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Non-orthogonal elastoplastic model for sand with dilatancy

Jingyu Liang!, Dechun Lu>*, Xiuli Du?, Wei Wu?, Chao Ma’

ABSTRACT: A non-orthogonal elastoplastic constitutive model for the sand with dilatancy is presented
in the characteristic stress space. Dilatancy of sand is represented by the direction of plastic flow, which
can be directly determined by applying the non-orthogonal plastic flow rule to an improved elliptic yield
function. A new hardening parameter is developed to describe the contractive and dilative volume change
during the shear process, which is coordinated with the non-orthogonal plastic flow direction. The
combination of the non-orthogonal plastic flow rule and the proposed hardening parameter renders the
proposed model with the ability to reasonably describe the stress-strain relationship of sand with
dilatancy. The model performance is evaluated by comparing with the experimental data of sand under
triaxial conditions.
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1 Introduction

Dilatancy refers to the volume change observed in granular materials during shear
deformations !/, Tt is an essential property of sand. Loose sand tends to show negative dilatancy
of volumetric contraction, while dense sand undergoes positive dilatancy '* °l. One of the
fundamental issues in modelling the mechanical behaviour of sand is to describe the dilatancy by
the ratio of the plastic volumetric strain increment to the plastic shear strain increment [* 7). The
ratio can be expressed by the direction of the plastic flow [*“). Since the axis of the plastic strain
increment is assumed to be coaxial with that of stress, the plastic flow direction can be determined
by the plastic flow rule in the stress space |'*'*l. The direction of the plastic strain increment is
usually determined based on the orthogonal gradient of the plastic potential function. Obviously,
this makes the plastic flow direction and its evolution rule inseparable from the plastic potential
surface. However, an appropriate plastic potential function is difficult to be directly constructed
based on experimental data, and some additional parameters may be required """l In fact, the
purpose of constructing the plastic potential function is to produce the proper plastic flow direction.
As an alternative, the plastic flow direction can also be directly achieved by applying the non-

18-201 The non-orthogonal plastic flow rule has

orthogonal plastic flow rule to the yield function !
been used to model the dilatancy behaviours of soil under triaxial compression conditions ?*-23],
However, for three-dimensional (3D) stress conditions, the non-orthogonal plastic flow rule has not
been well applied to simulate positive dilatancy ['”). How to use the non-orthogonal plastic flow rule
to describe the negative/positive dilatancy of sand under 3D stress conditions and then establish a
3D non-orthogonal model for sand is worthy of further study.

Although the non-orthogonal plastic flow direction can be used to represent the stress-dilatancy
relationship for sand, it does not mean that the shear responses of the sand with dilatancy have been
totally captured. A proper hardening parameter is still needed in describing the contractive-dilative
behaviour of sand. If hardening rule stems only from volume change, just as the models for normally

2124261 once the critical state of zero incremental dilation is reached, the ultimate

consolidated clay !
plastic deformation occurs and hardening stops ['’). Obviously, the plastic volumetric strain is not
suitable for direct use as a hardening parameter to predict the dilative behaviour of sand. Therefore,

the hardening parameter should be reconstructed. Several hardening parameters and hardening

modulus have been proposed and used for modelling dilatancy behaviours of sand that is related to
2
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#4351 However, they are

density and stress state ?/~*"/, anisotropy *'**! and even fabric evolution |
all formulated based on orthogonal plastic flow conditions. As a key point to reflect the dilatancy of
sand, an appropriate hardening parameter should be coordinated with the plastic flow direction. That
is, the hardening parameters derived for the orthogonal plastic flow rule cannot be directly
introduced into a non-orthogonal model. Therefore, a hardening parameter should be reconstructed
to match up with the non-orthogonal plastic flow direction.

In this paper, the non-orthogonal plastic flow rule is applied to capture the dilatancy behaviour
of sand. The plastic flow direction under 3D stress conditions is directly determined by applying the
non-orthogonal plastic flow rule to the elliptic yield function in the characteristic stress space.
Furthermore, a hardening parameter for sand with dilatancy is constructed to match up with the non-
orthogonal plastic flow direction. The capability of the proposed 3D model in modelling the shear
response of sand with the negative and positive dilatancy is verified by predicting test results of
sand.

2 Framework of 3D non-orthogonal elastoplastic model in the c; space

Based on the elastoplastic theory, the total strain ¢; and its increment de;; can be decomposed

into the reversible elastic strain component and the irreversible plastic strain component:

— ¢ p
& =& +&p,

— € p
de, =de; +de} (1)
For the plastic strain increment, the non-orthogonal plastic flow rule proposed by Lu e7 a/. %

7 is adopted and can be expressed as:

U
de = A-m = A2 P

2
y g 5Sk/’ agjj ( )

where A is the plastic multiplier, and m;; (7, j=1, 2, 3) is the plastic flow direction. Si (k, /=1, 2, 3) is
stress invariant that constructs the yield function and is associated with ¢;. The non-orthogonal
plastic flow rule is illustrated in Fig. 1: first determine the non-orthogonal gradient o f / oS, of
the yield function by the fractional derivative in the Sy coordinate system, and then transform the
non-orthogonal gradient in the Sy coordinate system to the g;; coordinate system by the coordinate

transformation OS,, / 00, . The non-orthogonal plastic flow rule in tensor form is the kernel for

determining the general expression of plastic strain increment, which is essential for the model

26, 38,39

implementation | I. The plastic flow direction m;; is non-orthogonal to the yield surface, which

3
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can also degenerate into the normal direction n; when p=1.

o, Yield surface:f[SA, (a,j )}

Fig. 1 Schematic diagram of the non-orthogonal plastic flow rule.
In order to make the proposed non-orthogonal model be born with the potential to reflect the

9-401. More details on

3D properties of soil, the concept of the characteristic stress ¢;; is introduced '
the definition of the ¢; and the corresponding variables are provided in Appendix A. The general

form of the yield function in the ¢;; space can thus be expressed as:

f=FfleH(s)]=0 3)
where H is the hardening parameter indicating the hardening degree of soil due to the occurrence of
plastic strain &° (7, s=1, 2, 3). In view of the superior abilities of ¢; in reflecting 3D properties of

soil only through two characteristic stress invariants ¢, and ¢, ['”), the yield function can be written

as:
f=f[cn,cs,H(g;;)]=o @)
where ¢, and ¢ are the mean characteristic principal stress and the characteristic shear stress,
respectively.
By applying the non-orthogonal plastic flow rule in Eq. (2) to the yield function in Eq. (4),
the plastic flow direction m;; in tensor form can be derived in the ¢; space:

_ S %e, O Ge,

' oc) dc, oc!' oc,

®)

The plastic multiplier A can be determined by the consistency condition, which is the total

differential of the yield function /=0 in the ¢; space:
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y
acl.j

ia—Hdgp =0 (6)

df = >
y OH og" "

Where ¢° is the plastic strain used for constructing the hardening parameter /1. By substituting

de’ =A-m, fromEq. (2) into Eq. (6), A can thus be expressed as:

idci,
oc, '
T oH )
oH oe? e

A=

By substituting the plastic flow direction m;; in Eq. (5) and the plastic multiplier A in Eq. (7)

into Eq. (2), the plastic strain increment in the tensor form can be written as:

Ty
o (e, s
of oH dcy oc; oc!' dc,
OH o7 ™

P _ . = —
dgij =A m, =

®)

For the elastic strain increment in Eq. (1), we can make use of the elastic theory, e.g. Hooke's

law:

. 1+v 14
d&'[j szaﬁ _Edgkké‘i/ (9)

where v is the Poisson’s ratio. £ is the Young’s modulus, which can be obtained from the e-Inp

relationship of the swelling line under the isotropic compression conditions:

E=3(1-2) "%, (10)
K

where « is the swelling index, and ey is the initial void ratio at p=po.

Finally, by substituting Egs. (9) and (8) into Eq. (1), the total strain increment is thus
determined within the framework of the 3D non-orthogonal elastoplastic model.
3 Formulation of 3D non-orthogonal model

Within the framework of the non-orthogonal plastic theory, the yield function plays the key
role in determining A and mj;. In this paper, the improved elliptic yield function in the c; space is

adopted.
f=c:+N2(c§—cmcn)=0 (11)

where N is the ratio of the vertical axis to the horizontal axis of the elliptic yield curve as shown in
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Fig. 2, which can be determined by the method in Section 3.4 based on the phase transition stress
ratio F. The equivalent characteristic consolidation pressure cx, is the intersection of f with the mean
stress axis and defines the position of the yield surface, which can be expressed by the current stress

state as follows:

2 2 2
c. :% (12)
N'c,
o |
ki
Yield curve f(c;)
’ F
1.7 !
N2~
0 cﬂ.\'/z Cﬂ.‘( ;n

Fig. 2 Yield curve in the characteristic stress space.

Note that our yield function can also reduce to the yield function of the modified Cam-clay
model °) when =1 and N=M. As shown by Lu e7 a/. '], the axisymmetric ellipsoidal yield surface
in the ¢;; space corresponds to a smooth and convex triaxial symmetric yield surface in the o space.
That is, in the gy space, the asymmetric curve with respect to the p-axis in the meridian plane and
the curved triangle in the deviatoric plane can both be directly described by the simple expression
in the ¢;; space (i.e., Eq. (11)). Therefore, the 8 effect and stress-induced anisotropy of geomaterials
can be reasonably captured by the yield function.

3.1 3D non-orthogonal plastic flow direction

In this paper, the non-orthogonal plastic flow direction is expressed based on the Caputo
fractional derivative operator. The specific expressions and properties of the Caputo fractional
derivative operator involved in this paper are provided in Appendix B.

By applying the non-orthogonal plastic flow rule in Eq. (2) to the yield function in Eq. (11),
and further incorporating Eq. (12) and the recursive properties of the Gamma function
[(x+1)=x-T'(x), the non-orthogonal gradient m =(mn, ms) of the yield function can be expressed as:
o)A 20

F@3-p)e  T(3-p)

6

m =

(13)
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Furthermore, by combining Eq. (13) with the coordinate transformation coefficient dcn/Oc;=0d;/3

and Ocy/Oc;7=3/2+(c;j—cndjj)/cs, the plastic flow direction tensor m;; can thus be obtained:

_ uNZCj +(,u—2)cs2 §+ 2052711 3(%- —cnéy.) 14
3

TG0 FG-p) 2
3.1.1 Plastic flow direction in the c;j space

The evolution of the plastic flow direction with the expansion of the yield surface will be
illustrated, and its capability to model the dilatancy of sand will be explored as follows. To gain
perspectives, let us consider the following material parameters for demonstration purpose: M=0.95,
M=1.65 and f=0.4, which are typical for dense sand. Therefore, the phase transition stress ratio
F=0.366 and the failure stress ratio Fr=0.664 are correspondingly obtained based on expressions
listed in Tab. A-1 (see Appendix A), and N=0.62 and ¢=0.52 can be determined by the method in
Section 3.4. Typical stress paths under true triaxial conditions under p=196kPa at different stress
Lode angles 6 (6=0°, 15°, 30°, 45° and 60°) are used for illustrating the variation rule of the plastic
flow direction.

The simple expression of the yield function makes the yield surface in a simple ellipsoidal
shape in the ¢; space, and the ellipsoidal yield surface expands only when the size changes without
changing shape, as shown in Fig. 3. The elliptic yield curve in the meridian plane and the circular
yield curve in the deviatoric plane are shown in Fig. 4(a) and (b), respectively. With the expansion
of the ellipsoidal yield surface, the plastic flow directions for #=0.52 and x=1.00 correspondingly
change, as shown in Fig. 3 and Fig. 4. The plastic flow direction non-orthogonal to the yield surface
when £=0.52 is represented by the red arrow, and the plastic flow direction orthogonal to the yield
surface when ©=1.00 is represented by the black arrow. As the shear stress increases in the meridian
plane, the non-orthogonal plastic flow direction shown in Fig. 4(a) changes from horizontal to the
right at y=0 to vertically upward at y=F for describing the negative dilatancy, and finally turns to
the direction pointing to the left until y reaches Fr for capturing the positive dilatancy. As for the
plastic flow direction in the deviatoric plane, it is independent of the fractional-order u, since no
variable associated with the stress Lode angle contains in the yield function. That is, the plastic flow
directions in the deviatoric plane for ©=0.52 coincide with the plastic flow directions for g=1. Here,
the coincident plastic flow directions are represented by the red arrows, as shown in Fig. 4(b). The

plastic flow direction in the deviatoric plane is the radial direction along the current characteristic
7
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stress Lode angle 65 defined in Tab. A-1 (see Appendix A). The Gs-values on the stress paths under
the condition that =0° and 60° are constant, while 6p-values on the characteristic stress paths at
6=15°, 30° and 45° are changeable and increase with increasing shear stress. Therefore, the plastic

flow directions along the radial direction change with 6s-values accordingly, as shown in Fig. 4(b).

c A

Fig. 3 Evolution of the non-orthogonal plastic flow direction with the expanding yield surface in the ¢;

space.
10 T T " T T
Plastic flow direction g
- = ] c,
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5L — = #7Uos o N | o
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Fig. 4 Yield curve and non-orthogonal plastic flow direction in (a) the meridian plane of the ¢;; space
and (b) the deviatoric plane of the c; space.
3.1.2 Plastic flow direction in the ojj space
The expansion of the ellipsoidal yield surface in the ¢; space corresponds to the evolution of

the yield surface in the o space, as shown in Fig. 5. The plastic flow direction determined in the ¢;
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space is applied to the corresponding stress state point on the yield surface in the o; space.
Corresponding to the expansion of the elliptic yield curve shown in Fig. 4(a), the evolution of the
unsymmetrical yield curves in the meridian plane of the g space is shown in Fig. 6(a). As the shear
stress increases along the stress path under triaxial compression conditions with a constant p, the
plastic flow direction in Fig. 6(a) changes in the same way as that in Fig. 4(a). It changes from
horizontal at stress ratio #=0 to vertically upward at =M and finally turns to the direction pointing
to the left until # reaches Mr for capturing the dilatancy behaviour from negative to positive. In the
deviatoric plane of the o;; space, the yield curve tends to change from an approximate circle to a
curved triangle with the increase of #, and the plastic flow directions at different 6-values
correspondingly change, as shown in Fig. 6(b). The plastic flow directions at #=0° and 60° coincide
with the radial directions, while the plastic flow directions at 8=15°, 30° and 45° deviate leftward
from the radial direction, and the degree of the deviation increases with the increase of 7. This means
the stress-induced anisotropy associated with the yield behaviour and plastic flow direction is

reflected.
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Fig. 5 Evolution of the yield surface and the non-orthogonal plastic flow direction in the o;; space.
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Fig. 6 Yield curve and non-orthogonal plastic flow direction in (a) the meridian plane of the g; space
and (b) the deviatoric plane of the o;; space.

The above analysis illustrates that the non-orthogonal plastic flow rule ['”! and the characteristic
stress [*Y) are complementary in capturing soil behaviours under 3D stress conditions. The non-
orthogonal plastic flow rule makes the plastic flow direction suitable for capturing the dilatancy of
sand from negative to positive, while the characteristic stress extends the ability to capture dilatancy
to 3D stress conditions. The combination of these two concepts gives rise to a new approach to
capture the plastic flow direction for the sand under 3D stress conditions.

3.2 Hardening parameter for sand with dilatancy

Hardening parameter is an internal variable reflecting the hardening behaviours during the
loading process. It is closely related to the determination of the plastic multiplier A in Eq. (7). In
order to incorporate the dilatancy of sand from negative to positive into a non-orthogonal model,
the hardening parameter should be formulated to be coordinated with the plastic flow direction.
During the construction process, the hardening parameter should also be independent of the stress
path [¥- 2?1, Obviously, the plastic volumetric strain as a hardening parameter is effective for normally
consolidated clay. However, it is not suitable for describing initial negative and subsequent positive
dilatancy of sand. By referring to the method proposed by Yao e al. I, a stress-path-dependency
factor Q is introduced and combined with the volumetric strain to construct the hardening parameter

H, which aims to make H stress-path-independent and capable of capturing the dilatancy of sand.

10
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H= j Qde? (15)
For normally consolidated clay, & is used as the hardening parameter, so Q=1 is obtained.

The relationship &) =/ Inc, /c, can be derived based on the linear relationship between e and

In(cn) under isotropic compression conditions 'V, where L=(A—x)/[f:(1+eo)], and A is the

compression index. Therefore, the equivalent characteristic consolidation pressure can be expressed
as ¢, =c, exp(gf / L ) . For sand, H in Eq. (15) is adopted to replace &, cnx can thus be expressed

as:

€. =Cpyp exp[lﬁj =c,, eXp Ll J. ngfJ (16)
p

P
The partial derivative of the yield function f'with respect to &’ is required for determining A in Eq.
(7) and can be obtained based on Egs. (11) and (16):

I I % Qg (17)
og?  oc,, oOsb /

P

In addition, the following differential equation is also needed and can be derived from Eq. (11):

idc,j =N’ (2c, —cm)dcn +2¢,dc, (18)

8cl.j

By substituting Egs. (17) and (18) together with Eq. (12) into Eq. (7), the specific expression of

A 1s obtained:

l (Nch —csz)dcn +2¢,c,dc,
A=

=L
Q ¢ (cs2 +Nzc§)m (19

By substituting A in Eq. (19) and (mn, ms) in Eq. (13) into Eq. (8), together with the stress

ratio y =cu/cs, the plastic volumetric strain and the plastic shear strain can be expressed as:

A :ll(Nz—;(z)dcn+2;(dcs
Y Qo (N
1 (N* = )de, +2xd 2 20
der = Aom = 2" )de, +2xdc, 22;( 2
Qo (+N) uN -(2-p)x

The two stress paths shown in Fig. 7, include the constant mean characteristic principal stress

path 4B and the isotropic compression stress path 4C, are used to derive the stress-path-dependent

11
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factor Q and an explicit expression of H.
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‘\) F
B

fo

0 A C c

Fig. 7 Stress paths for deriving the hardening parameter H.

3.2.1 Constant mean characteristic principal stress path AB (dc,=0)
Along the stress path 4B, dc,=0 and c, is a constant. Therefore, de” in Eq. (20) can be
simplified as:

4] > *d
dg;’—l ok X (21)

_5(;(2 +N2)[;1N2 —(2—/1);(2]

For the normally consolidated clay, Q=1. def is expressed as:

4y *d
del =7——— 24 . i . (22)
(N +x )[yN —(2—/1);( ]
Similar to Eq. (22), the expression of dg” for sand can be assumed as:
4l yd
X4 (23)

de? =
SN )N - (- ) 2]

Here, p is an undetermined coefficient that reflects the ratio of the magnitude of deP between clay

and sand along the stress path AB. N in Eq. (22) is changed to Ny that related to the failure stress
ratio Fr of sand. In fact, Fr is not constant in describing the shearing process with some complex

behaviours, but for the sake of simplicity, it is assumed to be a constant. When sand reaches its

failure state at y=F7, the expression of deg” in Eq. (23) approaches infinity, which is similar to Eq.
(22) for clay. Thus, N, =F;\2/u—1 can be obtained.
Furthermore, by combining Eq. (21) with Eq. (23), the stress-path-dependent factor Q is

12
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derived and can be expressed as:

Qzl(Z—u)EFf o )[(22—#)1*} i ] o
P u(N+ ) uN* = (2-u) 2]
Substituting Eq. (24) into Eq. (15) yields:
szi(z—ﬂ)EFf —212)[(22—#)1%2 +;2z;(2]d85 05)
pou(N+ ) N (2= ) 7]

3.2.2 Isotropic compression stress path AC (dcs=0)
Under isotropic compression conditions (des=0), y is equal to 0. Eq. (25) can thus be simplified

as follows:

— 2 4
szl%gg (26)
p KN

Along stress path AC, only the plastic volumetric strain &’ occurs for sand. That is, H = _[ de?

can be used to depict the hardening rule of sand under isotropic compression conditions. The

expression of p can thus be derived by combining H = Idef with Eq. (26).

1wV 27)
po(2-u)F

By substituting Eq. (27) into Eq. (24), the stress-path-dependent factor Q2 can be expressed as:

Nt (B2 R ]
Q_(z_ﬂ)ﬂ4 (N2+;(2)[ﬂ]\l2_(2_#)12] (28)

Finally, the new hardening parameter is obtained by substituting Eq. (28) into Eq. (15) and can be

expressed as follows:

o ()G ]
2-w)E (N + ) uN* =(2-u) 2]

de? (29)

With the proposed hardening parameter H, the negative and positive dilatancy behaviours of
sand can be described. Typical results of sand behaviours under triaxial compression conditions
under p=constant are illustrated by the schematic diagram shown in Fig. 8(a), which is arranged in

terms of the stress ratio #=¢/p and the volumetric strain &, vs. the shear strain &s. Since p=constant,

€;=0 and ¢, =¢} are obtained. The negative and positive dilatancy can be explained and

indicated by the following equation derived from Eq. (29). Moreover, corresponding to Fig. 8(a),
13
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the following conclusions listed in Tab. 1 can be drawn from Eq. (30) based on the non-negative

dH.
o L Qo E (N2 )N -2 ] (30)
v ,uN4 (F}Z—ZZ)[(z—#)F?*',UZZ]
Tab. | Variation rule of de! with the increase of stress ratio 7

Stress state Characteristic stress state dH del Current condition
n=0 x=0 dH=deP  ded>0 Isotropic compression

O<y<M O<y<F dH>0 del>0 Negative dilatancy
n=M x=F dH>0 del=0 Phase transition state

M<n=My F<¢<F dH>0 del<0 Positive dilatancy

By adopting H with the properties indicated above, the shear responses transiting from
contraction to dilation are captured. When M=M, F=F can be obtained, /7 will degenerate to &7,

only negative dilatancy will be described, as shown in Fig. 8(b). For the condition that f=1, ¢;
becomes g, F=M and F=M; are obtained. When N=M, u=1 can be derived, so H can degenerate

to the hardening parameter proposed by Yao er al. 1%,

na ni
Failure stress condition ] - ]_V_[ ) _:__]_V_[_ £ _likzl}}lf? _S_tl_’?S_S_ _COndltlon
Transition state
condition
; /\/ - 0 -
0 N — é, - .
’ Negative dilatancy
Negative Positive
dilatancy dilatancy
v " gv ‘
(a) (b)

Fig. 8 Stress-strain relationship of soil with: (a) negative and positive dilatancy; and (b) negative

dilatancy.

14
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3.2.3 Stress-path-independency of the hardening parameter

The stress-path-independence of the hardening parameter H can be interpreted the change of
H along different paths, as shown in Fig. 9 and Fig. 10. The yield curve passes through the stress
state point Ao(cnvo, 0) which is the only intersection point of the yield surface fy and the cp-axis.
According to Eq. (16), the unique intersection point corresponds to a unique value of Hy. That is,
the yield surface fj is actually an equivalent surface of Ho. As the loading continues along different
paths to points By, Ci and D; that are all on the yield surface fi as shown in Fig. 9(a), the yield surface
gradually expands, and the intersection moves along the cq-axis to the point A1 (cnx1, 0). Accordingly,
the value of the hardening parameter changes to Hi, which is equivalent for any stress state on fi.
Therefore, the difference AH=H\-H, can be calculated and is independent on the stress path. This is
exactly the basic properties that hardening parameters need to satisfy. The corresponding yield
surface and stress paths in the g; space are shown in Fig. 9(b). Fig. 10 shows that, as the sand is
loaded along different stress paths from fj to f1, the value of the H changes from Hy to Hi. The results

of equal variation in A shown in Fig. 10 indicates that H is stress-path-independence.

(2) (b)

Fig. 9 Stress paths for verification of the stress-path-independence of H: (a) in the characteristic stress

space; (b) in the ordinary stress space.
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Fig. 10 Stress-path-independence of H.
3.3  Stress-strain relationship
With the newly derived stress-path-dependent factor Q, the explicit expression of the plastic

multiplier A can be obtained based on Eq. (19):

Aol (2-u)F (N2 +;(2)[yN2 —(Z—y)gZJ(Nzcﬁ —c:)dcn +2¢,c,dc,

PouNt (R @-u)Frur] e (N )m, D

By substituting Eqs. (14) and (31) into Eq. (2), the plastic strain increment is thus derived:

dgl}; = ZP

(2_ﬂ)f7f4 [ﬂNz —(2_%‘)1’2][(1\’2 —Zz)dc" +2;(ch] @+ 3}(1_#(%/% —51-,-) )
uN‘e,(F? = ) (2= ) F? + ] 3 uN -(2-u)y’

The expression of plastic strain increment is totally expressed by the characteristic stress, and thus
naturally, the f criterion is used as the shear failure condition of sand. When M=M, F=F can be
obtained, and Eq. (32) can thus be simplified to determine the plastic strain increment for the loose
sand with only negative dilatancy.

The total strain increment produced by the current stress increment can thus be obtained by Eq.
(1), where the elastic strain increment for sand is expressed by Eq. (9) and the plastic strain increment
is expressed by Eq. (32). The parameters involved in the non-orthogonal elastoplastic model can be
easily determined, which will be discussed in the following section.
3.4  Parameter calibration

There are seven independent material parameters in the proposed model, i.e., 4, x, v, @, ¢r,
and & All material parameters have clear physical meaning and can be easily determined by

conventional triaxial tests. The parameters A, ¥ and v are the same with the parameters of the
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modified Cam-clay model. The parameters ¢ and ¢r are the internal friction angles of the sand under
triaxial compression conditions at the phase transition state and the failure state, respectively. £ is
the characteristic stress index, which can be determined based on the expression of the characteristic
failure stress ratio Fr listed in Tab. A-1 (see Appendix A). Actually, Fr can be determined by
combining the internal friction angle ¢ at any intermediate principal stress coefficient b (b=(o>—

03)/(o1—03)) with f based on the expression of the f criterion in Eq. (39). Note the value of Fris

independent of b, i.e., F; | b= F | , » where the subscripts b1 and b are two different b-values. Based

on this, the parameter /f can be determined by ¢, and ¢, , which reflects the relative proportional

relationship of shear strength at different . In particular, ¢r at b1=0 and ¢ at bo=1 are used to

19.401 Parameter & is called the spacing

determine B-value based on the method proposed by Lu ez al. |
ratio [°'- 3%, Tt can also be used to describe the change of the void ratio AIT of sand between the initial
state and the phase transition state under triaxial compression conditions under p=const. The change
of the void ratio has been derived and expressed as AIT=(A—x)-In(px/pxo) *'!, where pyo and p, are the
equivalent mean principal stresses for the initial state and the phase transition state, respectively.
Here, p./px0=¢ is assumed, therefore, ¢ can be determined by {=exp[AlIl/(A—x)], and &=2 is a special
case derived from the modified Cam-clay model.

In addition, NV and y are two model parameters, which can both be easily determined based on
the above material parameters. Their determination is given below.

Since the equivalent mean principal stresses p.o and py are both defined for the isotropic
compression conditions, the equivalent mean characteristic principal stresses can be expressed as
o= pr(pxo/pry and cm= pre(po/pr)P. Therefore, based on &=p./px mentioned above, we can get
cm=&cmo. On the other hand, substituting the phase transition stress state (cnt, ¢st)= (Cnt, F-Cne) into

Eq. (12) yields:

2
- (;_ : 1] (33)

By combining cn=¢-cno with Eq. (33), N can be derived as:
N=F |——— (34)

where cn=(c11+2c31)/3, in which ci=pr*(o1/p:)’ and c3=p:-(o3/p:)’ can be obtained from Tab. A-1. o1

and o3 are the major and minor principal stresses at the phase transition state, which can be
17
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calculated from o1=pxo(1+2M/3) and o3=p~o(1—M/3), respectively. Therefore, parameter N can be

determined by the following equation:

N:F\/ (1+2M/3) +2(1-M/3)’ 35)
3¢7 —(1+2M/3)" —2(1-M/3)’

The shape of the yield surface is known when N is determined. Therefore, the expression of

plastic flow direction is obtained, and the stress-dilatancy ratio d can be correspondingly derived:

d_daf _ UN? —(2—-pu) 1°
== pa (36)
de 2y

N

When the phase transition state reaches, y reaches F, and d in Eq. (36) is equal to 0, then the

fractional-order u can be determined by the following equation:

2F?

= 37
N? +F? 37)

u

4 Model verification

The performance of the proposed model can be evaluated and verified by comparing model
prediction with test results of sand from literature. We consider the tests on saturated Toyoura sand
under conventional triaxial compression (g3=po, p=po and a1=pg) and extension (o3=po, p=po and
o1=po) conditions and true triaxial conditions (6=15°, 30° and 45°) [*°/, The mean diameter of sand
is 0.2mm, the uniformity coefficient is 1.3 and the specimens were prepared in medium dense with
an initial void ratio 0.68. The material parameters used for model prediction are listed in Tab. 2. The
corresponding model parameters N=0.439 and #=0.390 can thus be determined based on the
material parameters by the method mentioned in Section 3.4.

Tab. 2 Material parameters used for model prediction.

M(1+ep) x/(1+eo) 4 Q o B ¢

0.00403 0.00251 0.3 24.209° 40.475° 0.24 23

4.1.1 Toyoura sand under conventional triaxial conditions

Test data of saturated Toyoura sand under conventional triaxial compression (g3=po, p=po and
o1=po) and extension (g3=po, p=po and o1=po) conditions are digitized from [*! and indicated by open
circles, as shown in Fig. 11. As shown in Fig. 11(a) and (b), the negative dilatancy of sand is obvious,
since p increases under triaxial compression and extension conditions when o3=po. Less negative

dilatancy can be found in Fig. 11(c) and (d), since a constant p is applied. Moreover, due to the
18
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404
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408
409

410
411

decrease of p under triaxial compression and extension conditions when o1=po, the least negative
dilatancy is found in Fig. 11(e) and (f). The test results of Toyoura sand along six different stress
paths are predicted, as shown in Fig. 11(a)-(f). Due to the contributions of the non-orthogonal plastic
flow direction and the newly constructed H, different degrees of dilatancy from negative to positive
along six different stress paths are well predicted. Comparisons between the test results and the
prediction show that the relationship of &1 vs. g1/03 and €1 vs. a1/03 is also well captured by the
proposed model. On the other hand, benefit from the application of characteristic stress, the S
criterion is naturally used in the model, and thus the tendency that the shear strength of the sand

under extension conditions is greater than that under compression conditions can be well reflected.

S g
\g Compression | \G 1
0,=196 kPa
3 - 4 5 - _4
Extension
7,=196 kPa
Toyoura sand -2 Toyoura sand X H-2
. . ~
prediction prediction g
O test data O test data ]
&,/% e,/% e /%
| | | | 0 f ; % % f % 0
-4 -2 -4 -2 2 4
a) Compression when a3=py b) Extension when g3=pg
p 14 14
g g
\b— r Compression | \G 1
=196 kPa
5+ P 41-4 5 -4
00 Extension
o p=196 kPa
Toyoura sand 2 Toyoura sand X2
prediction prediction w”
O test data O test data
&/% &,/% &/%
—— 0 —— f 0
-4 -2 -4 -2 4
¢) Compression when p=py xtension when p=po
Comp hen p=p d) Ext hen p=p
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Fig. 11 Comparison between predicted and test results under conventional triaxial conditions.
4.1.2 Toyoura sand under true triaxial conditions

True triaxial drained tests under constant mean principal stress p=196kPa [*°) can be used to
demonstrate the capability of the 3D elastoplastic models for sand [** *!l. The values of 8 are 15°,
30° and 45°, respectively. Triaxial tests under p=196 when 6=0° (triaxial compression) and 60°
(triaxial extension) have been used to verify the proposed non-orthogonal model, as shown in Fig.
11(c) and (d). The capability of the proposed model in capturing the behaviour of sand under 3D
stress conditions can be verified by the predicting test results of sand, as shown in Fig. 12(a)-(c).
The comparisons are arrange in terms of the relation among the principal stress ratio oi/o3,
volumetric strain ¢y, and principal strains ¢; (i=1,2,3). In addition to well capture the volume change
from negative to positive under 3D stress conditions, it is also critical for a 3D model for sand to
reflect three-dimensional strength behaviour and the three-dimensional plastic flow direction. For
the strength property of sand under 3D stress conditions (6=0°, 15°, 35°, 45° and 60°), predictions
are in good agreement with the experiment results. Moreover, an appropriate description of the
plastic flow direction in the deviatoric plane, as illustrated in Section 3.1, provides the proposed
model with the ability to capture the relative relationship between different principal strains, as

shown in Fig. 12(a)-(c).
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2
435
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437 Fig. 12 Comparison between predicted and test results under true traixial conditions when p=py.
438 5  Conclusions
439 In this paper, a non-orthogonal elastoplastic model was proposed within the framework of the
440  non-orthogonal elastoplastic model. Dilatancy behaviours of sand from initial negative to
441  subsequent positive along different stress paths were well described. Only seven material parameters
442  with clear physical meanings are needed and can be easily determined by conventional triaxial tests.

21



443

444

445

446

447

448

449

450

451

452

453

454

455

456

457

458

459

460

461

462

463

464

465

466

467

468

469

470

Model performance and comparison with test results of sand show that the proposed model is
capable of capturing the salient behaviour of sand under 3D stress conditions. The key
characteristics are listed as follows:

1. The framework of the 3D non-orthogonal elastoplastic model was established by introducing
the characteristic stress, which makes the developed model be born with the potential to
capture 3D mechanical behaviour of soil.

2. The plastic flow direction for describing the dilatancy of sand was determined by the non-
orthogonal plastic flow rule. Moreover, the complementarity between the non-orthogonal
plastic flow rule and the characteristic stress in capturing the 3D plastic flow direction of sand
was illustrated.

3. Ahardening parameter was newly constructed for capturing the negative and positive dilatancy
of sand during the shearing process, which is coordinated with the non-orthogonal plastic flow
direction. In addition, its independency from the stress path was demonstrated.
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Appendix A Characteristic stress
The characteristic stress concept was proposed to establish a unified strength criterion

(simplified as B criterion) in a simple way [*’, and has been applied to develop 3D elastoplastic

model for soil [, The expression of the characteristic stress tensor can be written as:

B B B
=P [i] nf”ni-‘){ﬁJ nf”ni—“[ﬁJ nnf) (38)
' P, ' P, ' P, '

where ¢;; is the characteristic stress tensor whose principal directions coincide with those of the
ordinary stress tensor ;. And the expression of the characteristic principal stress ¢, = p,(o,/p, )"
can be obtained the based on Eq. (38). ox (k=1, 2, 3) is the principal stress. p; is the reference stress
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for dimensionless transformation, and p,=1kPa is commonly used. § is the characteristic stress index,

which is a non-dimensional material parameter that ranges from 0 to 1. ni(k) in Eq. (38) is the

corresponding directional cosine of the direction vector e® of the principal stress, that is, the
principal stress vector can be expressed as cre®. Therefore, the spectral decomposition of the

characteristic stress tensor can be illustrated by the schematic diagram shown in Fig. 13.
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Fig. 13 Spectral decomposition of the characteristic stress tensor.
Based on the friction rule on the octahedral plane under the action of the ¢;;, a nonlinear unified

B strength criterion [*°! was developed, which is used as the failure criterion in this paper:

SoF (39)
C

n

where Fris the characteristic failure stress ratio. The specific expressions of the characteristic stress
variables and parameters are listed in Tab. A-1, which are also compared with the ordinary stress.

Tab. A-1 Comparison between the ordinary stress and the characteristic stress.

Ordinary stress Characteristic stress
Stress tensor ojj cij
o B
Principal stress o, i=123 ¢, =p, (—’J , i=123
Py
Mean stress p=0i0; /3 cn=cij0;j /3
G 1 sh _ 3 1) S _ 3 0 o
eneral shear stress q= E(O'ij -p ij)(% -p z./.) c, = E(Cij —-c, ,.j)(cy. —-c, z’/‘)

3(o, - 3(c, -
Stress Lode angle 0 = arctan {M} 0, = arctan[M:l

0,-0,—0; =664
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Stress ratio n=qlp x=cslcn

Phase transition stress

M- 6sir.1(p Feo3 (1+?in¢lﬂ_(1—sifl¢)ﬁﬂ
ratio 3—sing (I+singp)” +2(1-sing)
6sin g, (1+sineg, )ﬂ —(1-sing, )'B
Failure stress ratio M; = — F, =3 5 5
3—sing; (I+sing, )" +2(1-sing;)

Appendix B Specific expressions of fractional derivative
The specific expressions of the Caputo fractional derivative of a power function x” is given and
expressed as:

o' () _T(n+1)x"
o _F(n+1—,u)

\ Dl (x") (40)

where | D“ means the Caputo derivative of order u. 0 is chosen as the starting point and x is the
terminal point in the operator. I'(-) indicates the Gamma function and its expression is

F(z) :IOw e "r7"'dr , which satisfies the recursive relation, i.e., [(x+1)=x-I'(x). In addition, it is

worth to note that ,D” (C ) =0, where C is a constant. The linear relationship of the Caputo

fractional derivatives is also necessary and can be expressed as:

D[4S () + 4,1, (x)]= 4+, DL, (x)+ 4y DL () 1)
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