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ABSTRACT

This work provides a historical perspective of the development of the theory of
deformable porous media, along with its finite element modeling and algorithms to
solve the resulting system of equations.

1 Introduction

The discovery of fundamental mechanical effects in saturated deformable porous solids, and the
formulation of the first porous media theories, are mainly due to two distinguished professors at
the Technische Hochschule of Vienna, namely Paul Fillunger and Karl von Terzaghi. [1] was the first
to state that the pore liquid pressure does not have any influence upon the strength of the porous
solid. Besides this comment, he remarked that the pore water pressure does not affect the material
behaviour of the porous solid at all. [2] started the development of the idea of ‘effective stress’
within the framework of the treatment of the consolidation problem for clay layers. According to [3],
the formalism of the idea of effective stress was finally given by [4]. The basic idea of the principle
of effective stress is that the ‘effective’ stress responsible for causing soil deformation is the excess
of the total stress over the pore fluid pressure. This implies that the linear momentum balance
for poroelasticity can be obtained by simply replacing the total stress in the linear momentum
balance for elasticity by the effective stress. In 1941, a Belgian physicist named Maurice Anthony
Biot extended Terzaghi’s one - dimensional theory to the three - dimensional case and further
introduced a parameter representative of the degree of saturation of the fluid inside the pores of
the solid (see [5]). He assumed the following properties of soils

• isotropy of the material,
• reversibility of stress-strain relations under final equilibrium conditions,
• linearity of stress-strain relations,
• small strains,
• the water contained in the pores is incompressible,
• the water may contain air bubbles,
• the water flows through the porous skeleton according to Darcy’s law

With E, G, ν representing the Young’s modulus, shear modulus, and Poisson’s ratio respectively,
θ the increment of water volume per unit volume of soil, σ the increment of water pressure, TS



A historical review of theory of deformable porous media, finite element modeling and solution
algorithms

the stress, and u the soil displacement, he introduced coefficients H , R and α and arrived at the
following relations

TS = 2G

(
EL +

ν

1− 2ν
(divu) I

)
− ασ I (1)

θ = α divu+ σ

(
1

R
− α

H

)
(2)

where EL is the well-known linearized Green strain tensor given by

EL =
1

2
(gradu+ (gradu)T )

The corresponding stresses must satisfy the equilibrium conditions of a stress field (inertia forces
and body forces are neglected):

divTS = 0 (3)

The relation (1) along with the conditions (3) result in

Gdiv gradu+ (λ+G) grad divu− α gradσ = 0 (4)

where λ ≡ Eν
(1+ν)(1−2ν) is a Lamé parameter. In order to have a complete set of equations for

determining u and σ, one more equation is necessary. This equation can be obtained by introducing
Darcy’s law governing the flow of water in a porous medium:

wF = −kF gradσ (5)

where wF represents the volume of water flowing per second and unit area through the faces of an
elementary cube and kF denotes the permeability coefficient of the soil. [6] observed in tests with
natural sand, the proportionality of the total volume of water running through the sand and the
loss of pressure. The relationship he arrived at is called the ‘Darcy’s law’ and is repeatedly used as
the equation that governs the flow of fluid in porous media. Furthermore, under the assumption of
the incompressibility of water, the rate of water content of an element of soil must be equal to the
volume of water entering per second through the surface of the elements.

∂θ

∂t
= −divwF (6)

Combining (2), (5) and (6),

kFdiv gradσ = α
∂(EL · I)

∂t
+

(
1

R
− α

H

)
∂σ

∂t
(7)

(4) and (7) are the basic relations of Biot’s theory of consolidation, where (4) describes the settlement
of the soil, and (7) describes the change in the water pressure. Furthermore, it is important to note
that these two relations are coupled. [7] relaxed the assumption of incompressibility of the pore fluid
and isotropy of the pore skeleton in order to render a set of equations applicable to an anisotropic
porous solid containing a viscous compressible fluid. The resulting set of equations for the specific
case of isotropic porous solid had the same number (three) of coefficients to be determined as
the original equations (4) and (7). [8] reworked the set of equations with a reduced number (two)
of coefficients and further devised tests to determine those coefficients. The interested reader is
refered to the review article of [9] for a brief description of these tests. The authors summarized the
equations for the isotropic case (inertia forces and body forces are neglected):

div (2GEL + λ (divu) I− αpI) = 0 (8)
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∂ζ

∂t
+ divwF = 0 (9)

wF = −kF grad p (10)

where ζ and σ are the increment in fluid content and total stress respectively and are given by

ζ =
1

M
p+ α divu ≡ φ(divu− divuF ) (11)

σ = 2GEL + λ (divu) I− αpI (12)

where φ is the porosity, uF is the fluid displacement and p is the pore fluid pressure. The interested
reader is refered to [10] for a better understanding of the fluid mass increment. The variables M
and α would be refered to as the Biot modulus and the Biot constant respectively. The Biot constant
is representative of the degree of saturation of pore fluid inside the pores with α = 1 being the fully
saturated state and α < 1 being the partially saturated state. Following the work of [11] and [12],
the Biot modulus and Biot constant were established as

M =
1

cφ+ α−φ
Ks

(13)

α = 1− K

Ks
(14)

where K and Ks represent the effective and grain bulk moduli respectively. We shall see in Chapter
3 that if the Biot modulus is assumed to be time-invariant, then (9) corresponds to the mass
conservation equation for linearized slightly compressible single phase flow. [13] reworked the
Biot thery in terms of parameters that were representative of the skeletal response at t = 0 called
the ‘undrained response’ and t→∞ called the ‘drained response’. The undrained response was
characterized by the fluid mass increment being zero and the drained response was characterized
by the pore pressure being zero. The stress-strain relations under drained conditions are identical
to the ones of non - porous media, provided they are expressed in terms of the effective stress. [14]
introduced a parameter called Skempton coefficient that characterizes the instantaneous response
(t = 0) of the porous skeleton. It is the ratio between the induced pore pressure and mean stress
under a confining pressure in undrained conditions as follows

B = − δp
δσ
|ξ=0 (15)

It is clear from the definition (15) that 0 ≤ B ≤ 1. [15] arrived at the following relation for the
Skempton coefficient

B =
1
K −

1
Ks

1
K −

1
Ks

+ φ(c− 1
Ks

)

The undrained parameters are obtained by setting the fluid increment to zero (ξ = 0). From (11),
that results in

p = −αM divu

which when substituted in (12) results in

σ = 2GEL + (λ+ α2M) divu I (16)

from which the undrained bulk modulus Ku can be obtained as

Ku =
1
3 tr(σ)

tr(EL)
=

2G

3
+ λ+ α2M = K + α2M (17)
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From (13), (14) and (17), the undrained bulk modulus can be written as

Ku = K

(
1 +

α2

cφK + (α− φ)(1− α)

)
It is easy to see that in case of a porous solid saturated with compressible pore fluid i.e. α = 1,
c > 0, the elastic skeleton is compressible under undrained conditions

Ku = K

(
1 +

1

cφK

)
tr(EL) = divu =

1
3 tr(σ)

Ku
6= 0 (18)

and in case of a porous solid saturated with incompressible pore fluid i.e. α = 1, c = 0, the elastic
skeleton is incompressible under undrained conditions

Ku =∞

tr(EL) = divu =
1
3 tr(σ)

Ku
= 0 (19)

Further, from (16), it is easy to see that

σij = 2GELij (if i 6= j)

which is the same with the case of drained deformation. This means that shear modulus is the
same in drained and undrained deformations.

2 From Navier-Stokes equations to Darcy’s law

Although the Darcy’s law is the most commonly used equation for flow in porous media, fluid
mechanics theory suggests that fluid flow is in fact governed by the Navier-Stokes equations of
balance of momentum of the fluid. The key component in arriving at a connection between the
Darcy’s law and the Navier-Stokes equations is the ‘averaging theorem’. The theorem is based
upon the well-known Reynolds transport theorem and relates the volume average of the spatial
derivative to the spatial derivative of the volume average of any quantity: scalar, vector or tensor.
The theorem was first presented in [16] and later elucidated upon by [17]. [18] used the averaging
technique to show that the Navier-Stokes equations for flow in a deforming anisotropic porous
medium reduced to the Darcy’s law in the limit of slow flow.

3 Finite element modeling of consolidation in porous media

The first successful attempt in applying the finite element method to consolidation problem was
reportedly made by [19] for the case of elastic porous solid saturated with incompressible pore
fluid. [20] reworked the approach with the assumption of incompressibility of pore fluid and solid
grains being relaxed. They used four-noded quadrilateral interpolation functions for both the pore
pressure and the displacement variables but with additional incompatible interpolation functions
for the latter. [21] presented the idea of ‘incompatible mode elements’ to resolve the problem of
shear locking in thin beams. Shear locking refers to the large, unphysical shear strains that arise in
thin beams due to the use of standard four-noded linear quadrilateral plane stress elements. [22]
established limits on the value of the time-marching coefficient for the unconditional stability of
the fully discrete formulation of the equations of consolidation. [23] studied the response of a fully
discrete formulation of the equations of two-dimensional consolidation of an elastic porous solid
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saturated with incompressible pore fluid with six-noded triangular elements and eight-noded
quadrilateral elements. They reported that schemes that used equal order interpolation for pore
pressure and displacement gave initial errors in pore pressure which do not dissipate in time and
are oscillatory in space. [24] established lower bounds on the time step size below which the fully
discrete formulation yields an inaccurate pore pressure distribution with violent oscillations.

3.1 The Stokes’ problem under undrained conditions with incompressible fluid and solid
constituents

Although the Stokes’ problem is not dealt with in this dissertation needlessly, this module provides
a perspective on the advances in the finite element modeling of the same. From (4) and (19), it is
clear that the elasticity problem under undrained conditions for the case α = 1, c = 0, along with
appropriate boundary conditions on u and p is in fact the Stokes’ problem given by

Gdiv gradu− grad p = 0

divu = 0

The work of [23] clearly suggested that the use of equal order finite element interpolation for p
and u led to oscillatory solutions for p to the Stokes’ problem. The reason lied in the failure to
satisfy the well-known Ladyz̆enskaja-Babus̆ka-Brezzi (LBB) condition (see [25]) which poses a
constraint on the finite element spaces used for p and u for the solution to be stable. [26] spawned a
class of methods called ‘stabilized methods’ meant to circumvent the deficiencies of equal order
interpolation for p and u in obtaining a stable solution to the problem. [27] studied the problem
in the context of a saddle-point systems and proposed an extension to the well-known patch test
as an alternative to the mathematically rigorous LBB condition. The interested reader is refered
to [28] for an understanding of saddle-point problems. The patch test for finite elements was first
presented by the British engineer Bruce Irons at a conference on ‘Matrix Methods in Structural
Mechanics’ held at Wright-Patterson Air Force Base, Ohio, USA on 26-28 October, 1965. The
report can be found at http://contrails.iit.edu/items/show/8575. [29] suggested the
use of LBB stable Taylor-Hood elements (see [30]) and proposed a post-processing technique
that improves the order of convergence of pore pressure by one. [31] reformulated the problem
as a least-squares minimization problem with lowest order Taylor-Hood spaces for pressure and
displacement variables and compatible Raviart-Thomas spaces for fluid velocity and stress variables.
The interested reader is refered to Chapter III of [32] for a description of various mixed finite element
spaces. The reader shall also find an excellent rendition of the treatment of the Stokes’ problem in
Chapter VI. [33] presented a formulation that combats the nonphysical pressure oscillations using
Raviart-Thomas-Nedelec spaces for the flow variables and a discontinuous Galerkin space for the
displacement variable. Raviart-Thomas-Nedelec spaces are the three-dimensional analogues of the
Raviart-Thomas spaces on rectangles. The interested reader is refered to [34] for an understanding
of Discontinuous Galerkin methods. [35] presented a formulation that addresses the problem of
oscillatory pore pressures using discontinuous Galerkin elements on areas with high pressure
gradients and continuous Galerkin elements on the remaining domain.

3.2 Mixed formulation for flow with compressible fluid constituent

We have seen in the previous module that LBB stable mixed finite element spaces are a popular
choice for displacement and pressure in the Stokes’ equations. But, we have seen in (18) that if
the pore fluid compressibility is strictly positive, the incompressibility constraint under undrained
conditions is not operative and hence the Stokes’ problem for displacement and pressure does not
arise. Now, we rewrite the equation of mass conservation (9) for linearized slightly compressible
single phase flow along with the Darcy law (10) for steady state conditions (∂ξ∂t = 0) in the presence
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of gravity as

divwF = 0

kF
−1
wF + grad p = ρFg

where ρF is the fluid density and g is the gravity vector. The above system represents a saddle point
problem for wF and p. Thus, although we can avoid the necessity of the use of mixed finite element
spaces for displacement and pressure by maintaining a strictly positive pore fluid compressibility,
the above argument suggests a need, instead, for mixed finite element spaces for the fluid velocity
and pressure under steady state conditions in the presence of gravity.

4 A review of solution algorithms

The early works of [19] and [20] along with later renditions of [36–38] are refered to as fully coupled
schemes where the pressures, fluid velocities and displacements are solved simultaneously. The
fully coupled approach, although unconditionally stable, requires careful implementation with
substantial local memory requirements and specialized linear solvers. On the other hand, the works
of [39–42] are refered to as staggered solution schemes in which an operator splitting strategy
is used to split the coupled problem into well-posed flow and mechanics subproblems which
are then solved sequentially. In the mid 1970s, the efforts of Ted Belytschko at Northwestern
University, Thomas Hughes at California Institute of Technology and Carlos Felippa at Lockheed
Palo Alto Research Laboratories would spawn the class of partitioned solution algorithms to
coupled dynamical problems designed to take advantage of increasing modularity in commercial
finite element codes. An excellent review of these partitioned solution procedures is given in [43].
The interested reader is also refered to [44] for an understanding of the genesis of the idea of
fractional steps. Carefully crafted splitting strategies would lend solution accuracies on par with
the fully coupled approaches.

Previous attempts at incorporating non-matching grids for flow and mechanics include the works
of [45–48]. [45] reformulated a staggered solution algorithm as a special case of a fully coupled
scheme and implemented the algorithm on overlapping nonmatching rectilinear grids, but avoided
three dimensional intersection calculations, instead evaluating the displacement-pressure coupling
submatrices using a midpoint integration rule. [46] implemented a procedure in which a saddle-
point system with mortar spaces on nonmatching interfaces of a decomposed geomechanics
domain is solved by applying a balancing Neumann-Neumann preconditioner. The procedure
involves subdomain to mortar and mortar to subdomain projections, Lagrange multiplier solve
and computationally expensive parallel subdomain solves at each time step. [47] implemented
a procedure for nested grids in which coarse scale basis functions for the poromechanical solve
are obtained in terms of fine scale basis functions by solving local equilibrium problems on
each coarse scale poromechanical element. These coarse scale basis functions are then used to
construct prolongation and restriction operators, which are then employed to construct a two-stage
preconditioner for the coarse scale poromechanical solve. [48] used computational geometry to
treat finite elements as three dimensional objects, thereby computing projection operators using
intersection volumes.
The micromechanical analyses for the case of anisotropic poroelasticity (see [49–51]) revealed that
the modification to the stress applied to the porous solid due to the presence of pore fluid pressure
is not hydrostatic, as it is in the case of isotropic poroelasticity (see [12]). Further, unlike in case of
isotropic poroelasticity where the solid-fluid coupling parameter is a scalar (see [3, 5, 11, 12]), the
coupling parameter in case of anisotropic poroelasticity is a tensor (see [7, 10, 52]).
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der Technischen Physik, Verlag R. Oldenbourg, München und Berlin., 1913.

[2] K. Terzaghi. Die berechnung der durchl ssigkeitsziffer des tones aus dem verlauf der hy-
drodynamischen spannungserscheinungen. Sitzungsber. Akad. Wiss. (Wien), Math.-Naturwiss,
132:125–138, 1923.

[3] A. W. Skempton. Significance of terzaghi’s concept of effective stress (terzaghi’s discovery of
effective stress). In From theory to practice in soil mechanics (L. Bjerrum and A. Casagrande and R.
B. Peek and A. W. Skempton, eds.). New York-London: John Wiley and Sons 1960, 1960.

[4] K. Terzaghi. The shearing resistance of saturated soils and the angle between the planes of
shear. First Int. Conf. Soil Mech., Vol. 1, Harvard University, pages 54–56, 1936.

[5] M. A. Biot. General theory of three dimensional consolidation. Journal of Applied Physics,
12:155–164, 1941.

[6] H. Darcy. Les fontaines publiques de la ville dijon. Dalmont, Paris.
[7] M. A. Biot. Theory of elasticity and consolidation for a porous anisotropic solid. Journal of

Applied Physics, 26(2):182–185, 1955.
[8] M. A. Biot and D. G. Willis. The elastic coefficients of the theory of consolidation. Journal of

Applied Mechanics, 24:594–601, 1957.
[9] E. Detournay and A. H. D. Cheng. Fundamentals of poroelasticity. In Comprehensive Rock

Engineering: Principles, Practice and Projects, volume 2, pages 113–171. Pergamon Press, 1993.
[10] O. Coussy. Poromechanics. Wiley, 2nd ed edition, 2004.
[11] J. Geertsma. The effect of fluid pressure decline on volumetric changes of porous rocks. SPE,

210:331–340, 1957.
[12] A. Nur and J. D. Byerlee. An exact effective stress law for elastic deformation of rock with

fluids. Journal of Geophysical Research, 76(26):6414–6419, 1971.
[13] J.R. Rice and M.P. Cleary. Some basic stress diffusion solutions for fluid-saturated elastic

porous media with compressible constituents. Reviews of Geophysics, 14(2):227–241, 1976.
[14] A. W. Skempton. The pore-pressure coefficients a and b. Géotechnique, 4(4):143–147, 1954.
[15] A. W. Bishop. The influence of an undrained change in stress on the pore pressure in porous

media of low compressibility. Géotechnique, 23(3):435–442, 1973.
[16] J. C. Slattery. Flow of viscoelastic fluids through porous media. AIChE Journal, 13(6):1066–1071,

1967.
[17] S. Whitaker. Advances in theory of fluid motion in porous media. Industrial and Engineering

Chemistry, 61(12):14–28, 1969.
[18] W. G. Gray and K O’ Neill. On the general equations for flow in porous media and their

reduction to darcy’s law. Water Resources Research, 12(2):148–154, 1976.
[19] R. S. Sandhu and L. Wilson. Finite-element analysis of seepage in elastic media. Journal of the

Engineering Mechanics Division, 95(3):641–652, 1969.
[20] J. Ghaboussi and E. L. Wilson. Flow of compressible fluid in porous elastic media. International

Journal for Numerical Methods in Engineering, 5(3):419–442, 1973.
[21] E. L. Wilson, R. L. Taylor, W. P. Doherty, and J. Ghaboussi. Incompatible displacement models.

In Numerical and Computer Methods in Structural Mechanics, New York: Academic Press, pages
43–57, 1973.

[22] J. R. Booker and J. C. Small. An investigation of the stability of numerical solutions of biot’s
equations of consolidation. International Journal of Solids and Structures, 11(7-8):907–917, 1975.

7



A historical review of theory of deformable porous media, finite element modeling and solution
algorithms

[23] R. S. Sandhu, H. Liu, and K. J. Singh. Numerical performance of some finite element schemes
for analysis of seepage in porous elastic media. International Journal for Numerical and Analytical
Methods in Geomechanics, 1(2):177–194, 1977.

[24] P. A. Vermeer and A. Verruijt. An accuracy condition for consolidation by finite elements.
International Journal for Numerical and Analytical Methods in Geomechanics, 5(1):1–14, 1981.

[25] F. Brezzi and K-J. Bathe. A discourse on the stability conditions for mixed finite element
formulations. Computer Methods in Applied Mechanics and Engineering, 82(1-3):27–57, 1990.

[26] T. J. R. Hughes, L. P. Franca, and M. Balestra. A new finite element formulation for computa-
tional fluid dynamics: V. circumventing the babuška-brezzi condition: a stable petrov-galerkin
formulation of the stokes problem accommodating equal-order interpolations. Computer
Methods in Applied Mechanics and Engineering, 59(1):85–99, 1986.

[27] O. C. Zienkiewicz, S. Qu, R. L. Taylor, and S. Nakazawa. The patch test for mixed formulations.
International Journal for Numerical Methods in Engineering, 23(10):1873–1883, 1986.

[28] M. Benzi, G. H. Golub, and J. Liesen. Numerical solution of saddle point problems. Acta
Numerica, 14:1–137, 2005.

[29] M. A. Murad and A. F. D. Loula. On stability and convergence of finite element approximations
of biot’s consolidation problem. International Journal for Numerical Methods in Engineering,
37(4):645–667, 1994.

[30] C. Taylor and P. Hood. A numerical solution of the navier-stokes equations using the finite
element technique. Computers and Fluids, 1(1):73–100, 1973.

[31] J. Korsawe, G. Starke, W. Wang, and O. Kolditz. Finite element analysis of poro-elastic
consolidation in porous media: Standard and mixed approaches. Computer Methods in Applied
Mechanics and Engineering, 195(9-12):1096–1115, 2006.

[32] F. Brezzi and M. Fortin. Mixed and Hybrid Finite Element Methods. Springer Series in Computa-
tional Mathematics 15. Springer-Verlag New York, 1 edition, 1991.

[33] P. J. Phillips and M. F. Wheeler. A coupling of mixed and discontinuous galerkin finite-element
methods for poroelasticity. Computational Geosciences, 12(4):417–435, 2008.

[34] V. Girault, M. F. Wheeler, R. Glowinski, and P. Neittaanmäki. Discontinuous galerkin methods.
In Partial Differential Equations: Modeling and Numerical Simulation, Computational Methods in
Applied Sciences 16. Springer Netherlands, 2008.

[35] R. Liu, M. F. Wheeler, C. N. Dawson, and R. H. Dean. On a coupled discontinuous/continuous
galerkin framework and an adaptive penalty scheme for poroelasticity problems. Computer
Methods in Applied Mechanics and Engineering, 198(41-44):3499–3510, 2009.

[36] B. Jha and R. Juanes. A locally conservative finite element framework for the simulation of
coupled flow and reservoir geomechanics. Acta Geotechnica, 2(3):139–153, 2007.

[37] P.J. Phillips and M.F. Wheeler. A coupling of mixed and continuous galerkin finite element
methods for poroelasticity ii: the discrete-in-time case. Computational Geosciences, 11(2):145–158,
2007.

[38] M. Ferronato, N. Castelletto, and G. Gambolati. A fully coupled 3-d mixed finite element
model of biot consolidation. Journal of Computational Physics, 229(12):4813–4830, 2010.

[39] K. C. Park. Stabilization of partitioned solution procedure for pore fluid-soil interaction
analysis. International Journal for Numerical Methods in Engineering, 19(11):1669–1673, 1983.

[40] O. C. Zienkiewicz, D.K. Paul, and A. H. C. Chan. Unconditionally stable staggered solution
procedure for soil-pore fluid interaction problems. International Journal for Numerical Methods
in Engineering, 26(5):1039–1055, 1988.

8



A historical review of theory of deformable porous media, finite element modeling and solution
algorithms

[41] M. F. Wheeler and X. Gai. Iteratively coupled mixed and galerkin finite element methods for
poro-elasticity. Numerical Methods for Partial Differential Equations, 23(4):785—-797, 2007.

[42] J. Kim, H.A. Tchelepi, and R. Juanes. Stability, accuracy and efficiency of sequential methods
for coupled flow and geomechanics. SPE Journal, 16(2):249–262, 2011.

[43] C. A. Felippa, K. C. Park, and C. Farhat. Partitioned analysis of coupled mechanical systems.
Computer methods in applied mechanics and Engineering, 190:3247–3270, 2001.

[44] N. N. Yanenko and M. Holt. The Method of Fractional Steps: The Solution of Problems of Mathemat-
ical Physics in Several Variables. Springer-Verlag Berlin Heidelberg, 1 edition, 1971.

[45] X. Gai, S. Sun, M. F. Wheeler, and H. Klie. A timestepping scheme for coupled reservoir flow
and geomechanics on nonmatching grids. In SPE Annual Technical Conference and Exhibition -
(2005.10.9-2005.10.12), 2005.

[46] H. Florez, M. F. Wheeler, A. A. Rodriguez, M. Palomino, and E. Jorge. Domain decomposi-
tion methods applied to coupled flow-geomechanics reservoir simulation. In SPE Reservoir
Simulation Symposium - The Woodlands, Texas, USA (2011-02-21).

[47] N. Castelletto, H. Hajibeygi, and H. A. Tchelepi. Multiscale finite-element method for linear
elastic geomechanics. Journal of Computational Physics, 331:337–356, 2017.

[48] S. Dana, B. Ganis, and M. F. Wheeler. A multiscale fixed stress split iterative scheme for
coupled flow and poromechanics in deep subsurface reservoirs. Journal of Computational
Physics, 352:1–22, 2018.

[49] MM Carroll. An effective stress law for anisotropic elastic deformation. Journal of Geophysical
Research: Solid Earth, 84(B13):7510–7512, 1979.

[50] N Katsube. The constitutive theory for fluid-filled porous materials. 1985.
[51] M Thompson and JR Willis. A reformation of the equations of anisotropic poroelasticity. 1991.
[52] S. Dana and M. F. Wheeler. Convergence analysis of fixed stress split iterative scheme for

anisotropic poroelasticity with tensor biot parameter. Computational Geosciences, 22(5):1219–
1230, 2018.

9


	Introduction
	From Navier-Stokes equations to Darcy's law
	Finite element modeling of consolidation in porous media
	The Stokes' problem under undrained conditions with incompressible fluid and solid constituents
	Mixed formulation for flow with compressible fluid constituent

	A review of solution algorithms

