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Abstract

Homogenization theories provide models that simplify the constitutive relations of hetero-

geneous media while retaining their macroscopic features. These theories have shown how the

governing fields can be macroscopically coupled, even if they are microscopically independent.

A prominent example is the Willis theory which predicted the strain-momentum coupling in

elastodynamic metamaterials. Recently, a theory that is based on the Green’s function method

predicted analogous electro-momentum coupling in piezoelectric metamaterials. Here, we de-

velop a simpler scheme for fibrous piezoelectric composites undergoing antiplane shear waves.

We employ a source-driven approach that delivers a unique set of effective properties for arbi-

trary frequency-wavevector pairs. We numerically show how the resultant homogenized model

recovers exactly the dispersion of free waves in the composite. We also compute the effective

properties in the long-wavelength limit and off the dispersion curves, and show that the resul-

tant model satisfy causality, reciprocity and energy conservation. By contrast, we show how

equivalent models that neglect the electromomentum coupling violate these physical laws.

1 Introduction

Homogenization theories provide a simplified description of the physics of composites using a
fictitious homogeneous medium that behaves the same in some appropriate average sense [5, 10,
17, 32, 40, 58, 60]. The simplified description shows that the behavior of certain composites can
be essentially different from the behavior of their comprising constituents, in which case they are
called metamaterials [7, 9, 11, 12, 18, 24, 26, 53–55, 61, 64].

Central to the field of metamaterials in elastodynamics is the theory of Willis [65, 66, 68, 72],
which was developed at the level of generality of random media, and applies when periodicity is
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present as a particular case. The theory shows that the effective response of a material point is
nonlocal in space (i.e., depends on the state of other points) and time (i.e., depends on previous
states). The theory further shows that the effective velocity may induce an effective stress, and
that the effective strain may induce an effective momentum. These nonlocal couplings—which are
absent in conventional materials—are now termed the Willis couplings. To date, the theory is still
refined and analyzed by Willis [71, 73, 74] and others [28, 30, 36, 39, 41, 43, 44, 46, 48, 50, 51,
57, 62]. These theoretical studies are accompanied with experiments that measure and exploit the
Willis coupling for applicational purposes [8, 22, 25, 27, 29–31, 33, 37, 47].

As mentioned, the first developments of the theory were for elastodynamics. Owing to the
similarity in the wave equations of different physical media, the applicability of the Willis theory
extends beyond elastodynamics, e.g., to acoustics, fluid dynamics and electromagnetics [38, 48,
69]. Most recently, Pernas-Salomón and Shmuel [43] have extended the approach of Willis to
describe the dynamics of elastic composites that exhibit a coupling with thermal1-, electric- or
magnetic fields at the microscopic scale. The generalized theory for piezoelectric constituents
revealed additional couplings of Willis type between the electric displacement and the velocity,
and between the momentum and the electric field. This result not only introduces new parameters
to the design space of metamaterials, but also establishes a different route to manipulate elastic
waves using nonmechanical stimuli.

The formulae of Willis [67, 69, 73] and Pernas-Salomón and Shmuel [43] are based on the
Green’s function of the relevant medium. However, the Green’s function cannot be determined for
most problems, and to obtain explicit expressions for the effective properties in the general case
there is a need for other methods. In the elastic periodic case, it proved useful to use the plane
wave expansion method [20, 52] as part of the averaging process [41, 42, 46]. Here, we extend this
approach to obtain explicit expressions for the effective properties of periodic piezoelectric com-
posites that undergo antiplane shear waves of Bloch-Floquet type. While this is the simplest setting
that admits tensor-valued properties, spatial nonlocality and the number of properties that govern
the medium render the problem very rich, as we show in the sequel. Its extension to problems that
are more general is conceptually straightforward, however significantly more complicated from a
technically perspective, and not pursued here.

The method in this work shares two key elements with the schemes of Willis [69] and Pernas-
Salomón and Shmuel [43]. First, our definition for effective waves relies on the ensemble aver-
aging of the microscopic fields, which reduces to volume averaging over the periodic part of the
microscopic Bloch-Floquet waves. Second, we account for body forces and volume charge in our
governing equations, and further introduce an eigenstrain in the microscopic constitutive relations.
These collective sources allow for the calculation of a unique set of effective properties that is ap-

1See also the work of Torrent et al. [63] on thermal materials.
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plicable for general frequency-wavevector pairs, not only for those that are related by the normal
modes of the composite. (At the very basic level, without these sources the effective state variables
become algebraically dependent; for an in-depth discussion on the issue of uniqueness, the reader
is referred to Refs. [35, 39, 44, 73].) Importantly, the effective description that results from this ap-
proach satisfies basic physical laws, in contrast with other homogenization schemes, as we discuss
in more detail later. This type of source-driven homogenization is rooted in the works of Fietz and
Shvets [13, 14], Alù [4] and Willis [69].

The scheme is applied for two types of mixtures of PMMA matrix with PZT4 inclusions. The
two mixtures differ by the shape of the inclusions: one mixture considers circular inclusions and
the other considers inclusions without axial symmetry. The dispersion relations that the effective
properties predict for free waves (i.e., the normal modes) are shown to be in perfect agreement
with those of the original composites. We also apply our homogenization scheme in the long
wavelength limit, where the medium can be approximated using local effective properties2, and
outside the dispersion curves for arbitrary frequency-wavevector pairs. These calculations show
that the effective properties that our homogenization scheme provides respect the mathematical
conditions that follow from reciprocity, energy conservation and causality [3, 21, 36, 44, 51, 57, 59].

As mentioned, in the absence of sources it is possible to define alternative homogenized mod-
els. By construction, these models may reproduce certain features in the macroscopic response
of the composite, e.g., recover the dispersion curves, while neglecting the electromomentum cou-
pling. We adopt the terminology in Refs. [4, 51] and refer to these models as equivalent models
with equivalent properties. We calculate the equivalent properties on the dispersion curves and in
the long wavelength limit, and show that they violate reciprocity and energy conservation. This
observation supports our source-driven homogenization scheme, and specifically the need for the
electromomentum tensor in the homogenized model to be physically admissible. It is in direct
analogy with the observations of Alù [3] and Sieck et al. [51], that the bianisotropic and Willis
tensors are needed in order to obtain physical effective properties of electromagnetic- and acoustic
composites, respectively.

Our results are presented as follows. Sec. 2 summarizes the governing equations and introduces
our definition of effective fields in periodic piezoelectric media. Sec. 3 develops the source-driven
homogenization scheme for antiplane shear waves of Bloch-Floquet type in two-dimensional piezo-
electric composites, using the plane wave expansion method. A numerical study is carried out in
Sec. 4, followed by a summary of our main results and insights in Sec. 5.

2Milton et al. [31] were the first to introduce equations with local cross-coupling terms in elastodynamics, hence
these equations can referred to as the Milton-Briane-Willis equations [34].
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2 Governing equations and effective fields

The state of a piezoelectric medium is determined from the equations of motion in conjunction with
Maxwell’s equations. These read

∇ ·σσσ + f = ṗ, ∇ ·D = q, ∇×E = 000, (1)

where f is the body force density, σσσ is the Cauchy stress, p is the linear momentum, D is the electric
displacement, q is the charge density and E is the electric field. It is convenient to identically satisfy
Eq. (1)3 using an electric potential φ , such that E = −∇φ . The state variables of the medium are
related through the constitutive relations σσσ

D
p

=

 C BT 0
B −A 0
0 0 ρ


 ∇u−ηηη

∇φ

u̇

 , (2)

where u is the displacement field and ηηη is an inelastic strain, the purpose of which is discussed
in detail in Refs. [43, 44, 69, 73]; the symbols ρ,A,B, C denote the mass density and the dielec-
tric, piezoelectric and elasticity tensors, which are functions of the position x for a heterogeneous
medium. In the sequel, we refer to the quantities in the right- and left column vectors as kinematic-
and kinetic variables, respectively. The objective of homogenization theories is to replace the
description of the heterogeneous medium by a fictitious homogeneous medium that effectively be-
haves the same in some appropriate sense. This is carried out by first defining average effective
fields, and then determining the effective constitutive relations between them. Here, we focus on
time-harmonic Bloch-Floquet waves in periodic media, and adopt the definition of Willis [69], Alù
[4] and the references therein for the average fields. Thus, we replace field variables of the form

ζ (x, t) = ζ̂ (x)ei(κκκ·x−ωt) (3)

by the effective fields

〈ζ 〉(x, t) = ζ̄ ei(κκκ·x−ωt), ζ̄ = |Ω|−1
ˆ

Ω

ζ̂ (x)dx, (4)

where ζ̂ (x) is periodic with the same periodicity of medium, Ω is the periodic cell, and ω is the
frequency. As discussed in Refs. [69, 73], this definition—which filters out the fast oscillations at
the microscopic scale—delivers effective variables that satisfy exactly macroscopic balance equa-
tions that have the same form as Eq. (1). (See also Refs. [4, 39] for more arguments that support
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this definition.) Our goal is to develop a method for calculating a unique set of effective properties
that relates the average fields in two-dimensional piezoelectric composites undergoing antiplane
shear waves. To do so, we will use the plane wave expansion method in the averaging process, as
described next.

3 The homogenization scheme

The basic idea in the following homogenization scheme using a plane wave expansion is simple:
we represent the all field variables in their Bloch form and expand periodic functions in Fourier
space; this allows us to extract from the governing equations the relations between the effective
fields. This procedure is described next, for the problem of antiplane shear waves3.

We consider a piezoelectric composite that is periodic in the (x1,x2) plane and uniform in the
x3 direction. The composite is driven by the presence of sources in the form

s(x1,x2, t) = s0ei(κκκ·x−ωt), s = ηηη , f,q, (5)

which generate antiplane shear waves in the composite. (Note that since
{

s0} are constants, it
follows that 〈s〉 ≡ s.) Thus, (x1,x2) is the plane of propagation, and the displacement field has only
one component in the direction of x3; we denote this component by u. We represent the constitutive
relations of the composite at each point in the following matrix form:

σ13

σ23

D1

D2

p

=

 C BT 02×1

B −A 02×1

01×2 01×2 ρ




u,1−η1

u,2−η2

φ ,1

φ ,2

−iωu

 , (6)

where A,B and C are 2×2 matrices, 0n×m is a n×m zero matrix, and here and henceforth the as-
sumed harmonic dependence on time is used to replace time derivatives with−iω . These quantities
enter the the reduced form of the governing equations for antiplane shear waves:

σ
13
,1 (x1,x2, t)+σ

23
,2 (x1,x2, t)+ f (x1,x2, t) =−ρ (x1,x2)ω

2u(x1,x2, t) , (7a)

D1
,1 (x1,x2, t)+D2

,2 (x1,x2, t) = q(x1,x2, t) , (7b)

The first step in the homogenization scheme is to rewrite Eq. (6) using the Bloch ansatz [Eq. (3)],

3See Refs. [15, 16, 49] for the use of the plane wave expansion to determine the normal modes of a fibrous elec-
troelatic composites, and Ref. [6] for the purely elastic case.
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which provides


σ̂13

σ̂23

D̂1

D̂2

p̂

−
 C(x) BT (x) 02×1

B(x) −A(x) 02×1

01×2 01×2 ρ (x)




û(x) ,1 + iκ1û(x)− η̂1 (x)
û(x) ,2 + iκ2û(x)− η̂2 (x)

φ̂ (x) ,1 + iκ1φ̂ (x)
φ̂ (x) ,2 + iκ2φ̂ (x)
−iω û(x)



ei(κ1x1+κ2x2−ωt)= 05×1.

(8)
We expand the periodic parts in Eq. (8) in Fourier series:

ζ̂ (x) = ∑
G

ζ̌GeiG·x, ζ̌G := |Ω|−1
ˆ

Ω

ζ (x)e−iG·xdx, (9)

where {G} is the infinite set of reciprocal lattice vectors; if we assume a square lattice with a period
a, then

{
G = 2π

a n1e1 +
2π

a n2e2, n1,n2 ∈ Z
}

. The result reads

∑
G


σ̌13

G
σ̌23

G
Ď1

G
Ď2

G
p̌G

eiG·x− ∑
G,G′

 ČG B̌T
G 0

B̌G −ǍG 0

0 0 ρ̌G




i(κ1 +G′1) ǔG′− η̌1
G′

i(κ2 +G′2) ǔG′− η̌2
G′

i(κ1 +G′1) φ̌G′

i(κ2 +G′2) φ̌G′

−iω ǔG′

ei(G+G′)·x

ei(κ1x1+κ2x2−ωt)= 05×1.

(10)
Since Eq. (10) holds for any value of x and t, the expression in the square brackets must vanish,
which implies

∑
G


σ̌13

G
σ̌23

G
Ď1

G
Ď2

G
p̌G

eiG·x = ∑
G,G′

 ČG B̌T
G 0

B̌G −ǍG 0

0 0 ρ̌G




i(κ1 +G′1) ǔG′− η̌1
G′

i(κ2 +G′2) ǔG′− η̌2
G′

i(κ1 +G′1) φ̌G′

i(κ2 +G′2) φ̌G′

−iω ǔG′

ei(G+G′)·x. (11)

We multiply Eq. (10) by e−iG′′·x, and integrate the result over the unit cell. The orthogonality of the
Fourier functions eliminates all terms, except those that satisfy G′′ = G+G′. Thus, the resultant
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equation (after changing G′′ to G) is
σ̌13

G
σ̌23

G
Ď1

G
Ď2

G
p̌G

= ∑
G′

 ČGG′ B̌T
GG′ 0

B̌GG′ −ǍGG′ 0

0 0 ρ̌GG′




i(κ1 +G′1) ǔG′− η̌1
G′

i(κ2 +G′2) ǔG′− η̌2
G′

i(κ1 +G′1) φ̌G′

i(κ2 +G′2) φ̌G′

−iω ǔG′

 , (12)

where (·)GG′ denotes the Fourier coefficient of (·) along the basis function ei(G−G′)·x.
Having the constitutive equations in the desired form, we proceed to manipulate the governing

equations in the same manner. Accordingly, we consider the Bloch form of Eq. (7), namely,(
σ̂

13
,1 + iκ1σ̂

13 + σ̂
23

,2 + iκ2σ̂
23 + f̂ + iω p̂

)
ei(κκκ·x−ωt) = 0,(

D̂1
,1 + iκ1D̂1 + D̂2

,2 + iκ2D̂2− q̂
)

ei(κκκ·x−ωt) = 0.
(13)

Again, since Eq. (13) holds for any value of x and t, the expressions in the brackets must vanish,
which allows us to obtain

∑
G

[
i(κ1 +G1) σ̌

13
G + i(κ2 +G2) σ̌

23
G + f̌G

]
eiG·x =−iω∑

G
p̌GeiG·x,

∑
G

[
i(κ1 +G1) Ď1

G + i(κ2 +G2) Ď2
G
]

eiG·x = ∑
G

q̌GeiG·x,
(14)

after expanding the periodic parts in Fourier series. We multiply Eq. (14) by e−iG′′·x, and integrate
the result over the unit-cell. This provides for each G

DT
GhG =−fG, (15)

where

DG =


i(κ1 +G1) 0
i(κ2 +G2) 0

0 (κ1 +G1)

0 i(κ2 +G2)

iω 0

 , hG =


σ̌13

G
σ̌23

G
Ď1

G
Ď2

G
p̌G

 , fG =

(
f̌G

−q̌G

)
. (16)

Next, we assemble all the matrix equations associated with Eq. (15) for each G to a single infinite
matrix system in the form

DT
AhA =−fA. (17)

For computational purpose, the size of the matrices and column vectors in Eq. (17) is truncated
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by defining the number of Fourier components (equivalently, the number of G vectors) to N. In
this case, fA is a column vector of 2N components which contains all the Fourier coefficients of
f̌G and q̌G, hA is a column vector of 5N components which contains all the Fourier coefficients
of σ̌13

G , σ̌23
G , Ď1

G, Ď
2
G and p̌G, and DA is a 5N× 2N matrix, the components of which are given in

Appendix A. The column vector hA is obtained in the same manner, by assembling the matrix
equations associated with Eq. (12), such that

hA = LA (JAwA−mA) , (18)

where LA is a 5N×5N matrix that assembles the Fourier components of the mechanical properties,
JA is a 5N× 2N matrix that assembles the Fourier components of the differential operators, wA

is a column vector of 2N components that assembles the Fourier components of the displacement
and the electric potential and mA is a column vector of 5N components that assembles the Fourier
components of the inelastic strain. Explicit expressions for Eqs. (17) and (18) are given in Appendix
A. We now extract from Eq. (18) the average fields out of hA, and write them as

h̄ :=


σ̄13

σ̄23

D̄1

D̄2

p̄

≡


σ̌13
0

σ̌23
0

Ď1
0

Ď2
0

p̌0

= L0 {J0w̄− m̄}+LsJsws, (19)

where J0 and L0 are the parts of the matrices that multiply the average fields (associated with G= 0)
and (◦)s denotes the reduced matrix or vector without the G = 0 terms4. Our goal is to express the
terms ws using w̄ and m̄. To this end, we use Eq. (17) to obtain

DT
ALA (JAwA−mA) =−fA. (20)

Next, we utilize the equations that do not include G = 0 in Eq. (20) to write

Qsws =−T{J0w̄− m̄} , (21)

where Qs is a square matrix which contain the terms which do not multiply the average fields and
T is the part of the matrix DT

ALA which multiplies the average fields. (This process is similar to
the one carried out in Ref. [42] for flexural waves in Euler-Bernoulli beams.) We are now able
to express the fluctuating terms of w using its average value and the properties of the composite,

4Here L0 is a 5×5 matrix, J0 is a 5×2 matrix, w̄ is a vector with 2 components, m̄ is a vector with 5 components,
Ls is a 5× (5N−5) matrix, Js is a (5N−5)× (2N−2) matrix and ws is a vector with 2N−2 components.
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namely,
ws =−Q−1

s T{J0w̄− m̄} . (22)

Accordingly, Eq. (19) reads

h̄=
(
L0−LsJsQ

−1
s T

)
{J0w̄− m̄} . (23)

Eq. (23) is the desired form, since it relates the independent kinematic variables J0w̄ to the de-
pendent kinetic variables h̄ through a matrix that defines the effective properties. These are given
through the following identification C̃ B̃† S̃

B̃ −Ã W̃

S̃† W̃† ρ̃

 := L0−LsJsQ
−1
s T. (24)

The resultant effective properties are nonlocal in time and space, since they are functions of ω and
κκκ . In general, ω and κκκ are independent and prescribed by the impressed sources; only if the sources
are set to zero, then (ω,κκκ) pairs are related through the dispersion relations that are defined by the
normal modes of the composites. Notably, the nonzero blocks W̃ and W̃† are identified with the
electromomentum couplings that were first discovered by Pernas-Salomón and Shmuel [43], using
a different formulation that is based on Green’s functions. Like S̃, the electromomentum coupling
is of Willis type, in the sense that it couples fields that are not coupled at the microscopic level, and
arises at finite frequencies and/or wavevectors. Symbolically, we write the effective constitutive
relations as  〈σσσ〉〈D〉

〈p〉

=

 C̃ B̃† S̃
B̃ −Ã W̃
S̃† W̃† ρ̃ρρ


 〈∇u〉−ηηη

〈∇φ〉
〈u̇〉

 . (25)

Refs. [36, 39, 44, 51] discuss how the nonlocal nature of the effective operator generates an am-
biguity in the definition of the independent effective variables. They suggest a more physical set
by adding the time rate of the original independent effective variables. We adapt this notion, and
define an alternative form to Eq. (25), namely,

 〈σσσ〉〈D〉
〈p〉

=

 C̃ B̃† 0
B̃ −Ã 0
0 0 ρ̃ρρ


 〈∇u〉−ηηη

〈∇φ〉
〈u̇〉

+

 0 0 Ŝ
0 0 Ŵ
Ŝ† Ŵ† 0


 〈∇u̇〉− η̇ηη〈

∇φ̇
〉

〈ü〉

 , (26)

where Ŝ = iS̃/ω,Ŵ = iW̃/ω and so on. Accordingly, the modified Willis coupling actually de-
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Material properties ρ

[
kg
m3

]
A
[nF

m

]
B
[

C
m2

]
C [GPa]

PMMA 1188 0.023 0 3.3

PZT4 7500 5.6 15.1 115

Table 1: The mass density, dielectric, piezoelectric and elastic moduli of PMMA and PZT4. These
materials are used in the computations as the matrix and fiber phases, respectively, of a composite
with square lattice of period a = 5mm. We consider two different PZT4 fibers: one with a circular
cross-section of a radius R = 1.9mm, and one with a circular sector that is defined by the area
πR2/8.

(a)

R

x2

x1

a

x3 (b)

R

x2

x1

a

x3 (c)

X

M

2π

a

2π

a

κ2

κ1

Fig. 1: Illustration of the piezoelectric composites with (a) circular; and (b) circular sector fibers in
a square lattice of period a. (c) The points X,Γ and M in the corresponding 1st Brillouin zone.

pends on the acceleration rather than on the velocity. Likewise, the electromomentum coupling
actually depends on the time rate of the electric field.

4 Numerical analysis

In this section, we apply the method that we have developed in Sec. 3 to numerically evaluate
the effective properties—and specifically the electromomentum tensor—of exemplary piezoelectric
composites. We will show that the homogenized medium exhibits the same dispersion relation as
the composite in the case of free waves. We will demonstrate that its effective properties satisfy
causality, reciprocity and energy conservation. By contrast, we will further show that effective
descriptions that ignore the electromomentum tensor violate these physical laws. To this end,
we consider compositions of PZT4 fibers within a PMMA matrix, the properties of which are
given in Tab. 1. The phases are poled in the x3-direction, such that in the x1 − x2 plane they
exhibit transverse isotropy. We consider a square lattice with the period a = 5mm, and analyze two
different cross-sections: one with a circular fiber of a radius R = 1.9mm (Fig. 1a), and one with a
circular sector that is defined by the area πR2/8 (Fig. 1b). The two different microstructures are
used to demonstrate that the imaginary and real part of the electromomentum tensor result from
inversion asymmetry and non-local effects, respectively.
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4.1 Free waves

We begin by analyzing the effective properties in the case of free waves, i.e., in the absence of
sources, where we recall that the effective properties in such case are not uniquely defined. It is
important to note that nonlocality induces components in the constitutive tensor that do not appear
in local constitutive equations, even if the medium is isotropic, see appendix B. Thus, to avoid
information overload, we restrict attention to selected components of the effective tensors, and to
the section -X−Γ−X of the 1st Brillouin zone (Fig. 1c).

We begin by presenting in Fig. 2 the effective properties of the axisymmetric unit cell as func-
tions of normalized frequency ω̂ = ωa/2πcm, where cm is the velocity of shear wave in the PMMA
matrix. We observe that all the standard properties—ρ̃, Ã, B̃ and C̃—are real and satisfy the reci-
procity requirement [44]

ρ̃ (κκκ) = ρ̃ (−κκκ) , Ãi j (κκκ) = Ã ji (−κκκ) , B̃†
Ji (κκκ) = B̃iJ (−κκκ) , C̃IJ (κκκ) = C̃JI (−κκκ) ; (27)

here and henceforth uppercase indices run from 1 to 6 according to Voigt notation. (For example,
the components B̃113, C̃2323 and Ŝ†

331 are denoted B̃15, C̃44 and Ŝ35, respectively.)
We examine next the coupling of Willis type Ŝ and Ŵ (and their adjoints), the computation of

which demonstrates the following features. (i) The tensors Ŝ, Ŝ†,Ŵ and Ŵ†are zero at κκκ = 0, and
pure imaginary for κκκ 6= 0, in agreement with the understanding that the imaginary part captures
nonlocal interactions, and that the real part should vanish when there is inversion symmetry5; (ii)
the tensors satisfy the symmetries

Ŝ∗53 (κκκ) = Ŝ†
35 (κκκ) = Ŝ53 (−κκκ) , Ŵ ∗13 (κκκ) = Ŵ †

31 (κκκ) = Ŵ13 (−κκκ) , (28)

as required from reciprocity and energy conservation [44].
From the calculation of the effective properties, it is possible to evaluate the dispersion relation

that the homogenized medium exhibits. To do so, we substitute the effective constitutive relations
[Eq. (26)] into the macroscopic governing equations [as mentioned, they are of the same form of
Eq. (1), where the effective fields replace the microscopic ones], and extract ω (κκκ) relation after
some algebraic manipulation, as detailed in appendix C. This resultant dispersion relation along
the points ΓXMΓ is shown in Fig. 2g, where we compare the corresponding acoustic and optical
branches of the homogeneous medium (green circle marks), with the branches of the composite
(black solid curves). Remarkably, the prediction of the homogenized medium recover exactly the
curves of the composite.

We recall that there is an ambiguity in the definition of the Bloch vector: if κκκ is a solution, then
5Of course, the role of the imaginary and real part of the cross-couplings in their standard form [Eq. (25)] is

exchanged.
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Fig. 2: Effective properties as functions of the normalized frequency that is associated with the
wavevector along -X−Γ−X, for PZT4 circular fibers in a PMMA matrix, the properties of which
are given in Tab. 1. (a) Mass density; and selected components of the (b) elastic; (c) dielectric;
(d) piezoelectric; (e) Willis; and (f) electromomentum tensors. (g) Resultant acoustic and optical
branches of the dispersion relations of the homogenized model along the points ΓXMΓ (green
circles). The two branches of the original composite are shown in solid black curves.
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so is the sum of κκκ with any reciprocal lattice vector. To avoid this ambiguity, κκκ is restricted to the
1st Brillouin zone. Willis [70] questioned if this ambiguity extends to the definition of the effec-
tive properties, when later Srivastava and Nemat-Nasser [56] and Pernas-Salomón and Shmuel [42]
showed that homogenizing only over the 1st Brillouin zone leads to nonphysical results. Specifi-
cally, Pernas-Salomón and Shmuel [42], who developed a similar method to calculate the effective
properties of a periodic Euler-Bernoulli beam, showed that the effective properties using values of
κκκ from the 1st Brillouin zone do not recover branches in the dispersion relation beyond the acoustic
branch6, unless the values of κκκ are taken from ascending Brillouin zones. They further showed
that these properties lead to unphysical reflections in scattering problems, see also Ref. [56]. This
holds here as well: values of κκκ in the 1st Brillouin zone do not recover the optical branch of the
original composite. Accordingly, to recover the second branch we have selected values of κκκ from
the second Brillouin zone.

Fig. 3 presents the effective properties of the asymmetric unit cell. Again, we restrict attention
to the section -X−Γ−X of the Brillouin zone and to selected components of the effective tensors.
The observations regarding the standard properties that were noted for the axisymmetric cell apply
also here: the properties are real and satisfy the reciprocity requirement [Eq. (27)]. In contrast, the
computation of the couplings of Willis type Ŝ, Ŵ and their adjoints provides different results than
those of the axisymmetric cell, namely, here they do not vanish at κκκ = 0. Specifically, they are pure
real in this limit, and become complex-valued for finite κκκ . Furthermore, we observe that their real
part is even in κκκ , in consistency with reciprocity [44]. The evaluation of the dispersion relation
using the homogenized properties is carried out in Fig. 3i, and is compared with the dispersion
relation of the original composite. Here again, the dispersion relation that the effective medium
predicts recovers exactly the dispersion relation of the composite.

As mentioned, since there are no sources, the definition of the effective properties is not unique,
and it is possible to define equivalent properties that neglect W (and W†), while recovering the dis-
persion relation. However, we show next that equivalent properties without the electromomentum
coupling are not physical, since they violate reciprocity and energy conservation. To do so, we note
first that owing to the absence of sources, the independent fields are in fact algebraically dependent,
as known from studies on standard (i.e., purely elastic) Willis materials [39]. Here, they are related
via (appendix C)

〈∇u〉=− κ

ω
〈u̇〉 , 〈u̇〉=−κT 〈∇u〉

κTκ
ω, 〈u̇〉= κTÃ

−iωκTŴ−ω−1κTB̃κ
〈∇φ〉 , (29)

for a generalized Willis medium that exhibits the piezoelectric and electromomentum effects. Ac-

6Norris et al. [41], for example, used a similar homogenization method to calculate the effective properties and
demonstrated them as function of the wave-number. With these results, one cannot recover the dispersion relation from
the second branch and above it.
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Fig. 3: Effective properties as functions of the normalized frequency that is associated with the
wavevector along -X−Γ−X, for PZT4 circular sector fibers in a PMMA matrix, the properties of
which are given in Tab. 1. (a) Mass density and selected components of the (b) elastic; (c) dielectric;
(d) and piezoelectric tensors. Panels e and f (resp. g and h) show the real and imaginary parts of
the Willis tensor (resp. the electromomentum tensor). (i) Resultant acoustic and optical branches
of the dispersion relations of the homogenized model along the points ΓXMΓ (green circles). The
two branches of the original composite are shown in solid black curves.
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Fig. 4: The imaginary part of the diagonal components of the effective (green circles) and equiva-
lent (red curves) dielectric tensor, calculated for the composite with asymmetric fibers. The equiv-
alent imaginary components are nonzero and odd in κκκ , hence violate energy conservation and
reciprocity.

cordingly, it is possible to absorb Ŵ into an equivalent dielectric tensor:

Aeq = Ã+ iωŴ
κTÃ

−iωκTŴ−ω−1κTB̃κ
, (30)

that define the following equivalent constitutive equation for the electric displacement field:

〈D〉= Beq 〈∇u〉−Aeq 〈∇φ〉 , Beq = B̃. (31)

By construction, the equivalent description recovers the dispersion relation without using Ŵ, how-
ever it violates the energy conservation and reciprocity conditions Ãii (κκκ) = Ã∗ii (κκκ) = Ãii (−κκκ) (no
sum over i). This violation can be identified immediately from Eq. (30), by inspecting the sym-
metries that its comprising components (Ŵ, Ã and B̃) satisfy, and deducing that the diagonal terms
of Ãeq have a nonzero imaginary part that is odd κκκ . This is demonstrated Fig. 4, where A”

eq (red
curves) that is extracted for the composite with the asymmetric fibers is presented as function of the
frequency of the dispersion curves along -X−Γ−X. For comparison, we also present Ã

′′
(green

circles); it is identically zero, as is should be.

4.2 Local approximation of the effective relations

The most prevalent use of metamaterials is in the long-wavelength regime, where the generated
fields have a length much larger than the period of the composite. In such cases, the response of a
metamaterial can be approximated as local, which implies that in our scheme we can approximate
κκκ +G by G. We analyze next the local effective properties that result from this approximation. For
brevity, we focus on the richer case of asymmetric fibers and present only selected components of
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Fig. 5: The local approximation (κκκ = 0) of the effective (a) mass density; and selected components
of the (b) elastic; (c) dielectric; (d) piezoelectric; (e) Willis; and (f) electromomentum tensors as
functions of the normalized frequency, calculated for PZT4 circular sector fibers in a PMMA matrix
(Tab. 1).

the effective properties, where for completeness additional components are given in Appendix D.
The selected properties as functions of normalized frequency are displayed in Fig. 5, and exhibit the
following notable features. First, they respect causality, passivity and energy conservation, since
they satisfy7 [4, 51]

∂ρ

∂ω
≥ 0,

∂C̃IJ

∂ω
≤ 0,

∂ Ãi j

∂ω
≥ 0, (32)

and they are all real. They exhibit a resonance at the normalized frequency ≈ 0.74, where beyond
this frequency they change sign. Furthermore, we observe that the cross couplings of Willis type
also respect causality, passivity and energy conservation since they satisfy [44]

∂ B̃iJ

∂ω
≤ 0,

∂ ŜI j

∂ω
≤ 0,

∂Ŵi j

∂ω
≤ 0,

∂ B̃†
I j

∂ω
≤ 0,

∂ Ŝ†
jI

∂ω
≤ 0,

∂Ŵ †
i j

∂ω
≤ 0. (33)

In sharp contrast, a similar derivation for local equivalent properties that neglect the electromo-
mentum coupling will result in a description that violates the physical requirements above. This is

7We note that the derivatives in Eq. (32) should be evaluated at a fixed κκκ , as the partial derivates symbol implies.
This requirement does not hold for the total derivatives, which correspond to the slopes in Figs. 2-3. (There, the
properties are evaluated as functions of the frequency on the dispersion curves, where it is a function of κκκ .)
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Fig. 6: The local approximation (κκκ = 0) of the (a) real and (b) imaginary parts of the equivalent
dielectric tensor as functions of the normalized frequency, calculated for PZT4 circular sector fibers
in a PMMA matrix (Tab. 1).

demonstrated in Fig. 6, where we show Aeq as function of the normalized frequency. Specifically,
in panel a we show A′eq, and observe that the components A

′
eq11 and A

′
eq12 have a negative slope;

and in panel b we show A”
eq, and observe it is nonzero with a negative slope.

Interestingly, a similar demonstration of the need for the inclusion of the electromomentum
coupling in order to obtain a physical model was shown by Pernas-Salomón et al. [45]. There, the
authors used a heuristic homogenization approach, based on the scattering response of an asym-
metric piezoelectric element.

4.3 Effective properties outside the dispersion curve

We recall that in the presence of sources, the frequency and the effective wavevector are indepen-
dent one of the other. We demonstrate next the calculations of the effective properties in such
case, i.e., outside the dispersion curves. By way of example, in Fig. 7 we examine the case
κ1 = π/a,κ2 = 0, which corresponds to a wavelength that is twice the period of the medium, and
evaluate the properties as functions of the normalized frequency. We observe that the normalized
resonance frequency has shifted to ≈ 0.48. We observe that the effective properties satisfy Eq. (32)
and except Ŵ and Ŝ are all reals as they should be.
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Fig. 7: Effective properties as functions of the normalized frequency outside the dispersion curves
at the wavevector κ1 = π/a, κ2 = 0, calculated for circular sector fibers in a PMMA matrix (Tab. 1).
(a) Mass density; and selected components of the (b) elastic; (c) dielectric; and (d) piezoelectric
tensors. Panels e and f (resp. g and h) show the real and imaginary parts of the Willis tensor (resp.
the electromomentum tensor).

18



5 Summary

Rigorous homogenization theories are key in understanding the physics of heterogeneous media,
and hence in the development of metamaterials. These theories have shown how composites can
exhibit nonlocal effective properties that do not exist in their constituents [4, 13, 14, 43, 66, 69].
Here, we have developed explicit formulae to the homogenization theory of Pernas-Salomón and
Shmuel [43], which are specialized for antiplane shear waves in fibrous piezoelectric composites.

The formulae above are more accessible than the previous ones, since here we rely on the
plane wave expansion method in the averaging process, instead of the Green’s function method
in Ref. [43], the knowledge of which is often unknown. Both formulations follow two principles
that were advocated in rigorous electromagnetic and elastodynamics homogenization theories [3,
4, 13, 14, 41, 51, 66, 69]. First, the volume averaging over the microscopic Bloch-Floquet waves
is carried out only over their periodic part. Second, the microscopic governing equations and
constitutive relations include driving sources. These elements allow us to derive a unique set of
effective properties that is applicable for general frequency-wavevector pairs, not only for those that
are related by the normal modes of the composite. Importantly, the resultant effective properties
are physically meaningful, since they satisfy the mathematical restrictions that reciprocity, causality
and energy conservation impose [44].

We have evaluated our formulae for two composites made of PZT4 inclusions in a PMMA
matrix. The tensorial nature of the problem has allowed us to demonstrate certain symmetries of
the effective properties that cannot be observed in one-dimensional problems. Our numerical ex-
amples have shown that the effective medium recovers the exact dispersion of free waves in the
original composites. We have also calculated the approximated local effective properties, and the
nonlocal effective properties at representative arbitrary frequency-wavevector pairs. Our compu-
tations demonstrate how the effective properties indeed respect reciprocity, causality and energy
conservation.

When sources are not considered, i.e., for free waves, it is possible to define alternative homog-
enized descriptions that also recover the dispersion relations of the original composite. However,
such descriptions are not physical, as discussed in Refs. [3, 4, 51], who studied electromagnetic
and acoustic problems. Lending the terminology in these works, we have referred to the alternative
models that neglect cross-couplings of Willis type as equivalent models. We have evaluated the
properties of the equivalent model for our case study, and showed that indeed they violate reci-
procity and energy conservation.

As future research, it would be imperative to examine the implications of these homogenization
results—derived for an infinite medium—in predicting the scattering response of a finite piezoelec-
tric medium with asymmetric microstructure (cf. the analysis and applications in Refs. [19, 23, 42,
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47, 56] for acoustic and elastic problems).
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Appendix A. Explicit expressions for the matrices in Sec. 3.

The description of matrices is given here

LA =

 L
(1,1)
GG′ L

(1,2)
GG′ L

(1,3)
GG′

L
(2,1)
GG′ L

(2,2)
GG′ L

(2,3)
GG′

L
(3,1)
GG′ L

(3,2)
GG′ L

(3,3)
GG′

 ,DA =



D
(1,1)
GG′ D

(1,2)
GG′

D
(2,1)
GG′ D

(2,2)
GG′

D
(3,1)
GG′ D

(3,2)
GG′

D
(4,1)
GG′ D

(4,2)
GG′

D
(5,1)
GG′ D

(5,2)
GG′



T

,hA =



h
(1)
G

h
(2)
G

h
(3)
G

h
(4)
G

h
(5)
G


,

JA =



J
(1,1)
GG′ J

(1,2)
GG′

J
(2,1)
GG′ J

(2,2)
GG′

J
(3,1)
GG′ J

(3,2)
GG′

J
(4,1)
GG′ J

(4,2)
GG′

J
(5,1)
GG′ J

(5,2)
GG′


,wA =

(
w
(1)
G′

w
(2)
G′

)
,mA =



m
(1)
G′

m
(2)
G′

m
(3)
G′

m
(4)
G′

m
(5)
G′


, fA =

(
f
(1)
G
f
(2)
G

)
.

(A.1)

where the components of the assembly matrix LA are

L
(1,1)
GG′ = ČGG′,L

(1,2)
GG′ = B̌T

GG′,

L
(2,1)
GG′ = B̌GG′,L

(2,2)
GG′ =−ǍGG′,

L
(3,3)
GG′ = ρ̌GG′,L

(1,3)
GG′ = L

(2,3)
GG′ = L

(3,1)
GG′ = L

(3,2)
GG′ = 0,

(A.2)
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D
(1,1)
GG′ = D

(3,2)
GG′ = i(κ1 +G1) δ̌GG′,

D
(2,1)
GG′ = D

(4,2)
GG′ = i(κ2 +G2) δ̌GG′,

D
(5,1)
GG′ = iωδ̌GG′,

D
(1,2)
GG′ = D

(2,2)
GG′ = D

(3,1)
GG′ = D

(4,1)
GG′ = D

(5,2)
GG′ = 0,

(A.3)

J
(1,1)
GG′ = J

(3,2)
GG′ = i(κ1 +G1) δ̌GG′,

J
(2,1)
GG′ = J

(4,2)
GG′ = i(κ2 +G2) δ̌GG′,

J
(5,1)
GG′ =−iωδ̌GG′,

J
(1,2)
GG′ = J

(2,2)
GG′ = J

(3,1)
GG′ = J

(4,1)
GG′ = J

(5,2)
GG′ = 0,

(A.4)

h
(1)
G = σ̌

13
G , h

(2)
G = σ̌

23
G , h

(3)
G = Ď1

G, h
(4)
G = Ď2

G, h
(5)
G = p̌G, (A.5)

w
(1)
G′ = ǔG′, w

(2)
G′ = φ̌G′, (A.6)

f
(1)
G = f̌G, f

(2)
G =−q̌G, (A.7)

m
(1)
G′ = η̌

1
G′,m

(2)
G′ = η̌

2
G′,m

(3)
G′ = 0,m(4)

G′ = 0̌G′,m
(5)
G′ = 0. (A.8)

Appendix B. On nonlocal components in constitutive equations.

As mentioned in the main text, nonlocality induces components in the effective tensor that do not
appear in local constitutive equations, even if both media are isotropic. (Such components are
somewhat overlooked in the literature, but they do exist.) For example, the constitutive relation of
a statistically homogeneous nonlocal linear isotropic elastic solid is [1]

σi j (x) =
ˆ

Ω

Ci jkl
(
x−x′

)
εkl
(
x′
)

dΩ, (B.1)

where εεε is the strain and

Ci jkl = λδi jδkl +µ
(
δikδ jl +δilδ jk

)
+α

(
κiκ jδkl +κkκlδi j

)
+βκiκ jκkκl, (B.2)

for some material moduli λ ,µ,α and β that are functions of the translation |x−x′|. The moduli α

and β multiply terms that vanish in local isotropic solids. Thus, by way of example, the component
C1234 must be null in local isotropic solids, while having a finite value for κκκ > 0. Analogous results
hold for electromagnetic constitutive relations, see, e.g., Eq. (3.1.21) in Ref. [2].
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Appendix C. The dispersion relation of the homogenized medium.

Within an effective elastic-piezoelectric medium, the governing equations are

∇ · 〈σσσ〉=−iω 〈p〉 ,

∇ · 〈D〉= 0.
(C.1)

We can rewrite Eq. (C.1) for our problem as

iκT
( 〈

σ13〉〈
σ23〉

)
=−iω 〈p〉 ,

iκT
( 〈

D1〉〈
D2〉

)
= 0.

(C.2)

where κ is a column vector with 2 components. The constitutive relations are
〈σ〉= C̃iκ〈u〉+ B̃†iκ〈φ〉− S̃〈iωu〉 ,
〈d〉= B̃iκ〈u〉− Ãiκ〈φ〉− W̃ 〈iωu〉 ,
〈p〉= S̃†iκ〈u〉+ W̃†iκ〈φ〉− ρ̃ 〈iωu〉 ,

(C.3)

where d is the represented vector which contains the electric displacement terms D1 and D2. Using
Eq. (C.2) and the constitutive relations we can write the relation between the displacement and the
electric potential, namely,

κTB̃κ〈u〉−κTÃκ〈φ〉−κTW̃ω 〈u〉= 0, (C.4)

we rearrange the equation
κTB̃κ〈u〉−κTW̃ω 〈u〉= κTÃκ〈φ〉 . (C.5)

We notice that κTÃκ is a scalar to obtain

κTB̃κ−κTW̃ω

κTÃκ
〈u〉= 〈φ〉 . (C.6)

Our goal is to find the equation that we will use to recover the dispersion relation for any prescribed
κ. To this end, We use Eq. (C.2) to obtain

iκT
(
C̃iκ〈u〉+ B̃†iκ〈φ〉− S̃〈iωu〉

)
=−iω

(
S̃†iκ〈u〉+ W̃†iκ〈φ〉− ρ̃ 〈iωu〉

)
. (C.7)
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We rearrange the equation to get quadratic equation that will allow us to get the dispersion relation

aω
2 +bω + c = 0, (C.8)

where a,b and c are 
a =−ρ̃− W̃†κ κTW̃

κTÃκ
,

b =−
(
κTB̃†κ
κTÃκ

κTW̃− S̃†κ+κTS̃− W̃†κκTB̃κ
κTÃκ

)
,

c =
(
κTC̃κ+κTB̃†κκTB̃κ

κTÃκ

)
,

(C.9)

such that

−
(

ρ̃ + W̃†κ
κTW̃

κTÃκ

)
ω

2−
(
κTB̃†κ

κTÃκ
κTW̃− S̃†κ+κTS̃− W̃†κ

κTB̃κ

κTÃκ

)
ω+

(
κTC̃κ+κTB̃†κ

κTB̃κ

κTÃκ

)
= 0.

(C.10)
Using Eq. (C.10) we can obtain the eigenfrequencies that corresponds to the effective properties.
The first two branches that are fully recovered are shown in Fig. 3. The dispersion relation of the
composite was calculate from the eigenvalue problem det

(
DT

ALAJA
)
= 0.

Appendix D. Additional components of the effective properties
for the asymmetric cell.

Fig. 8 presents additional effective properties for the asymmetric cell, for the local approximation
that is explained in Sec.3.2.

Fig. 9 presents additional effective properties for the asymmetric cell when the 1-component of
wavevector is κ1 = π/a and 2-component is null.
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