seismic signal (Case 7). In Case 7, we use thematerial profile 1 with 50 sensors on Γt and 15 sensorson Γr.
Fig. 19 shows the excellent agreement between the targeted and reconstructedPkj in Case 7. The inversionperformance in Case 7 is also comparedwith that in Case 2. Cases 2 and 7 use the samematerial and sensorconfigurations except different force vectors F̂1 and F̂4, respectively. Fig. 20 shows that the terminal valueof E , 0.33%, in Case 7 is smaller than that in Case 2 (1.45%). We note that, even though the signal togenerate F̂4 is more complex than the other corresponding to F̂1, our inversion solver identifies F̂4 more
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Figure 15: Example 3: (a) Target and (b) Reconstructed Pkj in Case 2; (c) Target and (d) Reconstructed Pkjin Case 5; and (e) Target and (f) Reconstructed Pkj in Case 6, for Case 2 at the 1000th iteration, and Case5-6 at the 2000th iteration.
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Figure 16: Example 3 - Case 2: Wave responses, u(x, y, t)[m], in the domain induced by (left) the targetedset of Pkj and (right) its reconstructed counterpart at (a-b) 0.3 s, (c-d) 0.4 s, (e-f) 0.5 s, and (g-h) 0.6 s.
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Figure 17: Example 3 - Case 5: Wave responses, u(x, y, t)[m], in the domain induced by (left) the targetedset of Pkj and (right) its reconstructed counterpart at (a-b) 0.3 s, (c-d) 0.4 s, (e-f) 0.5 s, and (g-h) 0.6 s.
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Figure 18: Example 3 - Case 6: Wave responses, u(x, y, t)[m], in the domain induced by (left) the targetedset of Pkj and (right) its reconstructed counterpart at (a-b) 0.3 s, (c-d) 0.4 s, (e-f) 0.5 s, and (g-h) 0.6 s.
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Figure 19: Example 4: (a) A target set of Pkj and (b) its reconstructed counterpart corresponding to F̂4 forCase 7 at the 1000th iteration.
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Figure 20: Example 4 - E over iterations in Case 2 and Case 7.

accurately than F̂1 because the signal in F̂4 has a lower dominant frequency than F̂1. This behavior isconsistent with our finding from Example 3.
Table 1 shows that Eu between the wave responses induced by F̂4 and its final-estimated counterpart iszero. In addition, Figs. 21 and 22 show the agreement between the wave responses induced by the targetand those induced by its reconstructed counterpart in Case 7.
6.7 Example 5: Investigating the inversion performance in a 2-layered background

domain
This example focuses on examining the performance of inverting a targeted set ofPkj of F̂5 by consideringa two-layered background domainwith inclusions. The performance is comparedwith that using the single-layered, homogeneous background domain counterpart.
To this end, we used the material profile 2, a vertical array of 15 sensors on Γr, and 50 sensors on Γt inCase 8. It is compared with Case 2, in which the material profile 1 is used with F̂1. The traction signals ofboth F̂5 and F̂1 have the same central frequency of 5 Hz. The sensor configuration in Case 8 is same asCase 2.
Fig. 23 shows the excellent agreement between the targetedPkj and its reconstructed counterpart. Fig. 24shows the value of E over iterations in Case 2 and 8 for material profiles 1 and 2, respectively. Despite usinga more complex background domain in Case 8, the difference between the terminal values of E in Cases 2
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Figure 21: Example 4 - Case 7: Wave responses, u(x, y, t)[m], in the domain induced by (left) the targetedset of Pkj and (right) its reconstructed counterpart at (a-b) 1.0 s, (c-d) 2.5 s, (e-f) 3.0 s, and (g-h) 3.5 s.

27



(a)

(c)

(e)

(g)

(b)

(d)

(f)

(h)

Figure 22: Example 4 - Case 7: Wave responses, u(x, y, t)[m], in the domain induced by (left) the targetedset of Pkj and (right) its reconstructed counterpart at (a-b) 3.75 s, (c-d) 4.5 s, (e-f) 5.25 s, and (g-h) 6.0 s.
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Figure 23: Example 5: (a) A target set of Pkj and (b) its reconstructed counterpart corresponding to F̂5 forCase 8 at the 1000th iteration.
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Figure 24: Example 5 - The final value of E , in Case 8, is 1.56%, and that in Case 2 is 1.45%.

and 8 is only 0.11%.
Table 1 shows that Eu is only 0.16% in Case 8, and it is as low as Case 2. Fig. 25 presents the wave responsesin the domain induced by the targeted F̂5 and its final-reconstructed counterpart in Case 8 at t = 0.3 s, 0.4s, 0.5 s, and 0.6 s. In general, the responses are in excellent agreement with each other. Thus, we suggestthat the accuracy of our presented inversion algorithm is not compromised by the material complexity ofa background domain.
6.8 Example 6: Examining the effect of noisy data on the inversion performance
In this example, we compare the accuracy of the inversion with respect to the noise level of random noisethat is added to measured signals um(x, y, t) at sensor locations prior to the inversion. We considered thematerial profile 2 with 50 sensors on Γt and 15 sensors on Γr, and examined the inversion performance ofidentifying a targeted set of Pkj of F̂5 in Cases 8-12, which consider the noise level of 0%, 1%, 2%, 5%, and10%, respectively.
Fig. 26 shows the targeted Pkj and its reconstructed counterparts obtained in Cases 8-12. Fig. 26 shows amore significant difference between the target and estimated Pkj for a larger noise level. Fig. 27 revealsthat the terminal value of E increases as the noise level increases. For instance, while the terminal value of
E in Case 8, of a noise level 0%, is 1.56%, the final value of E in Case 12, where 10% of noise level is studied,is 112.40%.
Although the terminal value of E exponentially grows as the noise level grows, Table 1 shows that Eu in-creases in a much smaller ratio: Eu is less than 1% for all the Cases in this example. For instance, while theterminal value of E in Case 12 is 112.40%, Eu is only 0.86%. The snapshots of the wave responses in theentire computational domain induced by the targeted and estimated force vector in Case 12 are shown inFig. 28, and they are in good agreement with each other. It is because the noise-like error in the recon-
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Figure 25: Example 5 - Case 8: Wave responses, u(x, y, t)[m], in the domain induced by (left) the targetedset of Pkj and (right) its reconstructed counterpart at (a-b) 0.3 s, (c-d) 0.4 s, (e-f) 0.5 s, and (g-h) 0.6 s.
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Figure 26: Example 6: (a) A set ofPkj corresponding to targeted traction and (b-f) reconstructed sets ofPkjin Cases 8-12, corresponding to noise level of 0%, 1%, 2%, 5%, and 10%, respectively, after 1000 iterations.

structed Pkj does not affect the wave responses due to the low-pass filtering of the FEM solver.
Thus, we suggest that the terminal values of E and Eu increase as the noise level increases, but not in asimilar ratio to each other. Furthermore, as discussed previously in Example 3, a large value of E does notnecessarily mean a value of Eu of the same order of magnitude.

7 Conclusion
We present a robust mathematical and computational modeling that identifies complex, incoherent seis-mic incident wavefield in a 2D solid, truncated by a WABC. The PDE-constrained optimization method isutilized to tackle the inverse problem. The DTO approach is employed to solve the adjoint problem and tosemi-analytically compute the gradient of the discrete objective functional in the inverse modeling proce-dure.
Numerical results depict the performance of this inversion approach in a domain enclosed by WABC. First,targeted traction—mimicking incident, inclined plane waves—can not be fully reconstructed if we use onlythe sensors on the top surface. It is because wave motions induced by a part of dynamic traction at thebottom boundary do not reach the top surface of the considered truncated domain. Thus, to improve theinversion performance, a vertical array of sensors on the side boundary of a domain should be adopted.Second, to optimize the algorithm’s inversion efficiency, a sufficiently large number of sensors should beused. In the presented example, a desirable ratio of measurement data size to the number of the controlparameters can be as small as 1:8. Third, due to the intrinsic low-pass filtering of the FEM wave solver, a
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Figure 27: Example 6 - The terminal value of E comparing Cases 8-12 with respect to the noise level.
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Figure 28: Example 6 - Case 12: Wave responses, u(x, y, t)[m], in the domain induced by (left) the targetedset of Pkj and (right) its reconstructed counterpart at (a-b) 0.3 s, (c-d) 0.4 s, (e-f) 0.5 s, and (g-h) 0.6 s.
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large value of the inversion error in the reconstructed traction does not necessarily lead to an error of thesame order of magnitude in the corresponding reconstructed wave responses in the entire computationaldomain. Fourth, the minimizer suffers less from solution multiplicity when it identifies lower dominantfrequency traction (e.g., a real earthquake signal). Fifth, the accuracy of our presented inversion algorithmis not compromised by the material complexity of a background domain. Lastly, the terminal values of Eand error Eu grow as the noise level that is added to um is increased, but not in a similar ratio to eachother.
The wave responses in the entire computational domain, caused by the targeted traction and the restoredone, are in excellent agreement. Therefore, by extending the presented approach to practical 3D elasto-dynamic settings, this algorithm can determine where significant amplitudes of stress waves (or structuralfailures) occur in built-in environments of interest during seismic events.
The presented proposed method could also be extended in the 3D setting such that it could flexibly ac-commodate measurement types (e.g., full translational 3C motions, 6C (translational 3C with rotational 3Cmotions), vertical-only 1C motions, etc.). Thus, our method can fully take advantage of big data of seismicmeasurement data from modern infrastructures and built environments equipped with ubiquitous sen-sors.

Data Availability
Some or all data, models, or code generated or used during the study are available from the correspondingauthor by request.

• MATLAB code (.m format) of the presented inverse modeling that contains the optimization solverand the forward and adjoint wave solvers.
• MATLAB datasets (.mat format) of the presented numerical results.
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Symbol Comment
x, y, z Horizontal, vertical, and anti-plane directions, respectively
t Time
T Final time of the total observation duration
u(x, y, t) Displacement field in the anti-plane (z) direction of the wave motion
G(x, y) Shear modulus
Vs(x, y) Shear wave speed
ρ(x, y) Mass density
Ω Domain
J Total observation duration
Γt,Γb,Γl,Γr Top, bottom, left, and right boundaries of the domain
D,L y-coordinate of Γb and x-coordinate of Γr
f(x, y, t) Dynamic traction
uI Incident seismic wavefield
v Test function
U,V Function spaces
H1 Hilbert space
ψ(x, y) Vector of global basis function
v Vector of nodal solution of test function
u(t) Solution vector of the state problem at t
u̇(t), ü(t) First- and second-order derivatives of solution vector with respect to t
M, K, C Global mass, stiffness, and dumping matrices
F Global force vector
j The j-th time step; the j-th component in Pkj
∆t Size of time step
Q Discrete forward operator
û Space-time discretization of u(x, y, t) for all the time steps
F̂ Global force vector corresponding to all the time stepsN Total number of time steps
γk The k-th discrete node on the absorbing boundary
k Numbering of the discrete node γk; the numbering of the k-th component in Pkj
Pkj Component of F̂ corresponding to γk and tj
L̂ Discrete objective functional
um(x, y, t) Wave signal measured by a sensor at a location of x and y induced by a targeted traction
ûm Space-time discretization of um(x, y, t) for all the time steps
B Square matrix that is zero everywhere except on the diagonals that correspond to a degree of freedom
B Block diagonal matrix
Â Discrete Lagrangian functional
λ̂ Lagrange multiplier vector for all the time steps
ξ A set of control parameters, ξ = Pkj
g Gradient vector
d Search direction vector
h Scalar-value step size
s The s-th inversion iteration
E Error norm between estimated traction and its target
Eu Error norm between wave responses induced by targeted traction and its counterpart
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Figure 29: Problem setting of Appendix A

A On proof about the objective functional being quadratic and convex
in terms of control parameters

In this section, we prove that the objective functional is quadratic and convex in terms of control parame-ters, which are housed in F̂. From the compact form of the state problem, û can be defined as:
û = Q−1F̂. (47)

Due to (47), the discrete objective functional (L̂) can be written as:
L̂ = (ûm − û)T B (ûm − û)

= (ûm − Q−1F̂)T B (ûm − Q−1F̂)

= (ûTm − F̂
T
(Q−1)T)B (ûm − Q−1F̂)

= ûTm B ûm︸ ︷︷ ︸
a

− F̂
T
(Q−1)T B ûm︸ ︷︷ ︸

b

− ûTm BQ−1F̂︸ ︷︷ ︸
c

+ F̂
T
(Q−1)T BQ−1F̂︸ ︷︷ ︸

d

, (48)

where the part a is a constant, and the parts b and c are linear functions, in terms of F̂, so that theirHessians with respect to the control parameters vanish. The part d in (48) is a quadratic function in termsof F̂. Therefore, proving that the part d in (48) is convex will show that L̂ is convex.
To this end, we consider the following simple example—a homogeneous square-shaped solid domain, ofwhich extent is 90 m × 60 m with its shear wave speed of 353.55 m/s and mass density of 3000 kg/m3.The shear-traction nodal forces are applied on one node in the bottom surface (x = 30 m and y = -60 m)and one node in the left boundary (x = 0 m and y = 30 m), and one sensor is placed at x = 30 m and y =0 m on the top surface (see Fig. 29). The solid is truncated by wave-absorbing boundary conditions on theleft, bottom, and right boundaries, and the element size is 30 m. Therefore, in this case, there are twelvedegrees of freedom in the discretized domain. We are using only two shear-traction nodal forces in thissimple example, but we can extend it to a case with more shear-traction nodal forces (e.g., six dynamictraction nodal forces—three in the left and three in the bottom surface). We consider 2 time steps, where
∆t = 0.1 s.
Then, the matrices M, C, and K are calculated by using (12), and Q is obtained as the following:

Q =


I 0 0 0 0 0
0 I 0 0 0 0
K C M 0 0 0
L1 L2 L3 Keff 0 0
a1I I 0 −a1I I 0
a0I a2I I −a0I 0 I

 , (49)
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where:
a0 =

4

(∆t)2
, a1 =

2

∆t
, a2 =

4

∆t
,

Keff = a0M + a1C + K, L1 = −a0M− a1C, L2 = −a2M− C, L3 = −M. (50)
The vector F̂ is built as:

F̂ =


0
0

F0

F1

0
0

 , F0 = [0P4,0 0 0P2,0 0 0 0 0 0 0 0]T , F1 = [0P4,1 0 0P2,1 0 0 0 0 0 0 0]T , (51)

where P2,0 and P2,1 are the components of a force vector at the node of γk = 2 and at the timesteps of
t = 0 s and t = 0.1 s, respectively. Similarly, P4,0 and P4,1 are the components of a force vector at thenode of γk = 4 and at the timesteps of t = 0 s and t = 0.1 s, respectively. In addition, the block diagonalmatrix B is defined as:

B = ∆t


B1 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 B2 0 0
0 0 0 0 0 0
0 0 0 0 0 0

 , (52)

where B1 and B2 are a 12x12 square matrix that is zero everywhere except for the 10-th diagonal compo-nent with its value of 1 that corresponds to the degree of freedom where the sensor is placed.
Based on (49) to (52), the part d in (48) can be written as:

d = 1.47× 10−21P 2
2,0 + 1.31× 10−21P2,0P4,0 + 2.94× 10−21P2,0P2,1 + 1.31× 10−21P2,0P4,1

+ 2.92× 10−22P 2
4,0 + 1.31× 10−21P4,0P2,1 + 5.84× 10−22P4,0P4,1

+ 1.47× 10−21P 2
2,1 + 1.31× 10−21P2,1P4,1

+ 2.92× 10−22P 2
4,1. (53)

As shown in (53), the part d in (48) is a quadratic function in terms of P2,0, P4,0, P2,1, and P4,1. We notethat the part d in (48) is convex if the eigenvalues of its Hessian matrix are greater than or equal to 0. Here,the Hessian matrix of the part d in (48) is:

H =


∂2d
∂P 2

2,0

∂2d
∂P2,0∂P4,0

∂2d
∂P2,0∂P2,1

∂2d
∂P2,0∂P4,1

∂2d
∂P4,0∂P2,0

∂2d
∂P 2

4,0

∂2d
∂P4,0∂P2,1

∂2d
∂P4,0∂P4,1

∂2d
∂P2,1∂P2,0

∂2d
∂P2,1∂P4,0

∂2d
∂P 2

2,1

∂2d
∂P2,1∂P4,1

∂2d
∂P4,1∂P2,0

∂2d
∂P4,1∂P4,0

∂2d
∂P4,1∂P2,1

∂2d
∂P 2

4,1



=


2.94× 10−21 1.31× 10−21 2.94× 10−21 1.31× 10−21

1.31× 10−21 5.84× 10−22 1.31× 10−21 5.84× 10−22

2.94× 10−21 1.31× 10−21 2.94× 10−21 1.31× 10−21

1.31× 10−21 5.84× 10−22 1.31× 10−21 5.84× 10−22

 , (54)

of which eigenvalues are obtained as:

|I*λ - H| =

∣∣∣∣∣∣∣∣
λ− 2.94× 10−21 1.31× 10−21 2.94× 10−21 1.31× 10−21

1.31× 10−21 λ− 5.84× 10−22 1.31× 10−21 5.84× 10−22

2.94× 10−21 1.31× 10−21 λ− 2.94× 10−21 1.31× 10−21

1.31× 10−21 5.84× 10−22 1.31× 10−21 λ− 5.84× 10−22

∣∣∣∣∣∣∣∣ = 0. (55)

Namely, the eigenvalues are:
λ1,2 = 0, λ3 = 7.05× 10−21, λ4 = 4.88× 10−25. (56)

The eigenvalues are non-negative so that the part d in (48) is convex, and, therefore, the objective func-tional L̂ is convex.
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B Derivation of the first term of the adjoint problem
In this section, we show the derivation of the part a in (32).

a =
∂L̂
∂û

=
∂ 1

2 (û− ûm)T B (û− ûm)

∂û
(57)

To this end, we compute the derivative using the product rule:
a =

1

2

∂(û− ûm)T

∂û
B (û−ûm) +

1

2
(û− ûm)T B

∂(û− ûm)

∂û
. (58)

Next, we use the following rule for vector differentiation:
∂(rTw)

∂r
=
∂(wT r)

∂r
= w, (59)

where w is treated as constant in the derivative. Therefore, by denoting w1 = B (û − ûm) and (w2)T =
(û− ûm)T B, and introducing them in (58), part a can be written as:

a =
1

2

∂(û− ûm)T

∂û
w1 +

1

2
wT

2

∂(û− ûm)

∂û

=
1

2

∂{(û− ûm)Tw1}
∂û

+
1

2

∂{wT
2 (û− ûm)}
∂û

=
1

2
w1 +

1

2
w2

=
1

2
B (û− ûm) +

1

2
BT (û− ûm)

=
1

2
(B + BT ) (û− ûm). (60)

The block diagonal matrix B is symmetric, then:
a = B (û− ûm) (61)
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