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A new analytical model to predict the formation of necking instabilities in porous plates
subjected to dynamic biaxial loading
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Abstract

In this paper, we have developed a linear stability analysis to predict the formation of necking instabilities
in porous ductile plates subjected to dynamic biaxial stretching. The mechanical behavior of the material is
described with the Gurson-Tvergaard-Needleman constitutive relation for progressively cavitating solids (Gurson,
1977; Tvergaard, 1981, 1982; Tvergaard and Needleman, 1984) which considers the voids to be spherical and
the matrix material isotropic with yielding defined by the von Mises (1928) criterion. The analytical model is
formulated in a two-dimensional framework in which the multiaxial stress state that develops inside the necked
region is approximated with the Bridgman (1952) correction factor, superimposing a hydrostatic stress state to the
uniform stress field that develops in the plate before localization. As opposed to the linear stability models published
so far to model dynamic necking in ductile plates, which consider the material to be fully dense and incompressible,
the approach developed in this paper provides new insights into the interplay between porosity and inertia on plastic
localization. In addition, the predictions of the theoretical model for the critical strain leading to necking formation
have been compared with unit-cell finite element calculations performed in ABAQUS /Explicit (2019). Satisfactory
quantitative and qualitative agreement has been found between the theoretical and computational approach for
loading paths ranging from plane strain tension to nearly equibiaxial tension, loading rates varying from 100 s~
to 10000 s~ !, and different values of the initial void volume fraction ranging from 0.01 to 0.1. Both analytical
and finite element results suggest that the influence of porosity on necking localization increases, due to early
voids coalescence, as the loading rate increases and the loading path approaches equibiaxial tension. The original
formulation developed in this paper serves as a basis for analytically modeling the dynamic formability of porous
ductile plates, and it can be readily extended to consider more complex porous plasticity theories, e.g. constitutive
models which consider the anisotropy of the material (Benzerga and Besson, 2001) and/or voids with different

shapes (Gologanu et al., 1993; Monchiet et al., 2008).
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1. Introduction

Linear stability theories have been widely accepted as an effective approach for identifying the mechanisms
which control necking localization in metallic materials subjected to dynamic loading. This technique is based
on the superposition of a small perturbation on the homogeneous solution of the problem considered, so that if
the perturbation grows faster than the background solution, the plastic flow is unstable and a non-homogeneous,

neck-like deformation field can develop.

Chou and Carleone (1977) formulated a one-dimensional perturbation analysis to investigate the stability of
plastic shaped-charge jets subjected to dynamic loading and thus provide insights into the mechanisms which
control the formation of multiple necks and fragments in the jets at large strains. The jet was modelled as a
slender rod with circular cross-section deforming at constant stretch rate. Moreover, the material was considered
to be incompressible, rate-independent and with non-linear strain hardening. Consistent with the Considere (1885)
criterion, it was shown that the perturbation was stable —i.e. the necking condition was not met— if the stress
was smaller than the slope of the stress-strain curve. On the other hand, it was shown that for unstable jets, the
smaller the flow stress, and the larger the material density and the stretching rate, the slower the growth rate
of the perturbation, and so the development of the necking pattern. Moreover, the one-dimensional analysis did
not yield a finite critical wavelength which causes the fastest growth, so that the perturbation growth increased
monotonically with the decrease of the perturbation wavelength. Chou and Carleone (1977) pointed out that it is
necessary to account for the multiaxial stress state which develops in a necked section to demonstrate the existence
of a critical wavelength for which the perturbation growth is the fastest. This critical perturbation wavelength
—also referred to as critical necking wavelength— was presumed to determine the average spacing between necks
in the multiple localization pattern that forms in the shaped-charge jets. Shortly after, Walsh (1984) extended
the stability analysis of Chou and Carleone (1977) considering Bridgman (1952) approximation to model within a
one-dimensional framework the stress enhancement that occurs in a necked section. The material was considered
to be incompressible with constant yield strength. According to Chou and Carleone (1977) predictions, it was
shown that the local hydrostatic stress that develops in the neck slows down the growth of short wavelength
perturbations, while inertia refrains the growth of long wavelength perturbations, leading to the promotion of a

critical wavelength for which the growth rate of the disturbance is maximum (and thus the mechanical energy
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required to trigger a neck is minimum). In addition, Walsh (1984) applied dimensional considerations to the
perturbed stretching jet and showed that the joint effects of strain rate, material density, flow stress and cross-
section radius on the perturbation growth —as earlier identified by Chou and Carleone (1977)— can be collected into
a single dimensionless parameter which represents the inertial resistance to motion. A later study of Fressengeas
and Molinari (1985) on the stability of slender bars modelled with a thermo-viscoplastic constitutive relation and
submitted to uniaxial tension demonstrated that inertia is responsible for the increased ductility that metallic
materials generally display at high strain rates (e.g. see Wood (1967) and Hu and Daehn (1996)), while thermal
softening was shown to favour early necking formation. Consistently with Walsh (1984) analysis, Fressengeas and
Molinari (1985) pointed out that consideration of multiaxial stress effects in the necking zone using Bridgman

(1952) correction suppresses short wavelengths and delays plastic localization.

Following the works of Walsh (1984) and Fressengeas and Molinari (1985), one-dimensional stability models with
Bridgman (1952) correction for the axial stress —which stand out for their simplicity— have been used by several
authors to investigate the effect of different aspects of the mechanical behaviour of ductile metals on necking
formation. For instance, Zhou et al. (2006) modelled the material behaviour using von Mises (1928) plasticity
with yield stress dependent on strain and strain rate, and showed that the strain rate sensitivity slows down the
growth of perturbations, so that the necks grow more slowly, which delays plastic localization. Finite difference
simulations of a round bar subjected to constant stretching velocity confirmed the predictions of the stability
analysis such that increasing the strain rate sensitivity increased the material ductility. Zaera et al. (2014) and
Rodriguez-Martinez et al. (2015) investigated the effect of strain induced martensitic transformation and dynamic
recrystallization on the inception of multiple necks in steel and titanium bars subjected to dynamic tensile loading.
A key feature of the works of Zaera et al. (2014) and Rodriguez-Martinez et al. (2015) was to incorporate into
the one-dimensional stability analysis the thermomechanical coupling due to plastic dissipation and the energy
release due to the exothermic character of the microstructural transformations. The theoretical predictions were
compared with finite element calculations, which confirmed the stabilizing effect of the martensitic transformation
on the flow stress, and the destabilizing effect of the dynamic recrystallization, which favours the formation of
early necks. Recently, N’souglo et al. (2018) extended the linear stability analysis of Zhou et al. (2006) to consider
materials with yielding described with the porous plasticity criterion developed by Gurson (1977). The theoretical
predictions for the evolution of the necking strain with strain rate found reasonable agreement with finite element

results of long rods subjected to dynamic stretching at strain rates varying from 1000 s~! to 50000 s~ *.
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Guduru and Freund (2002) derived a three-dimensional stability analysis for rapidly extending cylindrical
rods modelled with the constitutive law developed by Stéren and Rice (1975) which considers the material to
be incompressible, rate-independent with strain hardening. The results obtained for the critical perturbation
wavelength were compared with the average neck spacing (number of necks) obtained in the ring expansion tests
performed by Grady and Benson (1983) on 1100-0 aluminum and OFHC copper specimens, and satisfactory
agreement was obtained for strain rates of the order of 10* s~!. The stability analysis of Guduru and Freund
(2002) also predicted that the number of necks and the necking strain increase non-linearly with the applied
strain rate, consistently with the experimental data obtained by Altynova et al. (1996) for 6061 aluminum and
OFHC copper rings expanded at velocities ranging from 50 to 300 m/s. Shortly after, Mercier and Molinari (2003)
formulated a three-dimensional linear stability analysis for a cylindrical bar subjected to dynamic extension. As in
Guduru and Freund (2002), the material behaviour was modelled with the constitutive relation of Stéren and Rice
(1975). Mercier and Molinari (2003) showed that inertia slows down the growth of long wavelength perturbations
while multidimensional effects (stress multiaxiality) and strain hardening extinct short wavelength perturbations,

so that the critical perturbation wavelength depends on the specimen deformation, with the average neck spacing

predicted by the stability analysis decreasing with the increase of the strain hardening and the stretch in the bar.

Linear stability models have also been developed to study the formation of dynamic necks in plates and shells.
For instance, Fressengeas and Molinari (1994) extended the analysis performed by Hutchinson et al. (1978) for
a plate subjected to plane strain tension to consider inertia effects. A non-linear viscous material was employed
in the analysis. Fressengeas and Molinari (1994) showed that viscosity preferentially slows down the growth of
short wavelength perturbations —consistent with the results obtained by Zhou et al. (2006) using a 1D-stability
analysis, see discussion above— and compared the theoretical predictions for the critical wavelength with the average
fragments size obtained in experiments and non-linear numerical simulations reported by Karpp and Simon (1976),
so that satisfactory agreement was obtained for copper shaped-charged jets deforming at high strain rates of the
order of 8000 s~!. Moreover, Shenoy and Freund (1999) generalized the quasi-static analysis of the plane tension
test developed by Hill and Hutchinson (1975) to include dynamic effects. The critical perturbation wavelength
was shown to decrease with increasing strain rate, so that the number of necks predicted by the theoretical
model increased with the applied loading velocity, in qualitative agreement with the ring expansion experiments

of Grady and Benson (1983) and Altynova et al. (1996). Years later, Mercier et al. (2010) developed a linear
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stability analysis to model necking localization in experiments performed with tantalum and copper hemispherical
shells subjected to dynamic expansion at strain rates varying between 10% s~! and 10* s~!. The motion of the
hemispheres was not spherically divergent, resulting in the formation of multiple necking bands parallel to each
other in an axisymmetric layer located near the equatorial plane where the material stretched under plane strain
conditions. The plane strain model of Mercier et al. (2010) was an extension of earlier formulations developed
by Fressengeas and Molinari (1994) and Mercier and Molinari (2003) to consider von Mises materials with flow
stress dependent on strain, strain rate and temperature. Based on a so-called effective strain rate sensitivity
parameter, which merged the thermal and the visco-plastic material characteristics, Mercier et al. (2010) obtained
a criterion to determine using the stability analysis the critical strain leading to necking formation and the average
spacing between necks. The theoretical predictions were in agreement with the experiments for both tantalum
and copper specimens. Shortly after, Jouve (2013, 2015) formulated three-dimensional stability models to predict
the formation of necking instabilities in plates of arbitrary thickness subjected to plane strain tension and biaxial
tension, respectively. The mechanical behaviour of the material was modelled with von Mises (1928) plasticity,
associated flow rule and flow strength dependent on plastic strain, plastic strain rate and temperature. Adiabatic
conditions of deformation were considered. The analysis was performed for moderate strain rates within the range
10 s7! — 20 s7!. Consistent with Fressengeas and Molinari (1994), Jouve (2013, 2015) showed that viscosity
essentially refrains the growth of the shortest wavelength instabilities, and identified a loading-path-dependent
critical value of material viscosity above which inertia effects on necking formation are negligible (for the range of
strain rates considered). Moreover, Zaera et al. (2015) developed a 2D linear stability analysis to model necking
formation in thin-plates plates subjected to in-plane biaxial loading for strain rates of the order of 1000 s™!, i.e.
above the range of strain rates considered by Jouve (2013, 2015). The model of Zaera et al. (2015) was essentially
an extension of earlier formulation of Dudzinski and Molinari (1991) to account for inertia effects, considering
Bridgman (1952) correction for the axial stress (in-plane normal stress perpendicular to the necking band). As
in Jouve (2013, 2015), the material was modelled with von Mises (1928) plasticity, and a thermo-viscoplastic
constitutive relation for the evolution of the yield stress. The predictions of the stability analysis were used to
construct forming limit diagrams that were in qualitative agreement with results obtained from finite element
calculations, and showed that the critical perturbation wavelength increases as the loading path moves away from
uniaxial tension and approaches equibiaxial tension, and so does, therefore, the spacing between necks in the

multiple necking patterns predicted in the numerical calculations (see also Rodriguez-Martinez et al. (2017)).
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The stability analysis formulation of Zaera et al. (2015) has been later extended to consider different plasticity
theories with the aim of studying the effect of various aspects of the mechanical behaviour of ductile metals on
dynamic necking localization in thin plates. For instance, N’souglo et al. (2020) employed the isotropic form of
the Cazacu et al. (2006) yield criterion, which accounts for the effect of tension-compression asymmetry in flow
stresses, and showed that the necking strain is significantly greater for a material that displays a larger flow stress
in uniaxial compression than in uniaxial tension. The stability analysis calculations performed for plates subjected
to dynamic plane strain tension, at strain rates ranging from 4000 s~! to 80000 s~!, were compared with unit-cell
finite element simulations assuming that a perturbation mode turns into a necking mode when a critical value of the
perturbation growth rate is met. Satisfactory qualitative and quantitative agreement between stability analysis and
finite element results was obtained for all the perturbation wavelengths and strain rates investigated. Moreover,
N’souglo et al. (2021) considered plastic orthotropic materials modelled with the yield criterion developed by Hill
(1948) and performed the stability analysis for loading paths ranging from plane strain tension to equibiaxial
tension, and for strain rates varying between 100 s~' and 50000 s~'. Assuming that a neck is formed when the
perturbation growth rate reaches a critical value —as in N’souglo et al. (2020)—, the stability analysis was employed
to construct forming limit diagrams that found good correlation with the results obtained from the non-linear
two zone model developed by Jacques (2020) and with unit-cell finite element calculations. N’souglo et al. (2021)
concluded that the effect of anisotropy on dynamic formability increases as the loading path moves away from
plane strain and approaches equibiaxial tension, but it is not significantly affected by the prescribed strain rate.
Very recently, Rodriguez-Martinez et al. (2021) developed a linear stability analysis for plates subjected to plane
strain tension modelled with the isotropic Drucker (1949) yield criterion, which depends on both the second and
third invariant of the stress deviator. The analysis was performed for effective strain rates ranging from 10™% s~ to
8-10% s7!, and the theoretical results were compared with uni-cell finite element calculations, as in N’souglo et al.
(2020, 2021). Both stability analysis and finite element results showed that for quasi-static loadings the specimen
elongation when necking occurs is virtually insensitive to the third invariant of the stress deviator. In contrast, for
large values of the prescribed effective strain rate, the influence of the third invariant becomes important, notably
for long wavelengths, so that the specimen elongation when necking occurs increases as the ratio between the yield

stresses in uniaxial tension and in pure shear increases, while the necking strain decreases.

However, to the authors’ knowledge, all the linear stability models developed so far to study the formation

of dynamic necks in plates and shells —most of them cited in previous two paragraphs— consider the material to
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be fully dense and incompressible. As of today, there is no specific formulation for porous materials. In order
to fill this gap, in this paper we have developed a two-dimensional perturbation analysis for thin plates modelled
with the Gurson-Tvergaard-Needleman constitutive relation (Gurson, 1977; Tvergaard, 1981, 1982; Tvergaard and
Needleman, 1984) and subjected to in-plane dynamic loading. The stress multiaxiality effects in the necked region
have been approximated using Bridgman (1952) correction. Moreover, we have investigated loading paths ranging
from plane strain tension up to equibiaxial tension, and strain rates varying from 100 s~ to 10000 s~!. An original
contribution of this work is that we have enhanced the calibration procedure developed by N’souglo et al. (2020)
for the stability analysis, so that in this paper a perturbation mode is considered to turn into a necking mode
based on a function of the perturbation growth rate which takes into account the combined effect that loading
path and loading rate have on the necking strain. The stability analysis predictions obtained with this novel
necking criterion have been compared with unit-cell finite element calculations, and satisfactory agreement has
been obtained for all the strain rates and loading paths considered. An important outcome of this work is that
both analytical and finite element results suggest that the influence of porosity on necking localization increases,

due to early voids coalescence, as the loading rate increases and the loading path approaches equibiaxial tension.

2. Analytical model

In this section, we develop a 2D perturbation analysis to model the formation of necking instabilities in porous
plates subjected to dynamic biaxial stretching. We consider a thin plate of initial thickness h° and edges of initial
length LY subjected to constant in-plane velocities, V, and Vy, on opposed sides, see Fig. 1. Cartesian coordinates
(X,Y, Z) define the location of a material point in the undeformed state, while the location of the same material
point in the deformed configuration is (x,y, z). The origin of both Lagrangian and Eulerian coordinate systems
is located at the center of mass of the plate. Note that the out-of-plane direction Z is assumed of plane stress.
The elastic strains are neglected, and the mechanical behavior of the plate is described with the porous plasticity
constitutive relation developed by Gurson (1977), Tvergaard (1981, 1982) and Tvergaard and Needleman (1984)
which accounts for void growth and coalescence. The multiaxial stress state that develops inside a necked region is
modeled with Bridgman (1952) approximation superimposing a hydrostatic stress state to the uniform stress field
that develops in the plate during homogeneous deformation (before necking localization, see the works of Zhou

et al. (2006), Zaera et al. (2015) and Xavier et al. (2021), among others).

2.1. Governing equations

The strain rates in the loading directions are:



0 .
< L 4 > P V, =:0,1%/2

~
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A
\ 4

Figure 1: Schematic representation of the geometry and boundary conditions of the problem addressed: a thin plate of initial thickness
h° and edges of initial length L° is subjected to constant and opposed stretching velocities, Vi and V,, on opposed sides. The Lagrangian
and Eulerian Cartesian coordinate systems, (X,Y, Z) and (z,y, 2), respectively, with origin located at the center of mass of the plate,

are associated to the applied velocity field.

oV,

dx:c —
ox (1)
oVy

dyy By

F,
wa — dx’x
‘x.l’ (2)
Fyy, = @
dyy
208 Moreover, the through-thickness stretch is:
h
F,,=— (3)



200 where h is the current thickness of the plate.
210
211 The balance of mass provides a relationship between the initial void volume fraction f°, the current void volume

212 fraction f, and the stretches:

=

1—f°
L—f

szFnyzz =

213 which leads to the following expression for the density ratio:

P 1-f
£ _ 5
p" (1 - f°> )
24 where p and p° are the current and initial material densities.
215
216 The Gurson-Tvergaard-Needleman flow potential is expressed as follows (Gurson, 1977; Tvergaard, 1981, 1982;

7 Tvergaard and Needleman, 1984):

2

=

avg

0-920:1: + 02 = Ozz0 g;g + i + 02z
o — < v ) + 2g1 f* cosh (qZ(U Tvy 79 )> 1 (qf)? =0 (6)

52 26

218 with g1 and g2 being material parameters, ¢ the flow strength of the matrix material (see equation (11)), and f*

210 the effective porosity, defined as:

/ it f< .
pr=d s U - ff)(}:)‘ ) p<r<y ™)
fu it 1>

220 where f. is the void volume fraction at which voids coalesce, f is the void volume fraction at final fracture of the
21 material and f, = 1/¢; is the ultimate void volume fraction.

222
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Moreover, 0., and oy, are the uniform stresses in the loading directions (stress field before necking localization),

while o337, oyy? and 027 are the average stresses defined as:

Oga’ = Ogz +0p = B(p) 02z

avg __ — avg __
Oy’ = Oy + 0n = 0yy + 0530 — 0us (8)

avg __

__ avg
0,," = 0hp = Ouy Oxx

where o3, denotes the hydrostatic stress that develops in a necked section and B () is the correction factor

introduced by Bridgman (1952):

B(ap):\/1+<,0*11n<1+2<p+2\/<,0(1—|—g0)>—1 9)

with:

h 02h

7= 50 10)

While Bridgman (1952) correction for necking was developed for elastic-perfectly plastic materials under quasi-
static loading conditions, in this work we assume that it can be used to approximate the axial stress in the necked
section of porous materials with flow strength dependent on strain and strain rate. Moreover, in future works, we
shall consider including in the linear stability analysis the one-dimensional model recently developed by Audoly
and Hutchinson (2016, 2019) to determine the stress state inside the neck, and we shall compare the results with

the approach used in this paper based on the classical theory of Bridgman (1952).

The flow strength of the matrix material is defined as:

g=0"("+2)" <§>m (11)

where 0¥, €9, n, €Y and m are material parameters, and £ is the effective plastic strain:
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€z/oté(7')dr (12)

237 with £ being the effective plastic strain rate. We are aware that at high strain rates, due to local adiabatic heating,
238 the effect of thermal softening on the mechanical behavior of ductile materials is important. Nevertheless, the
239 main objective of this work is to investigate the effect of material porosity on dynamic necking localization, so
20 that neglecting the temperature sensitivity of the material facilitates the interpretation of results. The reader is
2 referred to Section 6.4 of the recent paper of N’souglo et al. (2021) to obtain insights into the effect of adiabatic
22 heating on necking localization in anisotropic ductile plates subjected to dynamic biaxial loading for loading paths

2

F

s varying from plane strain to equibiaxial tension.
244
245 Assuming that the rate of macroscopic plastic work is equal to the rate of equivalent plastic work in the matrix

26 material, it follows that:

0oty + 0y 0dyy +039d,, = (1 — f) o (13)
247
248 Moreover, considering an associated plastic flow rule, the following relationships between strain rates and
20 stresses are obtained:
i =3 <20m_2 Oy Q1Q_2f* sinh (%(a%g + a?”;g + a?gg)>)
o o 20
dyy = A (2ayy_2 Tuw Q1Q_2f* sinh <qQ(cr§gvcg - aé,l;jg + a?gg)>> (14)
o o 20
=} <_O'xxj;o-yy N Q1(J_2f* sinh <Q2(J§§;g + ag_“jzg + a?ﬁg))>
o o 20

250 where A is the plastic flow proportionality factor.
251

252 The evolution of the void volume fraction is defined as:
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. .3 * avg avg avg
f= - pASnel gy, (qQ((’” oy 0= )> (15)
g 20
253 where the matrix material has been assumed to be incompressible.
254
255 The momentum balance equations in the loading directions take the form:
0 (hogs’ aV,
Fyy (hoz ) :Pho -
o 9 (hayy) _ pho%
oy ot
256 Note that the momentum balance equation in the out of plane direction has been disregarded, see Zaera et al.
27 (2015) and N’souglo et al. (2021).
258
250 The solution of the problem at any given loading time, before necking localization, is called homogeneous or fun-

%0 damental solution St = (V!V}, dl, . dy . dl F}, . F) F}

1 21 =21 =1 y1 1 1 _avg,l _avgl _avgl 1 (1 _INT
y Yy Pyyr Yz Tz T yyo zz?h7€>5 7Ua)\ g g Oxzx ao'yy 7022 noaf 730) 9

y Yz Y yy?

261 which is obtained by solving the system of equations (1)-(6), (8) and (10)-(16) under the following initial and

262 boundary conditions:

V. (X,Y,0)=€0X;  V,(X,Y,0)=¢&)Y; &(X,Y,0)=0

h(X,Y,0) = h; f(X,Y,0) = f° p(X,Y,0) = p°

Ve (L°/2,Y,t) = =V, (=L°/2,Y,t) = &, L°/2

Vy (X, L°/2,t) = =V, (X,-L°/2,t) =&),L°/2

23 where ég

. and égy define the initial strain rates in X and Y directions, respectively. Hereinafter, €2 will be also

264 referred to as imposed initial major strain rate. Note that the applied loading is selected through input values of

=3

-0

265 €5, and x = égy /9., where the ratio y will be hereinafter referred to as loading path (y = 0 corresponds to plane

26 strain tension, and x = 1 to equibiaxial tension).
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2.2. Linear stability analysis

t=t') to the fundamental solution,

At some time !, we superimpose a small perturbation 6S(X,t),: = dSteieX+n(
where 0S! = (6Vy, 6Vy, 0das, Odyy, 8dszy 6 Fyyy 0Fyy, OF,,, 8h, 6, 02, 65, oM, 602z, 50y, 005a", 8oy’ 60237, 6p,6f,5p)T
is the perturbation amplitude, ¢ is the wavenumber and 7 is the instantaneous growth rate of the perturbation at
time ¢!. While i and ¢ are considered time independent (frozen coefficients method) for the sake of simplicity, it
has to be noted that a time dependent numerical solution for the linear perturbation analysis has been recently
developed by Xavier et al. (2020, 2021) for von Mises materials subjected to plane strain tension. Moreover, note
that the perturbation is inserted perpendicular to the main loading direction, i.e. on lines X = constant, because
this is the preferential orientation for an isotropic material to trigger a neck within the range of loading paths
considered 0 < x < 1, see Zaera et al. (2015) and Jacques (2020). The perturbed solution of the problem is
S = St + 68, with |6S| <« ‘Sl‘, so that keeping only the first-order terms in the increments 6S', equations (1)-(6),

(8) and (10)-(16) are linearized are follows:

FL 5dyy + db 0 Fy, — i€6V, =0

(17)
Ey,8dyy + dy, 6Fy =0

(77 - d;x) §Ey — FL 5dyy = 0
(18)

(31 = i ) Fyy — Frybdyy = 0
6h—6F,, =0 (19)

1 . 1 . 1 . 1 .
Fa%z Fyly lez 1- fl
. 1

6p+——06f=0 (21)

1—fo



Q16059 + QQ(S@'ZZQ + Q355'g§g + Q455'm; + Q555'yy + QGCS(% + Q7(5f =0

2
6689 — 564y — 55;3:5@ =0

0609 — 64y — 3679 + 054y = 0

A av A~ av o
0639 — 86559 4+ 664 =0

66 — PL6é — Pyoé =0

82 — 708 =0

@ﬁ&ﬁ+@@@y+&;Mw+d@w%w+@ﬁ@y—(1-#)%:(1—F)§£+3wf:o

. dioo» . . . . . o
0dyy — ﬂ&)\ — Mﬂ;é’ggg — MQ&@'ZZ‘(] — Mgéa'ggg — Myb66 40 — M55&yy — Mgdo — M76f =0
)\1

R dt s . . . . . N . A
Sdy, — %lyfu — R1665,9 — Ry06,,7 — R3062)9 — R4664, — R506y, — RedG — R70f =0
A

R A ~ N ~ ~ ~ ~ . ~ A
5d. — 253 — G509 9966009 — 8386209 — 846840 — 568y, — 8606 — S76f =0
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i1
(77 . T5> 5f — ];1& 1166229 — Th36249 — T356229 — T166 = 0 (29)

PPN 1 N
(£, Gy 0h + i€h' Fy 0602 — = p'idV, = 0
L (30)

5V, =0

This system of equations has been adimensionalized by introducing the following dimensionless groups:
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A non-trivial solution for 6S! is obtained by imposing that the determinant of the matrix of coefficients of
the system of linear algebraic equations (17)-(30) is equal to zero, which leads to a fourth order polynomial for
7 which depends on the adimensionalized fundamental solution S! and on the adimensionalized wavenumber é .
The adimensionalized wavenumber is related to the normalized perturbation wavelength as LY/h® = omE1 (see
N’souglo et al. (2020, 2021)). Note that the normalized perturbation wavelength is usually referred to as necking

wavelength (N’souglo et al., 2020; Rodriguez-Martinez et al., 2021). The root of the polynomial with physical
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meaning is the one with the greatest positive real part (Dudzinski and Molinari, 1991), hereinafter denoted by
nT. According to the notation used by El Mai et al. (2014) and Rodriguez-Martinez et al. (2021), among others,
7T will be referred to as instantaneous instability index, and it will be used to compute the so-called cumulative
instability index I = fot Ht&ldr, which tracks the history of the instantaneous grow rate of all the growing modes.
The cumulative instability index generally provides better predictions than the instantaneous instability index for
the critical strain leading to necking formation at high strain rates (see the recent paper of Rodriguez-Martinez
et al. (2021)). Assuming that a perturbation mode turns into a necking mode when the cumulative instability index
reaches a critical value which depends on the loading path and the strain rate, see Section 3.1, the linear stability
analysis is used in Section 3 to construct forming limit diagrams which are compared with unit-cell finite element
simulations performed in ABAQUS/Explicit (2019) to demonstrate the ability of the analytical model to capture
the effect of porosity on necking localization (this is same methodology used by N’souglo et al. (2021) to assess
the ability of the linear stability analysis to capture the effect of anisotropy on necking localization in materials
described with Hill (1948) yield criterion). Details of the unit-cell finite element model —which is not shown here
for the sake of brevity— can be found in Sections 4.1 and 5 of Rodriguez-Martinez et al. (2017) and N’souglo et al.
(2021), respectively. In the finite element calculations, the flow strength of the matrix material, equation (11), has
been used along with the Gurson-Tvergaard-Needleman model pre-implemented in ABAQUS /Explicit through a
user-defined subroutine VUHARD (ABAQUS/Explicit, 2019).

The linear stability analysis has been implemented in the software Wolfram Mathematica. In Supplementary
material, we include the links to download all the codes developed, which come with specific instructions for

reproducing the stability analysis results reported in Section 3.

3. Results

This section of the paper is split into three parts. In Section 3.1, we show the procedure for calibration of
the linear stability analysis using unit-cell finite element calculations. Moreover, the effect of initial void volume
fraction on the critical strain leading to necking formation is investigated in Section 3.2, while the effect of loading
rate is explored in Section 3.3. Results are presented for loading paths ranging from plane strain tension (x = 0)
to nearly equibiaxial tension, for imposed initial major strain rates varying between 100 s~! and 10000 s~!, and
for different initial void volume fractions spanning from 0.01 to 0.1. For all the calculations performed, the initial

thickness of the plate is h° = 2 mm. In the unit-cell finite element simulations, the normalized imperfection
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amplitude is A = 0.2% (see Section 5 of N’souglo et al. (2021)). The baseline numerical values of the material
parameters employed in the stability analysis and in the finite element simulations are given in Table 1. We use
standard values representative of general purpose steel. Note that in some calculations presented in Sections 3.2
and 3.3 we disregard voids coalescence and fracture considering that f. — oo and fy — oo. Note also that,
unlike the stability analysis, the finite element calculations performed for comparison with the analytical model

predictions consider the elastic response of the material, which is assumed to be isotropic and linear.

Symbol Property and units Value
0 Initial density (kg/m?) 7850
G Elastic shear modulus (GPa) 75.19
K Bulk modulus (GPa) 196.1
q1 Material parameter, Eq. (6) 1.25
G2 Material parameter, Eq. (6) 1
fe Material parameter, Eq. (7) red 0.12
fr Material parameter, Eq. (7) 0.5

a¥ Material parameter (MPa), Eq. (11) 300

o Material parameter, Eq. (11) 0.023
n Material parameter, Eq. (11) 0.12
m Material parameter, Eq (11) 0.01
g0 Material parameter (s=1), Eq. (11) 1000

Table 1: Baseline numerical values of the material parameters employed in the stability analysis and in the finite element simulations.
The values of the parameters corresponding to the flow strength of the matriz material are taken from N’souglo et al. (2021).

3.1. Calibration of the linear stability analysis

We have enhanced the procedure developed by N’souglo et al. (2020) to calibrate the linear stability analysis
so that in this paper a perturbation mode is assumed to turn into a necking mode when the cumulative instability
index reaches a critical value which depends on the imposed initial major strain rate and on the loading path

(recall that N’souglo et al. (2020, 2021) assumed I¢ to be constant):

I° (82:5’ X) =a+ bX + Cegm + dX2 + 6(523:)2 (31)

where a, b, ¢, d and e are calibration coefficients to be determined. For that purpose, we have devised a two-steps
methodology in which the results of the stability analysis for the evolution of the major necking strain £7¢°* with
the necking wavelength L°/h0 are fitted to unit-cell calculations for different cell lengths in which the material

behaviour is modelled with von Mises plasticity (i.e. imposing f = 0 on the Gurson-Tvergaard-Needleman
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constitutive relation):

1. For plane strain tension y = 0 and initial major strain rates £, = 1000, 5000 and 10000 s~!, the best fitting
between stability analysis and finite element results is obtained for ¢ = 3.8, 4.33 and 4.9, respectively, so

that a = 3.65722, ¢ = 0.000144833 s and e = —2.05556 - 1072 s? (see Fig. 2(a)).

2. For imposed initial major strain rate €2, = 10000 s~! and loading paths x = 0.5 and 0.75, the best fitting
between stability analysis and finite element results is obtained for I¢ = 5.78 and 6.19, respectively, so that

b=1.84 and d = —0.16 (see Fig. 2(b)).

The major necking strain is the logarithmic strain in the major loading direction when necking occurs and
it is determined both in the stability analysis and in the finite element simulations as in N’souglo et al. (2021),
so that the reader is referred to Section 6.1 therein for the procedure to obtain £7¢°* and no additional details
are provided here for the sake of brevity. The 6;?;0’“ — L°/hY curves display a nonlinear concave-upward shape, so
that the major necking strain first decreases, reaches a minimum for an intermediate value of L°/h°, and then
increases (the increase being less as the loading rate decreases, so that for 100 s~! the minimum of the e7¢¢* — 1,0 /p0

curve is shallow). The larger values of the major necking strain for small and large values of L°/h" are due to

the stabilizing effects of stress multiaxiality and inertia, respectively (Fressengeas and Molinari, 1994; Mercier and

neck

neer | also referred to as critical major necking strain and hereinafter

Molinari, 2003). The minimum value of

Cc

¢, determines the size of the necks (L°/ ho)C which form earlier, i.e. the necks which require less

denoted by €
energy to develop (N’souglo et al., 2020). Note that the critical major necking strain €5, increases as the loading
path moves away from plane strain and approaches equibiaxial tension, and the value of (LO / ho)c decreases with
the imposed initial major strain rate. Moreover, following the procedure detailed in Section 6.1 of N’souglo et al.
(2021), the critical major necking strain eg, and the corresponding critical minor necking strain ef, (i.e. the
logarithmic strain in the minor loading direction when necking occurs, i.e. when € is measured), obtained from
the finite element calculations and the linear stability analysis for different loading paths and loading rates, are
used in the following sections of this paper to construct forming limit diagrams. Namely, the predictions of the
linear stability analysis obtained with the calibrated necking criterion (31) will be compared with finite element
calculations in which the material is modeled with the Gurson-Tvergaard-Needleman constitutive relation (i.e.

f° # 0). Note that, while the results of the stability analysis for the von Mises material are fitted (see Fig. 2), the

results for the porous material will be predicted.
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Figure 2: Calibration of the linear stability analysis (LSA) with the finite element calculations (FEM). Major necking strain 7¢*

TT

versus L°/h° (dimensionless cell length and necking wavelength in the finite element calculations and in the linear stability analysis,
respectively), for f© = 0 (von Mises). (a) Results are shown for x = 0 (plane strain tension) and three different imposed initial major
strain rates €2, = 1000, 5000 and 10000 s~!. (b) Results are shown for imposed initial major strain rate €2, = 10000 s~* and two
different loading paths x = 0.5 and 0.75.

3.2. The effect of porosity

The calculations presented in this section are performed for two different imposed initial major strain rates
g0 =500 s~ and 10000 s~!, for which the value of the inertia parameter is L1 ~0.005 and ~ 0.1, respectively.
This range of strain rates lies within the loading conditions attained in dynamic forming processes (e.g. see Dariani
et al. (2009), Golovashchenko et al. (2013) and Li et al. (2017), among others). Moreover, the numerical results
reported by N’souglo et al. (2020) and Zheng et al. (2020) indicated that the effect of inertia on neck retardation
starts to be important for L~! in the range 0.06 — 0.1. Initial void volume fractions ranging from 0.01 to 0.1
are considered. This range of values of f¥ is chosen because sintered and additively manufactured metals contain
residual porosities that can be as large as 10% (e.g. see Aboulkhair et al. (2014), Heidari et al. (2020) and Marvi-
Mashhadi et al. (2021)). In addition, exploring a wide range of initial void volume fractions helps to enlighten the
effect of porosity on necking formation for different loading paths. We have also performed calculations for f° = 0,

which corresponds to von Mises (1928) plasticity (fully dense material).

Fig. 3 compares forming limit diagrams (critical major necking strain €S, versus critical minor necking strain
sgy) predicted by the stability analysis with finite element calculations for two values of the initial void volume
fraction: f0 = 0 (von Mises) and f° = 0.1. For the porous material, void coalescence and fracture have been

disregarded, i.e. f* = f considering f. — oo and f; — 00, see equation (7). The imposed initial major strain rate
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is €0 = 10000 s~!. There is a monotonic increase of €, as the value of x increases so that the minimum critical
major necking strain corresponds to plane strain tension (y = 0). This trend is consistent with experimental,
numerical and analytical results published elsewhere (Kuroda and Tvergaard, 2000; Brunet and Morestin, 2001;

Banabic et al., 2010). Moreover, as compared to the results obtained with the von Mises material, increasing the

C

initial porosity up to 0.1 shifts the 7, — ey,

curve downwards. The drop of €5, is maximum for x = 0 (=~ 15%),
and decreases as the loading path approaches equibiaxial tension. Moreover, note that the agreement between the
theoretical predictions and the numerical simulations is excellent for the whole range of loading paths considered.
In this regard, recall that the calibration of the stability analysis, equation (31), was performed using the numerical
results obtained for égw = 10000 s~ ! for the von Mises material, which explains the perfect matching between finite
element calculations and stability analysis for f© = 0. On the other hand, the results of the analytical model for
0 = 0.1 are fully predictive, i.e. none of the finite element results for this initial void volume fraction was used for

the calibration of the stability analysis, so that the agreement between both approaches makes apparent the ability

of the linear perturbation model to capture the effect of porosity on the necking formability of porous metals.
1.2 T

£ =10000s"

WITHOUT COALESCENCE
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Figure 3: Comparison between finite element results (FEM) and linear stability analysis predictions (LSA). Forming limit diagrams,
critical major necking strain €3, versus critical minor necking strain €y, for loading conditions ranging from plane strain stretching
(x = 0) to nearly equibiaxial tension. Results are shown for initial void volume fraction f° = 0 (von Mises) and f° = 0.1 disregarding
void coalescence, i.e. f* = f, see equation (7). The imposed initial major strain rate is €2, = 10000 s~ *.
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Fig. 4 illustrates the influence of void coalescence on forming limit diagrams calculated using finite element
simulations and predicted with the stability analysis for three different values of the initial void volume fraction
f° = 0.01, 0.02 and 0.03. Namely, Fig. 4a shows results for f. — oo and fr = oo (ie. f* = f), so that
the constitutive model accounts for the growth of voids while neglecting coalescence and fracture, and Fig. 4b
considers that f. = 0.12 and ff = 0.5 (see Table 1). We have checked that in all the calculations included in
Fig. 4b necking occurs before fracture (recall that the stability analysis only models necking). As in Fig. 3, the
imposed initial major strain rate is €2, = 10000 s~!. The quantitative agreement between the predictions of the
analytical model and the numerical simulations is excellent for all the loading paths investigated, and for the three
values of the initial void volume fraction considered. Note that, if coalescence and fracture are disregarded, Fig.
4a, the influence of the initial porosity on the forming limit diagrams, for the three values of f° considered, is
small. For plane strain tension the critical major necking strain €5, is slightly smaller as the initial void volume
fraction increases, while the trend is reversed near equibiaxial tension. In contrast, accounting for voids coalescence
boosts the effect of initial void volume fraction on the forming limit diagrams, see Fig. 4b. Specifically, the critical
major necking strain £, decreases with the value of f° for all the loading paths investigated, and the difference
between the results obtained for different values of the initial porosity increases as the loading path approaches
equibiaxial tension. Note that, as the initial void volume fraction increases, less plastic deformation is needed to

meet the coalescence criterion, leading to earlier drop of the flow stress, which favors necking formation, shifting

C

yy curve. For instance, the stability analysis predicts that coalescence occurs for &7, = 0.35,

C
downwards the €5, —¢ vy

0.19 and 0.07 in the cases of fO = 0.01, 0.02 and 0.03, respectively, while the values obtained with the finite element
calculations for the same initial void volume fractions are ey, = 0.35, 0.19 and 0.08.

Fig. 5 shows forming limit diagrams for lower imposed initial major strain rate ), = 500 s~ (20 times
lower than in Fig. 4). The results are qualitatively the same as those obtained for 10000 s~!, and the agreement
between finite element simulations and analytical predictions is excellent for all the loading paths. If coalescence
and fracture are disregarded, f. — oo and f; — oo, the results obtained for f = 0.01, 0.02 and 0.03 are very
similar, see Fig. 5a. Near plane strain tension the value of ¢ is slightly smaller as f° increases, while this trend
is reversed as the loading path approaches equibiaxial tension, as in the case of £€), = 10000 s~! shown in Fig.
4a. On the other hand, including coalescence and fracture in the calculations, f. = 0.12 and fy = 0.5, see Fig.
5b, yields differences in the results obtained for the three values of f° considered which increase as the loading
path moves away from plane strain, as in the case of égz = 10000 s~! shown in Fig. 4b. Moreover, note that

the main quantitative difference between the forming limit diagrams obtained for 10000 s~! and 500 s~! is that,
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Figure 4: Comparison between finite element results (FEM) and linear stability analysis predictions (LSA). Forming limit diagrams,
critical major necking strain €5, versus critical minor necking strain &
(x = 0) to nearly equibiaxial tension. Results are shown for three values of the initial void volume fraction f° =0.01, 0.02 and 0.03.
The imposed initial major strain rate is €2, = 10000 s™'. Results corresponding to: (a) f. — oo and f; — oo (i.e. f* = f), so that
the constitutive model accounts for the growth of voids while neglecting coalescence and fracture, and (b) f. = 0.12 and f; = 0.5 (see

Table 1).
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independently of the value of the initial void volume fraction, increasing the loading rate shifts the 7, —ej, curves
upwards due to the stabilizing effect of inertia which delays necking formation (we further elaborate on this issue
in Section 3.3).

These results highlight the influence of void coalescence in the formability limits of porous metals, and reinforce

the idea that the stability analysis captures the mechanisms controlling the formation of dynamic necks for different

loading paths, loading rates and void volume fractions.
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Figure 5: Comparison between finite element results (FEM) and linear stability analysis predictions (LSA). Forming limit diagrams,

critical major necking strain €7, versus critical minor necking strain ej,, for loading conditions ranging from plane strain stretching

(x = 0) to nearly equibiaxial tension. Results are shown for three values of the initial void volume fraction % =0.01, 0.02 and 0.03.

The imposed initial major strain rate is €0, = 500 s~'. Results corresponding to: (a) fo — oo and f; — oo (ie. f* = f), so that

the constitutive model accounts for the growth of voids while neglecting coalescence and fracture, and (b) f. = 0.12 and f; = 0.5 (see
Table 1).

3.8. The effect of loading rate
The calculations presented in this section are performed for imposed initial major strain rates ranging from

100 s~ to 10000 s—!, and for three different values of the initial void volume fraction f = 0.01, 0.02 and 0.03.

Fig. 6 compares forming limit diagrams calculated using finite element simulations and predicted by the
stability analysis for four different values of the imposed initial major strain rate: 500 s~*, 2000 s~!, 5000 s~! and

10000 s~!. The initial void volume fraction is fO = 0.01. Results disregarding voids coalescence and fracture are



434

435

436

437

438

439

440

441

442

443

444

445

446

447

448

449

450

451

452

453

454

455

456

457

458

459

461

462

463

24

shown in Fig. 6a. The theoretical predictions are in excellent accord with the numerical results. As anticipated
in previous section, the stabilizing effect of inertia enhances the formability of the material as the strain rate
increases. Notice that the gap between the curves obtained for different strain rates is roughly constant for
all the loading paths considered, showing that the relative contribution of inertia to neck retardation decreases
as the loading path moves away from plane strain and approaches equibiaxial tension, in agreement with the
finite element simulations performed by N’souglo et al. (2021) for anisotropic materials modelled with Hill (1948)
criterion. Results considering voids coalescence and fracture are shown in Fig. 6b. We have checked that necking
occurs before fracture (recall that the stability analysis only models necking). As in Fig. 6a, the gap between the
curves obtained for different strain rates is very similar for all loading paths. Note that the difference with the
results reported in Fig. 6a for the simulations with f* = f is that the formability of the material is reduced near
equibiaxial tension (therefore the relative influence of coalescence on the formability is more as equibiaxial tension
is approached). The stability analysis predicts that coalescence occurs for gy = 0.35, 0.38, 0.43 and 0.51, in the
cases of €0 = 500 s, 2000 s~!, 5000 s~—! and 10000 s, respectively, while the values obtained with the finite
element simulations are &7, = 0.38, 0.40, 0.44 and 0.50. These results show that increasing the loading rate delays

the onset of coalescence.

The influence of the loading rate on necking formation is further investigated in Fig. 7, which pictures the

comparison between finite element simulations and linear stability analysis for the evolution of the critical major

c

¢ with imposed initial major strain rate ), for three different values of the initial void volume

necking strain e
fraction f° = 0.01, 0.02 and 0.03. Note that the range of values of 2 considered spans two decades of strain rate.
Results are shown for two different loading paths y = 0 and 0.5. The &5, — &% curves display a concave-upward
shape, showing that the increase of the necking strain with the loading rate is nonlinear, in agreement with the
finite element results shown in Rodriguez-Martinez et al. (2017) and N’souglo et al. (2021) for fully dense materials
modelled with von Mises (1928) and Hill (1948) yield criteria, respectively.

Results corresponding to f. — oo and fr — oo (i.e. f* = f) are shown in Figs. 7a and 7b. The differences

c -0
between the €5, — €5,

curves obtained for different initial void volume fractions are very small, consistently with
the results previously shown in Figs. 4a and 5a. The agreement between stability analysis predictions and finite
element calculations is excellent for the whole range of strain rates considered in the case of x = 0, see Fig. Ta.

Moreover, for the loading path xy = 0.5, the stability analysis underestimates the critical major necking strain

calculated with the finite element simulations for the lower strain rates investigated (underestimation of ~ 6% for
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Figure 6: Comparison between finite element results (FEM) and linear stability analysis predictions (LSA). Forming limit diagrams,
critical major necking strain €3, versus critical minor necking strain ej,, for loading conditions ranging from plane strain stretching
(x = 0) to nearly equibiaxial tension. Results are shown for four values of the imposed initial major strain rate €, = 500 s,
€2, =2000 s, €2, = 5000 s~ and €%, = 10000 s~!. The initial void volume fraction is f° = 0.01. Results corresponding to: (a)
fe = oo and fr — oo (i.e. f* = f), so that the constitutive model accounts for the growth of voids while neglecting coalescence and
fracture, and (b) f. =0.12 and f; = 0.5 (see Table 1).
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gl =100s71).

Results corresponding to f. = 0.12 and f; = 0.5 are shown in Figs. 7c and 7d. The €}, — eo.

curves obtained
for plane strain tension y = 0 are very similar to those obtained in Fig. 7a, showing that necking occurs before the
coalescence criterion is met, for this loading path, for the whole range of strain rates considered. In contrast, for the
loading path x = 0.5, there are differences between the results obtained for the three initial void volume fractions

considered, so that increasing the value of f0 shifts the ¢, — &%

curves downwards. In fact, the comparison with
the results obtained in Fig. 7b brings out that for f© = 0.02 and 0.03 the critical major necking strain is less
when coalescence is taken into account, specially, for strain rates greater than ~ 2000 s~!. Notice that the results
obtained with both finite element calculations and linear stability analysis show the same overall trends and there

is also quantitative agreement for most of the loading rates considered (the accord is particularly good at high

strain rates for the three void volume fractions considered).

4. Concluding remarks

In this paper, we have developed an analytical model to predict the formation of dynamic necks in ductile
plates subjected to in-plane biaxial stretching for loading paths ranging from plane strain to nearly equibiaxial
tension, and loading rates varying from 100 s~! to 10000 s~!. The novelty with respect to other stability analysis
currently available in the literature is that it takes into account the material porosity using the Gurson-Tvergaard-
Needleman constitutive relation for progressively cavitating solids (Gurson, 1977; Tvergaard, 1981, 1982; Tvergaard
and Needleman, 1984). The calibration of the analytical model has been performed assuming that a perturbation
mode turns into a necking mode when the cumulative instability index meets a critical value that depends on the
loading path and the strain rate. Excellent qualitative and quantitative agreement has been obtained between
formability diagrams predicted with the stability analysis and calculated with finite element simulations for initial
void volume fractions spanning from 0.01 to 0.1. Both analytical and numerical results show that the influence
of porosity on necking localization increases, due to early voids coalescence, as the loading rate increases and the
loading path approaches equibiaxial tension. The stability analysis derived in this paper, which stands out for its
simplicity, is intended to provide practical indications on the effect of porosity on the dynamic necking formability

of sheet metal products.
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Figure 7: Comparison between finite element results (FEM) and linear stability analysis predictions (LSA). Evolution of the critical
major necking strain £, with imposed initial major strain rate €2, for three different values of the initial void volume fraction f° = 0.01,
0.02 and 0.03. Results are shown for two different loading paths: x = 0 for (a) fo. — oo and ff — oo (i.e. f* = f) and (¢) fo = 0.12
and fy = 0.5, and x = 0.5 for (b) fo — o0 and f; — oo (i.e. f* = f) and (d) fo = 0.12 and fr = 0.5 (see Table 1).
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