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1. INTRODUCTION

Hypocenter

FIG. 1: Source: Caltech Science Exchange

The earthquake cycle, from slow deformation associated with interseismic behavior to rapid deformation associ-
ated with earthquake rupture, spans spatial scales ranging from fractions of a meter associated with the size of contact
asperities on faults and individual grains to hundreds of kilometers associated with plate boundaries [1]. Similarly,
temporal scales range from fractions of a second associated with slip at a point during earthquake rupture to hundreds
of years of strain accumulation between earthquakes. In many cases, earthquakes are triggered after pore pressure
perturbations activate critically stressed seismogenic faults [1], not just due to natural causes like earth tides [2], rain-
fall [3], snowfall [4], typhoons [5], but also due to human activity [6]. As faults slip, the induced stress field spawns



— | New time step

:

New coupling iteration |<—

Solve flow with stress tensor fixed

Solve poromechanics

FIG. 2: Fixed stress split iterative scheme for anisotropic poroelasticity with tensor Biot parameter

seismic waves, which travel through and around the earth (see Fig. 1 and are recorded as ground displacement, veloc-
ity and/or acceleration time-series data at seismic stations. Understanding the causality between the events leading to
fault slip and the recorded seismic data is important for seismic design and monitoring of underground structures [7]
and reinforced concrete buildings [8] as well as climate mitigation projects like carbon sequestration [9] and energy
technologies like enhanced geothermal systems [10] or oilfield wastewater disposal [11]. Earthquakes lead to losses
to the tune of billions of dollars annually in the United States, with the FEMA and USGS pegging the number at $6.1
billion for the year 2016. The number only includes direct economic losses to buildings, and does not cover damage
and losses to critical facilities, transportation and utility lifelines or indirect economic losses. In quasi-static simula-
tions [12-24], the effort is to couple the effects of pore pressure and quasi-static geomechanics, and while that effort
is robust when the geomechanical rock is treated as isotropic, it is not robust when the geomechanical rock is treated
as anisotropic. In this document, we provide a detailed rendition of the contraction mapping invoked for convergence
analysis of [14], which was designed to prove the convergence of the algorithm for anisotropy.

The subject of this document is the extension of the decoupling assumption to the case of anisotropic poroelas-
ticity with tensor Biot parameter. The micromechanical analyses for the case of anisotropic poroelasticity (see [25],
[26], [27], [28]) revealed that the modification to the stress applied to the porous solid due to the presence of pore
fluid pressure is not hydrostatic, as it is in the case of isotropic poroelasticity (see [29]). Further, unlike in case of
isotropic poroelasticity where the solid-fluid coupling parameter is a scalar (see [30], [31], [32], [29]), the coupling
parameter in case of anisotropic poroelasticity is a tensor (see [33], [34]). Intuitively, this implies that the decoupling
assumption of freezing the hydrostatic part of the stress tensor during the flow solve in every coupling iteration for the
case of isotropic poroelasticity requires a generalization for the case of anisotropic poroelasticity. As we shall show
in the ensuing convergence analysis, the decoupling assumption of freezing all components of the stress tensor during
the flow solve in every coupling iteration does enjoy theoretical convergence for the case of anisotropic poroelasticity
with tensor Biot parameter. After that, we shall proceed to use the Mandel’s problem analytical solution (see [35]) for
the transversely isotropic case to show that the decoupling assumption does enjoy numerical convergence as well.

1.1 Preliminaries

The inner product of two second order tensors S and T is given by (see [36])



A fourth order tensor is a linear transformation of a second order tensor to a second order tensor in the following
manner (see [36])

PS=T — Pijk:lskl = TZ] (Z.mjak?l = 172a3)

2. FLOW MODEL

The fluid mass conservation equation (1) in the presence of deformable porous medium with the Darcy law (2) and
linear pressure dependence of density (3) with boundary conditions (4) and initial conditions (5) is
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where p : Q x (0,7] — R is the fluid pressure, z :  x (0,7] — R? is the fluid flux, € is the volumetric strain,
( = ﬁp + o€ is the fluid content, I‘fD is the Dirichlet boundary, n is the unit outward normal on the Neumann

boundary F{V, q is the source or sink term, K is the uniformly symmetric positive definite absolute permeability tensor,

u is the fluid viscosity, pg is a reference density, k = % is a measure of the hydraulic conductivity of the pore fluid,

—1
c is the fluid compressibility, 7' > 0 is the time interval, o is the Biot constant and M = <d)00 + (D‘_d’l‘)()b(l_“)) is

the Biot modulus with K3 being the drained bulk modulus.

3. POROMECHANICS MODEL

Let  C R3 be the poromechanics domain with boundary 9 = T'?) U '}, where I'}, is Dirichlet boundary and T'%;
is Neumann boundary. The linear momentum balance in the quasi-static limit of interest (6) with the definition of the
total stress (7) (see [30]) with the expression for the body force (8) and the small strain assumption (9) with boundary
conditions (10) and initial condition (11) is

V-o+f=0 (6)
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where u : Q x [0,7] — R3 is the solid displacement, p,. is the rock density, G is the shear modulus, A is the Lame
parameter, n; is the unit outward normal to I'Y,, n, is the unit outward normal to I'},, « is the Biot parameter,f is
body force per unit volume, t is the traction boundary condition, € is the strain tensor, ID is the fourth order elasticity
tensor and I is the second order identity tensor. The generalized Hooke’s law (see [34])

o =Me — ap (12)



where M is the fourth order anisotropic elasticity tensor and « is the Biot tensor. The inverse of the generalized
Hooke’s law (12) is given by (see [37])

1
€ :(C(r—l—gCBp (13)

where C is the fourth order anisotropic compliance tensor, C'(> 0) is a generalized Hooke’s law constant and B is a
generalization of the Skempton pore pressure coefficient B (see [38]) for anisotropic poroelasticity.

4. FLUID CONTENT
The fluid content ( is given by (see [37])

1 1
C:CergC’B:onera:e (14)
where M (> 0) is a generalization of the Biot modulus (see [39]) for anisotropic poroelasticity.

5. STATEMENT OF CONTRACTION OF THE FIXED STRESS SPLIT SCHEME FOR ANISOTROPIC
POROELASTICITY WITH BIOT TENSOR

Let 7}, be finite element partition of €2 consisting of distorted hexahedral elements £ where h = gEna7}_{ diam(E).
€Tn

5.1 Discrete variational statements for the flow subproblem

Before arriving at the discrete variational statement of the flow model, we impose the fixed stress constraint on the
strong form of the mass conservation equation (1). In lieu of (14), we write (1) as
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Using backward Euler in time, the discrete in time form of (15) for the m*" coupling iteration in the (n + 1)** time

step is written as

1
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where At is the time step and the source term as well as the terms evaluated at the previous time level n do not
depend on the coupling iteration count as they are known quantities. The fixed stress constraint implies that g™ "+!
gets replaced by o™~ """ *! je. the computation of p"™ ™! and 2" "*! is based on the value of stress updated after
the poromechanics solve from the previous coupling iteration m — 1 at the current time level n 4+ 1. The modified
equation is written as

C
C(pm,n+1 _pn) + AtV . Zm,n+1 — Atqn+1 _ gB . (O.m,nJrl _ o.n)
As a result, the discrete weak form of (1) is given by
Clpp™" ™ = pi, On)o + AH(V - 2", 01)q
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Replacing m by m + 1 and subtracting the two equations, we get

C
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The weak form of the Darcy law (2) for the m*" coupling iteration in the (n -+ 1)** time step is given by
(k™ 'z™" T v)g = —(Vp™" ! v)a + (pog, V) ¥V v € V(Q) (16)
where V() is given by
V(Q)=H(div,Q)N{v:v-n=0on F{V}

We use the divergence theorem to evaluate the first term on RHS of (16) as follows

(V™" v)g = (V,p" " v)a — (0™, V - v)a

= (™" v n)gq — (™", V- v)g

=(g,v- n)FfD — (p™"t V- v)q a7
where we invoke v - n = 0 on Ff . In lieu of (16) and (17), we get

(k127 v)a = —(g,v )y + (0™ T V)a + (pog. Ve

Replacing m by m + 1 and subtracting the two equations, we get

(k'8 2y, vi)a = (6"pp, V - vi)a

5.2 Discrete variational statement for the poromechanics subproblem
The weak form of the linear momentum balance (6) is given by
(V-o,9 a+(f-qa=0 (VqeU(0)) (18)
where U(Q) is given by
{q (u,v,w) : u,v,w € H(Q),q =0 on I'” }

We know from tensor calculus that

(V-0,9)0 = (V,0q)0 — (0: V) 19
Further, using the divergence theorem and the symmetry of o, we arrive at
(V,0q)0 = (q,0n)s0 (20)

We decompose Vq into a symmetric part (Vq), = 1(Vq+ (Vq)”) = e(q) and skew-symmetric part (Vq), and
note that the contraction between a symmetric and skew-symmetric tensor is zero to obtain

0:Vg=0:(Vq)s +00:(Vqg)ss = 0: €(q) (1)
From (18), (19), (20) and (21), we get
(on,q)oa — (0 : e(q))a + (f,q)o =0

which, after invoking the traction boundary condition, results in the discrete weak form for the m*” coupling iteration
as

" an)rz, — (6™ e(an))o + (F" T an)o =0

Replacing m by m + 1 and subtracting the two equations, we get

(5o : e(an))o =0



5.3 Summary of discrete variational statements in terms of coupling iteration differences

The discrete variational statements in terms of coupling iteration differences is : find 5(m) pr € Wy, 5(mz;, € V),
and 5™y, € U}, such that

C
C(3"pn,0n)a + AUV - 8™z, 0,)0 = —5(B: 5" Vo, 0,)q (22)
(Kilé(m)zh,vh) ( ph,v V}L) (23)
(™o :e(qn))a =0 (24)

where the finite dimensional spaces W}, V, and Uy, are
Wy, = {Gh : 6h| EP()( )VEGT}L}
V;, = {vh Vh|E<—>v\E€V( )VEETh, Vi - n—OonI‘JfV}
U, = {qh: (u,v,w)|g € Q1(F) VE € T, g, =0 on I'} }

Theorem 1. The fixed stress split iterative coupling scheme for anisotropic poroelasticity with Biot tensor in which
the flow problem is solved first by freezing all components of the stress tensor is a contraction given by

>0 >0 >0
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where the quantity ||5(™) ¢ — égcm) C||%, is driven to a small value via the convergence criterion for the algorithm.

Proof. e Step 1: Flow equations
Testing (22) with 0;, = 6(7”)ph, we get

C
CI8™ pulley + AUV - 82,8 pr)o = == (B 87"V 0,8 pi)a (25)

Testing (23) with v;, = 5™z, we get

k=128 2y | = (8T py, V- 80z )g (26)
From (25) and (26), we get
C
Cl8 ™ pnlley + Atllk™ 28z |G = = (B : 8" Vo, 80 pp)q @7)
e Step 2: Poromechanics equations
Testing (24) with q;, = 5(Muy,, we get
(8Mag:5Me)y=0 (28)

We now invoke (13) to arrive at the expression for change in strain tensor over the (m + 1)t" coupling iteration as
follows

§me = CsMg + Cst(m )pn (29)



Substituting (29) in (28), we get
(Mg :Cs™a)q + %(B 5™ e, 5™ pL)g =0

e Step 3: Combining flow and poromechanics equations
Adding (27) and (30), we get

ClI8™pp |3 + Atfk= 250z |3 + (5o : C8™o)g

C C
+ §(B : 5(m)0_’ 5(m)m)Q _ _§(B . 6(m—1)0-7 5(m)ph)ﬂ

e Step 4: Variation in fluid content
In lieu of (14), the variation in fluid content in the (m + 1)** coupling iteration is

5(M¢ = 8™ p,, + %B 5o
As a result, we can write
S I8 — S I8 pl — CIB 8ol = S (B 5a, 5™ p)g
From (31) and (33), we get
CIS™pnlfa + Atk 25z + (5o s C5™ o + 2[5
= SISl — B 5 Gl = S (B 15 Do, M)

Adding and subtracting £ ||B : 5™ o||3 to the LHS of (34) results in

C C
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(34)

(35)

In lieu of (14) and the fixed stress constraint during the flow solve, the variation in fluid content during the flow solve

in the (m + 1)** coupling iteration is given by

(m), _ rs(m) Chn . as(m)

Further, since the pore pressure is frozen during the poromechanical solve, we have (Sgcm)ph = 5(Mp;,. As a result,

we can write
égcm)c _ Cé(m)ph
Subtracting (36) from (32), we can write
MM — 6 7 (= 3 B: "o
which implies that

L tm m C ,
S8l = 1B 5ol

(36)

(37



In lieu of (37), we can write (35) as

C C
< IB 8" af + S8 paf + At 28Mz g + (30 o - C™M o)

+ o IR — L8~ 8 el =~ (B 5"V 5p ) (38)
o Step 5: Invoking positive-semidefiniteness of the compliance tensor

The fourth order anisotropic compliance tensor C is positive-semidefinite (see [36]) in the sense that it obeys S :
CS > 0 for all symmetric tensors S. In lieu of the above, since the Cauchy stress tensor is symmetric, the following

holds true

§Mg:Cs™a >0 (39)
In lieu of (39), we can write (38) as
>0 >0 >0
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The quantity ||5(") ¢ — 6;7”)(:”?2 on the LHS of (40) is driven to a small value via the convergence criterion for the
algorithm as explained in Section 6.

o Step 6: Invoking the Young’s inequality
Since the sum of the terms on the LHS of (40) is nonnegative, the RHS is also nonnegative. We invoke the Young’s
inequality (see [40])

a
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jabl < =+ > (¥ a,b € R)
for the RHS of (40) as follows
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In lieu of (41), we write (40) as
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which can also be written as
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6. CONVERGENCE CRITERION

In lieu of (14), the variation in fluid content 6507”) { measured during the flow solve in the (m + 1) coupling iteration
at any time step is

S

5(m) —
! ¢ M

8\ pn + a: 8{Me = ¢t — ™ 43)
where (™ is the fluid content at the end of the previous or m*" coupling iteration and C;”l serves as the predictor
to the fluid content at the end of the current or (m + 1)** coupling iteration. Similarly, the variation in fluid content
5(™) ¢ over the (m + 1)** coupling iteration (including the flow solve and poromechanics solve) at any time step is

1
8ME= 8y e 8Me = gt -0 (44)
where C;”“ serves as the corrector to C;”’Ll. Subtracting (43) from (44), we get

é(m)c _ 55;%)& = CZL—H _ C;)n+l - (5(m)e _ 55:”)6) =« (GZH_] _ ez@-&-l)

which implies that the difference between the predicted value and the corrected value of the fluid content at the end
of the (m + 1)*" coupling iteration is equal to the difference between the predicted value (e;”“) and the corrected
value (€™ *1) of the strain tensor at the end of the (m + 1)!" coupling iteration scaled by the Biot tensor «.

In lieu of the above, the stopping criterion for coupling iterations at any time step is

m+1 _ rm+l1
u <TOL

H é(m)c B 650m)c
LOO

i
e

m—+1
Loe C

where TOL > 0 is a pre-specified tolerance. We set TOL = 1 x 10~® for our simulations.

7. CONTRACTED NOTATION, MATERIAL SYMMETRY AND TRANSVERSE ISOTROPY

The generalized Hooke’s law (12) written in indicial notation

055 = Mijri€r — oti;p
is rewritten in contracted notation as

op = Mpyey —opp

where the transformation is accomplished by replacing the subscripts ij (or kl) by 3 (or ) using the following rules

ij (or kl) +— B (orvy)
11 — 1
22 — 2
33 — 3

23 (or 32) «+— 4

31 (or 13) «+— 5

12 (or 21) +— 6

In other words, the stress and strain tensors are represented as

T
U:{ Ozz Oyy Ozz Oyz Oz G;x:y} ;

T
(—j:{ €xz €yy €zz €yz €Egxz eazy}



A material is said to possess a symmetry with respect to an orthogonal transformation x if the elasticity tensor M is
invariant under the orthogonal transformation x as follows (see [41])

M = KMK” =M

where M is the transformed elasticity tensor and K is given by

[ Xt X2 Xz 2xixi 2xisxn o 2xuxn|
X3 X2 Xa3  2x:Xx23 2xzXa 2X21X2
K — X3 X3 X3 2x:x3 2xmxel 2Xe1X3
X21X31  X22X32  X23X33
X31X11 X32X12  X33X13 K’
LX11X2r Xi12X22  X13X23 ]

X22X33 + X23X32  X23X31 + X21X33  X21X32 + X22X31
K' = X32X13 T X33X12 X33X11 T X31X13 X31X12 + X32X11
X12X23 + X13X22  X13Xer + X11X23  X11X22 + X12X21

where x given by
x =I—2nn”

is areflection with respect to a plane whose normal is n. The plane is also refered to as the plane of material symmetry.
The symmetry planes can be one of the following three possibilities

1. x = 0 plane and any plane that contains the z-axis
2. y = 0 plane and any plane that contains the y-axis
3. z = 0 plane and any plane that contains the z-axis

For the Mandel’s problem (see Figure 3), the material symmetry planes are the second possibility (y = 0 plane and
any plane that contains the y-axis). In lieu of that, the elasticity tensor M reduces to

My, My M 0 0 0

Mp My Mp 0 0 0

Mz M, My 0 0 0
0 0 0 2My4 0 0 45)
O 0 0 0 (My-Mgs) 0
0 0 0 0 0 2My4

with five independent componenents M, Mlj,, M3, M, and Myg.

8. MANDEL'S PROBLEM

The algorithm is implemented in the in-house parallel reservoir simulator at the Center for Subsurface Modeling.
The bevo3 supercomputer at the Institute for Computational Engineering and Sciences is employed for all the sim-
ulations. The analytical solution provided by [35] to the Mandel’s problem for transversely isotropic poroelasticity
with compressible fluid and solid components serves as a benchmark for validation of coupled flow and poroelasticity
codes.

8.1 Geometry

As shown in Figure 3, an infinitely long rectangular specimen is sandwiched between rigid, frictionless plates. For
the transverse isotropy, the y-axis is assigned as the axis of material symmetry, which implies that at every point of
the specimen along the xz-plane, the mechanical properties are the same in all directions. The lateral sides are free
from normal and shear stress and pore pressure. At = 0T, a force intensity of 2F N/m is applied to the rigid plates.
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FIG. 3: Circles indicate rollers and solid black boxes indicate rigid frictionless plates. The material symmetry planes are the y = 0
plane and any plane that contains the y-axis.

8.2 Initial and boundary conditions

The initial and boundary conditions are

va|t:0 = Gmy‘t:O = o-yy‘tzo = O7p|t:0 =0 (an/y)

Gx:1:|3c::i:a = G:I:y|3c::ta = Gy:zc|y::i:b = p|:zc::|:a =0 (Vt)
a

/Uyydx:—ZF, un=20 (Vt,y = £b)

—a

where n is unit outward normal to the boundary. Plane strain condition is applicable i.e. €, = 0. Given the biaxial
symmetry of the problem, only a quarter of the domain needs to be modeled as shown in Figure 3. Following the
approach of [42], the boundary conditions are recast as

sz|x:a = ny|:v:a = 0ya:|y:b = 07 u- n|y:b = Uy (Vt)
u- n|a:=0 =u- n|y=0 = 07 p|:1:=a =0 (Vt)
u-nf,—=u- n|y:0 =u- n‘y:b =0 (V)

where U, represents the analytical solution for u, aty = b.



8.3 Stress-strain relations

In lieu of (45), the stress-strain relations (with the plane strain assumption €, = 0 and €,, = €;, = 0) are

Ozx My, M, My

0 0 0 €xz
Oyy MIZ M22 M12 0 0 0 Eyy
0., \_ [Miz Mp My 0 0 0 Oe..
6. (|0 0 0 2My 0 0 Oc, .
Oz 0 0 0 0 2Mis5 0 O€e,.,
Oy (0 0 0 0 0 M| | en

[0y O 0 0 0 0]

0 o, 0 000

0 0 oz 000

“lo o o0 o0o0o0|?
0 0 0 00O
(0 0 0 00 0

where M, M|, M3, My, Mys and M5 are given by (see [43])

EJC(E!J B Elvix)

M, = 46
N (U Vo) (By — Byvay — 2B,02,) o
E. E, v,
M, = yVy (46b)
Ey - Eyvzr - ZEIVQZJI
Mos — By (Ve By + Eanvgz/a,) (46¢)
. (1+ Ve (By = ByVen — 2E,V3,)
EX(1—v,,)
M, — Yy (46d)
2 Ey - Eyvzx - ZEGUV%/L
E E
My = G,. = Yy = z 46
44 y 2(1 4+ Vy:,;) 2(1 + vxy) (109
Mss = (M, — M;3)/2 (461)

The set of data reported in [44] for Trafalgar shale are employed here
E, =20.6GPa; E, =173GPa; v,, = 0.189; v, = 0.246
As a result, the five independent material parameters ((46a)-(46f)) are obtained as

M“ =24.1 GPa, M12 =7.62 GPG, M13 =6.8 GPG,
Mzz = 21.0GPG; M44 =6.94 GPa; M55 =8.66 GPa

As a result, the elasticity matrix (see (45)) can be written as (all components in G Pa)

(241 7.62 6.8 0
7.62 21.0 7.62 0
6.8 7.62 24.1 0

0 0 0 13.88
0 0 0 0 17.33
0 0 0 0 0 13.88




The compliance tensor C is obtained as the inverse of the elasticity tensor M and is given by (all components in
(GPa)™)

[0.0485 —0.0142 —0.0092 0 0 0 ]
~0.0142 0.05780 —0.0142 0 0 0
C_ |—0-0092 —0.0142 0.0485 0 0 0
0 0 0 007202 0 0
0 0 0 0 005772 0

0 0 0 0 0 0.07202]

The specimen dimensions are taken to be a x b = 100m x 10m and the point load intensity is taken to be 108 N/m.
The initial porosity is taken to be 0.2, the fluid compressibility is 3.03 x 10710 Pa~!, the 2-permeability is K, =
100 mD and fluid viscosity is 1 = 0.001 Pa — s. Gravity is not active.

8.4 Analytical solution

The analytical solution u,, u, and p for the x-displacement, y-displacement and pressure respectively, are given by

" — |:F M12 _ E ocmocyyMﬂLMn
’ (M My, — M2,) a AiM (o M| — xzz M)

smBZ cos[?)l —Blat/a
x Z 3

2chm Z cosP; sin(PBixz/a) e
AzMn = B; — sinf; COSBz

F Mll
a M]1M22 — Ml2

X {l +2(A2/A1 — 1)2 B St cosP: e~ Pieit/a’
i=1

Uy:

i — sinf3; cosP;

aAl Z B, sln[?)l (cos(ﬁiz/a) _ COSBi)e*ﬁﬁclt/az

— sinf3; cosf;

8.5 Micro-homogeneity and micro-isotropy

The expressions (47) for o, and o, are obtained under the assumptions of micro-homogeneity and micro-isotropy.
The micro-homogeneity assumption states that the skeleton of the porous material is homogeneous at the pore scale
but can be heterogeneous at the macroscopic scale by having different micro-homogeneous material distributed in
space ([37]). The micro-isotropy assumption states that the material is isotropic at the pore level such that it is
characterized by the bulk modulus K s ([45]) and the macroscopic anisotropy is the manifestation of the directionality
of the skeleton or the pore structure, and not the solid constituent itself.

My; + My + M; cx 7172M12+M22
3K, L 3K,

Ky = 1 — 47)

Furthermore, the Biot modulus M is given by

K2

S

KS(I + d)O(CKs - 1)) - 2M11+M22£2M13+4M12




while {3; and ¢, are given as

M (o2 My — 20500, Mn + ngz,yMn) + M My, — M2,

A =
1 M(OnyMll - O‘szIZ)
A2 _ O(yyMll - (xa:a:MIZ. tan(ﬁl) _ é
Mll ’ Bz A2
o — MMy
TM + oG, M

where K, = 48.2 GPa is the value as employed by [35]. As a result, we have

Oze = 0.733; oy = 0.749; M = 13.93 GPa; Ay = 3.9050;
tan(p;)
B

i

A, =0.5181; =17.5372; ¢; = 1.0486m?*/s

Furthermore, the Hooke’s law constant C' in (13) and (14) is given as

1
C =2Cy; + Cx» +2Cy3+4Cy — ?(1 — do(cK, —1)) =0.1154 x 1077 Pa™!

8.6 Fluid content updates

The fixed stress constraint 5;7”) o = 0 makes it convenient to measure 65{”) ( using the definition of ( in (14) which
involves the pressure and stress as follows

(M) — smtl _ rm _ rx(m) Chn o ns(m)
8=t =" = C8"pn + 5B : 05" e

(m)

Since 0 ’pp, is what we solve for in the flow system, é;m) ( can be easily measured using the above equation rather

than (43). Since 5(") e is obtained by post-processing the poromechanical solution, (") can be obtained using (44)
as follows

1 1
6(m)C = CZH—I - CMl = M5(M)Ph + 6(m)e - Mé(m)ph + (Xmazé(m) €rx + (xyyé(m) eyy

8.7 Optimal norm

[46] have shown that when mixed finite element spaces are employed for fluxes and pressures and a continuous
Galerkin space is employed for displacements, optimality should be achieved when the pressure solution error is
measured in the L°°(L?) norm. Although the analysis of [46] stands for the case of isotropic poroelasticity with
scalar Biot parameter, intuitively, we expect a similar result for the case of anisotropic poroelasticity with tensor Biot
parameter. The error norm is computed using the midpoint quadrature rule:

1
1 _ p(T,me) — pr(me)\2\?
570~ o)z = (EZ; g (VT ) e
h

where m, is the center of mass of element £ and 7' is the total time. To minimize the effects of the error produced by
time discretization, a small time step of 1 X 102 s is chosen. As shown in Table 1, we observe first order convergence
for the pore pressure solution.



Th 27 (P — pr)llLe(r2) | Rate
10 x 10 0.2544 x 1071
20 x 20 0.1355 x 107 T 0.9088
30 x 30 0.8466 x 1072 1.1600
40 x 40 0.6311 x 1072 1.0211
50 x 50 0.5067 x 102 0.9839

TABLE 1: Order of convergence of pore pressure solution using the fixed stress split scheme for the Mandel’s
problem with transverse isotropy
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