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ABSTRACT
In this paper, analytical equations for the central film thickness in slender elliptic contacts are
investigated. A comparison of state-of-the-art formulas with simulation results of a multilevel
EHL solver is conducted and shows considerable deviation. Therefore, a new film thickness for-
mula for slender elliptic contacts with variable ellipticity is derived. It incorporates asymptotic
solutions, which results in validity over a large parameter domain. It captures the behaviour
of increasing film thickness with increasing load for specific very slender contacts. The new
formula proves to be significantly more accurate than current equations.

1. Introduction
Fluid film thickness equations are the main bridge between scientific studies on elastohydrodynamic and its en-

gineering applications in gears and rolling element bearings. The first mathematical film thickness formulation for
highly concentrated contacts is proposed in the seminal work of Dowson and Higginson for minimum film thickness
in 1961 [1] and Dowson and Toyoda for central film thickness [2] both for line contacts. They formulated the dimen-
sionless film thickness H as a function of three dimensionless parameters of material (G), speed (U ) and load (W ),
which were easy to use, physically making sense and are nowadays immensely established in application. Two decades
later, Hamrock and Dowson published a series of papers [3–6], regarding elliptic contacts, systematically investigating
effects of ellipticity as well as above mentioned parameters. More recently, Lubrecht et al. [7] revisited the equations
developed above with higher computational power and finer numerical precision. The investigators have been aston-
ished by confirmation the precision of the equations for line contact developed 50 years prior to their investigation and
commented about minor academic issues.
However, before these investigations Ranger et al. [8] at imperial college were the first group who developed a numeri-
cal equation for line and point contacts. Yet, their work has not been appreciated because it predicts a counter-intuitive
behaviour of increasing film thickness with increasing load within the parameter range of their studies. Recently, this
behaviour has been verified and explained [9].
In 1992 Moes [10] adopted the optimum similarity analysis to the domain of lubricated contacts and reduced the num-
ber of non-dimensional parameters to two (L andM). By incorporation of asymptotic solutions for different lubrication
regimes, the outreach of line contact film thickness equation is extended to isoviscous-elastic, piezoviscous-rigid and
isoviscous-rigid regimes. Adopting the methodology of Moes, Nijenbanning et al. [11] solve EHL equations nu-
merically for wide elliptic contacts and for a large number of combinations ofM and L, which have been addressed
extensively in this paper.
Due to its more widespread application in rolling element bearings, the above mentioned equations focus prevalently
on wide elliptic contacts e.g., the entrainment velocity is in the direction of the minor contact ellipse axis. The slender
elliptic contacts have been less subject to systematic studies and film thickness equations are not optimised to cover this
particular shape of contacts and its domain of parameters. The major significant work on film thickness of slender con-
tacts is based on the extensive study of Chittenden et al. [12, 13] using the same numerical algorithm of Hamrock and
Dowson. In addition, Moes [14] adapted the formula of Nijenbanning et al. [11] to general elliptic contacts, however,
the deviation between these formulas is negligible. Within this paper, slender contacts are defined as elliptic contact
with entrainment velocity directed along the major axis of the contact ellipse. These contacts occur, for example, at
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Nomenclature

a major semi-axis of Hertzian contact ellipse
D ellipticity ratio
E′ reduced young’s modulus,

1∕E′ = 0.5((1 − �21 )∕E1 + (1 − �22 )∕E2)
Ei young’s modulus of body i
FN normal force
G dimensionless material parameter (Moes)
H̃ dimensionless film thickness
H dimensionless film thickness (Moes)
ℎ film thickness
H00 curvefit parameter
L dimensionless material parameter
M dimensionless load parameter (Moes)
p pressure
Ri reduced radius of curvature in i direction,

1∕Ri = 1∕Ri,1 + 1∕Ri,2

s, t curvefit parameters for isoviscous-piezoviscous
transition

U dimensionless speed parameter
u0 sum velocity, u0 = u1 + u2
ui velocity of body i
W dimensionless load parameter
X Dimensionless x-direction, X = x∕a

Y Dimensionless y-direction, Y = y∕a
� Barus parameter
� viscosity

̇ shear rate
�i poisson’s ratio of body i
� mass density
Indices
0 atmospheric pressure
1,2 body 1, body 2
C Chittenden
com compressible
e entrainment direction
H Hertzian
IE isoviscous-elastic
inc incompressible
IR isoviscous-rigid
M regime of increasing film thickness with increas-

ing load parameter
N Nijenbanning
PE piezoviscous-elastic
PR piezoviscous-rigid
s direction perpendicular to entrainment

the roller-flange interface within cylindrical or tapered roller element bearings or within worm gears and are therefore
a highly relevant field of research [15–17].
In this paper the problem of analytical film thickness expressions for slender elliptic contacts is revisited. The focus of
this paper is on the central film thickness, since it represents the major part of the contact ellipse and the high pressure
region. It is defined as the film thickness at the location of maximum fluid pressure [11, 14].

2. Simulation Model
The EHL simulations were performed with a multilevel EHL solver analogous to the work of Venner [18]. Detailed

descriptions of the working principle of EHL solvers can be found in the literature [19, 20] and are therefore not given
here.
The following assumptions are made:

• fluid incompressibility
• smooth surfaces / no solid contact
• steady state
• isothermal behaviour
• fully-flooded contact / no starvation
• Newtonian behaviour
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• Barus pressure-viscosity law
The Newtonian (� ≠ �(
̇)) and Barus

�(p) = �0 exp(�p) (1)
modelling of the fluid hold valid, since the film thickness is solely dependent on the condition of the fluid at the inlet
of the contact.
As shown by Moes [10], the problem can be reduced to the dimensionless parameters

H = ℎ
Re

(

�0u0
E′Re

)−1∕2
(2)

M =
FN
E′Re2

(

�0u0
E′Re

)−3∕4
(3)

L = �E′
(

�0u0
E′Re

)1∕4
. (4)

These parameters and the ellipticity parameter, defined as the ratio of the reduced radii of curvature,

D =
Re
Rs

(5)

are used for contact characterizationwithin this paper. Re andRs represent the effective radii in direction of entrainment
velocity (Re) and perpendicular to it (Rs). The effective radius in direction i can be calculated via

1∕Ri = 1∕Ri,1 + 1∕Ri,2. (6)
Furthermore, the dimensionless spatial directions

X = x
a

(7)
Y =

y
a

(8)

with a as the major semi-axis of the Hertzian contact ellipse are introduced for post-processing the film thickness
distributions. A detailed definition of the variables can be found in the nomenclature.

3. State-of-the-art formulas
Following the pioneer work of Hamrock and Dowson [5] in 1977, many more analytical film thickness formulas

for point and elliptic contacts were derived [10–12, 21–25]. A comprehensive overview is given by Marian et al. [26]
and Van Leeuwen [27], which also provides a comparison to experimental data.
However, almost all approaches focus on point (D = 1) or wide elliptic contacts (D < 1). Only Chittenden et al. [12]
consider slender contacts (D > 1). The authors also provides an analytical formula for arbitrary entrainment angles
[22]. It is more commonly used in literature and is therefore benchmarked against EHL simulations. In order to inves-
tigate, whether or not analytical formulas for wide contacts can be extrapolated to slender contacts, the film thickness
formula of Nijenbanning et al. [11] is reviewed as well. This formula is chosen, since it integrates the asymptotic
behaviour and is therefore expected to be valid for a greater range of parameters compared to other approaches.
3.1. Chittenden et al. [22]

Chittenden uses the dimensionless parameters

U =
�0u0
2E′Re

(9)
G = �E′ = L(2U )−1∕4 (10)
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W =
FN
E′Re2

=M(2U )3∕4 (11)

and
H̃C = ℎ

Re
= H(2U )1∕2. (12)

The film thickness formula for arbitrary entrainment angels reads

H̃C = 4.31G0.49U0.68W −0.073
⎡

⎢

⎢

⎣

1 − exp
⎛

⎜

⎜

⎝

−1.23
(

Rs
Re

)
2
3 ⎞
⎟

⎟

⎠

⎤

⎥

⎥

⎦

. (13)

It must be noted that Chittenden [22] is using training data obtained by simulations with compressible fluids and
Roelands [28] behaviour for the pressure-viscosity relationship. While the kind of used pressure-viscosity law has
no significant effect on film thickness, (in)compressibility must be considered, when comparing different approaches.
Therefore, correction via

Hcom =
H inc
�̄(pH)

(14)

with the pressure-density law of Dowson and Higginson [29, 30]

�̄(p) =
�(p)
�0

=
5.9 × 108 + 1.34p
5.9 × 108 + p

(15)

is used [25]. pH refers to the maximum Hertzian pressure in Pa.
For comparison,H as defined by Moes [10] from eq. 2 is used. Therefore, H̃C from eq. 13 is multiplied by (2U )−1∕2
beforehand.
3.2. Nijenbanning et al. [11]

The film thickness formula of Nijenbanning et al. [11] is based on the same assumptions as stated in sect. 2. It was
derived for wide elliptic contacts (D < 1) and reads:

HN =

{

[

H1.5
N,IR +

(

H−4
N,IE +H−4

N,00

)−3∕8
]2s∕3

+
[

H−8
N,PE +H−8

N,PR

]−s∕8
}1∕s

(16)

with
HN,IR = 145

(

1 + 0.796D14∕15) − 15∕7D−1M−2 (17)
HN,IE = 3.18

(

1 + 0.006 ln(D) + 0.63D4∕7) − 14∕25D−1∕15M−2∕15 (18)
HN,PR = 1.29 (1 + 0.691D)−2∕3 L2∕3 (19)
HN,PE = 1.48

(

1 + 0.006 ln(D) + 0.63D4∕7)−7∕20D−1∕24M−1∕12L3∕4 (20)
HN,00 = 1.8D−1 (21)

s = 1.5
[

1 + exp
(

−1.2
HN,IE
HN,IR

)]

. (22)

3.3. Benchmarking
First, the presented film thickness formulas are tested for wide elliptic contacts in order to evaluate both the quality

of the film thickness formulas and the quality of the used EHL solver. The results are shown for different values ofM
and L and an ellipticity ratio of D = 0.25 in fig. 1.
It can be seen that the formula of Chittenden et al. [22] (eq. 13) only shows partial consistency for medium values
ofM and medium to large values of L. It fails to predict the film thickness for small values of bothM and L. This
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Figure 1: Benchmarking of state-of-the-art film thickness formulas for wide elliptic contacts (D = 0.25).

becomes especially evident for the case of L = 0: Eq. 13 predictsH = 0, which is clearly not the case.
This comparison does not claim to be an exhaustive evaluation of the film thickness formula of Chittenden et al. [22].
Instead, it investigates its general capability to predict the film thickness in elliptic contacts. For a complete evaluation,
results of EHL simulations with compressible fluids instead of correction via eq. 14 are required.
In contrast, excellent agreement with a slight tendency towards overestimation is given between the EHL simulations
and the formula of Nijenbanning et al. [11]. Especially the asymptotic behaviour for L = 0 andM → 0 is captured in
a superior way compared to Chittenden et al. [22]. The precise conformity between Nijenbanning et al. [11] and the
employed EHL solver is a strong indication for correct functioning of the EHL solver.
Wheeler et al. [13] observe a significant systematic overestimation of the film thickness by the formula of Nijenbanning
et al. [11]. This contradicts the findings of this paper. However, the overestimation occurred, when comparing the
Nijenbanning formula with compressible EHL simulations. Since the model of Nijenbanning et al. [11] assumes
incompressibility, the overestimation is explainable and expected.
Following the benchmarking of wide elliptic contacts, the film thickness formulas are also evaluated for slender elliptic
contacts. The results for a wide range ofM and L values are shown in fig. 2 (D = 2) and fig. 3 (D = 5). As for wide
elliptic contacts, the formula of Chittenden et al. [22] only correctly captures the behaviour for medium values of both
M and L. The quality of the prediction of Nijenbanning et al. [11] declines with increasing ellipticity as a result of
stronger extrapolation from its training range.
This comparison demonstrates the necessity of a new film thickness formula for slender elliptic contacts with validity
over a broad parameter domain.

4. New Film Thickness Formula for Slender Contacts
The focus of this paper is to provide an easy-to-implement formula by using standard mathematical functions.

Johnson [31] distinguishes four different lubrication regimes:
1. Isoviscous-Rigid (small L and smallM)
2. Isoviscous-Elastic (small L and largeM)
3. Piezoviscous-Rigid (large L and smallM)
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4. Piezoviscous-Elastic (large L and largeM)
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Figure 2: Benchmarking of state-of-the-art film thickness formulas for an ellipticity ratio of D = 2.
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Figure 3: Benchmarking of state-of-the-art film thickness formulas for an ellipticity ratio of D = 5.
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Unlike for line contacts, the boundaries of the regime cannot be specified explicitly, since they depend on the ellipticity
ratio D of the contact.
Solutions for the asymptotic behaviour of the film thickness in a point contact exist for each regime and are incorpo-
rated in the film thickness formula. The prefactors Ci of the asymptotic solutions are functions of the ellipticity ratio
D and are derived by curve fitting a large number of simulations within each regime, resulting in an overall number
of 2282 successfully converged simulations. The base form of each prefactor function is chosen individually to best
match the ellipticity dependence. The coefficient were determined using a least squares regression approach.
The dimensionless values L, M and the ellipticity ratio D were varied within L ∈ [0, 100],M ∈ [0.5, 20000] and
D ∈ [1, 10]. In order to avoid numerical influences on the quality of the simulation results, first the mesh density is
increased until no significant change in the central film thickness can be observed anymore. Afterwards, the simulation
area is increased until again no change in the central film thickness occurs. It should be noted that for simulations with
smallM values, the required simulation area is many times larger than the Hertzian contact area, whereas for highM
values a fine mesh is required.
The final form of the film thickness equation is analogous to Nijenbanning et al. [11]. It is a weighting of the contri-
butions of different lubrication regimes and reads:

H =

{

[

H1.73
IR +

(

H−1.33
IE +H−1.33

00
)− 1.73

1.33

]
t

1.73
+
[

H−13.8
PE +

(

H−24.1
PR +H−24.1

M
)

13.8
24.1

]− t
13.8

}1∕t

(23)

with
H00 = 4.13 ⋅D−1 (24)

t =
⎡

⎢

⎢

⎣

(

1.430.803 +
(4.65
M

)0.803)− 5
0.803

+ 4−5
⎤

⎥

⎥

⎦

−1∕5

(25)

as the transition parameters between the isoviscous-rigid and isoviscous-elastic (H00) and between the isoviscous andpiezoviscous regimes (t). The coefficients for weighting are based on simulations in between the lubrication regimes.
The partial solutionsH IR,H IE,HPR,HM andHPE are defined in the following sections.
4.1. Isoviscous-Rigid

The load-free zone of roller element bearings is an example for the occurrence of isoviscous-rigid contacts. From
a similarity analysis follows [11]

H IR ∝M−2. (26)
Curve fitting the prefactor C IR leads to

H IR = C IR(D) ⋅M−2 (27)
with

C IR(D) = 236
(

1 + 0.65D0.704)−3.37D−1. (28)
A representative film thickness distribution for isoviscous-rigid contacts is given in fig. 4. Although the height profile
is similar to the undeformed profile, a slight shift towards the outlet of the contact zone can be observed.
4.2. Isoviscous-Elastic

Contacts including seals, polymer gears or the roller-cage interface are representative of the isoviscous-elastic
regime. The asymptotic solution [32, 33]

H IE = C IE(D) ⋅M−2∕15 (29)
can be curve fitted with

C IE(D) = −0.916 ln
(

439
( 1
439

+D−1
))

+ 7.98D−0.192 (30)
to represent slender elliptic contacts.
Fig. 5 shows a typical film thickness distribution for isoviscous-elastic contacts. It can be seen that - unlike in fig. 4 -
a significant elastic deformation occurs. However, no plateau is formed.
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Figure 4: Distribution of the dimensionless film thickness H for a slender isoviscous-rigid contact with M = 0.5, L = 0
and D = 5.
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Figure 5: Distribution of the dimensionless film thickness H for a slender isoviscous-elastic contact with M = 7500, L = 0
and D = 5.

4.3. Piezoviscous-Rigid
Based on the work of Grubin [34], the following formula can be derived for the piezoviscous-rigid regime:
HPR = CPR(D) ⋅ L2∕3 (31)

with
CPR(D) = 0.441 ln

(

−0.258
(

− 1
0.258

+D−1
))

+ 1.11D−0.332. (32)
For very slender contacts, a counter-intuitive behaviour of the film thickness can be observed: The film thickness
increases with increasing load [35]. This effect takes place for piezoviscous lubricants and small to medium loads and
can be observed, for example in fig. 12. It is caused by an increased contact ellipse, which reduces side-leakage of the
lubricant.
Eq. 31 cannot account for this behaviour. Therefore, a new partial solution for this regime was derived:

HM = CM(D) ⋅ L2∕3M0.0931−0.00072L (33)
with

CM(D) = −82.1 ln
(

0.00618
( 1
0.00618

+D−1
))

+ 1.41D−0.528. (34)
Eq. 33 represents contacts in between the isoviscous-rigid and the piezoviscous-rigid regime (see fig. 9). Its capability
to correctly capture the physical behaviour is demonstrated by a detail analysis in fig. 6.
A reference film thickness distribution for piezoviscous-rigid contacts is given in fig. 7. It can be seen that a relatively
narrow plateau, which is bounded by pronounced minima of the film thickness, has formed.
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Figure 6: Validation of partial solution HM (eq. 33) for regime of increasing H with increasing M for D = 10.
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Figure 7: Distribution of the dimensionless film thickness H for a slender piezoviscous-rigid contact with M = 100, L = 60
and D = 5.

4.4. Piezoviscous-Elastic
Piezoviscous-elastic contacts occur, for example, in the load-zone of roller element bearings or within highly loaded

gears. The asymptotic solution of this regime for point contacts of Grubin [34]
HPE = CPE(D) ⋅ L3∕4M−1∕12 (35)

can be generalised for slender contacts with

CPE(D) = 0.205 ln
(

439
( 1
439

+D−1
))

. (36)
As can be seen in fig. 8, a relativelywide plateau and a constant film thickness in entrainment direction are characteristic
of piezoviscous-elastic contacts.
4.5. Discussion

The final formula for the film thickness (eq. 23) is a weighting of the contribution of different lubrication regimes.
An example for the contributions of each regime towards the overall film thickness is given in fig. 9. As the load
parameterM increases, it can be seen howH follows different partial solutions. Note the contributions shown in fig.
9 only represent the exemplary case of L = 15 and D = 10 and cannot be generalised.
The herein presented formula has been developed using an analogous methodology as Nijenbanning et al. [11]. Both
Marius Wolf, Sergey Solovyev and Arshia Fatemi: Preprint submitted to Elsevier Page 9 of 15
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Figure 8: Distribution of the dimensionless film thickness H for a slender piezoviscous-elastic contact with M = 10000,
L = 40 and D = 5.
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Figure 9: Contributions of the different lubrication regimes to the overall film thickness according to eq. 23, for L = 15
and D = 10.

formulas were derived for entrainment along a specific axis of the contact ellipse and do not claim to be valid for
entrainment along the other axis. Nevertheless, the point contact problem (D = 1), as the transition between wide and
slender elliptic contacts, can be calculated with both formulas.
For this reason, the predictions of both formulas are compared and plotted in fig. 10. It can be seen that the overall
agreement of both formulas is very good. Yet, the formulas diverge at the transition from the isoviscous-rigid to the
neighbouring regimes (M ∈ [5, 20]) and within the isoviscous-elastic regime (L = 0).
The asymptotic solution of the film thickness of elliptic contact for D → 0 corresponds to the solution of the line
contact problem. Yet, to the best of the author’s knowledge, no such solution exists in the literature for D → ∞.
However, a steady decrease of the film thickness with increasing ellipticity can be observed. Physically, this can be
explained by an increasing side-leakage of the fluid resulting from a shrinking minor axis of the contact ellipse [35].
This behaviour also shows in the prefactors Ci, which are monotonically decreasing functions. The theoretical case of
D = ∞ cannot be simulated. Nonetheless, following the outlined path of reasoning, it is expected that no fluid film
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Figure 10: Comparison of the new film thickness formula (eq. 23) against the formula of Nijenbanning [11] for point
contacts (D = 1).

formation occurs and it follows
lim
D→∞

ℎ(D) = 0. (37)

This behaviour is incorporated in the new film thickness formula, since
lim
D→∞

Ci(D) = 0. (38)

Additionally, a shift of the lubrication regimes towards smaller values ofM with increasing D can be observed (see,
for example, fig. 11 and fig. 12).
The newly derived equation is the first analytical film thickness formula for slender elliptic contacts to represent the
regime of increasing film thickness with increasing load parameterM . The necessity of this detailedness, as well as
the incapability of state-of-the-art formulas to capture this behaviour, can be seen very well in fig. 12.

5. Discussion on Regression Error
The training error of the newly developed film thickness formula for slender elliptic contacts (eq. 23) is 1.43 %. It

is defined as the relative difference between predictions of the new formula (eq. 23) and results of EHL simulations
used to obtain this equation.
Since the training error is not sufficient to estimate the quality of the new formula, it is also tested against 100 random
EHL simulations. The test parameters were obtained using a latin hypercube sampling algorithm. The tested parameter
range is M ∈ [0.5, 10000], L ∈ [0, 40] and D ∈ [1, 20]. The fluid properties, velocities and radii resulting in the
dimensionless parametersM , L andD were modified for the training simulations. Due to the high computational cost
of EHL simulations, only 100 were performed for testing.
The average test error is 1.34 % and the maximum test error corresponds to 4.36 %. The fact that the test and training
error are almost identical is a clear indication that the number of training data points (2282) is sufficient and no over-
fitting occurs.
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Figure 11: Comparison of the new film thickness equation (eq. 23) against the film thickness formulas of Chittenden et
al. [12] and Nijenbanning et al.[11] for an ellipticity ratio of D = 2.
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Figure 12: Comparison of the new film thickness equation (eq. 23) against the film thickness formulas of Chittenden et
al. [12] and Nijenbanning et al.[11] for an ellipticity ratio of D = 5.
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The range of tested ellipticity values (D ∈ [1, 20]) extended the training range (D ∈ [1, 10]). The average test error
for simulations with D > 10 was 2.54 % (max. 3.98 %). This shows that the quality of the newly derived formula
declines when being extrapolated to even more slender contacts. However, it can still predict the film thickness solidly.
Extrapolation of M and L was not tested, since convergence would have been critical, especially for more extreme
values ofM .
The superior quality of the new film thickness formula in comparison to the approaches of Chittenden [12] and Ni-
jenbanning [11] can also be seen in fig. 11 and fig. 12. It must be emphasised that the shown EHL simulation results
were not part of the training set of this study.

6. Conclusion
State-of-the-art analytical central film thickness equations were benchmarked for elliptic contacts with entrainment

along the major axis of the contact ellipse (slender contacts) against multi-level EHL simulations. The results show
an unambiguous necessity for an improved analytical formula with validity over a great parameter domain.
Therefore, a new analytical central film thickness formula for slender elliptic contacts was developed. Asymptotic
solutions for each lubrication regime are the basis of the film thickness equation. The main advantages of the new
formula are

• large number of training data (2282 simulations)
• wide range of ellipticity ratios (D ∈ [1, 10]) has been adopted
• no limitation on L andM parameter domain by incorporation of asymptotic solutions
• agreement with EHL simulations (avg. test error of 1.34 %)
• improved prediction quality compared to literature film thickness equations [11, 22]
• first formula to incorporate the effect of rising film thickness with increasing load
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