Shape functions for high-order shear deformation beam element
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Abstract

In this article, shape functions for higher-order shear deformation beam theory are derived. For
the two nodded beam element, transverse deflection is assumed as cubic polynomial. By using
equations of equilibrium of high-order theory that are already derived by J. N. Reddy in 1997,
equation for slope of high- order theory is found. Finally with the boundary conditions of beam
element and assumed kinematics of high-order theory, shape functions are derived.
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Introduction:

The coordinate system adopted in this article are represented in figure -1. In this x- axis is along
the longitudinal axis of the beam and y- and z- axis are along the two transverse directions as
shown. Deformations in X, y and z directions are represented as u, v and w respectively.
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Figure -1: Beam in the Cartesian coordinate system.

One of the earliest development in the history of shape functions for structural element is
Hermitian Shape functions (G. P. Bazeley et al. 1965) in which transverse displacement is
interpolated from nodal rotations as well as nodal displacements. Hermitian Shape functions are

C'type functions which makes both deflection w as well as slope Z—:’ continuous in between the

elements. For structural elements, Hermitian interpolations are indeed derived with the Euler-
Bernoulli beam theory (Seon M. Han et. al. 2007). Euler-Bernoulli beam theory is one of the



oldest and one of the simplest beam theory presented so far which was given by Leonhard Euler
and Daniel Bernoulli circa 1750. It was widely accepted in the late 19" century. According to the
Euler-Bernoulli beam theory displacement field in xz- plane is defined as

U(x,z)=u-— z%
W (x,2) = wy (x) (1)

In which wy is the transverse deflection at the neutral axis (i.e. z = 0) of the beam. According to
this assumption, a plane which was normal to the neutral axis before deformation remains plane
and remains normal to the neutral axis after deformation. And hence, according to this theory,
rotation of any section along the beam axis can be directly calculated by simple differentiation of
lateral deformation of the neutral axis (w,) with respect to x. This Euler- Bernoulli assumption
totally forbids transverse shear deformation component -du/dz and hence can be regarded as the
case of pure bending.

Further development in the beam theories is made by Timoshenko et al. in 1921 and 1970 and is
called as Timoshenko beam theory (TBT). The kinematic assumptions in this beam theory in xz-
plane can be represented as.

dw,

U(x,z)=u —Z(W-l- )()

W (x,y) = wy (x) (2)

Here ‘x’ can be regarded as transverse shear deformation component -du/dz. It is assumed to be
constant (y) along the depth of the beam according to this theory. This shear deformation is also
assumed to be constant along the length of the beam. From the strength of material theory as well
as from the theory of elasticity (S. P. Timoshenko et al. 2010), beam section not only rotates as
well as warp along the transverse direction. Shear deformation is in-fact cubic in nature along the
depth of the beam. Hence TBT requires ‘shear correction factor’ which is obtained by simple
balance of shear strain energy by the constant shear assumption to that of the real cubic shear
deformation across the depth of the cross-section (Klaus-Jirgen Bathe 2014). Shear correction
factor depends upon the geometrical sectional properties of the beam. In 2003, A. Bazoune et al.
derived shape functions for this theory.

Further development in the beam theory is High—order beam theory (HBT). Which not only
considers transverse shear deformation component but also considers warping of the cross
section Jemielita 1975, Bickford 1982, Levinson 1981 and Reddy 1997. It captures true quadratic
variation of shear strains along the section depth and there is no need to use shear correction
factor. It gives more realistic picture of shear deformation in beam theory. Displacement field in
this theory in xz- plane is represented as.

UGn) =u+t z(00) - az? (000 + L))

dx



W (x,z) = wp (x) (3)

Here ‘o’ is the constant value of which is % with ‘h’ being the depth of the cross section. @ (x)

and w, represents the slope (%) and lateral deformation respectively at the neutral surface z =
0. This is also called Third-order beam theory. Third-order theory is sufficient and accurate
enough to get the boundary conditions of zero shear stress at the top and bottom surfaces of the
beam in the beam kinematics. Theories higher than third order is not required. Shape functions
for Higher —order shear deformation theory are not derived so far in the literature. The objective
of this study is to fill this gap.

Importance of refined theories:

Shear deformation is more pronounced in thick beams rather than slender beams. Studying shear
deformation is crucial for the thick beams in getting real bending deformation of the thick beams.
These effects are neglected in EBT. In order to describe the correct bending behavior of thick
beams including shear deformation and the associated cross-sectional warping, shear
deformation theories are required. This is done by selecting proper kinematics of the beam
bending. To accomplish this, functions f(z) is included in the displacement field of higher order
theories. Few of the functions that are derived so far in the literature are as follows:

S.N. Author Function f(z)
1 |S. A Ambartsumyan, 1958 _[z(r* 2*
f@=k\T"3
2 | E. T. Kruszewski, 1909 _[52 | 472
N A
3 [J.N.Reddy 1990 ~ 4 72
@ =2[1-3() |
4 M. T ier, 1991 h
ouratier, 199 f(z) = ;Sin%
. P. 1
5 K. P. Soldatos 1992 f(z) = [z Cosh (E) _ hSink (%)]
6 M. Karama, et. al. 2003 Z\2
f(z) =zexp [—2 (E) ]
7 [S.S. Akavci, 2007 3 z (1
f(z) = - [h tanh (E) — z sec*h (E)]

In this article, we will use function f(z) derived by J. N. Reddy in 1990.

Finite Element Discretization:

Consider any two- node beam element of length [ in plane bending (xz- plane) where each node
has three degrees of freedom. The nodal displacement vector {e} can be defined by the element
degrees of freedom by.

{eyox1 =1 w1 67 u; w, 611"



Here u; and u, are axial displacements of the two nodes in x — direction, w, and w, are lateral
displacements and 6; and 6,are rotations of the two nodes in xz- plane.

According to the standard finite element procedure, the elastic deformation of any arbitrary point
of the beam section can be expressed as

{d} = [V]{e}

Where {d} is elastic deformation vector of beam element and [NV] is the matrix of shape
functions used to model the deformations. In this study, shape functions for axial deformation is
considered as linear.

Equations for third order beam theory:

Axial and shear strain in third order beam theory can be derived from the displacement
assumptions of equation — (3) as follows.

_U_ de _og(do diwg
gxx_ax_zdx (dx+ dxz) (4)
W U _dWo b _ gy2 dwo
yxz—ax az_dx+¢) pz ((,D+ dx) (%)
Where
4 4
=g PE3e=n

The equations of equilibrium in High order theory can be written as (Reddy 1997).

A My APy

dx aE_Qx-l' BR, =0 (6)
dQy dRy d? Py _
o Pt e ta=0 2

Where P,, and R,are higher order stress resultants. Stress resultants (M,., Py, @, and R,) can
be related to the strains by the relations.

ao

Myy = Dy 52 — af, (22 4+ £20) ®)
Qx = (Ax, — BD,) (@ +52) 9)
Poxc = Fix 2 — aH (22 4+ L00) (10)
Ry = (Dy; = BE) (@ +52) (11)

Where D, is the bending stiffness, A, is the shear stiffness and F,,., H,,, Dy, and E,, are
higher order stiffnesses which can be further expressed as.



2 4
Dx= [, Exz*dA= Exla(cx)' Fxx= [, Exz"dA= Ex13(1y)

Hyx= [, Exz6dA = Ec L), Axz=[, Gxz AA= GyzA
4
Dy,= IA GyzZ%dA= zelg(zzy)' Fyz= fA Gxzz*dA = zeIJ(;y)

Here A is cross sectional area of beam. E, and G,,are Young’s modulus and shear modulus
respectively and Iﬁgdenotes the i-th area moment of inertia about the y- axis:

1) = [(2)'dA
The displacement field:

The kinematic relation for the in-plane beam deformation (xz- plane) can be given by the
equation — (3). In beam bending in xz-plane (figure-1), total vertical deformation will comprise
of because of bending wj;and because of transverse shear w; (S. P. Timoshenko 1921).

w= w,+ wg (12)
The relationship between total slope, bending rotation and transverse shear can be written as

ow _ owp | 0w
ax  ox dx (13)

Derivation of shape functions:

Let us consider the two nodded beam element. Since there are four nodal degrees of freedom at
the two nodes, we assume a cubic polynomial. Hence the transverse deformation W (x) at any
arbitrary location along the axis can be expressed as:

W(x) = ag+ a;x + ax? + azx® (14)

The slope due to bending can be obtained by

ow _ 9wp | OWs _ g _ z( dﬂ)
Pl 6x+6x_¢ az“ P + T (15)

Equation — (15) gives the slope at any arbitrary section of the beam length and this should be
equal to the differentiation of the assumed transverse deformation - (14).

ow dw
— = @1+ 2ax + 3as;x? = & — az? (CD + d—x") (16)
Differentiating again
2
2a; + 6azx = g — az? (% + dd)\:;o) @17

Multiply throughout by E, z? and integrating with respect to area of cross-section

dd do  d*w
204 _ 2 _ 4 tal 0
(2a, + 6a3x)JAExz dA = fAExZ dA it LE,CZ dA(dx + 2 >



do e |, d*
(2, + 6a30E ]S = Dy 52— aF e (524 £2) = My (18)

Multiply throughout equation — (17) again by E,z* and integrating with respect to area of cross-
section

dP o  d*w
479 _ 499 &7 6 bl 0
(2a, + 6asx) LExz dA = LEXZ dA Ix aLExz dA(dx + 2 >
do do | d
(2, + 6B IS = Fop 32— ato (24 220) = P, (19)

Differentiating equation — (18) and (19) again with respect to x and substituting in equilibrium
equation- (6).

dw dw
6Cl3ExI§;§/) — (X6a3Ex13(/§/) - (sz - Bsz) ((P + d_x0> + ﬁ ((sz - ﬁsz) <CD + d_x0>> =0

Rearranging,

dw,
dx

dwy

dw,
6asE, (1) — aly)) = AG,, (cp + ) — 2BGy, 1% (qJ e ) + B2G, 1Y (cp + W)

Or,
dw
2 4 2 4 2 4
6asE, (1) — alfy)) = & (46,, = 266,155 + B26IS)) +—= (4G, — 286,153 + FG.155))

With this expression slope @ or % at the neutral axis (z = 0) can be represented in terms of
beam lateral deflection w, as follows.

2 4 d 2 4
6a3E, (Igy) — al§y)) — 220 (46,, — 286,15 + ﬁzale§y))

(Aze - Zﬁzelglz}? + 182ze1§/§/))

Or,

2 4
6asE, (I§,y) — a1§,y)) dw,

2 D dx
AGy, — 2B lyy + B2Gy 1) O

Substituting @ in equation — (16)

dw
a; +2a,x + 3azx? = @(1 —az?) — azzd—xo
6asE, (12 — al(h d dw
a; + 2a,x + 3azx? = x( y}(lz) yy) D o (1—az?)— az? —-2
AG,, — ZﬁzeIyy + ﬁszzIyy dx dx

Or,



6a;E, I3y — al$y)) (1 - az?)  qu,
(Aze - 2ﬁ6x21§/§/) + ﬁZzelggl)) dx

a, + 2azx + 3azx? =

Or
(2) €)) 2
dw, L 6asE (IS —al(Y) (1 - az?)
D = aq +2a,x + 3azx* — @ 5 @
x (AGXZ — 286,19 + p zelyy)
or
2 H)?
dw, ) 6asE. (IS — alfy) )
D = aq +2a,x + 3azx* — @ 5 @
x (AGXZ — 266,19 + B zelyy)
Let us say
@) @)
E, (I3 — alfy)) )
(AGXZ — 266,17 + ﬁzcx21§‘;))
Hence
% = a; + 2a,x + a;(3x? — 6R) (20)

Once getting expressions for deflection w, and slope at the neutral axis % , shape functions can easily
be found by applying the following boundary conditions for beam deformations.

w(0)=w; and w(l) = w,
dwy, dwy
E|x=0= 6, and E|x=l= 0,
Substituting,
Wy = ag

91 = aq + 63(13
Wy = Qg + a1l + azlz + a3l3
92 = al + Zazl + a3(3l2 - 63)

In matrix form

41 1 0 0 01 rao
01 _|0 1 68 0f)as
waf "1 I 2 Bl)a
02 0 1 1| 32-6g)\as

In the more compact form



{d} = [Al{a;}

From which
_ -1
{a;} = [A]7{d}
Solving for {a;}
I 1 0 0 0 1
| —36R2 + 18RI? —6R1% + 21* 36R2 — 18RI2 6R13 |
%o 36021 — 6R12 — 12013 + 21* 36821 — 6R[2 — 12813 + 21* 36R2] — 6RI2 — 12R13 + 214 36R21 — 6RI2 — 12R13 + 214 'gl
18 = 6 — 312 —6R + 312 -3 1
a; 6R1 — 213 w2
as 36R21 — 6RI2 — 12R13 + 214 36R21 — 6RIZ — 12813 + 21* 36R21 — 6RIZ — 12813 + 214 |\ g,
—6R+1 36321 — 6f312 — 1213 + 21* 6R — 1 —6R1 + 2

0

l36f§21 — 6812 — 12313 + 21* 361321 — 6812 — 12813 + 21*  36R2] — 6R1%2 — 12R13 + 214J

Let us say
36R2] — 6RIZ — 12RI13 + 2[4 =01
- 1 0 0 0
—36R2 4+ 18RI12 —6RIZ+21*  36R2 — 18RI12 6RI3
%o U U "
Mt 6r—312 —6R +l3yz2 —19 0
42 —_— 6R1 — 213 w2
as 0 - = 0 %) 0,
—6R + 1 g 6R —1  —6RI+ 12
0 0 )
Hence
Ao =W,

—36R2+18R12 —6R1%2+21* 36R%2-18R12 6113
a1=( U )W1+( U )61+( U )W2+(U)02

68 — 317 681 — 213 —68 + 312 -3
a, = T W1+ T 91+ T W2+ F 92

s = () + () + (55,

Changing the transverse deformation W (x) (equation — (14)) in terms of dimension less number
¢ = x/l and substituting the values of a;and rearranging.

—36R2+18R12 6R—312 —6R+1 —6R1%2421*
W) = (1+ ) § U &+ U 53)Wl (TE

6R1—213 2) (3682—18812 —6R+31% .5 = 6R—I 3) (6313 =13 .5 —6RI+I? 3)
0591"‘ m f"‘Uf"'Usz"'Uf"'Uf‘l‘Ufez

W (&) can be written in the form



W(f) = Nwlwl + NW191 + NW1W2 + Nwlez (21)

Where
Az _1+—36f§2+18f$12 +6B—312 ) —613 + 1 3
w1 0 ¢ 0 0

—6R1%2421% 6R1-213
36R2—18R12 —6R+312 6R—1

Ny, == +—F—&+7¢
6R13 -3 —6R1+12

Ny, = 5§+ 58 +——¢° (22)

Substituting values of a; in slope equation (Z—:) due to bending (equation — (16)) in terms of

dimension less number ¢ = x /1 and rearranging.

®(x) — az? (q)(x) + dWO(x))
dx
_ (—3682 + 18R12 L 128 - 612 - —18R + 31 52) - (—6@12 4204 | 1281 - 413 {) ;
h U 0] U ! 0] 3 !
(361&2 — 18R(2 L1268+ 612 - 18R — 31 2) <6f§l3 . 23 | ORL 12 2) .
0 U U w5t t oS )%

Hence this slope Z—:’ =d(x) — az? (cb(x) + d'%(x)) due to bending can also be written as.

dwg(x
(D(X) — aZZ (d)(X) + 0( )> = Nglwl + Nglel + Nglwz + Nglez
Where
_ —361#3% + 18RI 4 123 — 617 4 —1813 + 31 )
o~ 0 T 0
—6R12+21*  12R1-413
No, = U ) ¢
36132 — 18RI —128R + 61?2 1813 — 31 )
No, = 5 + 5 st ¢
6R13 —213 —6R1+12
No, =S+ o+ 0 ¢2 (23)

Hence with the kinematic equations — (3) and the shape functions we got in equations- (22) and
(23), kinematic relations can be expressed as.



U=010-y

0 $+ 0
6@12 + 214 12R1 — 413
%) 0

(( 36@2 +18RI12 12R — 612 —188 + 31 2)
+ §% Jwy

+

—+

36132 — 18f§l2 —1213 + 612 1813 — 31 )
+ 5 &+ o w,

, (680 —213 F  TOBLEE L)
0 TR

And
_ —-36R2+18R12 6R—312 2 —6R+1 —-6R12+21* 6B81-213 o
wo= (142 e B ey §)1+( e R e2) g, +
3632—181312 —6R+31? 6R—1 6813 —6R1+1?
( T ) (o i )
Conclusions:

For the two node beam element cubic polynomial is assumed for the lateral deformation. By
using kinematic assumptions of third order theory as well as the equations that are already
derived for the third order theory by J. N. Reddy in 1997, shape functions are derived.
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