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Thin elastic plates (homogeneous or composite) experiencing large deflections are considered.
The deflections are much larger than the plate thickness. The geometrically nonlinear elasticity
theory and the Kirchhoff assumptions are employed. Small elongations and shears are assumed.
Following Novozhilov, the strain expressions are derived. Then, under a small in-plane rotation
assumption and using the virtual work principle, the equilibrium equations and the boundary
conditions are obtained. The equations/conditions become the known von Karman ones for the
case of moderate deflections. The solutions of the obtained equations may be used as
benchmarks for the nonlinear structural analysis (e.g., FEM) software in the case of large
deflections.
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1. Introduction

In the last decades, many researchers explored the nonlinear behavior of thin flexible plates.
As arule, they use the theory described in (Washizu 1975, Reddy 2007). The theory employs the
Kirchhoff assumptions and the von Karman approach.

It is known that the latter approach describes the so-called moderate deflections (see
Novozhilov 1961, 2011). The deflections are supposed to be comparable to the plate thickness.
Reddy, from his side, indicates that in the von Karman approach the plate out-of-plane rotations
should not be greater than 15°.

On the other hand, there are cases of considerable or even large deflections (much larger
than plate thickness), e.g., considerable post-buckling shown in (Selyugin 2021).

It is known that the software for nonlinear structural analysis (like FEM) gives good results
at the beginning of the nonlinear structural behavior. But in case of considerable nonlinear
behavior the FEM numerical results become more different from the real structural behavior (the
difference is recognized by the FEM experts).

The present paper deals with the case of large deflections. The deflections created due to the
loading are much larger than the plate thickness. The virtual work principle is used to derive the
equilibrium equations and the boundary conditions. The obtained equations and the conditions
may be used for benchmarking the FEM software (dedicated to the nonlinear structural
behavior).

2. Theoretical analysis

A thin elastic plate (homogeneous or composite) of constant thickness / is considered. The
plate thickness is much smaller than the linear plate dimensions. Fig. 1 demonstrates the
coordinate system and some notations. The X-Y plane coincides with the mid-plane /" of the
plate. The plate lateral surface S consists of a loaded part S, and the part with the prescribed

displacements S, . The mid-plane /" intersects the lateral surface S at the smooth contour C, with
the portion C, belonging to S, and the portion C, belonging to §,. The normal to C is the

vector n with the components /, m. The tangential direction to C is s. The n, s, z directions create
the right triplet of vectors. The points of non-smoothness at the contour C may be considered in
an ordinary way, this will be done in a separate paper.

The plate experiences large deflections created due to loading (they are much larger than the
plate thickness).

The geometrically nonlinear elasticity theory and the Kirchhoff assumptions are employed
(Novozhilov 1961, 2011). The latter assumptions are written as follows:

e.=6.=¢6.=0 (1)

where ¢ is the Green strain tensor.
The deformed plate is supposed to be stable.



Fig. 1.
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Small elongations and shears (negligible as compared to unity) are assumed. Following
(Novozhilov, 1961, 2011), the displacements u, v, w within the plate (respectively along X, Y, Z)
are supposed to be

u(xay) = u,\(xay)-i_z H(xay)
v(x,y) =V(x,p) +z-yp(x, ) 3)
w(x,y) =w(x,y)+z- x(x,)
where upper ‘tilde’ means quantities at the mid-plane. After using (3) and the definition of the
Green tensor components it is obtained in (Novozhilov, 1961, 2011) that
0=-w, (1+v, )+v, w,,
w=-w,, (+u, )+u, w,, 4)
X =, AV, i, NV, —i, Y,

and



e,=& +zk_+z2°1,,
£, =&, +2K, + zznyy (5)
£, =&, +zk  + zznxy
The mid-plane strains in (5) are
Eo=i+ V[0 2492 4w
£, =%+ Wla 9242 6)
28, =u,,+V, +i, U, +V, Y, +W, W,
and other quantities in (5):
Ky =0, 1, 0, 43, W, 4 W, 75,
Ky = W’y_H’z’y H’y_HA/’y l//’y_H/’{}’y Xy (7)

2K, =0, +y, +i, 0, +i,, 0, +V, w, +V, v, AW, 7, AW, 1,
77)06 = %[0’3+l//"2c+l’)2€]
n, = 1004w+ ®)

2y =0, 0, XY, Yo Yo Koy
In (Novozhilov, 1961, 2011) it is indicated that for small elongations and shears the last
(quadratic wrt to z) terms in (5) may be neglected. Then (5) is transformed to
g, =&, tzk,,
£, =&, +zk,, 9)
&y, = éxy +2K,,
Substituting (4) in (7), after cumbersome transformations we obtain
Ky = =005, ) v (5, 9)9,, (1 + ()W,
K,, =—00x, )i, —y (x, )9, ~(1+ 2(x, )W, , (10)
Ky = =00x V)i, =y (2,900, {1+ 2y ),
Further the in-plane rotations are supposed to small. We have (see Novozhilov 1961, 2011)

ezz:W’zz~¢22 z6022 (11)
where the in-plane rotation is
@, :%(ﬁ,y—\?,x) (12)
and e__ is the zz component of the infinitesimal strain. Hence
X~ (13)
and in the case of small in-plane rotations (negligible as compared to unity)
7] <<1 (14)

This means that (10) may be rewritten as



Kxx = _H(X’ y)u’\’xx _l//('XB y){\]’xx_w’xx
Ky = —Q(x, y)ﬁ’yy _V/(x’ y)o’yy _w’yy (15)
ny = _g(xﬂ y)ﬁixy _l//(x7 y){/’xy _w’xy
The next step of our analysis is to use the virtual work principle (Washizu 1975). It is
written as follows

[avlo e, +0,0¢, +20 06, ]- [qCey)owdl - [[f.6u+ f,60+ f.owhS =0 (16)
v r S

where q, 1., f., f.,0,V respectively are the transverse external force per unit area applied at the

surface I” of the plate, the X-Y-Z forces per unit area applied at the part S, of the plate lateral

surface S, the variation symbol, the volume of the plate.
We introduce the following notations:

N, = |o,dz, M, = Izaxxdz, F. = Ifxdz, M, = J-fodz
e e e %

N, = Iayydz, M, = Izayydz, F, = Ifydz, M, = szydz (17)
_h2 _% _h2 _%

N, = [o.d M, =[z0d F.= [ fdz F.= [+.dz

% e 2 e
Introducing (4), (6), (7), (9), (15), (17) in (16) and making necessary transformations, we obtain
oP.
jdr@i+gy+Ku&nKvéwKwaw}—jq(x,y)&Wdr—j[fxéfu [0+ oS =0 (18)
r x r S,

where



K,=-N_ -N_, —(Nda, +N_ i, ) -(Na, +N,
—2(Mm0),+Q, W, -0, W

Xy >y ’x

_ 2(Mxyw);xy +R,, W, ,~R,, W,
K, =-M__-M, _ -2M

x,xx Y.y XXy

-R,, 0, +Q, (1+4,,)-Q, 4

x

(N N, ) (N 0, +N

’x xy

>y

P = [N)r (1+4, )+ nyﬁ,y+(Mx¢9),x+(Mxy<9),y —OW,, ]&2 +

+ [ny (1 +9,, )+ Nxﬁ,x+(Mx1//),x+(Mxyz//),y +RW, , ]5\3 +

+ [nyw,y+wa,x+Mx7x +M,, - R(l +9,, )+ Qﬁ,y]&ﬁw—

— (M 0)si,,—(M .y )50, ,—M 6%, —M 050, ,~M o, —M 5w,
P, = [ny (1+a,, )+ Nyﬁ,y+(Mxy0),x+(My9)y +Q,, ]512 +

+ [Ny(1+\9,y)+ nyﬁ,x+(Mxyw),x+(Myy/)y—Rw,x]59+

+ [Nyw,y+nyw,x+My,y +M,, +R0, —Q@+u,, )]5\%—

M 08, ,~M 50, M 5, ~M 08, -M %, ~M 5%,

Q=-Mpv, -M v, -2M v, (19)
R=-M a, —Mu, —2M u,.,
Equilibrium equations for x, y, z are respectively written as
K, =0
K, =0 (20)
K,-q=0

The boundary conditions follow from the Gauss theorem:

T
Py .
[P +p =] (PJ i dC Q1)
r C y
where T means transposition. Equating to zero the multipliers to the variations of the
independent variables we obtain the required stationarity conditions for the virtual work.
We indicate some relations to be used for the contour terms (@, b, d are some functions of

X,)):

0 _,90_,9
ox On Os
2,00 -
oy on Os

ad, +bd,, = (al+bm)d,,+(—am+bi)d,,
Continuing (22), we obtain:



[(p.,+p, i =[(p, +mpP, JiC = [aclsl(+i, N1+ N m)+ i, (N1 + N, m)+

vt i, )+ 1(00.,0), +0 0}, Vo (a0}, (01 0) N+ Tp.. (0, +mv )+

+ (1 +9,, )(ley +mN )+ R(lw,y —mW, )+ l((Mxl//),x—f-(Mxyl//),y )+ m((Mxyy/),x +(My1//),y )]+

+ &%[Z(wa,ﬁnyﬁz,ﬁMx,x +M,,, - R(l +9,, )+ Qu, , )+ m(nyw,x+Nyw,y+Mxy,x +M, +

+ RS, Q1 +4, )| - (1>M 0+ 20mM 6 +m*M ,0)o0,, ~(~ m(M, — M )+ (1> —m?* M 0)50,, -
— (M +20mM Ly + My ), = im(M M+ (12— m? My ), -

— (M, 20+ mP M), (= im(M = b )+ (12— o,

The last integral in (18) may be transformed as follows:

[Lf.du+ f,60+ f.0wlas = [as{f,s0—z0)+ £,6(0—zp)+ £.600 - zz)| =

(23)

= [dC\F.d+ 60+ F.60+ M [- (145, ), — ., &, +5,., 6, +i, &, |+
C,

M- (14 a,, )50, — W, O, +i,, S0, 4, 5, |+ FL (60, + P, +0,, 59, +9,, O, —
—i,, &, b, o0, |} = IdCF&u+F5v+F§w+§u a7, +F(1+v )]

+ i, [Mw —F.9, ]+§v [Mw —F.i, ]+5v [Mw +F (1+4,, )]+

+5w,x[ M, 1+v,y)+Myu,y]+5W,y [Mxv,x My(l+u,x)]—

= JdC{FX&Q+Fy§0+F25W+[(—A?yw,ﬁﬁz(l+13,y))l+(]\?yw,x—ﬁzﬁ,x)m]§ﬁ,n+
C

+ :— (— ]\7[yfv,y+ﬁz (1+13,y ))m + (Myw,x—ﬁzﬁ,x)/]&ﬁ,s+

(07 3 ~Fot, Vo (- 1, +

+ :— (j\?xv”v,y—ﬁzﬁ,y)m + (—wa,ﬁﬁz (1+12,x))l]59,s+

+ :(—A7[x(1+ﬁ,y)+1\7yﬁ,y)/+ (A?xﬁ,x—]\?y(ljtﬁ,x)}n]éw,ﬁ 24)

+ :—(—ﬂx(l+9,y)+ﬂyﬁ,y)m+(Mxﬁ,x—ﬂy(l+ﬁ,x))l]§w,s}

Observing (18) - (24), we obtain




J-(vax + Pwyr - J-[fx&/l + fy5V+ fzé'w]dS =

r

ij{&?[(l +1,, )(le + nym)+ i, (nyl + Nym)+Q(— o, +m, )+

C

+ l((Mxe)’x +(Mxy6)’y )+ m((Mxye)’x +(My9)’,v )]+

+ &[5, (N, +mN )+ [+, IN,, +mN )+ R, —m, )+ 1(M ), +(M ), )+

+ m((Mxy‘//)’x-i_(Mylf//)’y) +

+ M[Z(wa,x+Nvaw,y+Mx,x +M,, - R(l +V,, )+ Qu, , )+ m(nyvAv,X+NyvAv,y+MW +M, +
+RY, —Q(1+4,,))]-

—(*M 0 +20mM 6 +m*M O, ~(~Im(b M )+ (1> —m? M ,6)50,, —

—~ (lexz// +2ImM y + szyt//)éﬁ,n —(— lm(Mx -M, )// + (12 -m’ )Mxyz//)éﬁ,s —~

—(M, +2mM  +mPM )5, (- im(M - M)+ (12— m? M Do, -

- IdC{FX&Q +F 00+ F.ow+ [(— 1\7[yv?/,y+ﬁz (1 + ﬁ,y))l + (Myw,x—ﬁzﬁ,x)m]&a},ﬁ
G

+ :— (— M};w,ﬁﬁz (1 +V,, ))m + (]\?yﬁz,x—ﬁzﬁ,x )I]&zi,s +
+ :(wa,y—ﬁza,y )l + (— M W, +F.(1+4,, ))m]&&,n +
# [, i o (0 4P (1, P, 4
+ :(—Mx(l+\3,y)+ﬂyﬁ,y)u(Mxﬁ,x—]\?y(lJrﬁ,x))m]éw,ﬁ
#l (0, ) 1, s (010, 1, (v, Vi,
Following the regular procedure, we should exclude the variations of the tangential derivatgizg

o, ,ov, 0w, from (25). The way of doing that is described in (Washizu 1975), (Reddy 2007).
Having the contour integral like below and integrating by parts, we write

o5 e OH
ngds—(HQG]G lé@as ds

where H, Jf are some functions at the contour G and the first rhs term means the difference of
the squared product value at the ends of the contour.
We introduce the notations:

4, =(imlox, -1, )0~ (2~ a1, 0) (- 32 o, +F (145, o~ (57,0, -5, J] - @7)
A, =M, =M Yy~ (> =m> Wy )+ (M W, ~Fi, yn— (= 5 o, +F. (1422, )| (28)

A, =(tm(M, — M)~ =m? )+ |- 52, (1+5,, )+ M, I — (325,37, (1+ 4, )] (30)
Then all terms in (25) containing variations of the tangential derivatives of #,V,Ww are written as
follows:

(26)

Au&z’s +Av&>’s+Aw5‘;‘\/’s (31)
It should be noted that the square-bracketed terms are non-zero ones at the loaded part C, only.
-8-



Transforming the contour integral of (31) in view of (26) and removing the terms at the ends of
the contour (the variations of the displacements at the ends of the supported contour portion C,
are equal to zero), we obtain the under-integral term, corresponding to the tangential derivatives
of the displacements u, v, w as:

0A .. 0A 0A . ..
Lo+ —L v+ —2 6w (32)
Os Os Os
It is clear now that (32) will give some extra terms for the boundary conditions. The developed

relations lead to the boundary conditions. Namely, at C, the multipliers to
o, o, ow, o, ,ov,, ,ow,, should be equal to zero. This gives us six relations at C;:
0+, NN+ N m)+d,, (N 1+ N m)+Q(- b, +mib, )+

+1((M,0),,+(0,0)., )+ m((1,0) +(M,0)., )]+ agtu h (25)

[ﬁ,x (le + mey)+(1 + ﬁ,y)(Zny + mNy)+ R(zw,y—mw,x)+

T W W I (T R T W e @

[z(wa,x+nyw,y M, +M,, - R(l +V,, )+ Qui,,

+m(N W, AN W, M M

(M 0+ 20mM 0+ m*M 0)- |- 5 o, +F. (149, ) + (37,0, ~F5, Jm|=0  (28)
—(lexz//+2lmey1//+m2My://)—[( N
—(M, v 2mmM M) |- 37 (149, )+ 57, Y+ (8,5, ~M, (12, )n]= 0 (30)
At C, we obtain the clamping conditions
Si=&=&v=8i, =&, =, =0 31)

Other types of the boundary conditions should be considered in a similar way via analysis of the
variational integral.

3. Discussion

Every equilibrium equation from (20) expressed in u#,v,w has the order four. Hence, the
order of the equilibrium equation system (20) is twelve. There are six unknown primary
variables ou,ov,ow,du,, ,ov,, ,0w, to be determined from (20). We have six boundary
conditions at every contour portion, namely the natural boundary conditions (25)-(30) at C, and
the essential boundary conditions (31) at C, . This means that the developed system of equations

is consistent.
When we consider the moderate deflections only, it is easy to see that in the quantities
K, .K, K, respectively two, two and five initial terms (corresponding to the von Karman case)

remain. In the boundary conditions the variables 6, w become equal to zero. The quantities

-9-



A ~n A

u, v, ,v, are

sx 2oy 5y

Au >

neglected and taken equal to zero. The conditions (25)-(27), (30) are transformed to the von
Karman case (see Reddy 2007). The conditions (28), (29) disappear. The variables di,, ,dv,, are

removed from the list of the primary ones.

A, disappear (or, in other words, equal to zero). The quantities u

4. Conclusions

e The equilibrium equations are derived.

e The obtained system of equilibrium equations is consistent

e There are six primary variables in the system, namely i, ov, W, dit,, ,v,, , oW, ,
e The essential and natural boundary conditions are obtained.

e For moderate deflections the equilibrium equations and the boundary conditions are
transformed to ones of the von Karman case

e The solutions of the derived equations may be used as benchmarks for the nonlinear
structural analysis software like FEM.
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