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Abstract Structural Topology Optimization typically
features continuum-based descriptions of the investi-
gated systems. In Part 1 we have proposed a Topology
Optimization method for discrete systems and tested
it on quasi-static 2D problems of energy minimization,
assuming linear elastic material. However, discrete de-
scriptions become particularly convenient in the fail-
ure and post-failure regimes, where discontinuous pro-
cesses take place, such as fracture, fragmentation, and

collapse. Here we take a first step towards failure prob-
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lems, testing Discrete Element Topology Optimization
for systems with nonlinear material responses. The in-
corporation of material nonlinearity does not require
any change to the optimisation method, only using ap-
propriately rich interaction potentials between the dis-
crete elements. Three simple problems are analysed, to
show how various combinations of material nonlinear-
ity in tension and compression can impact the optimum
geometries. We also quantify the strength loss when a
structure is optimized assuming a certain material be-
havior, but then the material behaves differently in the
actual structure. For the systems considered here, as-
suming weakest material during optimization produces
the most robust structures against incorrect assump-
tions on material behavior. Such incorrect assumptions,
instead, are shown to have minor impact on the service-

ability of the optimized structures.

Keywords Topology Optimization - Discrete Element

Method - Material Nonlinearity
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1 Introduction »

33
Structural Topology Optimisation (TO) is a family of*
methods to distribute mass within a design domain 3
and maximize the utilization of material under a set 36
of imposed loads and constraints [Il [2]. First ideas of¥
structural of TO date back to the early 20" century,
with the analytical work of Michell [3]. The advent of
modern computers rapidly expanded the capabilities“
and scope of T'O; homogenisation-based TO came first #
[4, B, [6] and was then mostly replaced by the Solid +
Isotropic Material with Penalisation (SIMP) approach +
[4,[7]. A crucial part of any TO algorithm is the calcu-+
lation of objective functions depending on the distribu- 4
tion of material during the optimisation process. This 4
step requires structural analyses, for which continuum- 4
based methods such as the the Finite Element Method
(FEM) are the norm. In Part 1, we have coupled SIMP-#

based TO with Discrete Element (DE) analyses NOTE
5

0

TO EDITOR: please cite or otherwise link Part 1 here.

51

The resulting Discrete Element Topology Optimisation

52

(DETO) offers a pathway to consider processes that

53

challenge continuum-based descriptions, such as granu-
54

lar behaviors [8], fracture [9, [10], fragmentation [I11[12],

55

and collapse [I3} [14, [I5]. DETO may therefore impact

56

scientific communities whose favor for discrete analyses
57

has been precluding access to topology optimisation,
58

for example in soil mechanics or in nanoscale materials
59

modelling.
60
An advantage of DETO is that, in principle, it could &

be used to target performance indicators that involve s

discontinuous structural behaviors, such as resistance to e

fracture or collapse. In such near-failure or even post-
failure regimes, the stress-strain behavior of many en-
gineering materials is nonlinear. Material nonlinearity
has been included in continuum-based TO since the mid
1980’s [16l, I7], mostly focusing on elastoplasticity: see
review in Ref. [I§]. From a structural design perspec-
tive, an important finding has been that structures opti-
mized for serviceability performance, viz assuming lin-
ear elasticity, may be significantly sub-optimal towards
failure, when the material behaves nonlinearly [19] [20].
For discrete systems, however, DETO has only been
applied to linear elasticity thus far; geometric nonlin-
earity from large displacements is included too in Part 1
NOTE TO EDITOR: please cite or otherwise link Part
1 here as it is naturally captured in DE analyses, where
particle interactions are always computed in there de-
formed state. However, material nonlinearity in DETO

is still to be addressed.

This manuscript presents a first application of DETO
to problems with material nonlinearity. Section [2| de-
scribes the DETO method for a general problem of
interaction energy minimization under imposed forces,
and then particularises it for the 2D structures in this
manuscript. We show how nonlinear material behaviors
can be included seamlessly, without any change to the
methodological framework. We then discuss how, un-
der imposed displacements instead of forces, the same
optimisation scheme maximises the structural ductil-
ity, which is a typical objective function when consid-
ering material nonlinearity. The last part of Section
presents four interaction potentials to be used through-

out the manuscript, describing linear elastic materi-
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als as well as nonlinear materials undergoing strain-os
hardening (i.e. becoming less stiff) or strain-stiffeningos
(i.e. becoming stiffer) under tension, compression, or o
both. Section [3| considers three optimization problems s
including material nonlinearty. Two of these problems s
are known in the literature on continuum-based TO
[19], whereas the third one is proposed here to furtherso
appreciate the effect of material nonlinearity. Particu-in
lar attention is paid to the scenario in which a structure
is optimized assuming a certain material behavior, but
then the material turns out behaving differently from
what was planned. Our results confirm the applicabil-
ity of DETO to systems with nonlinear material behav-
iors, and prompt a discussion on service performance,
strength loss, and robustness against incorrect material
assumption, all of which are important for structural

design.

2 Methodology

The DETO method has been presented in Part 1 and
compared with classical SIMP-based TO using Finite
Element analyses NOTE TO EDITOR: please cite or
otherwise link Part 1 here. A MATLAB implementa-
tion is available on GitHub [21], but the repository also
includes a C++4 version which is more efficient and rec-
ommended for replicating the simulations in the presentie
manuscript. Here we first present DETO for a problenmuos
of interaction energy minimization in a system of parti-ios
cles under imposed forces and interacting via a genericios
potential. The problem is then particularised into oneios
of strain energy minimisation in a 2D structure made ofior

closely packed, pairwise-interacting disks. We then dis-is

cuss how the same optimisation algorithm maximises
structural ductility when displacements are imposed in-
stead of forces. Finally we present several interaction
potentials to describe material behaviors that will later

be used in Section Bl

2.1 DETO: Energy minimization with generic interac-

tions

Consider a system of N interacting particles under a set
of imposed external forces and constraints to motion;
these latter may represent structural supports such as
pins or rollers. Each particle ¢ has an associated vari-
able x; € [0,1]. Particles with xy = 0 interact with zero
intensity with the others, effectively representing voids.
Particles with x; = 1 interact with full intensity, thus
representing full solid. All the per-particle y; are gath-
ered into a vector x. An optimization problem to min-
imize the total interaction energy in the system, Uiy,
implies the possibility to redistribute the values in x

under a set of constraints, for example:

m)én : C(X) = Ut (X? r, ¢) (1)
subject to : V‘(/X) =f (2)
0

c is the objective function to minimize, here identified
with Uier. Egs. 2l and [3] are the constraints on x. Eq. 2]
fixes the target solid fraction f of a final system where
all particles have either y; = 0 or x; = 1, viz a 0-1,

N
D1 Xi

and Vy = N. Eq. 3] bounds the values of x; between

void-solid only system. Specifically, V(x) =

1 and a small value xmin; in principle one could use
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Xmin = 0 to represent void, however small but finitew
values, such as 1072, are frequently preferred to avoidie
issues with later parts of the optimization process, i
particular the filtering step (see Part 1 for more discus-is
sion on this point NOTE TO EDITOR: please cite orus
otherwise link Part 1 here). The total interaction en-us
ergy Uy in Eq. [1]is a generic function of the particle
positions r and orientations ¢. Following the concept
of penalisation, which is central to the SIMP approach,
the dependence of Uy on x should be set to favour 0-1
only structural solutions and to penalise gray solutions

with intermediate x; values.

The optimization problem in Egs. [I}j3]is quite generic
but some notes on its scope and underlying assumptions'*
are due. Discrete Element analyses typically include™®
velocity-dependent dissipative terms [§]; here we do not'*
consider them because the problem refers to static equi-**°
librium conditions. Extensions to dynamic problems is'™'
possible but beyond the scope of this manuscript. Eq. [T}
also assumes that Uy, is history-independent, with no'®
irreversible processes such as bond breakages. Irreversible
events can be included in DE analyses and they moti-***
vate in part the development of DETO. However, min-"*°
imization of U,; may not be a meaningful problem'”
when such irreversibilities are included. One issue that'®
may arise, for example, is that U;,; would be minimum'®
when all the bonds between particles are broken; such'®
a fragmented system is unlikely to be the desired opti-**"
mum. Similar and other issues may arise depending on
the functional form of Uj,. Therefore the problem in

Eqgs. [[}3] may not be appropriate, or might require ad-

ditional constraints, depending on: the functional form

of Uyoe, the possible presence of irreversible processes,
and the type of analyses to be conducted (static or dy-
namic).The calculations in this manuscript will target
static equilibrium, without irreversibilities, and with
expressions of Uy, that ensure the applicability and

relevance of the problem in Egs.

A slightly more specialized expression of Uy, but

still quite generic and more convenient, may be:

Ut = Y, > i (i ;) Ui (vi, 15) +

)

+ZZ Z Kijk(Xi> Xjs Xk)Uijr(Ti, T, 1) + ...

i jFL kFig

(4)
where 7, 7, and k are the indexes of the interacting parti-
cles. The first term describes pairwise interactions, the
second three-body interactions, and the series expan-
sion may continue to include more multi-body terms.
This expansion is commonly used in materials mod-
elling, e.g. in atomistic simulations [22]. The spatial
dependence of the interactions is described by the Uj;
and Uy, functions; to simplify the notation they are
assumed to depend only on particle positions r, but
the treatment of orientation-dependent terms would be
analogous. The penalising functions x depend on the x
values of the particles involved in the interaction. Spe-
cific forms of U and k will be introduced later in the
manuscript; now we continue presenting DETO for the

still rather general form of Uy in Eq. [

To solve the optimization problem in Egs. [I}j3] we
use the same approach as detailed in Part 1 NOTE TO
EDITOR: please cite or otherwise link Part 1 here. At

the generic optimization step, a DE analysis provides
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the static equilibrium configuration corresponding toio
the current values in x under the imposed forces andin
constraints to motion. The wupdating scheme for x be-

tween two subsequent optimization steps is:

Oc \“
new old

frd . . 7)\

Xz Xz <8X2 )

o =

()

% is a parameter to improve convergence. \ is a

parameter that rescales the predicted values of x to re-

spect the constraints in Eqgs. [2]and [3] as well as another

172

typical constraint on the maximum allowed change of
173

X5 (this

174
maximum change is always set to 0.1 in this manuscript).

i between two subsequent steps, viz |Xnew —

See Part 1 for more discussion on this point NOTE TO175

176
EDITOR: please cite or otherwise link Part 1 here. 8‘9—;

177
is the sensitivity of the cost function with respect to

178
the design variables. Since ¢ = Uy, here, the definition

179

of Uy in Eq. [ gives:

180

=22 Pl X“XJ Uij(ri,r5) + i

8)@ T g
Okijk(Xir Xjs Xk) .
2.0 > g Ul +
i jF k#ig
¥ (6)

Eq.[6]shows that spatial complexity in Uz does not add
complexity to the calculation of sensitivity. Indeed, the
derivatives in Eq. [6] apply only to the penalising func-
tions x, whereas the values of U;; and U;j;, can be di-
rectly taken from the results of the DE analysis. Egs.
and [6] come from the Optimality Criteria approach to
the solution of the optimisation problem, adapted from

Ref. [23]. This method is particularly efficient for the

energy minimization problem here; other methods may
better suit other problems.

Often the updating scheme in Eq. [5|does not feature
directly the sensitivity from Eq.[6} but rather a coarse-

grained version of it:

nyf

Jc
— Z TWka
Oc k=1 Xk
aX’L - ny

Xi Z Wi
k=1

where ny is the number of particles within a distance
T'min from the center of particle 7, including particle 4
too. Wi = rpin — ik > 0 is a weight function ensuring
that particles closer to ¢ contribute most to its coarse-
grained sens1t1v1ty . The coarse-graining process in
Eq. [7} known as ﬁltering, is commonly used in Finite
Element based TO to avoid the checkerboarding prob-
lem [24] 25]. Part 1 shows that DETO does not suffer
from checkerboarding, but also that filtering still im-

proves the quality of the optimum solutions NOTE TO

EDITOR: please cite or otherwise link Part 1 here.

2.2 DETO: Strain energy minimization in 2D

The problem in the previous section is now particular-
ized for a 2D system that is relevant for all the case
studies in this manuscript. The system is a rectangu-
lar design domain initially filled with nely layers of nelx
particles each (actually, nelx for odd layers and nelx—1
for even layers). The particles are hexagonally closed
packed disks of diameter D: see Fig. [I] External forces
and constraints to motion may be imposed, as shown
for example in the figure. At first, all disks have same

x = f. The interaction energy in Eq. [4] is assumed to
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Fig. 1 Example of a 2D system of interacting disks, subjected,,
in this case to two external forces and constrained by two

pinned supports (the black triangles). 203

204

205
feature only a pairwise term that depends only on the
206

interparticle distance r;;. For k we use the penalisation
207

scheme that we proposed in Part 1 NOTE TO EDI-

208

TOR: please cite or otherwise link Part 1 here:

209

(8)210

211

_ PP
Kijg = X X5

This leads to: 212

213

(9)

214

Utot = Z Z XfX?Uij (riz)

i i
As discussed in Part 1, also here we take p = 2. A re-s
striction that we will respect on the spatial functions
U;; is that the corresponding interaction force Fj; =

v, . . . . . .
- gTJ will be monotonically increasing with 7;;. Thises

means that we can only consider material nonlinearity2o
where the stiffness of the material may decrease (strain-zo
hardening) or increase (strain-stiffening) with straingx
but always remains positive. Strain-softening nonlin-
earity, where the stiffness becomes negative, will notes
be considered here as it may lead to strain localisationzzs
and non-uniqueness of the solutions; this would requirexs
changes to the problem formulation in Eqgs. [I}j3] and re-s

lated solution method. 207

2.3 Ductility maximisation under imposed displacements

The solution approach in Egs. [f] and [f] has been pre-
sented for the energy minimisation problem in Egs. [113]
under imposed external forces. However, when a ma-
terial behaves nonlinearly, imposed forces may cause
mechanical instability and compromise the optimisa-
tion process. To mitigate this issue, nonlinear structures
are often studied under displacement-control, viz im-
posing displacements to certain points and computing
the corresponding forces (e.g. in Ref. [19] 20]). Under
such conditions, it is desirable for a structure to re-
quire high strain energy to reach the imposed displace-
ments. Therefore, the minimization problem in Eq.
should be converted into an energy maximization prob-
lem instead. However, below we show that the solution
procedure in Egs. [f| and [6] leads indeed to energy max-
imization when displacements are imposed instead of

forces.

Eqgs. [5| and |§| effectively direct solid (i.e. increase x)
where a structure is most strained, and remove solid
(i.e. reduce x) elsewhere. When penalisation schemes
such as in Eqgs. [§land [0 are used, larger x imply stronger
and stiffer interactions. Therefore, the solution proce-
dure maximizes the structural stiffness for the set of
imposed forces and constraints. For this reason, the
problem in Egs. [[}3] is often referred to as ‘compli-
ance minimization’ rather than strain energy minimiza-
tion. When displacements are imposed instead of forces,
Egs. [f] and [f] still maximize structural stiffness. How-
ever, in this case stiffness maximization implies that the

Uiot to reach the imposed displacements will be max-
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imum; this problem is also known in the literature as,,
ductility mazimization [19] 20]. To immediately appre-,
ciate the impact of stiffness maximization on Uyys, CON-y,
sider a linear elastic system where forces and displace-,;
ments are collected in vectors F and u, which are linked
by a structural stiffness matrix K so that F = Ku.
The strain energy is Uy = %uTKu. If forces are im-
posed and K is maximized, then u will be minimum,*
and so will U, By contrast, if displacements are im-
posed and K is maximized, the required forces F Will265
be maximized too, and so will Uyy. .
267
Running DE analyses with imposed displacements pss
as part of DETO, requires some dedicated arrange-o
ments. Consider a generic optimisation step: the cur-n
rent values in x provide the penalisation functions k;jen
for each pair of interacting particles. These x;; are useder
in the DE analysis that returns the static equilibriumess
values of r and thus of U;; under the imposed displace-
ments. These values of U;; are then used to compute thexs
sensitivity in Eq.[6} Under imposed forces, the DE anal-rs
ysis is simply an energy minimization process, carried:s
out using e.g. damped dynamics algorithms such as thexss
Sheppard algorithm [26]. Imposed displacements Wy, per
require additional care to control the strain rate duringso
energy minimization. One possibility, adopted in thise
manuscript, is to start each DE analysis from the under-xs»
formed configuration and to progressively increase thesss
imposed displacements with a suitably small rate 0, 2ss
Energy minimization should proceed while increasingss
the imposed displacements, until the target w;,,, aress

reached. After that, energy minimization should con-s

tinue until satisfying appropriate convergence criteria.ss

current __ Upre’uious
tot tot
such as TR
tot

< etol where etol is a user-

provided small tolerance. In this manuscript, the change
in energy is averaged over 10 steps before comparing

with etol.

2.4 Interaction potentials

We consider four types of interaction potentials Uj;,
each representing a different material behavior. Table
shows the expressions of each potential, along with the
corresponding interaction forces (positive when repul-
sive). Fig. a compares the U;;(r;;) for the various ma-
terials and for a set of kg, a. and D parameters that are
relevant for this manuscript. As expected from strain
energies, all the U;; curves are zero in the undeformed
state 7;; = D, and positive elsewhere. Fig. Elb shows
the Fj;(ri;) curves, from which the strain-hardening
and strain-stiffening regimes can be appreciated. The
F;j(r;ij) curves are proportional to the stress-strain be-
havior of the material, which can be quantitatively esti-
mated assuming that D = 1 mm, that the box thickness
in the third direction is t, = D, and that the contact
area between two particles is one sixth of the lateral
surface area of the disk, viz %Wth~ Under these as-
sumptions, the strain between particles in 1073 units
is equal to the elongation in ym in Fig. 2] whereas the

maximum stress between particles in strain-hardening

ko 6
a wD2

regimes, when |r;; — D| > 0, is capped to 477
MPa (assuming ko = 100 kN/mm and a = 400 mm ™!
as in Fig. [2)). Simulation results will later confirm this

estimation.
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Table 1 Interaction potentials for the case of linear elastic materials (Lin), symmetric strain-hardening material in tension and
in compression (Weak), asymmetric material hardening in tension and stiffening in compression (Weak-T'), and asymmetric
material hardening in compression and stiffening in tension ( Weak-C).

Potential name Ui;(rij) Fij(ri;) = —‘g{g
Lin %k‘o(’/‘ij — D)2 —k‘o(’l“ij — D)

Weak 2—8 In{coshla - (r;; — D)]} —%0 {tanh[a - (r;; — D)]}
Weak-T ko flexp[—a-(rij — D))+ (ri; — D)} — %8 ko {1 —exp[—a- (ry; — D)]}
Weak-C ko flexpla- (ryy — D) — (rij — D)} — % ko fexpla- (ry; — D)) — 1}

Lin Weak-T = 289 The interactions in Fig. [2| capture material nonlin-

~
o
~

Weak

Weak-C = = = 200

291

292

293

294

295

Energy U;; (N mm)

296

297

8 6 4 -2 0 2 4 6 8
Elongation r;;-D (pym)

298

299

300

301

302

303

304

Force Fj; (kN)

305

| | | | | 306
-6 4 -2 0 2 4 6
Elongation rj;-D (pm)

307

308

Fig. 2 (a) Interaction potentials from Table [1| for some of, |
the parameters used in this manuscript: kg = 100 kN, D =
1 mm, a = 400 mm~1; (b) Corresponding force-elongation_
curves from Table which are proportional to the stress-

strain behaviors of the materials.
311

312

earity under strain. However, the potentials are all elas-
tic, with same stress-strain responses upon loading and
unloading. Irreversible deformations could be consid-
ered in principle, and indeed elastoplasticity and elasto-
plastic interactions are within the current capabilities of
continuum-based TO and of DE analyses (e.g. [19,[13]).
Such irreversibilities would impact the results if the DE
analyses involved dynamic or cyclic loads, or if buck-
ling instabilities or strain localization, e.g. due to ma-
terial softening or fracture, led to stress relaxation in
some parts of the structure. In this manuscript, ma-
terial softening and fracture are not considered (only
hardening and stiffening as per Fig. , buckling will not
occur, and imposed loads or displacements will always
induce monotonically increasing strain everywhere in
the structure. Under these conditions, the reversible in-
teractions in Fig. [2| are as representative of large-strain
material behaviors as elastoplastic interactions would
be. Therefore in this manuscript, for the sake of brevity,
we will use the term “plastic flow” even if the mate-
rial is not strictly plastic, because its behavior under
quasi-statically and monotonically increasing strain is

the same.
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2.5 Simulation details

All the simulations in this manuscript are based on the
parameters in Table 2] The values of D, ko, and a in
the table are those returning the interactions in Fig.
The filtering length 7,,;, is used for the weight fac-
tors in Eq. [7} The domain thickness ¢, is only used to
estimate the cross section between two interacting par-
ticles in Dt, = D?, which has been used to relate the
force-elongation curves in Fig. [2|b to the stress-strain
behavior of the materials. .
Table 2 Input parameters for the DETO simulations in this

manuscript. In some explicitly mentioned cases, filtering will
be deactivated and smaller strain rates 11;,,, will be used. 333

D 1 mm dt 0.02 us

ko 100 kN/mm | dpew 002  mm |
a 400 mm m 1 mg s
Trmin 1.1 mm etol 108

t, 1 mm YXmin 1073 "
Wimp 10~ mim usfl B37

338

339

The DE-based energy minimization algorithm to find

340

configurations at static equilibrium is based on Shep-

pard’s damped dynamics [26]. The algorithm uses a
341

time step dt, particle mass m, and caps the maximum
342

particle displacement to d,,., at each Euler integration

step; convergence is judged based on the energy tol-s
erance etol, as already explained in Section Thes,

DETO process is considered as converged when x7¢% —,5

i
Xfld < 0.004 for all particles. 346
The stresses per particle o4, (with ab = xx, xyse
or yy) can be computed from the interaction forces us-ss

ing the virial approach [27] (see Part 1 for more de-so

tailsNOTE TO EDITOR: please cite or otherwise linksso

Part 1 here):

1
Tabi = 597 Z (ra,iFijpi +Ta,iFijpj) (10)

i

Viot

Here we use V; = ~¢t, where Vi, is the total volume of

the design domain and N is the number of particles in
the system. From these stresses we can then compute

Von Mises deviatoric stresses per particle:

Odev = \/a:%x — OpaOyy + 02, + 302, (11)

having dropped the subscript i to simplify the notation.

3 Results

This section presents three optimization problems where
material nonlinearity may significant impact the result-
ing topologies. Results are first obtained for the Lin and
Weak interactions in Table [1} which are analogous to
the linear elastic and elastoplastic materials considered
in Ref. [19]. Two of the systems are also tested using the

asymmetric potentials Weak-C and Weak-T in Table[l]

3.1 Three-support system with imposed displacement

from the top

The system is shown in Fig. [3} it is analogous to one
originally analysed in Ref. [19] using FEM-based TO.
Fig. A a shows the topology resulting from DETO when
the material is linear elastic. Most of the structure gets
concentrated into a central pillar, which provides the
shortest and stiffest path to transfer the load from the
point A down to the central support. The benefit of

increasing the cross section of the pillar is limited by
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L/5 370 Fig. @b shows the optimization result for the sym-
-
*‘*“# sn  metrically nonlinear material. The limiting factor for
A 1 sz Uy in this case is that some pairs of particles may
Uimp = 0.4 mm
T s reach the maximum asymptotic value of their interac-
Il
& s tion force (see Fig. , thus entering into the analogous
% a5 of a plastic flow regime. This happens near the supports
L/10 L /10 L/10
l—> -— -— 4 s and under the plate applying the imposed displacement,
— — —
L=119 mm sz as shown by the sharp diagonal fronts of large devia-

& >
< »

378

Fig. 3 Optimization problem for a beam on three-supports,_,
with imposed displacement at point A at midspan. The value
of u;mp has been fine-tuned to obtain an appreciable impact380
of material nonlinearity.

381
382

the size of the support, to the extent that for the target383
solid fraction used here, f = 0.3, additional stiffness 13384
gained by creating diagonal branches that reach for them
lateral support, despite such branches are longer than386
the central pillar and thus contribute less efﬁciently387
to the overall stiffness. A similar result was obtained388

in Ref. [T9] using FEM-based TO; in that work, how—389
ever, the optimum structure did not feature the diag—390
onal branches. This difference may be due to the dif—391
ference between an FE-based description and our DE-se
based one. Another possible explanation lies in differ-ses
ent optimization procedures, e.g. the different updat-ses
ing schemes for x or parameters such as the maximuinses
change of x; allowed between subsequent optimizationsss
steps. In any case, additional simulations not presentedsor
here have shown that the overall stiffness changes onlysss
very slightly when the mass is all concentrated into theseo

central pillar, rather than being partly distributed toso

the thin diagonal branches in Fig. [fa. 401

toric stress in Fig. [@lb. The magnitude of such stresses
is consistent with the quantitative estimation in Sec-
tion [2l Because of these mechanisms, the response of
the system is controlled by the thinnest cross section
across which the load is transferred. Therefore, if the
thick central pillar in Fig. [4la was retained, all its mass
in excess to its smallest cross section, viz the size of
the support below it, would not contribute to the max-
imum Uy,;. Therefore, when the material nonlinearity is
considered in the optimization process, the excess mass
is removed from the central pillar and used to thicken
the diagonal branches, exploiting as much additional
area from the lateral supports as possible. The result is

analogous to that obtained in Ref. [19].

Fig. @lc shows the evolution of the objective func-
tion, Uyet, during the optimization process. As expected,
the weaker nonlinear material ends up with significantly
lower Uiyt The snapshots within the figure show how
the systems in Figs. [dla and b appear after 8 optimiza-
tion steps only. Both systems then feature thick diago-
nal branches, but with the key difference that the Weak
system is already clearly utilizing the branches (light
color meaning intense von Mises stresses in them), whereas

the Lin system is not utilizing them significantly (dark



402

403

404

406

407

408

409

411

412

413

414

415

416

Topology Optimization using the Discrete Element Method. Part 2: Material Nonlinearity 11

800 MPa

(a)

5 L] I RN T 25 T T T T

4 + (C) i 20 | (d) i Lin =—=—
Lin (no filter) ——
s 3 T g 151 Lin (u=10) o

DQ 2 - p:.é 10 Final
------ Weak —_—

1 - 5 =t -
nitial Step 6 Weak (-no filter) ——
O == ol 0 e Weak (1=10"5) -

1 10 100 0 01 02 03 04

Optimization step Ujpp (Mm)

Fig. 4 Optimization results for the three-support system in Fig. |3| with target solid fraction f = 0.3, assuming (a) linear
elastic and (b) symmetrically strain-hardening material, as per Lin and Weak expressions in Table [1} The colors represent
the intensity of local deviatoric von Mises stress; (c¢) Evolution of the objective function Utot, viz the total strain energy of
the systems during the optimization. The base case with inputs in Table |2|is compared with cases with no filtering and with
smaller w;mp; (d) Evolution of force—displacement curves during the optimization.

color meaning little stress). As a result, at this stepas
during the optimization mass tends to move away fromus
the branches in the Lin case, whereas it tends to moveuo

towards the branches in the Weak case. 420

Fig.[dld shows the force-displacement curves for the'*
Lin and Weak materials, evolving during the optimiza-**?

tion process. Clearly the final solutions are much strongé#®

f 24

0.3. At small displacements the two systems feature®

than the initial ones, where all particles had y; =

similar stiffness, whereas the nonlinearity caused by the*®

material in the Weak system becomes evident at larger*”

428
Uimp-

For both types of material, Fig. @lc and d compare429
results for three different cases: the base case with in-

put data in Table [2, the base case but without filter-

ing, and the base case but with a smaller loading rate

L in the base

Uimp = 10~° (instead of 10™* mm pus™
case). For the linear material all cases give identical re-
sult. For the nonlinear material, instead, the case with-
out filtering reaches a less optimal solution with lower
Uiot, whereas the other two cases returns the same evo-
lution of Uy, A close scrutiny of the force—displacement
curves for the Weak system indicates that the curves
for to the base case are the highest, suggesting a more
optimum outcome. However, when reaching the target
Uimp, the base systems continues to minimize its strain
energy which causes a drop of force while w;,,, remains
fixed at 0.4 mm. The case with lower loading rate fea-

tures a lower curve but with no further relaxation at

Uimp = 0.4 mm. As a result, both the base case and
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the slower one attain the same final value of force, and
thus of Usot, at Ujmp = 0.4 mm; this explains why their
Utot are identical in Fig. @c. By contrast, the force-
displacement curves for the case without filtering are
intermediate between the base and slower cases but,
when u;mp = 0.4 mm is reached, a significant further
relaxation sees the force dropping below those of the
other cases (see the thin vertical lines at t;n,, = 0.4 in
Fig. d). This explains why Uy in Fig. c is smaller in
this case than for the others. In terms of geometry evo-
lution, what limits the unfiltered case is that the system
rapidly converges to a configuration with all x; ~ 0 or 1,
getting effectively stuck into a local energy minimum.
This hinders a full transfer of mass towards the lat-
eral branches, hence a full exploitation of the supports.
A similar effect of unfiltered systems getting stuck into
264

sub-optimal local minima was already observed and dis-
465

cussed in Part 1 for systems with linear material NOTE
466

TO EDITOR: please cite or otherwise link Part 1 here.
a67
Fig. |5| shows results that are particularly relevantass
for structural design. The Lin from Weak series ex-o
plores how the structure in Fig. @b, optimized for awo
nonlinear material (viz for best performance approach-sm
ing failure), behaves in the linear elastic range. Thew
results show that the stiffness of the structure is lowerss
than that in the Lin structure, which was originally op-s
timised assuming a linear elastic material. The loss inas
stiffness is 11%, from a gradient of 53.5 kN/mm in thesws
Lin case to 47.75 kN/mm in the Lin from Weak casean
In the same figure, the Weak from Lin series exploresms

how the structure in Fig. [dla, optimized for a linearss

material (viz for maximum stiffness in service condi-so

Lin Lin from Weak - - - -
Weak Weak from Lin - - - -
25

20 L
% 15 + 7. ‘ |
£ 10t a -
5+ T .

0 | | | |

0 0.1 0.2 0.3 04
Ujmp (mm)

Fig. 5 Force—displacement curves for the configuration in
Fig. @b assuming linear elastic material (Lin from Weak),
and for the configuration in Fig. [la assuming nonlinear ma-
terial (Weak from Lin). The curves are compared with the
base cases for linear and nonlinear materials already shown
in Fig. d (solid curves). All curves here were obtained using
loading rate t;mp = 107° mm ps™1.

tions) behaves when approaching failure. The results
show that the maximum force and the strain energy
at Uimp = 0.4 mm are both substantially smaller than
in the Weak structure, which was originally optimized
assuming nonlinear material. The maximum force and
strain energy go from 7.83 kN and 2.34 kN mm for the
Weak case, to 6.12 kN and 2.11 kN mm for the Weak
from Lin case, decreasing by 22% and 10% respectively.
A 15% loss in maximum force was obtained in Ref. [19]
for a system with same geometry, but using FEM-based
TO and elastoplastic material. An 11% loss of stiffness
in service conditions is likely to be less problematic than
a 22% loss of strength approaching failure. Therefore,
the designer should use TO with linear elastic materials
carefully and favour optimization using realistic mate-
rial behaviors when addressing strength and structural

failure.
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502

3.2 Three-support system with mid support settlement
503

The system in Fig. [6] has very similar geometry as the504
previous one in Fig. 3] The differences are that the dis—505
placement is imposed at the mid support instead of5 o

above the beam, and that the lateral supports are only
507

half as wide as before. This problem was also originally
508

addressed in Ref. [I9], there using FEM-based TO with

509

elastoplastic material.
510

L=119 mm su

512

513

an)
(IJL 514
O
L /10 g 515
-—
L /20 L /20
- * ** - e
|| A L o

Uimp = 0.4 mm s

Fig. 6 Optimization problem for a beam on three supports519
with imposed settlement of the mid support.

520
1

Fig. [7]shows the optimum geometries obtained from™

DETO. In all cases, the resisting mechanism is akin to™

that in the seminal work of Michell [3], where the cen-"**
tral ties connect the settling plate to the compressed™
arch above, which transfers the load to the stable lat-szs
eral supports. The linear elastic Lin case produces asxs
structure that is very similar to that in Ref. [19], de-sx
spite the already mentioned methodological differences.szs
A material that is strain-hardening both in tension andsz
in compression produces the Weak structure in Fig. [7]b s
with a flattening of the arch at is its top and with fewerss

thicker ties linking the settling mid support with thes:

compressed arch. Another important detail is that thesss

Weak structure concentrates more mass near the later
supports, which are instead not fully utilized in the Lin
case. An analogous tendency to fully exploit the sup-
ports has been already discussed in the previous section,

and was also observed in Ref. [19] for this case study.

The structures in Fig. ] in the previous section,
were fully under compression when loaded, hence con-
sidering asymmetric materials in tension and compres-
sion was not useful then. Here instead, Fig. [7]shows how
asymmetric material behaviors lead to different opti-
mum structures. In particular, Fig.[7}c shows that a ma-
terial that is weak, viz strain-hardening, in compression
and strong, viz strain-stiffening, in tension produces a
structure with thin central ties under high stress, and
a thicker compressed arch that fully utilizes the lateral
supports. By contrast, in Fig. [7]d, a material that is
weak in tension and strong in compression creates thick
central ties and a shallower and thinner compressed
arch which utilizes the lateral supports only in part.
In this latter case, the limiting factor is the size of the
settling central support, which controls the maximum
cross section in tension and thus the maximum force

that the structure can carry.

Fig. [§] shows the force-displacement curves for the
four systems in Fig. [7] As expected, all curves start
with the same gradient in the initial linear regime. The
Weak-T system displays an initially increasing gradi-
ent, due to strain—stiffening in the compressed arch.
At displacements over 0.5 mm, however, the strain-
hardening behavior of the central ties takes over and
plastic flow caps the maximum force. The Weak sys-

tem features the smallest strength, but the Weak-C' is
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(a) Lm 400 MPa

(b) Weak 300 MPa

300 MPa

300 MPa

(d) Weak-T

Fig. 7 Optimum geometries for the problem in Fig. EI, with solid fraction f = 0.25 and for different material behaviors as
per Table (a) linear elastic, (b) symmetrically strain-hardening, (c) strain-hardening in compression and strain-stiffening in
tension, and (d) strain-hardening in tension and stiffening in compression. The colors represent the intensity of the deviatoric

von Mises stress.

Lin Weak-T - - - - 539
Weak — Weak-C - - - - 540
8 T T T T
541
542
6 - -
—~ f wm === " 543
é 4 . - 544
<} .
s . ‘, =TT T T T e . 545
2,
2 F 2 N
546
0 I I I I

0 02 04 06 08 s

Uimp (mm) 548

Fig. 8 Force-displacement curves for the structures in Fig. 49
each with their respective material behavior.

550
only marginally better, as opposed to the significantlyss:
stronger Weak-T system. This happens because thes:
strength-controlling element in the Weak and Weak-sss

C system is the compressed arch. The Weak-C' systemss

can transfer a bit more mass from the central ties intosss

the arch, but eventually the minimum cross sectional
area of the arch is limited by the size of the lateral
supports, which both the Weak and Weak-C systems
utilize in full or almost. In the Weak-T system, instead,
strength is controlled by the central ties and therefore
the system has more freedom to move mass away from
the compressed arch and alter the overall geometry to

maximize its strain energy.

The different optimum solutions in Fig. [7] raise the
question of how much an incorrect assumption of ma-
terial behavior in the TO process may affect the struc-
tural performance. As an example, consider a structure
where the elements under compression are confined us-
ing FRP to induce strain-stiffening in a material that
would otherwise be symmetrically strain-hardening. In
our model, this means turning a Weak system into a

Weak-T one. If optimized assuming Weak-T behavior,
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the geometry in Fig.[7ld would be obtained. However, if
the FRP system failed in the actual structure, the ma-
terial behavior would go back to Weak , for which the
optimum geometry would be that in Fig. [7}b instead.
This raises two questions: how much strength loss may
be caused by an incorrect assumption of material be-
havior? Which of the four material behaviors considered
here would produce the most robust structure, in case
the material ends up behaving differently? The results

in Fig. [9] address these questions.

Each subfigure in Fig. [9] shows how one of the op-
timized structures in Fig. [7] would behave for any of
the four material types in this manuscript. A first take
is that all four structures, irrespective of the material
assumption underlying them, feature a similar force-
displacement curve when the material behaves linearly
(compare the black solid Lin curves across the four
subfigures in Fig. E[) This means that, for the struc-
tural system considered here, stiffness is not sensitive
to the geometric details and the risk of losing service
performance due to an incorrect material assumption
is low. A second take is that, for all the material be-
haviors considered here, the structure that has been
optimized assuming the correct type of material is the
one featuring highest strength. For example, consider
the Weak-T curves in all the subfigures in Fig. [0} the
one reaching the highest force is that in Fig. [9}d, where
the structure was indeed optimized assuming a Weak-
T material. The same applies to the other three mate-
rial types, confirming and extending the result in Fig. 5]

in the previous section.

Lin Weak-T - - - -
Weak Weak-C - - - -
8 T T
o | (a) orig. = Lin ]
j
= L,L st 1
0 | | | |
0 0.2 04 0.6 0.8
8 T T T T
~ 6 7
e
= L 1
0 | | | |
0 02 04 0.6 0.8
8 T T T T
_6r (c) orig. = Weak-C i
<
< o SN ~ N
=L < 1
O | | | |
0 02 04 0.6 0.8
8 T T T T
~ 6 N
e
S 5 | |
0 | | | |
0 02 04 0.6 0.8
Ujpyp (Mm)

Fig. 9 Force-displacement curves for different material be-
haviors and for structures originally optimized assuming the
following material types: (a) linear elastic Lin, (b) symmet-
rically strain-hardening Weak, (c) strain-hardening in com-
pression and stiffening in tension Weak-C, and (d) strain-
hardening in tension and stiffening in compression Weak-T.
The snapshots of the optimized structures are identical to
those in Fig. [7}
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To address the question on strength loss from un-s
expected material behavior, consider Fig. [0ld. Goingso
back to our example with the FRP, a structure opti-so
mized assuming Weak-T material should resist a forces:
of ca. 5 kN, if the material behaves as predicted. How-s22
ever, if the FRP system fails and the material ends up
behaving as Weak , the maximum force drops to 1 kN,
with an 80% strength loss that would likely entail col-
lapse. An analogous loss of strength would occur for
structures optimized assuming Lin or Weak-C' mate-
rials, in Fig. Pla and ¢, albeit less pronounced in the
latter case due to the aforementioned, similar resist-

ing mechanisms in the Weak and Weak-C cases. The
623
only case not involving strength loss is that of a struc-
ture optimized assuming Weak material, in Fig. @b.m
At first sight, this may be simply reduced to a “design625
for the worst-case scenario” message. However, design—626
ing for the worst case is a way to define suitably large627
cross sections for the various structural elements. Here628
the problem is different, as optimization with fixed f629
implies that any increase in cross section at one placem
requires a reduction of cross section elsewhere. Under631
this constraint, it is a nontrivial finding that the geom—632
etry optimized assuming Weak material gives the most633
robust structure with respect to other possible material634
behaviors. "
636

637
3.3 Doubly fixed beam

638
In the previous section, the load was transferred to thess
lateral supports via a serial arrangement of ties workingso

in tension, followed by the arch working in compression.sa

In this section, a problem is devised to obtain elementss

in tension working in parallel with elements in com-
pression. The system in Fig. [10]is proposed to this end;
it is similar, but not identical, to the system that was
used in Part 1 to highlight the impact of geometric non-
linearity NOTE TO EDITOR: please cite or otherwise

link Part 1 here.

Fixed 4L£5> Fixed \ an

Il

|} w5 }AAA wist | | 2
A 5

Uimp = 0.6 mm =

L=135mm

Fig. 10 Optimization problem for a beam partly fixed on
both ends and with imposed settlement at the mid point.

Fig.[IT]shows the optimum geometries obtained with
different assumptions on material behavior. Despite the
symmetry of the system in Fig. the structure op-
timized assuming Lin material is asymmetric with re-
spect to the horizontal axis: see Fig.[I1}a. The asymme-
try stems from geometric nonlinearity, which generates
additional tensile stresses and thus favors concentra-
tion of material in the lower half of the structure (see
Part 1 for more discussion on this point NOTE TO
EDITOR: please cite or otherwise link Part 1 here).
Fig. [[1lb shows the optimum structure for a symmet-
rically strain-hardening material, Weak . The material
nonlinarity enhances the asymmetry caused by the ge-
ometric nonlinearity, while mass is more concentrated
in the main compressed arch and lower deck in tension,
removing some of the diagonal struts that were present
in Fig. [[T}a. Fig. [I1}c shows the optimum structure for
a material that is weak in compression only, Weak-

C . This case features further concentrates mass in
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0 —400 MPa

Fig. 11 Optimum geometries for the problem in Fig. with solid fraction f = 0.4 and for different material behaviors as
per Table |1} (a) linear elastic, (b) symmetrically strain-hardening, (c) strain-hardening in compression and strain-stiffening
in compression, and (d) strain-hardening in tension and stiffening in compression. The colors represent the intensity of the

deviatoric von Mises stress.

the lower deck, which is now fully exploited in tension gso
whereas the weaker compressed arch is significantly re-ss:
duced in size. An almost specular geometry, except forss
a slight asymmetry due to geometric nonlinariy, is ob-sss
tained for the Weak-T material, as shown in Fig. [TT]d.ss

Fig. [12| shows the force-displacement curves for thesss

four structures in Fig. [T} The results agree conceptu-ss

657

Lin Weak-T - - - -
Weak Weak-C - - - -
8 T T T T
6 — 661
é 4_ . -‘-"'---r_-_-_—_\
§ ”"“ 663
[ G4
PR
2k /z = 664
0 | | | |
0 03 0.6 09 1.2 1.5
uimp (mm) 667

668
Fig. 12 Preliminary force displacment curves for the doubly

fixed beam case. 669

670

ally with those in the previous section, with all mate-
rials providing similar stiffness at small deformations,
and with significant differences emerging at larger w;y,y.
As expected, the Weak material results in the lowest
strength. The Weak-C and Weak-T materials lead to
very similar force-displacement curves, which well re-
flect their almost specular geometries, combined with
their specular material behaviors (see Fig. [2[ in Sec-
tion. Both structures with Weak-C and Weak-T ma-
terials overshoot the Lin curve at wim, < 0.9 mm; this
is due to the strain-stiffening behavior of the Weak-
C and Weak-T materials respectively in tension and in
compression, which is eventually overtaken by strain-

hardening in compression and tension.

Fig. [13] explores how robust the structure in Fig.
are with respect to wrong assumptions of material be-
havior. The results in Fig. [I3]corroborate those in Fig.[9]
in the previous section. Namely, all structures feature
a similar stiffness, meaning comparable performance in
service conditions. By contrast, strength is sensitive to

material behavior and geometry. Out of the structures
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Lin Weak-T - - - - s considered here, only the structure assuming Weak ma-
Weak Weak-C - - - - sz terial preserves a similar strength if the material ends
8 (a) IOI’ig. |: Lin I I o3 up behaving differently: see Fig. [[3]b. Instead, struc-
g 61 | e+ tures optimized assuming Weak-C or Weak-T materi-
E 4 e als, in Figs. [[3}c and [I3]d, would end up with as little
= 2 ere as half their design strength if the material turns out
0 o7 to feature a different type of nonlinearity. This means
3 es  that, also for the parallel tension-compression system
6 e9 considered here, assuming the weakest material behav-
% o ior for the optimization leads to the structure that is
Lﬂ§ ‘ se1  most robust against other unexpected material behav-
2 2 iors approaching failure.
0
8
s34 Conclusion
6
é.. 4 s« The manuscript has presented a first application of DE-
mg 5 s based TO to materials with nonlinear stress-strain be-
0 | | | | sss havior. In the DEM, the material behavior is captured
0 03 06 09 12 15 & by theinteraction potentials between particles. The op-
8 T T T T es timization problem under imposed displacement has
6 (d) orig. = Weak-T = eo  been formulated for complex interaction potentials, and
é 4+ s then particularized for potentials that model linear, strain-
U:‘g 2 L s hardening, and strain-stiffening materials under mono-
0 | | | | s2 tonically increasing strain.

0 0.3 0.6 09 1.2 L5 693 Four different material behaviors have been anal-

Uimp (M) ss ysed, exploring their impact on three structural prob-
Fig. 13 Force-displacement curves for different material be- .
haviors and for structures originally optimized assuming the®® lems. General findings are that:
following material types: (a) linear elastic Lin, (b) symmet-
rically strain-hardening Weak, (c) strain-hardening in com-
pression and stiffening in tension Weak-C, and (d) strain->°
hardening in tension and stiffening in compression Weak-T.
The snapshots of the optimized structures are identical to®
those in Fig.

— Structural optimization with linear or strain-stiffening
o7 materials may lead to a partial utilization of the sup-
698 ports, whereas full utilization is to be sought when
699 materials are expected to enter a strain-hardening

700 regime near the supports themselves. This confirms
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previous literature results from FEM-based TO withyss
elastoplastic materials [19]. 734
— Assuming the correct material behavior for the opti-zss
mization will produce the strongest structure, if therss
material eventually behaves as expected. Therefore 737
structural otpimization with the frequently used as-s
sumption of linear material behavior, is likely toro
generate significantly sub-optimum structures to-ro
ward failure, when material nonlinearity takes over.a
On the other hand, structures optimized assuming»
nonlinear material have been shown to produce sim-
ilar stiffness in service conditions as structures that
have been optimized assuming linear material. There;:
fore the safest approach in design is to optimize
structures for nonlinar material behaviours and large
deformations. 7
— If instead the material ends up behaving differently

747

from what is assumed during TO, the structure may
748
end up being significantly weaker than predicted in
design, causing significant risk of failure. Out of the
material behaviors considered here, for both struc-
tures with serial and parallel tension-compression
750

load paths, assuming the weakest material for TO
751

has produced the most robust structural geometry
752

against unexpected material behaviors.
753
Overall, this manuscript has shown how the newlyrss
proposed DETO method can incorporate material non-ss
linearity, and has provided some design-relevant insightsss
from several case studies. So far, material nonlinar-s
ity has only been considered wia reversible interactionsrss

between particles. Our results are therefore represen-rso

tative of structures that approach failure in a quasi-eo

static regime of monotonically increasing strain. De-
spite this limitation, the inclusion of material nonlin-
earity is an important contribution towards future in-
corporation of irreversible behaviors, including for ex-
ample inter-particle collisions and bond failure. This
outlines a path where DETO will eventually enable the
optimization of systems undergoing discontinuous and
post-failure processes, which are challenging the current
optimization methods based on the FEM or on other

continuum descriptions.

Acknowledgements The authors would like to acknowledge
Newcastle University Rocket High Performance Computing

service where simulations were run.

Conflict of interest

The authors declare that they have no conflict of inter-

est.

References

1. Behrooz Hassani and Ernest Hinton. Homogeniza-
tion and structural topology optimization: theory,
practice and software. Springer Science & Business
Media, 2012.

2. Martin Philip Bendsoe and Ole Sigmund. Topol-
ogy optimization: theory, methods, and applica-
tions. Springer Science & Business Media, 2013.

3. A Michell. Lviii. the limits of economy of mate-
rial in frame-structures. The London, Edinburgh,

and Dublin Philosophical Magazine and Journal of

Science, 8(47):589-597, 1904.



761

762

763

764

765

766

767

768

769

770

771

772

773

774

775

776

e

778

779

780

781

782

783

784

785

786

787

788

789

790

791

792

20 Enrico Masoero* et al.

4. Martin Philip Bendsge and Noboru Kikuchi. Gen-es and Engineering, 138(1-4):3-18, 1996.
erating optimal topologies in structural design us-e: 12. Humberto A Carmona, Falk K Wittel, and Ferenc
ing a homogenization method. Computer Methodsws Kun. From fracture to fragmentation: Discrete el-
in Applied Mechanics and Engineering, 71(2):197 —ws ement modeling. The Furopean Physical Journal
224, 1988. 797 Special Topics, 223(11):2369-2382, 2014.

5. G Allaire and RV Kohn. Topology optimizationee 13. Enrico Masoero, Falk Wittel, Hans Herrmann, and
and optimal shape design using homogenization.e B. Chiaia. Progressive collapse mechanisms of brit-
In Topology design of structures, pages 207—218 0 tle and ductile framed structures. Journal of En-
Springer, 1993. 801 gineering Mechanics-asce - J ENG MECH-ASCE,

6. Grégoire Allaire. Shape optimization by the homog-se 136, 08 2010.
enization method, volume 146. Springer Science &sos 14. E. Masoero, F. K. Wittel, H. J. Herrmann, and
Business Media, 2012. 804 B. M. Chiaia. Hierarchical structures for a

7. GIN Rozvany and M Zhou. Applications of thess robustness-oriented capacity design. Journal of En-
coc algorithm in layout optimization. In Engineer-ss gineering Mechanics, 138(11):1339-1347, 2012.
ing optimization in design processes, pages 59-70s7 15. Jihong Ye and Lingling Xu. Member Discrete El-
Springer, 1991. 808 ement Method for static and dynamic responses

8. Thorsten Pdschel and Thomas Schwager. Compu-so analysis of steel frames with semi-rigid joints. Ap-
tational granular dynamics: models and algorithms.siuo plied Sciences (Switzerland), 7(7), 2017.

Springer Science & Business Media, 2005. su  16. YS Ryu, M Haririan, CC Wu, and JS Arora. Struc-

9. Sophie Adélaide Magnier and Frédéric-Victors: tural design sensitivity analysis of nonlinear re-
Donzé. Numerical simulations of impacts using ass sponse. Computers & structures, 21(1-2):245-255,
discrete element method. Mechanics of Cohesive-sia 1985.
frictional Materials: An International Journal omss 17. JJ Tsay and JS Arora. Optimum design of nonlin-
Experiments, Modelling and Computation of Matess ear structures with path dependent reponse. Struc-
rials and Structures, 3(3):257-276, 1998. 817 tural optimization, 1(4):203-213, 1989.

10. Falk K Wittel, Ferenc Kun, Bernd-H Kroplin, andsis  18. Jikai Liu, Andrew T Gaynor, Shikui Chen, Zhan
Hans J Herrmann. A study of transverse ply crack-sio Kang, Krishnan Suresh, Akihiro Takezawa, Lei Li,
ing using a discrete element method. Computa-» Junji Kato, Jinyuan Tang, Charlie CL. Wang, et al.
tional materials science, 28(3-4):608-619, 2003. s Current and future trends in topology optimization

11. Ferenc Kun and Hans J Herrmann. A study of for additive manufacturing. Structural and Multi-

fragmentation processes using a discrete elements:s

method. Computer Methods in Applied Mechanics

disciplinary Optimization, 57(6):2457-2483, 2018.



824

825

826

827

828

829

830

831

832

833

834

835

836

837

838

839

840

841

842

843

844

845

846

847

848

849

850

851

852

853

854

855

Topology Optimization using the Discrete Element Method. Part 2: Material Nonlinearity

21

19. Kurt Maute, Stefan Schwarz, and Ekkehard Ramm sss

20.

21.

22.

23.

24.

25.

26.

27.

Adaptive topology optimization of elastoplasticss
structures.  Structural optimization, 15(2):81-91 gss

1998. 859

Stefan Schwarz, Kurt Maute, and Ekkehard Ramm.
Topology and shape optimization for elastoplastic
structural response. Computer methods in applied
mechanics and engineering, 190(15-17):2135-2155,
2001.

Connor O’Shaughnessy and Enrico Masoero. Dis-
crete element topology optimisation - deto. https:
//github.com/Connor-0S/DET0, 2021.

Daan Frenkel and Berend Smit. Understanding
molecular simulation: from algorithms to applica-
tions, volume 1. Elsevier, 2001.

O. Sigmund. A 99 line topology optimization code
written in matlab. Structural and Multidisciplinary
Optimization, 21(2):120-127, 2001.

A. Diaz and O. Sigmund. Checkerboard patterns
in layout optimization. Structural Optimization,
10(1):40-45, 1995.

O. Sigmund and J. Petersson. Numerical in-
stabilities in topology optimization: A survey
on procedures dealing with checkerboards, mesh-
dependencies and local minima. Structural Opti-
mization, 16(1):68-75, 1998.

Daniel Sheppard, Rye Terrell, and Graeme Henkel-
man.  Optimization methods for finding mini-
mum energy paths. Journal of Chemical Physics,
128(13), 2008.

Aidan P. Thompson, Steven J. Plimpton, and

William Mattson. General formulation of pressure

and stress tensor for arbitrary many-body interac-
tion potentials under periodic boundary conditions.

The Journal of Chemical Physics, 131(15):154107,


https://github.com/Connor-OS/DETO
https://github.com/Connor-OS/DETO
https://github.com/Connor-OS/DETO

	Introduction
	Methodology
	Results
	Conclusion

