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1. INTRODUCTION

FIG. 1: Source: Caltech Science Exchange

The earthquake cycle, from slow deformation associated with interseismic behavior to rapid deformation associ-
ated with earthquake rupture, spans spatial scales ranging from fractions of a meter associated with the size of contact
asperities on faults and individual grains to hundreds of kilometers associated with plate boundaries [1]. Similarly,
temporal scales range from fractions of a second associated with slip at a point during earthquake rupture to hundreds
of years of strain accumulation between earthquakes. In many cases, earthquakes are triggered after pore pressure
perturbations activate critically stressed seismogenic faults [1], not just due to natural causes like earth tides [2], rain-
fall [3], snowfall [4], typhoons [5], but also due to human activity [6]. As faults slip, the induced stress field spawns
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seismic waves, which travel through and around the earth (see Fig. 1 and are recorded as ground displacement, veloc-
ity and/or acceleration time-series data at seismic stations. Understanding the causality between the events leading to
fault slip and the recorded seismic data is important for seismic design and monitoring of underground structures [7]
and reinforced concrete buildings [8] as well as climate mitigation projects like carbon sequestration [9] and energy
technologies like enhanced geothermal systems [10] or oilfield wastewater disposal [11]. Earthquakes lead to losses
to the tune of billions of dollars annually in the United States, with the FEMA and USGS pegging the number at $6.1
billion for the year 2016. The number only includes direct economic losses to buildings, and does not cover damage
and losses to critical facilities, transportation and utility lifelines or indirect economic losses. In quasi-static simula-
tions [12–24], the effort is to couple the effects of pore pressure and quasi-static geomechanics, and while that effort
is robust when the coupling is restricted to the reservoir, it is not robust when the coupling is scaled to the earth’s
surface. In this document, we provide a detailed rendition of the two-grid algorithm of [19], which was designed to
tackle the scaling issue.

2. MODEL EQUATIONS

The equations for slightly single compressible single phase flow coupled with linear poromechanics are given in this
module

2.1 Flow model

Let Ωf ⊂ R3 be the flow domain with boundary ∂Ωf = Γf
D ∪ Γf

N where Γf
D is Dirichlet boundary and Γf

N is
Neumann boundary. The mass conservation equation (1) for single phase flow in porous medium∗ with the Darcy law
(2) for slightly compressible fluid (3) with boundary conditions (4) and initial conditions (5) is

∂(ϕ∗ρ)
∂t

+∇ · z = q (1)

z = −Kρ

µ
(∇p− ρg) (2)

ρ = ρ0e
c (p−p0) (3)

p = g on Γf
D × (0, T ], z · n = 0 on Γf

N × (0, T ] (4)

p(x, 0) = p0(x), ρ(x, 0) = ρ0(x), ϕ(x, 0) = ϕ0(x) ∀x ∈ Ωf (5)

where p : Ωf × (0, T ]→ R is the fluid pressure, z : Ωf × (0, T ]→ R3 is the fluid flux, ϵ̄ is the volumetric strain, ϕ
is the Eulerian porosity defined as the ratio of the pore volume in the deformed configuration to the total volume in
the deformed configuration, ϕ∗ ≡ ϕ(1+ ϵ̄) is the Lagrangian porosity† defined as the ratio of the pore volume in the
deformed configuration to the total volume in the undeformed configuration, n is the unit outward normal on Γf

N , q
is the source or sink term, K is the uniformly symmetric positive definite absolute permeability tensor, µ is the fluid
viscosity, ρ0 is a reference density, c is the fluid compressibility and T > 0 is the time interval.

2.2 Poromechanics model

Let Ωp ⊂ R3 be the poromechanics domain with boundary ∂Ωp = Γp
D ∪Γp

N where Γp
D is Dirichlet boundary and Γp

N

is Neumann boundary. The linear momentum balance in the quasi-static limit of interest (6) with the definition of the
total stress (7) (see [26]) with the expression for the body force (8) and the small strain assumption (9) with boundary

∗The derivation of the equation is given in [25]
†The reader is again refered to [25] for a more detailed explanation of Eulerian and Lagrangian porosities



conditions (10) and initial condition (11) is

∇ · σ+ f = 0 (6)
σ = Dϵ− αpI ≡ λϵ̄I+ 2Gϵ− αpI (7)
f = ρϕg + ρr(1− ϕ)g (8)

ϵ(u) =
1
2
(∇u+∇Tu) (9)

u · n1 = 0 on Γp
D × [0, T ], σTn2 = t on Γp

N × [0, T ] (10)
u(x, 0) = 0 ∀ x ∈ Ωp (11)

where u : Ωp × [0, T ] → R3 is the solid displacement, ρr is the rock density, G is the shear modulus, λ is the Lame
parameter, n1 is the unit outward normal to Γp

D, n2 is the unit outward normal to Γp
N , α is the Biot parameter,f is

body force per unit volume, t is the traction boundary condition, ϵ is the strain tensor, D is the fourth order elasticity
tensor and I is the second order identity tensor.

2.3 Expression for mean stress

The mean stress σv is given as

σv =
1
3
tr(σ) =

1
3
tr
(
λϵ̄I+ 2Gϵ− αpI

)
=

1
3

3λϵ̄+
1
3

2G

ϵ̄︷ ︸︸ ︷
tr(ϵ)−1

3
3αp

=
(
λ+

1
3

2G
)
ϵ̄− αp = Kbϵ̄− αp (12)

where Kb ≡ λ+ 1
3 2G is the bulk modulus of the solid skeleton or the drained bulk modulus.

3. THE FIXED STRESS SPLIT STAGGERED SOLUTION STRATEGY

Staggered solution schemes are those in which an operator splitting strategy is used to split the coupled problem
into well-posed flow and mechanics subproblems which are then solved sequentially instead of solving the coupled
system of equations monolithically. The fixed stress split is one such strategy that solves the flow problem while
freezing the mean stress followed by the mechanics problem. This procedure (also refered to as ‘coupling iteration’
or ‘fixed - stress iteration’) is repeated until a certain convergence criterion is met. The basic idea of the fixed -
stress split strategy is to solve for the pressure and flux degrees of freedom at the current fixed - stress iteration
based on the value of the mean stress from the previous fixed - stress iteration. These pressures then contribute to
the force vector in the poromechanics system which is solved for displacements thereby updating the stress state.
This updated stress state is then fed back to the flow system for the next fixed - stress iteration. Since this strategy
condemns the porous solid to follow a certain stress path during the flow solve, the convergence of the solution
algorithm is not automatically guaranteed. [27] proved the convergence of the fixed - stress split strategy using the
principle of contraction mapping with appropriately chosen metrics. [28] showed that the fixed stress split strategy
can be interpreted as a block triangular preconditioning strategy applied within a Richardson iteration to the fully
implicit scheme. They also showed that a mixed formulation for flow with the fixed mean stress constraint coupled
with a continuous Galerkin formulation for poromechanics is first order accurate in space and time for both pressure
and displacement, even for distorted meshes.

4. DISCRETE VARIATIONAL STATEMENTS

Given a domain Ω ⊂ Rn, we use Pk(Ω) to represent the restriction of the space of polynomials of degree less that or
equal to k to Ω. Given a domain Ω ⊂ R3, we use Q1(Ω) to denote the space of trilinears‡ on Ω. The Sobolev spaces
‡If Ω ⊂ R2, Q1(Ω) is used to denote the space of bilinears on Ω.



([29]) are based on the space of square integrable functions on a domain Ω ⊂ R3 given by

L2(Ω) ≡
{
f :

∫

Ω

|f |2 = ∥f∥2
L2(Ω) < +∞

}
,

We then define in general, for any integer m ≥ 0

Hm(Ω) ≡
{
w : Dαw ∈ L2(Ω) ∀|α| ≤ m

}
,

where the derivatives are taken in the sense of distributions and given by

Dαw =
∂|α|w

∂xα1
1 ..∂xαn

n
, |α| = α1 + · · ·+ αn,

In the presence of a divergence operator in second order PDEs, the following space is defined

H(div,Ω) ≡
{
v : v ∈ (L2(Ω))3,∇ · v ∈ L2(Ω)

}

For Ω ⊂ R3 and (·) defined on Ω, we omit the differential dV in the representation of the integral of (·) over Ω for
the sake of brevity as follows

∫

Ω

(·) ≡
∫

Ω

(·) dV

For Ω ⊂ R2 and (·) defined on Ω, we omit the differential dS in the representation of the integral of (·) over Ω for
the sake of brevity as follows

∫

Ω

(·) ≡
∫

Ω

(·) dS

4.1 Finite element mapping

Let T f
h be the finite element partition of Ωf consisting of distorted hexahedral elements Ef and let T p

H be the finite
element partition of Ωp consisting of distorted hexahedral elements Ep. As the flow model is solved on a finer mesh,
the mesh ratio r is such that

r ≡ max
Ep∈Tp

H

diam(Ep)/ max
Ef∈T f

h

diam(Ef ) = H/h ≥ 1

Let rfi , i = 1, .., 8 and rpi , i = 1, .., 8 be the vertices of Ef and Ep respectively. Let Ê represent a reference unit cube
with vertices r̂1 ≡ (0, 0, 0), r̂2 ≡ (1, 0, 0), r̂3 ≡ (1, 1, 0), r̂4 ≡ (0, 1, 0), r̂5 ≡ (0, 0, 1), r̂6 ≡ (1, 0, 1), r̂7 ≡ (1, 1, 1)
and r̂8 ≡ (0, 1, 1). Letting x̂ = (x̂, ŷ, ẑ) ∈ Ê, the functions F f

E(x̂) : Ê 7→ Ef and F p
E(x̂) : Ê 7→ Ep as shown in

Figure 2 are defined as

F f
E(x̂) = rf1 (1− x̂)(1− ŷ)(1− ẑ) + rf2 x̂(1− ŷ)(1− ẑ) + rf3 x̂ŷ(1− ẑ)

+ rf4 (1− x̂)ŷ(1− ẑ) + rf5 (1− x̂)(1− ŷ)ẑ + rf6 x̂(1− ŷ)ẑ

+ rf7 x̂ŷẑ + rf8 (1− x̂)ŷẑ (13)
F p
E(x̂) = rp1(1− x̂)(1− ŷ)(1− ẑ) + rp2 x̂(1− ŷ)(1− ẑ) + rp3 x̂ŷ(1− ẑ)

+ rp4(1− x̂)ŷ(1− ẑ) + rp5(1− x̂)(1− ŷ)ẑ + rp6 x̂(1− ŷ)ẑ

+ rp7 x̂ŷẑ + rp8(1− x̂)ŷẑ (14)
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FIG. 2: Trilinear mapping F f
E : Ê 7→ Ef and F p

E : Ê 7→ Ep for 8 noded distorted hexahedral elements Ef and Ep respectively.
The faces of Ef and Ep can be non-planar.

We denote the jacobian of F f
E and F p

E by DF f
E and DF p

E respectively and the determinant of DF f
E and DF p

E by Jf
E

and Jp
E respectively. Defining rfij ≡ rfi − rfj and rpij ≡ rpi − rpj , we have

DF f
E(x̂) =



rf21 + (rf34 − rf21)ŷ + (rf65 − rf21)ẑ + ((rf21 − rf34)− (rf65 − rf78))ŷẑ;

rf41 + (rf34 − rf21)x̂+ (rf85 − rf41)ẑ + ((rf21 − rf34)− (rf65 − rf78))x̂ẑ;

rf51 + (rf65 − rf21)x̂+ (rf85 − rf41)ŷ + ((rf21 − rf34)− (rf65 − rf78))x̂ŷ




3×3

DF p
E(x̂) =



rp21 + (rp34 − rp21)ŷ + (rp65 − rp21)ẑ + ((rp21 − rp34)− (rp65 − rp78))ŷẑ;
rp41 + (rp34 − rp21)x̂+ (rp85 − rp41)ẑ + ((rp21 − rp34)− (rp65 − rp78))x̂ẑ;
rp51 + (rp65 − rp21)x̂+ (rp85 − rp41)ŷ + ((rp21 − rp34)− (rp65 − rp78))x̂ŷ




3×3

Let xf ∈ Ef and xp ∈ Ep and further let ψ(xf ) and ψ(xp) be functions defined on Ef and Ep respectively. Let
ψ̂(x̂) be the corresponding definitions on Ê. Then we have

∇ψ(xf ) = (DF f
E)

−T ∇̂ψ̂ (15)

∇ψ(xp) = (DF p
E)

−T ∇̂ψ̂ (16)



F f
E

v̂11

v̂12
v̂13

v̂21

v̂23
v̂22

v̂31

v̂33

v̂32

v̂41

v̂42

v̂43

v̂51

v̂52

v̂53

v̂61

v̂63

v̂62

v̂72

v̂71

v̂73

v̂81

v̂82

v̂83

v11

v12
v13 v22 v23

v21

v33

v31

v32v42

v41

v43

v51

v52

v53 v61
v62

v63

v71

v72
v73

v81
v82

v83

FIG. 3: Degrees of freedom and basis functions for the enhanced BDDF1 velocity space on hexahedra.

4.2 Mixed finite element spaces employed

Let V∗
h×Wh be the lowest order BDDF1 MFE spaces on hexahedra (see [30]). With x ≡ (x̂, ŷ, ẑ) ∈ Ê, these spaces

are defined on Ê as

V̂∗(Ê) = (P1(Ê))3 + r0 curl(0, 0, x̂ŷẑ)T + r1 curl(0, 0, x̂ŷ2)T + s0 curl(x̂ŷẑ, 0, 0)T

+ s1 curl(ŷẑ
2, 0, 0)T + t0 curl(0, x̂ŷẑ, 0)T + t1 curl(0, x̂2ẑ, 0)T

Ŵ (Ê) = P0(Ê)

with the following properties

∇̂ · V̂∗(Ê) = Ŵ (Ê), and ∀v̂ ∈ V̂∗(Ê), ∀ê ⊂ ∂Ê, v̂ · n̂ê ∈ P1(ê)

where ê represents a face of Ê and n̂ê the unit outward normal to ê. The multipoint flux approximation procedure
requires on each face one velocity degree of freedom to be associated with each vertex thus requiring four degrees of
freedom per face. Since V∗

h has only three degrees of freedom per face, it is augmented with one degree of freedom
per face resulting in addition of six degrees of freedom per element. Since the properties of constant divergence,
linear independence of the shape functions and continuity of the normal component across the element faces are to
be preserved, six curl terms are added (see [31]) to V∗

h. Let Vh ×Wh be the enhanced BDDF1 spaces on hexahedra.
On Ê, these spaces are

V̂(Ê) = V̂∗(Ê) + r2 curl(0, 0, x̂2ẑ)T + r3 curl(0, 0, x̂2ŷẑ)T + s2 curl(x̂ŷ
2, 0, 0)T

+ s3 curl(x̂ŷ
2ẑ2, 0, 0)T + t2 curl(0, ŷẑ2, 0)T + t3 curl(0, x̂ŷẑ2, 0)T

Ŵ (Ê) = P0(Ê)

with the following properties

∇̂ · V̂(Ê) = Ŵ (Ê), and ∀v̂ ∈ V̂(Ê), ∀ê ⊂ ∂Ê, v̂ · n̂ê ∈ Q1(ê)

Since dimQ1(ê) = 4, the dimension of V̂(Ê) is 24 as shown in Figure 3.

4.3 Weak form of Darcy law

We first rewrite the Darcy law (2) as

µ

ρ
K−1z = −∇p+ ρg



The weak form of the above is
∫

Ωf

µ

ρ
K−1z · v = −

∫

Ωf

∇p · v +

∫

Ωf

ρg · v (17)

We use the divergence theorem for the first term on RHS of (17) as follows
∫

Ωf

∇p · v =

∫

Ωf

(
∇ · (pv)− p∇ · v

)

=

∫

∂Ωf

pv · n−
∫

Ωf

p∇ · v

=

∫

Γf
D

gv · n−
∫

Ωf

p∇ · v (18)

where we invoke v · n = 0 on Γf
N . Substituting (18) in (17), we get
∫

Ωf

µ

ρ
K−1z · v −

∫

Ωf

p∇ · v =

∫

Ωf

ρg · v −
∫

Γf
D

gv · n (19)

4.4 Discrete weak form of flow model

A subspace of H(div,Ωf ) consisting of functions with vanishing normal trace on Γf
N is

V(Ωf ) ≡ H(div,Ωf ) ∩
{
v : v · n = 0 on Γf

N

}

The problem statement is : find zh, z̃h ∈ Vh and ph ∈Wh such that

∑

Ef∈T f
h

∫

Ef

µ

ρ
K−1zh · v −

∑

Ef∈T f
h

∫

Ef

ph∇ · v

= −
∑

Ef∈T f
h

∫

∂Ef∩Γf
D

gv · n+
∑

Ef∈T f
h

∫

Ef

ρg · v (20)

∑

Ef∈T f
h

∫

Ef

ϕ∗ρw +
∑

Ef∈T f
h

∫

Ef

∆t∇ · zhw

=
∑

Ef∈T f
h

∫

Ef

∆tqw +
∑

Ef∈T f
h

∫

Ef

(ϕ∗ρ)nw (21)

where the finite dimensional subspaces Wh ⊂ L2(Ωf ) and Vh ⊂ V(Ωf ) are

Wh ≡
{
w : w|Ef ∈ P0(E

f ) ∀Ef ∈ T f
h

}

Vh ≡
{
v : v|Ef ↔ v̂|Ê : v̂|Ê ∈ V̂(Ê) ∀Ef ∈ T f

h , v · n = 0 on Γf
N

}



(·)n denotes the quantity (·) evaluated at the previous time level n while the remaining terms are evaluated at current
time level n+ 1. Equations (20)-(21) are recast for the (k + 1)th Newton iteration as

[
A −B

∆tBT C

]{
δ(k)Zh

δ(k)ph

}
=

{
R1
R2

}
(22)

where Zh are the flux degrees of freedom and ph are the pressure degrees of freedom respectively and the submatrices
A, B and C are

A =
∑

Ef∈T f
h

∫

Ef

µ

ρk
K−1vj · vi

B =
∑

Ef∈T f
h

∫

Ef

∇ · vi wj

C =
∑

Ef∈T f
h

∫

Ef

ρkϕ∗k

c+
∑

Ef∈T f
h

∫

Ef

ρk
∂ϕ∗

∂p
|k (23)

and the residuals R1 and R2 are

R1 = −
∑

Ef∈T f
h

∫

Ef

K−1z̃kh · v +
∑

Ef∈T f
h

∫

Ef

pkh∇ · v

−
∑

Ef∈T f
h

∫

∂Ef∩Γf
D

gv · n+
∑

Ef∈T f
h

∫

Ef

ρkg · v (24)

R2 = −
∑

Ef∈T f
h

∫

Ef

ϕ∗k

ρkw −
∑

Ef∈T f
h

∫

Ef

∆t∇ · zkhw

+
∑

Ef∈T f
h

∫

Ef

∆tqw +
∑

Ef∈T f
h

∫

Ef

(ϕ∗ρ)nw (25)

where (·)k is the quantity (·) evaluated at the kth Newton iteration at the current time level n+1 and δ(k) is the change
in (·) over the (k + 1)th iteration. The submatrices A and B have off-diagonal components while the submatrix C

is diagonal. The evaluation of ∂ϕ∗

∂p |k in (23) along with the evolution law for ϕ∗ during the flow solve are presented
in the module 4.7. A quadrature rule ([31]) is used to evaluate the submatrix A. Elimination of the flux degrees of
freedom from (22) results in a 27 point stencil where the pressure in each element Ef is coupled with pressures in all
27 elements that share a vertex with Ef . The resulting system is solved for δ(k)ph and the kth iterate is obtained as

pk+1
h = pkh + δ(k)ph (26)

4.5 Discrete weak form of linear momentum balance

An infinite dimensional space U(Ωp) in Ωp is defined as

U(Ωp) ≡
{
q = (u, v, w) : u, v, w ∈ H1(Ωp),q = 0 on Γp

D

}

The weak form of the linear momentum balance (6) is given by
∫

Ωp

(∇ · σ) · q+

∫

Ωp

f · q = 0 (∀ q ∈ U(Ωp)) (27)



where U(Ωp) is given by

U(Ωp) ≡
{
q = (u, v, w) : u, v, w ∈ H1(Ωp),q = 0 on Γp

D

}

We know from tensor calculus that

(∇ · σ) · q ≡ ∇ · (σq)− σ : ∇q (28)

Further, using the divergence theorem and the symmetry of σ, we arrive at
∫

Ωp

∇ · (σq) ≡
∫

∂Ωp

q · (σn) (29)

We decompose ∇q into a symmetric part (∇q)s ≡ 1
2

(
∇q+ (∇q)T

)
≡ ϵ(q) and skew-symmetric part (∇q)ss and

note that the contraction between a symmetric and skew-symmetric tensor is zero to obtain

σ : ∇q ≡ σ : (∇q)s + 0σ : (∇q)ss = σ : ϵ(q) (30)

From (27), (28), (29) and (30), we get
∫

∂Ωp

(σn) · q−
∫

Ωp

σ : ϵ(q) +

∫

Ωp

f · q = 0

which, after invoking the boundary conditions σn = t on Γp
N and q = 0 on Γp

D results in
∫

Γp
N

t · q−
∫

Ωp

σ : ϵ(q) +

∫

Ωp

f · q = 0 (31)

Substituting σ = Dϵ− αpI in (31), we get
∫

Γp
N

t · q−
∫

Ωp

(Dϵ− αpI) : ϵ(q) +
∫

Ωp

f · q = 0

and the discrete weak form after substituting f = ρϕg+ ρr(1−ϕ)g is finally obtained as: find uH ∈ UH such that
∑

Ef∈Tp
H

∫

Ep

ϵ(q) : Dϵ(uH) =
∑

Ef∈Tp
H

∫

Ωp

ϵ(q) : αpI

+
∑

Ef∈Tp
H

∫

Ep

q · (ρϕg + ρr(1− ϕ)g) +
∑

Ef∈Tp
H

∫

∂Ep∩Γp
N

q · t (32)

where the finite dimensional subspace UH ⊂ U(Ωp) is given by

UH =

{
q = (u, v, w) : u|Ep , v|Ep , w|Ep ∈ Q1(E

p) ∀Ep ∈ T p
H ,q = 0 on Γp

D

}

The discrete displacements uH and the corresponding strain tensor ϵ(uH) are written in terms of the nodal displace-
ment degrees of freedom represented by U as

uH =
∑

Ep∈Tp
H

NU (33)

ϵ(uH) =
∑

Ep∈Tp
H

BU (34)



where N is the shape function matrix and B is the strain-displacement interpolation matrix. Equations (32), (33) and
(34) eventually lead to the following system of equations

KU = F (35)

where K and F are refered to as the global stiffness matrix and global force vector respectively and are obtained as

K =
∑

Ep∈Tp
H

∫

Ep

BTDB (36)

F =
∑

Ep∈Tp
H

∫

Ep

BTαpI+
∑

Ep∈Tp
H

∫

Ep

NT (ρϕg + ρr(1− ϕ)g) +
∑

Ep∈Tp
H

∫

∂Ep∩Γp
N

NT t (37)

To simplify the computations, (35) is recast in compact engineering notation (see [32]) wherein stresses σ, strains ϵ
and identity tensor I are represented as vectors and fourth order tensor D is represented as a second order tensor. The
matrices N and B are also recast appropriately.

4.6 Evaluation of integrals for the poromechanical solve using quadrature

The trilinear function F p
E(r̂) : r̂ 7→ rp which we have already defined in (14) can also be written as

F p
E(r̂) : r̂ 7→ rp =

8∑

i=1

N̂i(r̂)r
p
i

where N̂i(r̂) are refered to as the shape functions and satisfy the property that N̂i(r̂j) = δij , i, j = 1, ..., 8 where δij
is the Kronecker delta, and are given as

N̂1 = (1− x̂)(1− ŷ)(1− ẑ)

N̂2 = x̂(1− ŷ)(1− ẑ)

N̂3 = x̂ŷ(1− ẑ)

N̂4 = (1− x̂)ŷ(1− ẑ)

N̂5 = (1− x̂)(1− ŷ)ẑ

N̂6 = x̂(1− ŷ)ẑ

N̂7 = x̂ŷẑ

N̂8 = (1− x̂)ŷẑ

The shape function matrix is given as

N̂ =
[
N̄1 N̄2 N̄3 N̄4 N̄5 N̄6 N̄7 N̄8

]
3×24

N̄i =



N̂i 0 0
0 N̂i 0
0 0 N̂i




3×3

(∀ i = 1, .., 8)

The jacobian of F p
E(r̂) is the given as

DF p
E(r̂) ≡




∂x
∂x̂

∂x
∂ŷ

∂x
∂ẑ

∂y
∂x̂

∂y
∂ŷ

∂y
∂ẑ

∂z
∂x̂

∂z
∂ŷ

∂z
∂ẑ


 =




8∑
i=1

∂N̂i

∂x̂ xp
i

8∑
i=1

∂N̂i

∂ŷ xp
i

8∑
i=1

∂N̂i

∂ẑ xp
i

8∑
i=1

∂N̂i

∂x̂ ypi
8∑

i=1

∂N̂i

∂ŷ ypi
8∑

i=1

∂N̂i

∂ẑ ypi

8∑
i=1

∂N̂i

∂x̂ zpi
8∑

i=1

∂N̂i

∂ŷ zpi
8∑

i=1

∂N̂i

∂ẑ zpi






The strain-displacement interpolation matrix is given as

B̂ =
[
B̂1 B̂2 B̂3 B̂4 B̂5 B̂6 B̂7 B̂8

]
6×24

B̂i =




∂N̂i

∂x 0 0
0 ∂N̂i

∂y 0

0 0 ∂N̂i

∂z
∂N̂i

∂y
∂N̂i

∂x 0
∂N̂i

∂z 0 ∂N̂i

∂x

0 ∂N̂i

∂z
∂N̂i

∂y




6×3

(∀ i = 1, .., 8)

and the derivatives of the shape functions are obtained using




∂N̂i

∂x
∂N̂i

∂y
∂N̂i

∂z


 = (DF p

E)
−T




∂N̂i

∂x̂
∂N̂i

∂ŷ
∂N̂i

∂ẑ


 =




8∑
i=1

∂N̂i

∂x̂ xp
i

8∑
i=1

∂N̂i

∂ŷ xp
i

8∑
i=1

∂N̂i

∂ẑ xp
i

8∑
i=1

∂N̂i

∂x̂ ypi
8∑

i=1

∂N̂i

∂ŷ ypi
8∑

i=1

∂N̂i

∂ẑ ypi

8∑
i=1

∂N̂i

∂x̂ zpi
8∑

i=1

∂N̂i

∂ŷ zpi
8∑

i=1

∂N̂i

∂ẑ zpi




−T




∂N̂i

∂x̂
∂N̂i

∂ŷ
∂N̂i

∂ẑ




The elasticity tensor for the isotropic porous solid is

D =




λ+ 2G λ λ 0 0 0
λ λ+ 2G λ 0 0 0
λ λ λ+ 2G 0 0 0
0 0 0 G 0 0
0 0 0 0 G 0
0 0 0 0 0 G




6×6

where λ is the Lame parameter corresponding to the drained response of the porous specimen and G is the shear
modulus of porous specimen. Denoting the determinant of DF p

E(r̂) by Jp
E , the integrals leading upto the element

stiffness matrix and force vectors are given as
∫

Ep

NT f ≡
∫

Ê

N̂T fJp
E ≡

∑

g∈G

(N̂T fJp
E)|gwg

∫

Ep

BTαpI ≡
∫

Ê

B̂TαpIJp
E ≡

∑

g∈G

(B̂TαpIJp
E)|gwg

∫

Ep

BTDB ≡
∫

Ê

B̂TDB̂Jp
E ≡

∑

g∈G

(B̂TDB̂Jp
E)|gwg

∫

∂Ep∩Γp
N

NT t ≡
∫

∂Ê∩Γp
N

N̂T t Jp
E ≡

∑

g∈G∩∂Ê

(N̂T t Jp
E)|gwg





(38)

where G is the set (of cardinality 8) of quadrature points, (·)|g is the quantity (·) evaluated at the quadrature point
g ∈ G, I =

[
1 1 1 0 0 0

]T
and wg is the weight associated with a quadrature point g ∈ G. In lieu of

(35)-(37) and (38), we write

KU = F (39)



where the global stiffness matrix K and global force vector F

K =
∑

Ep∈Tp
H

∑

g∈G

(B̂TDB̂Jp
E)|gwg (40)

F =
∑

Ep∈Tp
H

∑

g∈G

(B̂TαpIJp
E)|gwg +

∑

Ep∈Tp
H

∑

g∈G

(N̂T fJp
E)|gwg

+
∑

Ep∈Tp
H

∑

g∈G∩∂Ê

(N̂T t Jp
E)|gwg (41)

are obtained by assembling the element stiffness matrix and element force vectors. The reader is refered to [33] for
the details of the assembly process. The set G of quadrature points with associated weights is

g1 ≡
(

1
2

(
1−
√

3
3

)
,

1
2

(
1−
√

3
3

)
,

1
2

(
1−
√

3
3

))

g2 ≡
(

1
2

(
1 +

√
3

3

)
,

1
2

(
1−
√

3
3

)
,

1
2

(
1−
√

3
3

))

g3 ≡
(

1
2

(
1 +

√
3

3

)
,

1
2

(
1 +

√
3

3

)
,

1
2

(
1−
√

3
3

))

g4 ≡
(

1
2

(
1−
√

3
3

)
,

1
2

(
1 +

√
3

3

)
,

1
2

(
1−
√

3
3

))

g5 ≡
(

1
2

(
1−
√

3
3

)
,

1
2

(
1−
√

3
3

)
,

1
2

(
1 +

√
3

3

))

g6 ≡
(

1
2

(
1 +

√
3

3

)
,

1
2

(
1−
√

3
3

)
,

1
2

(
1 +

√
3

3

))

g7 ≡
(

1
2

(
1 +

√
3

3

)
,

1
2

(
1 +

√
3

3

)
,

1
2

(
1 +

√
3

3

))

g8 ≡
(

1
2

(
1−
√

3
3

)
,

1
2

(
1 +

√
3

3

)
,

1
2

(
1 +

√
3

3

))

wg =
1
8

∀ g ∈ G

4.7 Lagrangian porosity update during the flow solve with the fixed mean stress constraint

The Eulerian porosity variation in a deformable porous medium is approximated as ([34], [35])

δϕ =

(
α− ϕ
Kb

)
(δσv + δp) (42)

Imposing the fixed mean stress constraint δσv = 0 in (42) results in

δϕ =

(
α− ϕ
Kb

)
δp (43)

Using the relation for the mean stress σv = Kbϵ̄− αp and the fixed mean stress constraint δσv = 0 results in

δϵ̄ =
α

Kb
δp



which implies that the evolution law for volumetric strain is given by

ϵk+1 = ϵk +
α

Kb
δ(k)p

In lieu of (43) and the relationship ϕ∗ = ϕ(1 + ϵ̄), the Lagrangian porosity variation is given by

δϕ∗ = ϕδϵ̄+ (1 + ϵ̄)δϕ =

(
(ϕ+ 1 + ϵ̄)

α

Kb
− ϕ

∗

K

)
δp

which implies that the evolution law for Lagrangian porosity is given by

ϕ∗k+1
= ϕ∗k +

∂ϕ∗
∂p |k︷ ︸︸ ︷(

(ϕk + 1 + ϵ̄k)
α

Kb
− ϕ

∗k

Kb

)
δ(k)p (44)

4.8 Lagrangian porosity update during the poromechanical solve

Invoking (42) again and using the relation δσv = Kbδϵ̄− αδp, we get

δϕ = (α− ϕ)δϵ̄+ (α− ϕ)(1− α)
Kb

δp (45)

In lieu of (45) and the relationship ϕ∗ = ϕ(1 + ϵ̄), the Lagrangian porosity variation is given by

δϕ∗ = ϕδϵ̄+ (1 + ϵ̄)δϕ = ϕδϵ̄+ (1 + ϵ̄)

(
(α− ϕ)δϵ̄+ (α− ϕ)(1− α)

Kb
δp

)

= (α+ ϵ̄(α− ϕ))δϵ̄+ (1 + ϵ̄)
(α− ϕ)(1− α)

Kb
δp (46)

Following the arguments of [25], linear poroelasticity consists in setting the tangents (α + ϵ̄(α − ϕ)) and (1 +

ϵ̄) (α−ϕ)(1−α)
Kb

in (46) as constants. Hence (46) is rewritten as

δϕ∗ = (α+ ϵ̄0(α− ϕ0))δϵ̄+ (1 + ϵ̄0)
(α− ϕ0)(1− α)

Kb
δp

which can be integrated from initial time to obtain

ϕ∗m

= ϕ0 + (α+ ϵ̄0(α− ϕ0))(ϵ̄
m − ϵ̄0) + (1 + ϵ̄0)

(α− ϕ0)(1− α)
Kb

(pm − p0)

where (·)m refers to (·) evaluated at the mth coupling iteration. In lieu of the small strain assumption (9), the O(ϵ2)
terms are neglected to obtain

ϕ∗m

= ϕ0 + α(ϵ̄
m − ϵ̄0) + (1 + ϵ̄0)

(α− ϕ0)(1− α)
Kb

(pm − p0)

which, under the initial condition (11) lending to ϵ̄0 = 0, is finally written as

ϕ∗m

= ϕ0 + αϵ̄
m +

(α− ϕ0)(1− α)
Kb

(pm − p0) (47)



5. THE TWO-GRID STAGGERED SOLUTION ALGORITHM

The flowchart of the algorithm is provided in Figure 4. The algorithm solves the flow system on a fine mesh while
freezing the mean stress of the porous solid followed by the poromechanics system on a coarse mesh. The pressures
at the end of the flow solve along with updated fluid densities and Lagrangian porosities are upscaled and these
upscaled quantities contribute to the force vector in the poromechanics system. The poromechanics system is then
solved for nodal displacements which are post-processed to obtain volumetric strains. These volumetric strains along
with upscaled pressures are then used to update the Lagrangian porosities in the poromechanical grid. These coarse
grid Lagrangian porosities are then downscaled onto the flow grid. This two-step procedure of nonlinear flow solve
followed by linear poromechanics solve is continued until a convergence criterion (evaluated at the coarse scale
poromechanics grid) is met. Once this criterion is met, we march forward to the next time step as shown in Algorithm
1.

5.1 Convergence criterion for coupling iterations

The stopping criterion for coupling iterations is designed based on the requirement that the change in mean stress
across coupling iterations in each time step reduces monotonically from one coupling iteration to the next. We already
know that one coupling iteration consists of one flow solve and one poromechanics solve. We also know that the fixed
stress split strategy imposes a fixed mean stress during the flow solve in every coupling iteration. This implies that
the mean stress only changes during the poromechanics solve in every coupling iteration. This automatically implies
that the change in mean stress across one coupling iteration is identical to the change in mean stress during the
poromechanics solve in that coupling iteration. As a result, the stopping criterion is to be designed based on the
requirement that the change in mean stress across poromechanics solves reduces monotonically from one coupling
iteration to the next. Now, let us look at the expression (42) for porosity variation in deformable porous medium given
by

δϕ =

(
α− ϕ
Kb

)
(δσv + δp)

and let us write it in two forms

(δϕ)|f =

(
α− ϕ
Kb

)
((δσv)|f + (δp)|f )

(δϕ)|c =
(
α− ϕ
Kb

)
((δσv)|c + (δp)|c)

where δ(·)|f is the change in quantity (·) during the flow solve in a coupling iteration and δ(·)|c is the change in
quantity (·) over the entire coupling iteration. Now the fixed mean stress constraint implies that (δσv)|f = 0 and
since the pressure does not change during the poromechanics solve, (δp)|f = (δp)|c. As a result, we have

(δϕ)|c − (δϕ)|f =

(
α− ϕ
Kb

)
(δσv)|c ≡

(
α− ϕ
Kb

)
(δσv)|m

where (δσv)|m is the change in mean stress during the poromechanics solve in the coupling iteration. In lieu of the
above, the stopping criterion is designed based on the change in porosity during the poromechanics solve in every
coupling iteration. Since we calculate the Lagrangian porosity updates after every flow and poromechanics solve,
the stopping criterion is based in the requirement that the change in Lagrangian porosity during the poromechanics
solve in every coupling iteration reduces monotonically from one coupling iteration to the next. Now the change in
Lagrangian porosity during the poromechanics solve in the mth coupling iteration in every time step is given by

ϕ∗m − ϕ∗k+1,m



where ϕ∗m

is the Lagrangian porosity at the end of the mth coupling iteration, ϕ∗k+1,m
is the Lagrangian porosity

at the end of the flow solve in the mth coupling iteration and k + 1 is the number of Newton iterations required to
solve the nonlinear flow problem. This quantity is normalized by the current value of Lagrangian porosity i.e. ϕ∗m

as
follows

ϕ∗m − ϕ∗k+1,m

ϕ∗m

and the stopping criterion is based on the requirement that the maximum norm of this quantity is less than a certain
pre-specified tolerance as follows

∥∥∥∥
ϕ∗m − ϕ∗k+1,m

ϕ∗m

∥∥∥∥
∞
≤ TOL

Algorithm 1 two grid fixed-stress split iterative scheme for slightly compressible single phase flow coupled with
linear poromechanics

1: For each time tn

2: repeat ▷ Fixed-stress split iterative coupling loop (index m)
3: repeat ▷ Flow loop (index k + 1)
4: Solve for δpk,mh , δzk,mh using 22
5: Update pk+1,m

h , ρk+1,m and ϕ∗k+1,m
using 26, 3 and 44 respectively

6: until Stopping criterion, use 25
∥R2∥∞ ≤ TOL1 ∧ ∥R2∥1 ≤ TOL2 TOL1,TOL2 > 0

7: Upscale pk+1,m
h , ρk+1,m and ϕ∗k+1,m

8: Solve for um
H using 35 ▷ Mechanics solve

9: Update ϕ∗m

using 47
10: Downscale ϕ∗m

11: until Stopping criterion ∥∥∥∥
ϕ∗m − ϕ∗k+1,m

ϕ∗m

∥∥∥∥
∞
≤ TOL3, TOL3 > 0

12: Increment tn → tn+1

6. SUMMARY

We present the model equations for slightly compressible single phase flow coupled with linear poromechanics for
flow through porous media. We then present the discrete variational statements for the two-grid staggered solution
algorithm. The two-grid algorithm connotates that the model equations for flow and poromechanics are solved on
different finite element grids. Flow is solved on a fine mesh using a multipoint flux mixed finite element method
and poromechanics is solved on a coarse mesh using a conforming Galerkin finite element method. The notion
of staggering lies in solving the flow and poromechanics equations sequentially in a coupling iteration instead of
solving the coupled system of equations monolithically. The system solve at a particular time step can consist of
multiple coupling iterations depending on when the stopping criterion is achieved. In essence, the staggering imposes
a constraint on the system during the flow solve thereby working as a predictor to the state of the system followed by
the poromechanics solve which works as a corrector to the state of the system at the end of the coupling iteration.



New time step

New fixed− stress iteration m

New flow iteration k + 1

Solve for δpk,m keeping σ fixed

no
Converged?

Solve for um
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Upscale pk+1,m, ρk+1,m

φ∗m = φ0 + α(ǫm − ǫ0) +
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φ∗k+1,m

= φ∗k,m +

(
α(1 + ǫm−1)− φ∗m−1

Kb

)
δpk,m

FIG. 4: Flowchart for two grid fixed-stress split iterative scheme for single phase flow coupled with linear poromechanics and
(·)k,m denotes the quantity (·) evaluated at the kth flow iteration within the mth coupling iteration and (·)m denotes the quantity
(·) evaluated at the mth coupling iteration.

7. PARALLELISM INVOLVED

The elements of the geomechanical domain are first divided areally (y − z) among MPI processes. Since the flow
domain is a subset of the geomechanical domain, the areal extent of the flow domain would be smaller than that of
the geomechanical domain. In lieu of that, not all processes would occupy elements of the flow domain. We need
to identify the processes that would occupy flow elements, and then carve out a MPI subcommunicator with only
those processes involved. This subcommunicator would be involved in all the tasks to be performed in order to solve
the flow problem in parallel. For example, with reference to Figure 5, let us assume that we decide to work with 15



processes. The default MPI communicator would be

mpi comm world = {0, 1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 14}

Thereafter, based on the actual location of the areal (y − z) boundaries of the flow domain, the flow elements are

coupled problem

non-pay

free surface

d
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H

Solve mechanics on coarse mesh

Solve flow on fine mesh

upscale

downscale

lR lR

lG lG

x

y
z

reservoir
0
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14
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96

10

FIG. 5: The numbers are process ranks, and the division of elements among processes is areal. For this particular case, the default
MPI communicator has 15 processes. Since the flow domain is a subset of the geomechanical domain, not all processes would
occupy flow elements. The MPI subcommunicator would have only those processes that occupy flow elements. Only the processes
involved in the subcommunicator would be involved in the construction of grid-to-grid projection operators.

assigned to processes based on the areal boundaries of the processes. With reference to Figure 5, processes with ranks
5, 6, 9, 10 occupy elements of the flow domain. Thus, the subcommunicator would be

flow comm = {5, 6, 9, 10}



This means that processes with ranks 0, 1, 2, 3, 4, 7, 8, 11, 12, 13, 14 do not occupy flow elements, and need not par-
ticipate in construction of grid-to-grid projection operators. The non-participation of as many as 11 processes in the
construction of projection operators, and indeed the flow solve, substantially reduces the memory load on the super-
computer. Data structures (with concomitant memory allocation) required for the flow solve need only be assigned to
4 processes instead of the usual 15 for this particular case.

8. IDENTIFYING PAIRS THAT INTERSECT WITH ONE ANOTHER

Ep

Ef

E

x

yz

FIG. 6: Construction of global up and down scaling operators are designed around the assembly of local up and down scaling
operators.

The global upscaling and downscaling operators are constructed in the pre-processing step by applying a local
mapping procedure to each pair of overlapping finite elements Ep and Ef of the two grids. As shown in Figure 6, we
denote the intersection polyhedron of Ep and Ef by E , and further denote the partitions of Ep and Ef by IEp

and
IEf

respectively such that

Ep =
⋃

E∈IEp

E where IEp ≡
{
E : E ≡ Ep ∩ Ef ∀Ef ∈ T f

h

}

Ef =
⋃

E∈IEf

E where IEf

=

{
E : E = Ef ∩ Ep ∀Ep ∈ T p

H

}

We first need to identify pairs of flow and poromechanics elements that intersect one another. Each pair will have
one flow element and one poromechanics element. To determine whether a flow element is geometrically disjoint to
a poromechanics element, we need to design an algorithm with all 8 vertices of the flow element. If all vertices of
the flow element are inside the poromechanics element, then the flow element is inside the poromechanics element.
If all vertices of the flow element are outside the poromechanics element, then the flow element is geometrically
disjoint to the poromechanics element. If neither of the above two cases is true, then the flow element intersects the
poromechanics element. A graphic description of the algorithm to determine if a point is inside or outside a finite
element is given in Figure 7. The algorithm itself is given in Algorithm 2.
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FIG. 7: Determing whether point P is inside or outside the finite element 1-2-3-4-5-6-7-8. If point P is inside the finite element,
the sum of volumes of the 12 tetrahedra formed by P with the vertices of the finite element would be roughly equal to volume of
the finite element. If point P is outside the finite element, the sum of volumes of the 12 tetrahedra would be greater than the volume
of the finite element

9. UPSCALING PORE PRESSURE AND BULK DENSITY FOR EACH PAIR

Let pE
f

and ρE
f

represent the piecewise constant pore pressure and fluid density respectively at Ef such that

pE = pE
f

, ρE = ρE
f

(if E ∈ Ef )

The pore pressures are upscaled via the force vector term
∫
Ep

BTαpI in (37) as follows

∫

Ep

BTαpI =

∫

Ep

BTα

( ∑

E∈IEp

Meas(E)
Meas(Ep)

pE
)
I (48)



Algorithm 2 Determining whether flow element is inside, or outside, or intersects a poromechanics element

facemap=




1 5 8
1 8 4
2 3 7
2 7 6
1 2 6
1 6 5
3 4 8
3 8 7
1 4 3
1 3 2
5 6 7
5 7 8




porovol← volume of poromechanics element
outcount← 0
for i=1 to 8 do

volsum← 0
Point P is the ith vertex of flow element
for j=1 to 12 do

Tet← [P,facemap(j,:)] ▷ Tet is the tetrahedron with point P, and the three numbered vertices corresponding
to facemap(j,:) of the poromechanics element as the four vertices

Tetvol← volume of Tet
volsum← volsum + Tetvol

if volsum > porovol then
outcount← outcount + 1

if outcount=0 then
flow element is inside poromechanics element

else if outcount=8 then
flow element is outside poromechanics element

else
flow element intersects poromechanics element

The bulk densities are upscaled via the force vector term
∫
Ep

NTρϕg in (37) as follows

∫

Ep

NTρϕg =

∫

Ep

NT

( ∑

E∈IEp

Meas(E)
Meas(Ep)

ρEϕE
)
g (49)

In essence, the upscaled pore pressures and bulk densities on Ep are local volume averages over IEp

of the informa-
tion obtained after the flow solve. The reason for choosing the local volume average approach for upscaling of the
fine scale pore pressure and product of fine scale fluid density and porosity is the following: Suppose v is any variable
being projected onto a space of constants WH ≡ P0(T

p
H) defined on T p

H . Then, the Galerkin orthogonal projection of
v onto WH would be

∫

Ωp

(v −Rv)w = 0 ∀ w ∈WH (50)



whereRv ∈WH is the projected quantity. Let v′ denote the restriction of v to Ep and let w′ denote the restriction of
w to Ep. We rewrite (50) as

∑

Ep∈T p
H

∫

Ep

(v′ −Rv)w′ = 0

which, in lieu of the linear independence of the basis w′ of the space WH , implies that

Rv =
1

Meas(Ep)

∫

Ep

v′ (∀ Ep ∈ T p
H) (51)

If v′ is defined by the discontinuous piecewise constants vE on IEp

(∀ Ep ∈ T p
H), we get

∫

Ep

v′ ≡
∑

E∈IEp

∫

E

vE =
∑

E∈IEp

vEMeas(E) (∀ Ep ∈ T p
H) (52)

In lieu of (51) and (52), we get

Rv =
1

Meas(Ep)

∑

E∈IEp

vEMeas(E) ≡
∑

E∈IEp

Meas(E)
Meas(Ep)

vE (∀ Ep ∈ T p
H)

10. DOWNSCALING LAGRANGIAN POROSITY FOR EACH PAIR

Let Wh ≡ P0(T
f
h ) represent the space of constants defined on T f

h . Let Pϕ∗ ∈ Wh be the prolongation of the coarse
scale Lagrangian porosity ϕ∗(xp), xp ∈ Ωp ∩ Ωf onto Wh. Define P by

∫

Ωf

(
ϕ∗(x)− (Pϕ∗)(x)

)
w = 0 ∀w ∈Wh (53)

Let ϕ′(x′), x′ ∈ Ef denote the restriction of ϕ∗(x) to Ef and let w′ denote the restriction of w to Ef . We rewrite
(53) as

∑

Ef∈T f
h

∫

Ef

(ϕ′(x′)− Pϕ∗)w′ = 0 (54)

which, in lieu of the linear independence of the basis w′ of the space Wh, implies that

Pϕ∗ =
1

Meas(Ef )

∫

Ef

ϕ′(x′) (∀ Ef ∈ T f
h )

Let ϕ∗Ep

be the piecewise constant Lagrangian porosity at Ep (∀ Ep ∈ T p
H) such that

ϕ∗E
= ϕ∗Ep

(if E ∈ Ep)

Then ϕ′(x′) is defined by discontinuous piecewise constants over IEf

as

ϕ′(x′) = ϕ∗E
= ϕ∗Ep

(∀x′ ∈ E and E ∈ Ep)

In lieu of the above, we get

Pϕ∗ =

∑
E∈IEf

ϕ∗Ep

Meas(E)

Meas(Ef )
(E = Ef ∩ Ep)



11. LOCAL OPERATORS : IMPLEMENTATION

✓ The first step is to obtain the equations of the faces of Ep and Ef as explained in Section 11.1.
✓ The next step is to design an algorithm that uses the equations of the element faces to obtain points on the

periphery of the intersection polyhedron as explained in Section 11.2.
✓ The final step is to use the set of points obtained on the periphery of the intersection polyhedron to determine

its measure as explained in Section 11.6.

11.1 Obtaining equations of the element faces
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FIG. 8: A representation of hexahedral element E ≡ abcdefgh with its six faces aehd, abfe, ehgf , bcgf , cdhg and adcb. The
coordinate information of the four vertices of each of the faces is used to obtain its equation.

As the procedure invoked in obtaining the equations of the element faces applies to both Ef and Ep, we use
the notation E for hexahedral element without regard to whether it is a flow element Ef or poromechanics element
Ep. Let S(x) = 0, x ≡ (x, y, z) ∈ e be the equation of face e of element E with its vertices vi ≡ (xi, yi, zi),
i = 1, 2, 3, 4. A representation of E with its faces is provided in Figure 8. Define S(x) by a trilinear as

S(x) =
{

xyz xy yz xz x y z 1
}
c8×1 (55)

where c8×1 is the vector of coefficients to be determined. Since S(x) = 0 is satisfied at each of the four vertices
defining the face, we get the system of equations for c

M4×8︷ ︸︸ ︷


x1y1z1 x1y1 y1z1 x1z1 x1 y1 z1 1
x2y2z2 x2y2 y2z2 x2z2 x2 y2 z2 1
x3y3z3 x3y3 y3z3 x3z3 x3 y3 z3 1
x4y4z4 x4y4 y4z4 x4z4 x4 y4 z4 1


 c8×1 =





0
0
0
0





4×1

It is clear that c belongs to the nullspace of M. With that in mind, we get the SVD of M as

M4×8 = U4×4σ4×8V
T
8×8 (56)



where σ = diag(σ1, ..,σr) is diagonal matrix of singular values of M and the columns of U and V are left and right
singular vectors of M respectively. Since the nullspace of M is spanned by right singular vectors corresponding to
the vanishing singular values of M, we express c as

c8×1 =
[
V[:, r + 1] . . V[:, 8]

]
8×(8−r)

κ(8−r)×1 (57)

where κ is the vector of coefficients and r is rank of M. The objective now is to determine κ. First, using (55), we
obtain an expression for the gradient∇S(x) of S(x) as

∇S(x) =

H(x,y,z)3×8︷ ︸︸ ︷

yz y 0 z 1 0 0 0
xz x z 0 0 1 0 0
xy 0 y x 0 0 1 0


 [

V[:, r + 1] . . V[:, 8]
]

8×(8−r)
κ(8−r)×1 (58)

Let Ŝ(x̂) be corresponding definition on face ê of reference element Ê of S(x) on face e of actual element E. Then,
from (15) and (16),

∇S(x) = (DFE)
−T (x̂) ∇̂Ŝ(ê) (59)

where ∇̂Ŝ(ê) can be either
[
1 0 0

]T
,
[
0 1 0

]T
or

[
0 0 1

]T
depending on whether ê is normal to x̂, ŷ or ẑ

axis. Equating (58) and (59) for all four vertices of e ∈ E, we get the following system of equations for κ(8−r)×1



H(x1, y1, z1)
H(x2, y2, z2)
H(x3, y3, z3)
H(x4, y4, z4)




12×8

[
V[:, r + 1] . . V[:, 8]

]
8×(8−r)

κ(8−r)×1 = B12×1 (60)

where B is obtained as

B[(i− 1) ∗ 3 + 1→ i ∗ 3, 1] = (DFE)
−T (v̂i) ∇̂Ŝ(ê)

where v̂i, i = 1, 2, 3, 4 on ê ∈ Ê is the corresponding definition of vi, i = 1, 2, 3, 4 on e ∈ E. The solution κ of (60)
is substituted into (57) to obtain c, which is then substituted into (55) to obtain the polynomial expression of S(x).

11.2 Obtaining points on the periphery of intersection polyhedron using surface-surface
intersections

Algorithm 3 obtains points on the periphery of E by tracing the intersections of the faces of Ef and Ep. The starting
points for the curve traces are the set of vertices of Ef inside Ep.

To understand the construct of the algorithm, we refer to a case depicted in 9. Red arrows represent the set Qff

i.e. traces of the intersections of the faces of Ef . Blue arrows represent the set Qfp i.e. traces of the intersections
of the faces of Ef with the faces of Ep. Green arrows represent the set Qpp i.e. traces of the intersections of the
faces of Ep. The nested loop structure in Algorithm 3 traces out elements of the set Qff , Qfp and Qpp sequentially.
Representing Sfx−, Sfx+, Sfy−, Sfy+, Sfz− and Sfz+ as the faces of the flow element normal to the x−, x+, y−, y+, z−
and z+ axes respectively and Spx−, Spx+, Spy−, Spy+, Spz− and Spz+ as the faces of the poromechanics element normal
to the x−, x+, y−, y+, z− and z+ axes respectively, the curve traces are

AD ≡ Sfx− ∩ Sfz+ → DH ≡ Sfz+ ∩ Spy+ (Sequence 1, Starting point A on Sfx−)

EF ≡ Sfx+ ∩ Sfy− → FB ≡ Sfy− ∩ Spz− (Sequence 2, Starting point E on Sfx+)

AB ≡ Sfy− ∩ Sfx− → BC ≡ Sfx− ∩ Spz− → CG ≡ Spz− ∩ Spy+ (Sequence 3, Starting point A on Sfy−)

EA ≡ Sfy− ∩ Sfz− (Sequence 4, Starting point E on Sfz−)

EH ≡ Sfz+ ∩ Sfx+ → HG ≡ Sfx+ ∩ Spy+ → GC ≡ Spy+ ∩ Spz− (Sequence 5, Starting point E on Sfz+)
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FIG. 9: Solid circles representing points A and E are the vertices of Ef inside Ep. Hollow circles representing points B, C,
D, E, F , G and H are the end points of the curve traces obtained using the surface-surface intersections algorithm. The arrows
represent the direction of the curve traces. It is important to note that Figure 9 is only a depiction of E and that there is no restriction
whatsoever that it be 8-noded.

11.3 Curve tracing : the function TRACE(q,S1,S2)

The curve tracing is based on the predictor-corrector approach of [36]. The predictor gives a second order Taylor ap-
proximant to the trace of the intersection curve and the corrector refines the approximant to a point on the intersection
curve using the Newton method. With reference to Figure 10, a predictor to the trace of the intersection of surfaces
S1 and S2 is stored in qp and the corrector to qp is stored in qc.

11.4 Obtaining qp

The intersection curve r of S1 and S2 with initial point q is expressed as

r(s) = q+ sr′(q) +
s2

2!
r′′(q) + e(s) = qp(s) + e(s)



Algorithm 3 Obtaining points on the periphery of intersection polyhedron

1: if Ef ∩ Ep ← ∅ then
2: E ← ∅ ▷ If Ef and Ep are geometrically disjoint, E is a null set
3: else if Ef ⊂ Ep then
4: E ← Ef ▷ If Ef is inside Ep, E ≡ Ef

5: else ▷ If Ef and Ep intersect
6: N ← ∅ ▷ Initialize the set of points N on periphery of E
7: for i = 1, .., 6 do ▷ Loop over six faces of Ef

8: q ∈ A∩Sfi ▷ A is set of vertices of Ef inside Ep, Sfi is the ith face of Ef , q is the starting point for the
curve trace

9: for j = 1, .., 6 do ▷ Loop over six faces of Ef

10: while q ∈ Ef ∧ q ∈ Ep do
11: q← TRACE (q,Sfi ,Sfj ) ▷ Sfj is the jth face of Ef

12: Qff ← q ▷ Final curve trace on the intersection of Sfi with Sfj
13: for k = 1, .., 6 do ▷ Loop over six faces of Ep

14: while q ∈ Ef ∧ q ∈ Ep do
15: q← TRACE (q,Sfj ,Spk) ▷ Spk is the kth face of Ep

16: Qfp ← q ▷ Final curve trace on the intersection of Sfj with Spk
17: for l = 1, .., 6 do ▷ Loop over six faces of Ep

18: while q ∈ Ef ∧ q ∈ Ep do
19: q← TRACE (q,Spk ,S

p
l ) ▷ Spl is the lth face of Ep

20: Qpp ← q ▷ Final curve trace on the intersection of Spk with Spl
21: N ← N ∪ (Qff ⊕Qfp ⊕Qpp) ▷ Union of the curve traces
22: VE ← A⊕N ▷ Union of A and N

S1

S2

q

qp

qc

FIG. 10: S1 ∩ S2 represented by red solid line. qp is the predictor to the trace of S1 ∩ S2. qc is the corrector to qp.

where s is an arc length parameter, r′(q) is unit tangent to curve at q, r′′(q) is curvature at q and e(s) = O(s3) is the
error. We assume s = 0.1, a value small enough to make qp(s) an accurate estimate of r(s) i.e. |e(s)| << |p(s)|. As
long as q is not singular on S1 or on S2, the surface gradients ∇S1(q) and S2(q) are linearly independent (see [36])
and the unit tangent vector r′(q) is obtained as

r′(q) =
∇S1(q)×∇S2(q)

∥∇S1(q)×∇S2(q)∥
(61)



It follows that r′(q) is perpendicular to both the surface gradients such that

∇S1(q) · r′(q) = ∇S2(q) · r′(q) = 0

implying the vectors∇S1(q),∇S2(q) and r′(q) are linearly independent. We express r′′(q) as a linear combination
of∇S1(q),∇S2(q) and r′(q) as

r′′(q) = αr′(q) + β∇S1(q) + γ∇S2(q) (62)

The points on r(s) are solutions of S1(r(s)) = S1(r(s)) = 0. The Taylor expansion of Sj(r(s)), j = 1, 2 with
q ≡ r′(0) is

Sj(r(s)) = Sj(q) + s∇Sj(q) · r′(q) +
s2

2!
(∇Sj(q) · r′′(q) + r′(q) ·HSj (q) · r′(q))

where HSj (q) is the Hessian of the surface Sj evaluated at q as follows

HSj
(q) =




∂2Sj

∂x2
∂2Sj

∂x∂y
∂2Sj

∂x∂z
∂2Sj

∂y∂x
∂2Sj

∂y2
∂2Sj

∂y∂z
∂2Sj

∂z∂x
∂2Sj

∂z∂y
∂2Sj

∂z2




3×3

where the diagonal entries of HSj (q) are zero and the off diagonal entries are

∂2S
∂x∂y

≡ ∂2S
∂y∂x

=
{

z 1 0 0 0 0 0 0
}
c

∂2S
∂x∂z

≡ ∂2S
∂z∂x

=
{

y 0 0 1 0 0 0 0
}
c

∂2S
∂y∂z

≡ ∂2S
∂z∂y

=
{

x 0 1 0 0 0 0 0
}
c

where x, y and z are the coordinates of the point q and c is the vector of coefficients corresponding to the definition
of Sj .

Since Sj(r(s)) ≡ 0, j = 1, 2, the coefficient of each power of s in Sj(r(s)) must be zero. We already know that
the coefficient of s in Sj(r(s)) is zero i.e.∇Sj(q) · r′(q) = 0, j = 1, 2. Equating the coefficient of s2 in Sj(r(s)) to
zero, we get

∇Sj(q) · r′′(q) = −r′(q) ·HSj
(q) · r′(q)

∇Sj(q) · (αr′(q) + β∇S1(q) + γ∇S2(q)) = −r′(q) ·HSj
(q) · r′(q)

and noting again that∇Sj(q) · r′(q) = 0, j = 1, 2, we get the following system of equations for β and γ

[
∇S1(q) · ∇S1(q) ∇S1(q) · ∇S2(q)
∇S2(q) · ∇S1(q) ∇S2(q) · ∇S2(q)

]{
β
γ

}
= −

{
r′(q) ·HS1(q) · r′(q)
r′(q) ·HS2(q) · r′(q)

}
(63)

Solution of (63) and the choice α = 0 leads to a unique vector r′′(q) in (62). The second order interpolant qp(s) is
finally obtained as

qp(s) = q+ 0.1
∇S1(q)×∇S2(q)

∥∇S1(q)×∇S2(q)∥
+

0.01
2!

(β∇S1(q) + γ∇S2(q)) (64)



11.5 Obtaining qc

Given the quadratic interpolant to the curve at qp in (64), we refine its estimate to a point on the curve by generating
a sequence of points q1, q2, · · · → qc with q0 = qp. The Newton method for the solution of Sj(r(s)) = 0, j = 1, 2
at r(s) = qk is

∇Sj(qk) · (qk+1 − qk) = −Sj(qk) (65)

where k is the iteration count. Expressing ∆k ≡ qk+1−qk as a linear combination of r′(qk),∇S1(qk) and∇S2(qk)
as

∆k = ςkr
′(qk) + ϑk∇S1(qk) +φk∇S2(qk) (66)

and substituting in (65) results in

∇Sj(qk) · (ςkr′(qk) + ϑk∇S1(qk) +φk∇S2(qk)) = −Sj(qk)

The choice ςk = 0 leads to the following system of equations for ϑk and φk
[
∇S1(qk) · ∇S1(qk) ∇S1(qk) · ∇S2(qk)
∇S2(qk) · ∇S1(qk) ∇S2(qk) · ∇S2(qk)

]{
ϑk
φk

}
= −

{
S1(qk)
S2(qk)

}
(67)

Solution of (67) along with (66) is used to obtain ∆k. The Newton method (65) is iterated until a convergence
criterion is met as shown in Algorithm 4.

Algorithm 4 Predictor-Corrector scheme

function TRACE (q,S1,S2){
β
γ

}
←

[
∇S1(q) · ∇S1(q) ∇S1(q) · ∇S2(q)
∇S2(q) · ∇S1(q) ∇S2(q) · ∇S2(q)

]−1 { −r′(q) ·HS1(q) r
′(q)

−r′(q) ·HS2(q) r
′(q)

}

qp ← q+ 0.1 ∇S1(q)×∇S2(q)
∥∇S1(q)×∇S2(q)∥ + 0.01

2

(
β∇S1(q) + γ∇S2(q)

)
▷ Second order approximant

k ← 0
∆0 ← q0 ← qp ▷ Initial guess to the Newton method is the second order approximant
while (∥∆k∥ > 10−6∥qk∥) do ▷ Newton Loop{

ϑk(qk)
φk(qk)

}
←

[
∇S1(qk) · ∇S1(qk) ∇S1(qk) · ∇S2(qk)
∇S2(qk) · ∇S1(qk) ∇S2(qk) · ∇S2(qk)

]−1 { −S1(qk)
−S2(qk)

}

∆k ← ϑk(qk)∇S1(qk) +φk(qk)∇S2(qk)
qk+1 ← qk +∆k

k ← k + 1
qc ← qk+1
q← qc

11.6 Obtaining volume of intersection polyhedron using Delaunay triangulation

We use a library code TetGen (see [37]) for this purpose. The library code takes as input the coordinates of the set
of points on the periphery of intersection polyhedron and decomposes the polyhedron into multiple 3-simplices or
tetrahedra. This process is refered to as Delaunay triangulation. Let DE be the Delaunay triangulation of E consisting
of tetrahedra T such that E =

⋃
T∈DE

T . Denoting v0, v1, v2 and v3 as position vectors of the vertices of T and

(v1 − v0), (v2 − v0) and (v3 − v0) as columns of the 3× 3 matrix X T , we get

Meas(E) =
∑

T∈D
Meas(T ) =

∑

T∈D

1
3!
det(X T )



12. SUMMARY OF STEPS INVOLVED IN CONSTRUCTION OF MAPPING OPERATORS

The process of obtaining the mapping operators is summarized here

✓ Identify each pair of overlapping flow and poromechanics elements.

✓ For each such pair, obtain the equations of the faces of the flow and poromechanics element.

✓ Obtain the points on the periphery of the intersection polyhedron of the aforementioned pair using surface-
surface intersections.

✓ With points on the periphery of the intersection polyhedron as input, obtain the volume of the intersection
polyhedron using Delaunay triangulation.

✓ Use the obtained volume to construct the local mapping operators.

13. VERIFICATION: MANDEL’S PROBLEM SOLUTION FOR CONSOLIDATION IN HOMOGENEOUS
POROUS MEDIUM

2a

2b x
y

2F

2F

p = 0
σxx = 0
σxy = 0

F

u · n = 0

u · n = 0

FIG. 11: Circles indicate rollers and solid black boxes indicate rigid frictionless plates. The biaxial symmetry of the problem
allows us to replicate the problem by only modeling a quarter of the domain as indicated by the red dotted line.

Solve flow on fine mesh

Solve mechanics on coarse mesh
Upscale

pore pressure

Downscale
fluid fraction

FIG. 12: Solution methodology

[38] solved the Biot equations for the case of a rectangular porous specimen with incompressible pore fluid in
plane strain conditions sandwiched between frictionless plates and subjected to a point load with free drainage on
the lateral sides. He arrived at a non-monotonic pore pressure solution at the center of a specimen i.e. an increase in
pore pressure from t = 0+ until a certain time at which the pressure reached a maximum followed by a monotonic
decrease. [39] arrived at a similar non-monotonic pore pressure response at the center of water saturated sphere of soil



Parameter Quantity Value
a x dimension 100m
b y dimension 10m
E Young’s Modulus 5.94× 109 Pa
ν Poisson’s ratio 0.2
νu Undrained Poisson’s ratio 0.3846
α Biot parameter 0.8
k Permeability 100md
B Skempton coefficient 0.8333
c Fluid compressibility 3.03× 10−10 Pa−1

ϕ0 Initial porosity 0.2
µ Fluid viscosity 1.0 cp
ρ0 Reference fluid density 62.4 lbm/ft3

F Point load intensity 5.94× 108 N/m

TABLE 1: Parameters for Mandel’s problem

T f
h T p

H ∥ 1
M (p− pH)∥L∞(L2) Rate

15× 15 6× 6 0.459× 10−1 -
20× 20 8× 8 0.339× 10−1 1.053
25× 25 10× 10 0.265× 10−1 1.104
30× 30 12× 12 0.213× 10−1 1.198

TABLE 2: Order of convergence of upscaled pore pressure solution using the two grid fixed stress split iterative
scheme for the Mandel’s problem.

subjected to uniform hydrostatic pressure with free drainage at the surface. As a result, the phenomenon is commonly
refered to as the ‘Mandel-Cryer effect’. He observed that a monotonic pore pressure response is obtained only in the
singular case when the shear modulus of the skeleton is zero. He also used the three-dimensional Terzaghi theory
to arrive at the pore pressure response for the same configuration and observed that in that case, the water pressure
drops steadily. He also showed that when the Poisson’s ratio of the skeleton is 0.5, the Biot model predicts zero
volume change whereas the Terzaghi theory predicts non-zero volume changes. The Mandel-Cryer effect was later
experimentally verified by [40] and [41]. The reproducibility of this effect was the primary response why the Biot
theory gained popularity in comparison to the Terzaghi theory. Later, [42] obtained an analytical solution for the
Mandel’s problem but with the pore fluid compressibility factored in. This solution commonly serves as a benchmark
for validation of coupled flow and poroelasticity codes. In our two grid implementation, the flow and mechanics
domains, although identical, have different finite element discretizations, with mechanics being resolved on a coarser
mesh. For the sake of clarity, we write the governing equations applicable to the Mandel’s problem here as follows

∇ ·
(
σ0 +

1
2
D(∇u+∇Tu)− α(p− p0)I

)
= 0 (68)

∂

∂t

(
1
M

p+∇ · (αu)
)
+∇ ·

(
− k

µ
∇p

)
= 0 (69)

where (68) is the usual linear momentum balance for the solid phase with the small strain assumption in the absence
of gravity and (69) is the equation of mass conservation for linearized slightly compressible single phase flow with
gravity turned off. As shown in Figure 11, an infinitely long rectangular isotropic specimen is sandwiched between
rigid, frictionless plates. The lateral sides are free from normal and shear stress and pore pressure. At t = 0+, a force



intensity of 2F N/m is applied to the rigid plates. The initial and boundary conditions are

σxx|t=0 = σxy|t=0 = σyy|t=0 = 0, p|t=0 = 0 ∀x, y

σxx|x=±a = σxy|x=±a = σyx|y=±b = 0,
( a∫

−a

σyydx
)
y=±b

= −2F ∀t

p|x=±a = 0,
(
u · n

)
y=±b

= 0 ∀t

where n is unit outward normal to the boundary. Plane strain condition is applicable i.e. ϵzz = 0. Given the biaxial
symmetry of the problem, only a quarter of the domain needs to be modeled. Following the approach of [43], with
Ua
y (b) representing the analytical solution for the y displacement at y = b, the boundary conditions are recast as

σxx|x=a = σxy|x=a = σyx|y=b = 0,
(
u · n

)
y=b

= Ua
y (b) ∀t (70)

(
u · n

)
x=0 =

(
u · n

)
y=0 = 0, p|x=a = 0 ∀t

(
u · n

)
x=0 =

(
u · n

)
y=0 =

(
u · n

)
y=b

= 0 ∀t

We solve the system (69)-(68) using the two grid scheme on rectilinear nonmatching grids as shown in Figure 12
and show its convergence by measuring the upscaled pressure solution error. We employ the parameters given in
Table 1 and keep the mesh ratio r fixed. Since the inverse of the Biot modulus 1

M is bounded below by a positive
constant (as the initial porosity field ϕ0 is strictly positive), optimality should be achieved when the pressure solution
error is measured in the L∞(L2) norm (see [44]). The error norm is computed using the midpoint quadrature rule:

∥ 1
M (p−pH)∥L∞(L2) ≡ max

0<τ≤T

( ∑
E∈Tp

H

|E|
(

p(τ,me)−pH(me)
M

)2
) 1

2

where me is the center of mass of element E and T

is the total time. To minimize the effects of the error produced by time discretization, a small time step of 1×10−3 sec
is chosen. As shown in Table 2, we observe first order convergence for the pore pressure solution with the augmented
scheme for r = 2.5. A fractional value of r ensures the cardinality |{E}| of the set {E} of intersection polyhedra is
non-zero i.e. the number of instances of intersecting flow and mechanics elements is not zero. It is important to note
that there is no restriction posed on the value of r and we choose a value of 2.5 only for the sake of convenience. We
then compare the upscaled pore pressure solution at the cell-center closest to the origin of the quarter domain with the
analytical solution for all the above combinations of T f

h , T p
H . The reason for choosing the cell-center closest to the

origin of the quarter domain is that the classical non-monotonic pore pressure response, which we intend to replicate
in our numerical model, is expected only near the central region of the specimen (see [42]). We also compare the
computed x-displacement at the free end x = a with the analytical solution. The total simulation time is 50000 sec
with a time step of 10 sec. According to the analytical solution, at the instant of loading, a uniform pressure rise of
∆p(x, y, 0+) = FB(1+νu)

3a should be observed. Also, after the initial outward movement of ux(a, y, 0+) = Fνu

2G , the
side boundaries will contract toward the center and its final state should be ux(a, y,∞) = Fν

2G . The pore pressure and
displacement solutions are non-dimensionalized by multiplying with ( a

F ) and ( 2G
F ) respectively. As shown in Figures

13 and 14, we observe an excellent match with the expected results for all the above combinations.

14. LARGE-SCALE PROBLEM

As shown in Figure 15, the large-scale problem under consideration consists of a reservoir of dimensions 80 ft ×
9400 ft × 8800 ft at a depth of approximately 10000 ft with a dip-angle ranging from 1o to 3o surrounded by a
geomechanical domain of dimensions 13000 ft× 9400 ft× 8800 ft with an underburden of approximately 3000 ft.
Sideburdens are neglected for the sake of convenience. The flow mesh T f

h ≡ 20 × 188 × 176 consists of 661760
distorted hexahedral elements of size roughly 4 ft×50 ft×50 ft. As explained in Table 3, the graded geomechanics
mesh T p

H ≡ 82×47×47 consists of 169576 brick elements. At the outset, it is obvious that in the absence of a multi-
scale framework, the geomechanics mesh with similar resolution for overburden and underburden would need to
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FIG. 13: Non-monotonic pore pressure response at the cell-center closest to the origin for the Mandel’s problem with nonmatching

grids. lim
t→0+

(
aP (xc,yc,t)

F

)
= B(1+νu)

3 = 0.3846 where xc, yc are coordinates of cell-center closest to the origin.

Nature Depthwise extent Mesh Element size
Overburden 0 ft→ 9900 ft 33× 47× 44 300 ft× 200 ft× 200 ft

Near-reservoir 9900 ft→ 10300 ft 40× 47× 44 10 ft× 200 ft× 200 ft
Underburden 10300 ft→ 13000 ft 9× 47× 44 300 ft× 200 ft× 200 ft

TABLE 3: Details of the graded geomechanics mesh

conform with the flow grid and would be roughly T p
H ≡ (20+ 33+ 7)× 188× 176 consisting of 1654400 elements,

which is an order of magnitude higher than the number of geomechanics elements currently employed. The flow
domain is subject to no flux on all its boundaries whereas the geomechanics domain has a traction-free top surface
and zero normal displacements on the remaining boundaries. The fluid compressibility is 1.45×10−8 Pa−1, the fluid
viscosity is 1 cp and the initial reservoir porosity is taken to be 0.2. The Biot parameter is taken to be 0.8 for the near-
reservoir geomechanics elements and zero for the elements discretizing the overburden and underburden. The Young’s
modulus is taken to be 5.94× 109 Pa and the Poisson’s ratio is 0.2. The initial reservoir hydrostatic pressure is taken
to be 4650 psi, the reservoir permeability is taken to be 100md and the rock density is taken to be 2.65 g/cm3. An
injection well of BHP 7000 psi is located at y = 2000 ft, z = 2000 ft whereas a production well of BHP 2000 psi
is located at y = 6000 ft, z = 2000 ft. Figures 16, 17 and 18 are the results of the simulation on 128 processes
with a time step of 1 day at the end of 200 days. The total run time was 15minutes. The injection well generates an
increase in pore pressure from the in situ hydrostatic pressure of 4650 psi whereas the production well generates a
decrease in pore pressure with radial flow patterns as shown in Figure 16. The concomitant geomechanical response
is shown in Figure 17. As the x axis points vertically downwards, positive x displacements indicate movement in
the direction of gravity whereas negative x displacements indicate movement against the direction of gravity. The
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FIG. 14: Displacement response at the free end for the Mandel’s problem with nonmatching grids. lim
t→0+

(
2Gux(a,y,t)

F

)
= νu =

0.3846 and lim
t→∞

(
2Gux(a,y,t)

F

)
= ν = 0.2.

distribution of the vertical displacement on the free surface approximately 10000 ft above the reservoir is shown in
Figure 18. This distribution follows the radial flow patterns generated from the wells, while keeping in mind that
the effect of fluid injection in the reservoir buried deep beneath the free surface is to induce an uplift whereas the
effect of fluid withdrawal is to induce subsidence. As a result, portions of the geomechanical domain closer to the
production well laterally experience larger movements in the direction of gravity resulting in larger positive values
for x displacement.

15. SUMMARY

Since flow and poromechanics are solved on different finite element grids, we design grid-to-grid projection operators
using concepts in computational geometry and parallel computing. We first carve out a code framework in which flow
is solved in parallel on a MPI subcommunicator and poromechanics is solved on the default MPI communicator. We
then look at a pair of geometrically non-disjoint flow finite element and poromechanics finite element as two three-
dimensional objects intersecting one another. We then invoke singular value decompositions to obtain the equations
of the surfaces of the flow and poromechanics elements. We then subject those equations to a predictor-corrector
algorithm in order to perform surface-surface intersections. These intersections are used to obtain points on the
periphery of the intersection polyhedron of that pair. We then employ a Delaunay triangulation routine that takes
these points as input and provides the tetrahedralization of the intersection polyhedron. We add up the volumes of
the tetrahedra to obtain the volume of the intersection polyhedron. This volume is then used to implement local
grid-to-grid projection operators. The global grid-to-grid projection operators would be the assembly of the local
operators. This entire code machinery is impemented as an addendum to the existing staggered solution algorithmic
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FIG. 16: Reservoir pore pressure distribution at the end of 200 days.

code framework that solves flow and poromechanics on the same finite element grid. We then establish the numerical



FIG. 17: Vertical displacement distribution in the geomechanical domain at the end of 200 days.

FIG. 18: Vertical displacement distribution at the free surface at the end of 200 days.

convergence of the solution algorithm for the benchmark problem, and demonstrate its capability in handling a large-
scale field problem.
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