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A B S T R A C T   

Resins as matrix materials for structural composites show nonlinear rate-dependent mechanical behaviors. In the 
present work, a new viscoplastic constitutive equation based on a potential function is proposed to predict the 
mechanical response of an epoxy matrix to any three-dimensional loading condition. The proposed potential 
function is a combination of the second and third invariants of the deviatoric stress tensor as well as the first 
invariant of the stress tensor, i.e. the hydrostatic stress. Series of tensile and shear constant-rate straining tests 
were performed on epoxy resin specimens up to the fracture. Under shear loading, the nonlinearity of the stress- 
strain curve and the rate dependency of the initial modulus and strength are more significant than that under 
tensile loading. The viscoplastic model parameters are derived from the experimental data, and the fracture 
patterns of the specimens under tensile and shear loadings are studied. Further, the model predictions are 
compared with a known rate-dependent model to show the accuracy of the presented model.   

1. Introduction 

Thermosetting resin based fiber-reinforced composites are structural 
materials used in many applications subjected to different loading 
conditions. Dynamic loading conditions from very low to very high 
loading rates, may introduce different responses by the polymeric 
composite material. The mechanical response of a composite material is 
governed by the mechanical behaviors of its constituents including the 
reinforcing fibers and the thermosetting resin matrix. Structural syn
thetic fibers mostly behave nearly elastic and according to the fiber type, 
may negligibly depend on the loading rate. However, the significant 
rate-dependent plastic mechanical behavior of the resin matrix causes 
the substantial viscoplastic behavior of the composite material. 

Experimental rate-dependent characterizations on various types of 
fiber-reinforced resins are reported in the literature. Straining rates from 
quasi-static about 10� 4 1/s to very high rates about 100 1/s have been 
considered for material characterization. Carbon/epoxy composites 
behave linearly in the longitudinal direction and their initial modulus 
show almost no rate dependency [1]. On the other hand, although the 
longitudinal response of glass/epoxy unidirectional composites under 
different strain rates are linear [2,3], their modulus and strength were 
observed to increase by 8.5% [4] and 45% [5], respectively. In off-axis 
loading conditions, composites demonstrate more nonlinear and rate 

sensitive stiffness and strength [6,7]. 
The tensile strength and modulus of carbon/epoxy unidirectional 

plies in transverse direction show an increase of 17.8% and 12.5%, 
respectively, for increasing the strain rate from 1.04 � 10� 4 1/s to 100 
1/s [1]. Also for the same strain rates, a drastic increase of the shear 
strength and modulus to about 77.5% and 77.1% were reported for 
carbon/epoxy laminates [1]. Among off-axis angles, 45� condition 
manifested specifically higher degree of nonlinearity and rate de
pendency [2,3,8] due to the dominant resin nonlinear behavior. 
Experimental data for woven fabric composites [9,10] and off-axis 
loading conditions [11–13] confirmed significant nonlinear 
rate-dependency of the stiffness and strength. 

Experimental observations have proved the effects of strain rate on 
tensile and shear responses of epoxy polymer matrices. An increase of 
about 35% was observed for the ultimate tensile strength of an epoxy 
with increasing the strain rate from 10 1/s to 105 1/s [14]. Farrokh and 
Khan [15] investigated the rate dependency of the polymer Nylon 101 
subjected to tensile and torsional load conditions. They reported that the 
ultimate tensile and shear strength increase about 30% and 36% for the 
increase of the strain rate from 10� 5 to 1 1/s. The intrinsic effect of the 
hydrostatic stress on the plastic deformation of polymers was later on 
emphasized. Shin and Pae [16] investigated the effects of hydrostatic 
pressure on the shear behavior of an epoxy resin. Also, creep tests [17] 
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and DMA tests [18] have clearly showed the inherent time dependency 
of all mechanical properties of epoxy compounds. 

In order to determine the contribution of the polymeric matrix in the 
nonlinear behavior of the composite, several plastic rate-sensitive 
constitutive equations have been developed for polymers [19,20]. 
Early constitutive equations were based on the second invariant of the 
deviatoric stress to obtain the plastic deformation. Drucker and Prager 
[21] presented a yield function including the first invariant of stress in 
addition to the second invariant of deviatoric stress. In the literature, 
stress-based potential functions involving the hydrostatic stress and the 
second invariant of the deviatoric stress have been used to derive not 
only the plastic deformation [5,15] but also the viscoplastic deformation 
[22–24]. Werner et al. [19] modified the Drucker–Prager yield criterion 
to develop a strain-based potential function able to account for the sign 
of strain and the coupling of volumetric and deviatoric deformations. 
Goldberg and Stouffer [23] modified a viscoplastic model using a po
tential function to analyze the rate-dependent behavior of polymeric 
materials. 

According to the literature, the main reason for the nonlinear and 
rate-dependent behavior of a composite material is due to its polymeric 
matrix. In the present work, a new viscoplastic constitutive equation 
based on a potential function is proposed to predict the nonlinear 
response of an epoxy matrix to any three-dimensional loading condition. 
The proposed potential function is a combination of the second and third 
invariants of the deviatoric stress tensor as well as the first invariant of 
the stress tensor, i.e. the hydrostatic stress. Series of tensile and shear 
constant-rate straining tests were performed on the epoxy resin speci
mens up to the fracture. The viscoplastic model parameters are derived 
from the experimental data, and the fracture patterns of the specimens 
under tensile and shear loadings are studied. 

2. Constitutive equations 

One of the versatile methods to describe the viscoplastic behavior of 
polymeric matrices is the flow plasticity theory. In this theory, it is 
assumed that the total applied strain can be decomposed into an elastic 
and an inelastic part. The inelastic stains are supposed to be present from 
the beginning of loading at all stress levels, thus a definition for the yield 
surface to detect the onset of inelasticity is not required. In order to 
determine the inelastic part of strain, a flow rule is used. The flow rule 
relates the inelastic deformation and a potential function that describes 
the loading condition. The constitutive equation to describe the triaxial 
stress-strain relation is considered as [4,22]. 

fσg¼ ½C�
�
fεg � fεgI� (1)  

where ½C� is the stiffness matrix, and fεgI is the inelastic part of the total 
strain fεg. The rate of evolution of the inelastic strain is defined by a flow 
rule as in Eq. (2). The components of the inelastic strain rates are pro
portional to the derivative of a potential function f respect to the 
deviatoric stress components Sij. In Eq. (2), _λ is a positive scalar called 
the rate dependent hardening variable [3]. 

_εI
ij¼

_λ
∂f
∂Sij

(2) 

The plastic behavior of various materials have been introduced by 
using different descriptions for the potential function f . As reviewed 
above, a potential function in terms of the second invariant of deviatoric 
stress J2, to account for distortion, and the first invariant of stress I1, to 
account for hydrostatic stress, has been used in the literature [5, 
19and24]. In the present work, to include the effect of the load angle on 
the viscoplastic deformation, the third invariant of the deviatoric stress 
tensor J3 is added to the potential function as shown in Eq. (3), 

f ¼ J3=2
2 � C

�
J3þ I3

1

�
(3) 

It is evident that the dimension of the potential function f in the 
above equation is the cubic stress. C is a constant that must be deter
mined to preserve the convexity of the potential function under different 
loading conditions. The outward normal of the potential function rep
resents the direction of the inelastic strain increment vector. A convex 
potential function ensures the inelastic strain increment vector to 
remain outward. By substituting the potential function of Eq. (3) into Eq. 
(2), and taking the derivative respect to time, the inelastic strain rate _εI

ij 

becomes 

_εI
ij¼

_λ
�

3
2

Sij
ffiffiffiffiffi
J2
p
� C

�
t
0

ijþ 3I2
1δij

��

(4)  

where δij is the Kroneker delta and t0ij is the derivative of J3 with respect 
to the deviatoric stress components Sij as 

t
0

ij¼
∂J3

∂Sij
¼ SikSkj �

2
3
J2δij (5) 

To define the value of _λ, the principle of the equivalence of the in
elastic work rate is employed. Using Eq. (3) and Eq. (4), the inelastic 
work rate _WI can be expressed by the following relation [25], 

_WI
¼ σij _εI

ij¼ σij _λ
�

3
2
Sij

ffiffiffiffiffi
J2
p
� C

�
t0ijþ 3I2

1δij

��

¼ σe _εI
e (6) 

The effective stress σe and the effective inelastic strain rate _εI
e are 

defined using a uniaxial stress state in which the relation between the 
potential function and the effective stress is obtained using Eq. (3) as 
follows 

σe¼

�
27f

3
ffiffiffi
3
p
� 29C

�1=3

(7) 

By replacing σe from Eq. (7) into Eq. (6), the relation for _λ is resulted, 

_λ¼
_εI

effiffiffi
3
p

σ2
e

(8) 

In order to complete the above relation for _λ, the model developed by 
Bodner-Partom [26] is used for the effective inelastic strain rate in terms 
of σe, Z, a state variable, and D0 and n that are two material constants. 

_εI
e¼

2
ffiffiffi
3
p D0 exp

�

�
1
2

�
Z
σe

�2n�

(9) 

In the above model, n is a material constant that controls the rate 
dependency of the material, and D0 is a constant of 106. By combining 
Eqs. (9) and (8) into Eq. (4), the final form of the inelastic strain rate is 
determined to be 

_εI
ij¼

2D0

3σ2
e

exp
�

�
1
2

�
Z
σe

�2n��3
2
Sij

ffiffiffiffiffi
J2
p
� C

�
t0ijþ 3I2

1δij

��

(10)  

2.1. Determination of material constants 

The state variable Z is a load history dependent parameter that ex
presses the hardening behavior of the material having a minimum initial 
value of Z0 and a maximum value of Z1. The differential equation for the 
rate of evolution of the state variable Z is defined as below [27]. 

_Z¼ qðZ1 � ZÞ _eI
e (11)  

where q is a material constant that controls the hardening rate, and _eI
e is 

the effective deviatoric inelastic strain rate to be obtained from the 
deviatoric inelastic strain rate _eI

ij and the mean inelastic strain rate _εI
m 

[27]. 
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_eI
e¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2
3

_eI
ij _eI

ij

r

in which _eI
ij ¼ _εI

ij � _εI
m δij (12) 

In order to determine other material constants in Eq. (10) including 
Z0, Z1, n and q, a load case of shear stress is considered here for two 
reasons. First, the effects of hydrostatic stress are separated and second, 
polymers typically show more nonlinear responses under shear loading 
relative to normal loading. Under pure in-plane shear loading, Eq. (10) is 
simplified as follows 

2 _εI
12 ¼ _γI ¼

2
9

D0 exp

2

4 �
1
2

 �
3
ffiffiffi
3
p
� 29C

�1=3
Z

3τ

!2n3

5
�

3
ffiffiffi
3
p
� 29C

�2=3
(13) 

In a constant-rate shear test, the shear stress increases with the strain 
up to the saturation region where it approaches a plateau constant 
saturation shear stress τs, illustrated in Fig. 1(a) and (b). In the saturation 
region, the elastic strain remains constant and thus the inelastic strain 
rate is equal to the total applied shear strain rate _γ. Two types of shear 
stress-strain curve may be observed in practice, the saturation stress τs 

may be higher than, Fig. 1(a), or almost equal to the ultimate shear 
strength Ss, Fig. 1(b). By rearranging Eq. (13) and twice taking the 
natural logarithm of both sides, it leads to 

ln

"

� 2 ln

 
9 _γ

2
�
3
ffiffiffi
3
p
� 29C

�2=3
D0

!#

¼ 2n ln
h�

3
ffiffiffi
3
p
� 29C

�1=3
Z1

i
� 2n ln½3τs�

(14) 

The unknown material constants in Eq. (14) are found through some 
sets of shear stress-strain tests at different constant strain rates. In these 
tests, for each shear strain rate _γ applied to the specimen, the saturation 
stress τs is obtained and the data point of ðτs; _γÞ is used in a graph of Eq. 
(14) as shown in Fig. 1(c). By using a least square analysis, the slope �
2n and the intercept 2n ln½ð3

ffiffiffi
3
p
� 29CÞ1=3Z1� of the fitted line will be 

resulted. 
To specify the value of Z0, Eq. (13) is rearranged as follows 

Z0¼
3τn

�
3
ffiffiffi
3
p
� 29C

�1=3

"

� 2 ln

 
9 _γI

2
�
3
ffiffiffi
3
p
� 29C

�2=3
D0

!#1=2n

(15)  

where τn is the shear stress level at the point of deviation from linear 
extrapolation, illustrated in Fig. 1(a). At this point, the value of Z ap
proaches Z0 for which the value of the inelastic shear strain rate _γI is 
approximated as one hundredth of the applied shear strain rate _γ [23]. 
To specify the value of q in the case of pure shear condition, Eq. (11) is 
integrated between Z0 and Z1 to obtain q in terms of γI the inelastic shear 
strain. 

Z¼Z1 � ðZ � Z0Þexp
�
� q
ffiffiffi
3
p γI

�

(16) 

At saturation, the value of Z approaches Z1 and thus the exponential 
term must vanish. In order to avoid singularity, the following small 
value is approximated for the exponential term at the saturation in
elastic shear strain γI

s 

exp
�
� q
ffiffiffi
3
p γI

s

�

¼ 0:01 (17) 

Through the above relation, the value of q is obtained. The parameter 
C must be chosen from within an acceptable interval to preserve the 
convexity of the potential function. The potential function is convex if 
and only if its Hessian matrix H is positive semi-definite, or in other 
words if and only if all three fundamental invariants of its Hessian 
matrix are positive or zero. The Hessian matrix of the potential function 
has the following definition in which i; j ¼ 1;2; 3 and σi are the principal 
stresses. 

Hij¼
∂2f

∂σi∂σj
(18)  

2.2. Numerical solution 

Equation (10) is a nonlinear implicit differential equation between 

Fig. 1. Illustrations of (a) general shear stress-strain curve, (b) a special case for saturation stress, (c) correlation of material parameters.  
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the stress and strain components. This equation cannot be solved 
analytically to obtain an exact solution, but may be solved numerically. 
To preserve the stability of the differential equation solution, fourth- 
order Runge-Kutta method is used in this work. The incremental form 
of Eq. (10) is obtained by rearranging it as below for time step mþ 1 in 
terms of the previous time step m, 

ΔεI
ijmþ 1 ¼

2D0

3σe m
2 exp

�

�
1
2

�
Zm

σe m

�2n��3
2

Sij m

ffiffiffiffiffiffiffiffi
J2 m

p
� C

�
t
0

ij m þ 3I1 m
2δij
�
�

Δt (19) 

At the first time step, m ¼ 0, the value of Z is as Z0, and the values of 
σij are calculated at a very small initial strain in the order of 10� 5 mm/ 
mm as the starting value. In the next time steps, Z is independently 
calculated using Eq. (11), and the values of σe, Sij, t0ij, I1 and J2 are 
calculated from σij. The total strain is calculated from εij mþ1 ¼ εij m þ

_εij mþ1Δt where _εij mþ1 is the applied input strain rate. At any time step, 
all of the terms in Eq. (19) are calculated at four increments, and the 
results of each increment are used as the input for the next one which 
ensures the convergence. 

3. Materials and methods 

An industrial epoxy resin from Epolam was selected for the experi
mental part of this work consisting of resin, Epolam 2017, and hardener, 
Epolam 2018. The physical specifications of this room-temperature 
curing resin are detailed in Table 1. The mixture of the resin and 
hardener was degassed to minimize blending process air bubbles, and 
then cured at room temperature of 25 �C in two different size rectan
gular molds having a thickness of 5 mm, shown in Fig. 2(a). A group of 
70 � 75 mm almost square specimens was prepared for the shear tests, 
and a group of 35 � 250 mm rectangular specimens for the uniaxial 
tensile tests, see Fig. 2(b). 

3.1. Experimental set-up 

Tensile and shear tests were performed based on ASTM standards 
D3039 and D7078, respectively, using a universal testing machine. A 
pair of special fixtures was designed capable of being mounted in the 
hydraulic grips of the tension machine to apply in-plane shear defor
mation to the resin specimens, Fig. 3. The pair of fixtures is a newly 

Table 1 
Specifications of the epoxy resin.   

Mixing 
ratio (by 
weight) 

Density at 
25 �C (g/ 
cm3) 

Viscosity at 
25 �C (mPa. 
s) 

Pot life 
at 25 �C 
(min) 

Gelation 
time at 25 
�C (hr) 

Resin 100 1.17 2850 – – 
Hardener 30 0.96 10 160 6  

Fig. 2. (a) Metal rectangular molds, (b) epoxy resin specimens for tensile and shear tests.  

Fig. 3. (a)–(e) Fixtures newly designed for shear deformation tests, (f) fixtures in tension machine.  
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designed version of those presented in ASTM D7078 aimed to remove 
weaknesses of the previous version. Automatic certain alignment of the 
specimen and the simplicity of mounting into the testing machine grips 
are the advantages of the present design. 

A square resin specimen was installed into the pair of fixtures, and a 
constant-rate displacement up to 3240 mm/min was applied to the 
lower fixture, Fig. 3(f). In the present work, five different displacement 
rates were used for both tensile and shear tests from a quasi static 
displacement rate up to the maximum velocity limit of the testing ma
chine which were 2, 20, 200, 2000 and 3240 mm/min. Despite of the 
similar applied displacement rates in tension and shear rests, the rates of 
the normal and shear strains were not similar due to different di
mensions of the specimens. 

4. Results and discussion 

4.1. Experimental results 

The experimental part of this work is aimed to characterize the vis
coplastic properties as well as to verify the viscoplastic model for the 

resin behavior. 

4.1.1. Tensile stress-strain behavior 
The tension specimens having a gage length of 130 mm were tested 

under constant strain rates of 2.56 � 10� 4, 2.56 � 10� 3, 2.56 � 10� 2, 
2.56 � 10� 1 and 4.15 � 10� 1 1/s corresponding to the displacement 
rates of 2, 20, 200, 2000 and 3240 mm/min, respectively. Each constant- 
rate tensile strain test was carried out four times in order to investigate 
the repeatability of data. The experimental results for four tensile tests at 
2000 mm/min are presented in Fig. 4. It is observed that the tensile 
stress-strain curve of the resin has a slight curvature being repeated very 
well and ending with a sudden fracture. The strength at the breaking 
point has a reasonable scatter. It is known that the breaking point of the 
specimen depends on the size, position and distribution of microscopic 
initial cracks on the edges of the specimen. A similar scatter is also 
observed in the tensile tests performed at the other strain rates. Fig. 4 
shows that the initial tensile modulus has almost no scatter between the 
repetitions of the test, less than 0.5%, but for the tensile strength a 
maximum of 5% scatter is observed between the average and the highest 
and lowest experimental values. For the material characterization, the 
strength of specimens tested under identical strain rates were averaged 
to obtain the nominal strength in each strain rate. 

4.1.1.1. Tensile fracture behavior. The specimens tested at constant rates 
of 20 and 2000 mm/min are shown in Fig. 5(a) and (b) for instance. The 
fracture patterns show that the cracking starts and continues normal to 
the load direction within the gage length of the specimen. These are 
indications of the brittle behavior of the resin which is apparently sen
sitive to the normal stress component instead of the shear, and also 
sensitive to the average stress which is larger within the gauge length 
rather than in the grips. This observation also justifies the application of 
a rectangular shape for the specimens in this work according to ASTM 
D3039, instead of a dumbbell shape. In most of the specimens, the crack 
propagates with a deviation from the initial crack line. All stress com
ponents within the crack zone, especially the component parallel to the 
crack line called T-stress, significantly affect the direction of the crack 
propagation [28]. The initial crack growth normal to the load direction 
reduces the load-carrying part of the specimen cross section, which in
duces an eccentricity of the applied axial load, and thus a bending 
moment. Therefore, a combined bending and tensile loading mode, 
instead of a pure tensile, is expected by the increase of the initial crack 

Fig. 4. Tensile stress-strain curves at 2000 mm/min displacement rate.  

Fig. 5. Fracture patterns in tensile specimens tested at (a) 2.56 � 10� 3 1/s and (b) 2.56 � 10� 1 1/s.  
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length. 
Typically, a fracture criterion like maximum tangential strain [29] 

and minimum strain energy density [30], is used to explain the crack 
trajectory. In these criteria, the parameter that mostly provides a good 
prediction of the crack trajectory is T-stress. For any material, the value 
of T-stress changes from negative to positive value when there is a 
variation in loading mode and specimen geometry. When T-stress is less 
than its critical value, or the crack zone is small, the crack will propagate 

along its initial crack line. But afterwards, when T-stress surpasses its 
critical value or there is a large crack zone, the crack propagates out of 
its initial direction at an angle even up to 90� [29,30], see Fig. 5(a). 

4.1.1.2. Rate-dependency of the tensile stiffness and strength. A compar
ison between the experimental tensile stress-strain curves at various 
constant strain rates is presented in Fig. 6. It is observed that the stress- 
strain curve at any strain rate consists of a linear part followed by a 
slightly nonlinear part leading to a tensile strength. At higher strain 
rates, the specimens show less nonlinearity than that at lower strain 
rates, and the curve tends to a brittle-like straight line. It is noted that 
within the range of the strains applied to the specimens up to the 
breakage, less than 0.02 mm/mm, the difference of the true strain and 
engineering strain is not notable, and thus the curvature observed in 
these tests is not due to nonlinear geometry for large strains. On the 
other hand, the transverse strains are thus so small that the change in the 
cross section may be ignored. On this basis, the initial cross-sectional 
area of the specimen was used to calculate the axial engineering stress 
which is almost the same as true stress. This is the case not only for the 
tensile tests but also for the shear tests to be presented in the next 
sections. 

The tensile stress-strain curves at various strain rates are compared in 
two aspects, the rate-dependency of stiffness and the rate-dependency of 
strength. The overall slope of the stress-strain curve increases with the 
strain rate, so that the initial Young’s modulus increases by about 6.9% 
for the strain rates from 2.56 � 10� 4 to 4.15 � 10� 1 1/s. This is pre
sented in the graphs of Fig. 7 where both normal and logarithmic scales 
are used for the horizontal strain rate axis. Within about three decades of 

Fig. 6. Results of tensile tests performed at various constant strain rates.  

Fig. 7. Rate dependency of the initial Young’s modulus.  

Fig. 8. Rate dependency of the tensile strength.  
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the strain rate, which is the practical range for the tension machine, an 
increase of 6.9% for the modulus is significant. The increase of the 
modulus of the resin with stain rate is due to the viscoelastic behavior of 
the material. On the other hand, the tensile strength increases by about 
37.5% over the same range of the strain rate, see Fig. 8. This shows a 
substantial increase of the tensile strength of the resin with the increase 
of the strain rate. The experimental scatter of the strength is shown by 
error bars in Fig. 8. 

4.1.2. Shear stress-strain behavior 
The gage part of the shear test specimens having dimensions of 25 �

70 mm is shown in Fig. 9 as the middle unhatched one-third of the 
specimen which goes under pure shear loading. The shear strain was 
applied to the specimens at the constant rates of 1.33 � 10� 3, 1.33 �
10� 2, 1.33 � 10� 1, 1.33 and 2.16 1/s corresponding to the displacement 
rates of 2, 20, 200, 2000 and 3240 mm/min. Each constant-rate shear 
strain test was carried out three times. The experimental data for the 
shear tests at 2000 mm/min displacement rate are shown in Fig. 10. In 
comparison with the tensile tests, a significant nonlinear stress-strain 
behavior is observed for the resin under shear loading. The repeat
ability of the results is acceptable for shear tests at all strain rates. Fig. 10 
shows that the initial shear modulus has almost no scatter between the 
repetitions of the test, less than 1%, but for the shear strength a 
maximum of 6% scatter is observed between the average and the highest 
and lowest experimental values. 

4.1.2.1. Shear fracture behavior. Two samples of the specimens tested at 
200 and 2000 mm/min are shown in Fig. 11. In an effort to minimize the 
slippage of the specimen and the stress concentration, sandpaper tabs 
were used on the specimen sides in the fixtures. Oblique fracture pat
terns through the middle of these specimens show that the crack occurs 
in a plane 45� from the plane of the applied shear stress. Similar fracture 
patterns are observed in all specimens failed in the gage part. This is a 
basic indication of the brittle behavior of the resin whose atomic bonds 
may be broken under a normal tensile stress. Further, the final stepwise 
part of the stress-strain curves in Fig. 10 is due to the parallel multi- 
cracking of the specimens shown in Fig. 11. In addition, it is noticed 
that after initiation and growth of the cracks along 45� planes, the 
cracking stops at the fixtures and continues parallel to the fixtures. 

4.1.2.2. Rate-dependency of the shear stiffness and strength. The experi
mental data for shear stress-strain curves at different displacement rates 
are compared in Fig. 12. Under shear loading, the nonlinear rate- 
dependent response of the resin is significantly more evident than that 
under tensile loading, even at low strain rates. The nonlinear response 
starts at low strains of about 0.01 mm/mm, and grows with straining as 
well as with the strain rate. The stress-strain curves approach a plateau 
region in the final part of the shear tests before the breaking point. This 
implies that the saturation stress converges the shear strength of the 
material, as illustrated in Fig. 1(b). The rate dependency of the initial 
shear modulus is shown in the graphs of Fig. 13. The initial shear 
modulus increases about 12% over three decades of the shear strain rate 
from 1.33 � 10� 3 to 2.16 1/s. On the other hand, the shear strength also 
increases about 51.7% over the same decades of the strain rate shown in 
Fig. 14. In this figure, the experimental scatter of the strength is shown 

Fig. 9. Dimensions of a shear test specimen.  

Fig. 10. Shear stress-strain curves at 2000 mm/min displacement rate.  

Fig. 11. Fracture patterns in shear specimens tested at (a) 0.133 1/s and (b) 
1.33 1/s. 

Fig. 12. Results of simple shear tests performed at various constant strain rates.  
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by error bars. 

4.2. Material model characterization results 

In order to obtain the model constants, several material properties 
including nonlinear stress level τn, saturation stress τs and initial shear 
modulus are extracted from shear stress-strain curves at various strain 
rates summarized in Table 2. The parameters τs and _γ are used in Eq. (14) 
to draw the graph of Fig. 15 which results in n and Z1 through linear 
regression. It is found that the bounds on C to preserve the convexity of 
the potential function in Eq. (3), are ½ � 105;0:03� for uniaxial loading 
condition and ½ � 1:2;1:2� for shear loading condition. Here, a value of 
C ¼ � 1 is assumed in the model. On the other hand, τn, _γ and n are used 
in Eq. (15) to obtain Z0. Further, the initial modulus is used to estimate 
the unloading saturation inelastic shear strain γI

s to be used in Eq. (17) to 
obtain q. The results of the above calculations are presented in Table 3. 

The initial Young’s moduli are also extracted for tensile tests carried 
out at various strain rates and shown in Table 4. For higher strain rates, 

elastic moduli are obtained from a combination of shear tests and 

Fig. 13. Rate dependency of the initial shear modulus.  

Fig. 14. Rate dependency of the shear strength.  

Table 2 
Experimental results of simple shear tests.  

Shear strain rate, _γ[1/s]  Initial shear modulus [MPa] τn[MPa]  τs[MPa]  

0.001333 1259 14.0 32.2 
0.01333 1288 14.4 35.9 
0.1333 1315 15.6 41.6 
1.333 1389 17.0 47.7 
2.16 1411 21.0 48.8  

Fig. 15. Correlation of the model parameters to obtain n, Z1.  

Table 3 
Model parameters for the epoxy resin.  

D0[1/s]  Z0[MPa]  Z1[MPa]  n  q  C  

106 627.2 1105.2 0.52 80.1 � 1  
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extrapolations. On the basis of the initial Young’s and shear moduli at 
different strain rates presented in Tables 2 and 4, the Poisson’s ratio for 
the resin is obtained to be about 0.26 with a deviation of �0.08. 
Therefore, an assumption of constant Poisson’s ratio for the resin is 
justified. 

4.3. Model prediction results 

After completing the material characterization and obtaining all 
model constants as in Table 3, the present viscoplastic model is validated 
by predicting the responses of the resin to the tensile and shear loadings. 
For instance, constant-rate tensile and shear strains are applied in the 
incremental Eq. (19) and the stress is calculated. The model predictions 
are compared with the experimental data obtained in the present work 
shown in Figs. 16 and 17. The predicted results show a good agreement 
with the experimental tensile and shear responses for all strain rates 
considered. Specifically, the rate-dependent initial moduli and the ul
timate strengths for the tensile and shear tests are well predicted. The 
significant nonlinearity in the shear behavior, respect to the tensile 
behavior, is predicted very well at different strain rates. 

4.3.1. Effect of model parameter C 
To further investigate the effect of parameter C on the model pre

diction, a value of C ¼ 0 from within the acceptable convexity interval is 
considered in calculating the shear stress-strain curve at 1.33 1/s strain 
rate. Fig. 18 presents the experimental data compared with the model 
predictions using both C ¼ 0 and C ¼ � 1. As can be seen, when the 
parameter C vanishes in the stress calculations, the shear stress is 
significantly underestimated. Also the parameter C, in addition to pre
serve the convexity of the potential function, makes a good correlation 
between theoretical and experimental results. 

4.3.2. Comparison with Goldberg’s model 
One of the constitutive models to describe the rate-dependent me

chanical behavior of the polymers has been Goldberg’s model [23]. The 
potential function in Goldberg’s model is defined as in Eq. (20) which 
results in Eq. (21) for the inelastic strain components as follows 

f ¼ J1=2
2 þ α σkk (20)  

_εI
ij¼ 2D0 exp

�

�
1
2

�
Z
σe

�2n�� Sij

2
ffiffiffiffiffi
J2
p þ αδij

�

(21) 

In the above relations, all characters are as explained for the 
constitutive model in Section 2, and α is a state variable introduced in 
Goldberg’s model to account for the effect of the hydrostatic stress σkk 

[23]. In order to use this model to predict the behavior of our epoxy 
resin, the model constants are determined according to the procedure 
described in Ref. [23], see Table 5, where α0 and α1 are the minimum 
and maximum values of α. 

The predictions of Goldberg’s model and the present model are 
compared with the experimental data for tensile and shear loadings at 
various strain rates in Figs. 19 and 20. The resin behavior in tensile tests 
having a slight nonlinearity is well predicted by both constitutive 
models. However, the difference of Goldberg’s model with the experi
mental data increases significantly for the nonlinear shear stress-strain 
curves. If the shear stress-strain curve is divided into three regions of 
the initial linear elastic part, the nonlinear middle part and the final 
plateau at saturation stress, the largest deviation of Goldberg’s model 
occurs in the middle part of the curve. This is mainly due to the un
derestimation of the inelastic strain in Goldberg’s model which results in 
a linear behavior up to about the saturation stress. 

5. Conclusion 

In this work, a new viscoplastic model was developed to predict the 
nonlinear rate-dependent mechanical behavior of an epoxy resin. The 
presented model is based on a potential function that is made a com
bination of the second and third invariants of deviatoric stress tensor as 
well as the first invariant of stress tensor. A set of tensile and shear tests 
at various constant strain rates were performed to investigate the rate 
dependency of the resin and to derive the model parameters. Under 
shear loading, the nonlinearity of the stress-strain curve of the resin is 
significantly more evident than that under tensile loading, even at low 
strain rates. The initial modulus and strength of the resin increase with 
the strain rate both under tensile and shear loadings, however that is 
more significant under shear loading. Also, the fracture patterns for the 
tensile and shear specimens were studied. On the other hand, the 

Table 4 
Experimental results of tensile tests.  

Strain rate [1/s] Initial Young’s modulus [MPa] 

0.000256 3168 
0.00256 3200 
0.0256 3210 
0.256 3358 
0.415 3391  

Fig. 16. Present model predictions versus experimental tensile test results.  
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proposed viscoplastic model was successfully validated by predicting 
the responses of the resin to the tensile and shear loadings. Furthermore, 
by using our experimental data, it was shown that Goldberg’s model 
may predict the resin response with a significant difference. 

Data availability 

The raw data required to reproduce these findings cannot be shared 
at this time as the data also forms part of an ongoing study. The pro
cessed data required to reproduce these findings cannot be shared at this 
time as the data also forms part of an ongoing study. 
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the work reported in this paper. 

Fig. 17. Present model predictions versus experimental shear test results.  

Fig. 18. Effect of parameter C on the model prediction.  

Table 5 
Goldberg’s model constants for our resin.  

D0(1/s)  Z0(MPa)  Z1(MPa)  q  n  α0  α1  

106 1703.0 1988.8 110.0 0.53 � 0.135 0.0753  
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Fig. 19. Comparison of present model with Goldberg’s model predictions for tensile loading.  

Fig. 20. Comparison of present model with Goldberg’s model predictions for shear loading.  
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