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FIG. 1: Source: Caltech Science Exchange

The earthquake cycle, from slow deformation associated with interseismic behavior to rapid deformation associ-
ated with earthquake rupture, spans spatial scales ranging from fractions of a meter associated with the size of contact
asperities on faults and individual grains to hundreds of kilometers associated with plate boundaries [1]. Similarly,
temporal scales range from fractions of a second associated with slip at a point during earthquake rupture to hundreds
of years of strain accumulation between earthquakes. In many cases, earthquakes are triggered after pore pressure
perturbations activate critically stressed seismogenic faults [1], not just due to natural causes like earth tides [2], rain-
fall [3], snowfall [4], typhoons [5], but also due to human activity [6]. Ground motion and failure due to earthquakes
lead to huge losses to the tune of billions of dollars annually in the United States (see Fig. 2). Understanding the
causality between the events leading to fault slip, the location of the slipping fault and the earthquake recording is
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FIG. 2: Annualized Earthquake Losses (AEL: estimated long-term value of earthquake losses to the general building
stock) by County. Sources: (1) https://www.usgs.gov/news/usgs-collaborates-fema-national-earthquake-loss-estimate and (2)
https://www.fema.gov/hazus. The analysis yielded an estimate of the national AEL of $6.1 billion per year. Loss estimates based
on the best science and engineering available (during 2016-2017). The study only addresses direct economic losses to buildings,
and does not cover damage and losses to critical facilities, transportation and utility lifelines or indirect economic losses.

important for seismic design and monitoring of underground structures [7], bridges [8] and reinforced concrete build-
ings [9] as well as climate mitigation projects like carbon sequestration [10] and energy technologies like enhanced
geothermal systems [11] or oilfield wastewater disposal [12]. A holistic framework would be to link the forward mod-
eling framework going from quasi-static [13–25] to fully dynamic to the inverse modeling framework in the realm of
remote sensing and image processing.

0.1 Deep learning to uncover partial differential equations

The most critical aspect of image processing is the approximation of derivatives by convolution operations. In this
document, we give a lowdown on how derivatives convert into convolutions, and how this simple operation is a
game-changer in the realm of fusing computer vision with forward modeling. The reason is ′′convolution is the
basis of convolutional neural networks, and these neural networks can be used to construct PDEs from data′′. This
is incredibly important going forward as the ′′existing intellectual capital is not enough to uncover governing partial
differential equations for new phenomena, and hence data will guide us along the way in constructing these governing
differential equations′′. We make some key points here:

✓ With new phenomena being discovered and researched, it is next to impossible to know the partial differential
equation governing the phenomena apriori

✓ We have relied on phenomenological studies and proofs of the scientists in the post-renaissance Europe to guide
us to using certain oft-repeated partial differential equations for all phenomena

✓ These PDEs, although incredibly robust for phenomena hitherto, cannot possibly encompass new phenomena
as they are uncovered by mankind

✓ If the PDEs are insufficient, no forward modeling procedure in useful, as the numerical methods are only as
accurate as the PDE itself

✓ With the ubiquity of neural networks in scientific community, and the advent of high performance computing,
it is now possible to uncover governing partial differential equations purely from data, and the tool that is used
to do this unraveling is deep learning

✓ ′′The differential operators are basically treated as neurons in the neural network, and the action of the neuron
i.e. differential operator is treated as a convolution operation′′



✓ ′′In this realm, convolutional neural networks come to be deployed, and deep learning spits out a combination
of differential operators along with coefficients, which is the PDE being uncovered′′

To formally put it in mathematical terms, we refer to the work of [26], which expresses the PDE to be uncovered
as a function of the many differential operators that are encompassed in the realm of possibility. Let us look at a
two-dimensional phenomena, with the spatial variables being x and y, and let

ut = F

be the PDE being uncovered for the primary variable u. Let us work on the assumption that the ′′phenomena is a
second order phenomena (that is where the only amount of intuition that is needed comes in)′′, and let us express F
as a function of all possible derivatives upto the second order as follows:

ut(t, x, y) = F(x, y, u, ux, uy, uxuy, uxx, uyy, uxxuyy) ≡ Ax+By + Cu+Dux + · · ·
′′The idea is to fit the data to F to determine the coefficients A, B, · · · using deep learning on convolutional neural
networks′′ by replacing the derivatives by convolution operations as follows

ut(t, x, y) = F(x, y,D00 ⊛ u,D10 ⊛ u,D20 ⊛ u, · · · ) ≡ Ax+By + CD00 ⊛ u+DD10 ⊛ u+ · · ·

where D00, D10, and so on, are convolution operators such that

Dij ⊛ u ≡ ∂i+ju

∂ix∂jy

The most important thing to understand now is the connection between derivatives and convolutions, for which we
take a deep dive into the intellectual capital of computer vision [27]

1. GOING FROM DERIVATIVES TO DIFFERENCING TO CONVOLUTION

FIG. 3: An image is a grid of pixels. 0 is for black and 255 is for white on the grayscale scale.

As shown in Fig. 3, an image is a grid (matrix) of intensity values. To convert the image to a signal, we can think
of a (grayscale) image as a function, f , from R2 to R (or a 2D signal): f(x, y) gives the intensity at position (x, y).
A digital image is a discrete (sampled, quantized) version of this function.



1.1 Linear filtering

FIG. 4: Neighborhood filtering (convolution): The image on the left is convolved with the filter in the middle to yield the image
on the right. The light blue pixels indicate the source neighborhood for the light green destination pixel. Source: [27]

The most commonly used type of neighborhood operator is a linear filter, in which an output pixel’s value is
determined as a weighted sum of input pixel values (Fig. 4),

g(i, j) =
∑
k,l

h(k, l)f(i− k, j − l) (1)

The entries in the weight kernel or mask h(k, l) are often called the filter coefficients. This is called the convolution
operator,

g = h⊛ f

This operation has a lot of similarity with the idea of ′′stencils in finite differencing′′.

1.2 Partial derivative

The partial derivative of a continuous function f(x, y) with respect to the variable x is defined as the local slope of
the plot of the function along the x direction or, formally, by the following limit:

∂f

∂x
= lim

∆x→0

f(x+∆x, y)− f(x, y)

∆x

If the granularity of the data in the x direction is ∆x, then:

∂f

∂x
≈ f(x+∆x, y)− f(x, y)

∆x

As shown in Fig. 5, the first derivative can be approximated by a convolution with mask h(x, y), with the formal
mathematical expression given by

∂f

∂x
≈ f(x+∆x, y)− f(x, y)

∆x
≡ 1

∆x
h⊛ f

Other derivatives like ∂f
∂y , and so on, can be expressed as convolution operations



FIG. 5: The first derivative is equivalent convolution with mask h

1.3 Moving onto continuous functions

Eq. (2) for discrete functions can be written for continuous functions as:

g(x, y) =

∫
x′

∫
y′

h(x′, y′)f(x− x′, y − y′) ≡ h⊛ f (2)

If the granularity of the data in the x direction is dx, then:

∂f

∂x
≈ f(x+ dx, y)− f(x, y)

dx
(3)

From Eqs. (2) and (3), it is clear that a function h(x, y) which satisfies:

h(x, y) =


1 if x = −dx

−1 if x = 0
0 otherwise

(4)

would be a mask for the first partial derivative approximated as a convolution. The mask in Eq. (5) has the undesirable
property of the derivative blowing up at x = −dx and x = 0, and it is common to approximate the higher order
derivatives of f as derivatives of the mask h convolving with f . In lieu of that, ′′the discrete mask type function is
replaced by a Gaussian function (also called as Gaussian filter in digital signal processing)′′ as follows:

h(x, y) =


γ(x, y) if x = −dx

γ(x, y) if x = 0
0 otherwise

(5)

where the generic form of the Gaussian function is:

γ :=
1

2πσ2 e
− x2+y2

2σ2 (6)

Needless to say, the Gaussian function is the most popular filter in computer vision [27] and signal processing [28]
due to multiple desirable properties.
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