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Abstract: In this paper, the direct differentiation of generalized-o time integration is derived,
equations are introduced and results are shown. Although generalized-o time integration has found
usage, the derivation and the resulting equations for the analytical sensitivity analysis via direct
differentiation are missing. Thus here, the sensitivity equations of generalized-a time integration via
direct differentiation are provided. Results with generalized-a are compared with Newmark-3 and
their sensitivities with numerical sensitivities via forward finite differencing in terms of accuracy
and performance. An example is shown for each linear structural dynamics and flexible multibody
dynamics.
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1. Introduction

The analytical design sensitivity analysis is developed in this paper for the generalized-o
family of time integration. After deriving and introducing the design sensitivity using direct
differentiation, results are compared with numerical differentiation via forward differencing
in terms of accuracy and computational effort.

Efficient sensitivity analysis is the centerpiece of efficient and effective gradient-based
design optimization. Other uses of sensitivity analysis include uncertainty analysis and
quantification. The adjoint variable method applied to the sensitivity analysis with respect
to uncertain and random variables is developed in [I]. Overviews of design sensitivity
analysis are provided by [2HO]. In transient problems, sensitivity analysis must be extended
to time integration [7J8], which is handled here.

A number of studies have been carried out for sensitivity analysis in transient structural
dynamics and multibody dynamics. Early works on sensitivity analysis with transient
structural dynamics include [9], which bridges sensitivities in static and dynamic analysis via
the adjoint variable method, including maximum-value objectives and constraints. In [10],
sensitivity analysis with adjoint variable method and direct differentiation is introduced for
time-average and time-specific constraints. The German-language monograph [I1] clearly
demonstrates analytic sensitivity analysis of transient linear dynamics with Newmark time
integration, providing all necessary equations for implementation, which also includes the
sensitivity of the duration of a dynamic operation. The adjoint variable method for transient
structural dynamics with Newmark time integration is derived by [I2]. The adjoint variable
method and direct differentiation of nonlinear and transient problems is handled by [I3] in
which the crucial aspects of the nonlinear solver for sensitivity analysis are introduced.

The sensitivity analysis of multibody systems is often limited to the governing equations
as for direct differentiation with the divide-and-conquer based modal superposition method
n [I4], for direct differentiation and the adjoint variable method with general formulations
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of differential-algebraic equations in [I5], for direct differentiation and the adjoint variable
method of ordered differential equations in [I6] and for the adjoint variable method with the
floating frame of reference formulation in [I7]. The adjoint variable method of the governing
equations in descriptor form and for generic optimization functions is shown by [I8] for
several time integration methods including backward difference formula, Newmark, Adams—
Bashforth—-Moulton and Diagonally Implicit Runge-Kutta. The derivation of the adjoint
variable method based on generalized-o time integration and applied to the finite-element
based formulation is provided by [19].

Higher-order sensitivities can also be of interest, especially in cases of low number of
degrees of freedom and design variables. Second-order senstivities via the adjoint variable
method with the Runge-Kutta—Fehlberg method are shown in [20]. Second-order sensitivities
for multibody systems with the adjoint variable method and differential-algebraic equations
are shown in [21]. Higher-order sensitivites are used in [22J23] to develop a surrogate model
for optimization. This work is limited to first-order sensitivities as needed for gradient-
based optimization, though the equations provided can be readily extended to higher-order
derivatives.

The generalized-a family of time integration methods offers several time integrators via
a single implementation and the generalized-o method is therefore chosen here. The o-family
of methods add numerical damping to the system to avoid numerical stability problems [24].

Generalized-a time integration method has found usages in both nonlinear structural
dynamics and multibody dynamics. Multibody dynamics addresses the dynamic response
with kinematic constraints. Rigid multibody dynamics considers the bodies rigid, while
flexible multibody dynamics allows for deformation in the bodies of the system. Applications
are shown including both linear structural dynamics and flexible multibody dynamics.

In the dynamic systems addressed, the transient response (response in time domain)
is of interest and therefore a temporal discretization is applied. The calculation of the
system responses, here position, velocity and acceleration, can be carried out with explicit
or implicit time integration methods. Implicit time integration allows for larger time steps
than explicit methods, which is bounded by the Courant criterion to remain stable [25].

Newmark introduced an implicit integration scheme, now referred to as Newmark-p,
in 1959 with two integration parameters y and 3 [26]. The Hilber-Hughes—Taylor (HHT)
method was introduced in 1977 to improve upon Newmark with the additional integration
parameter os for numerical damping [27], while the Wood-Bossak—Zienkiewicz (WBZ, also
known as simply Bossak or Wood) introduced the parameter o [28]. Generalized-o was
introduced by Chung and Hulbert in 1993 [24] to generalize all these methods with the
integration parameters oy, &, B and y. These methods can be generalized via a single
implementation and is therefore referred to as the generalized-o family of time integrators.
In the generalized-a method, for which the family is named, all parameters can be controlled
by a single value, namely the spectral radius at inﬁnityﬂ 0co ranging from zero, being the
highest amount of damping, to unity, being none [24]. The mapping of 9 to otm, ¢, B
and 7y is shown below. The choice of this value can affect the response for a given time step,
see e.g. [29].

This paper is concerned with the sensitivity analysis, which is used when one or more
parameters effect the system responses. The calculation of the system responses is referred
to here as primal analysis to distinguish from the sensitivity analysis. This is of interest
for efficient design optimization via gradient-based optimization algorithms in addition to
investigating the sensitivities themselves or for uncertainty analysis. Methods for sensitivity
analysis include analytical, numerical, complex step and algorithmic approaches [3].

Analytical sensitivities can be derived either manually (by hand) or via automatic
differentiation of the implemented code. Automatic differentiation and manual differentiation
of rigid multibody systems are compared in [30]. Although prone to human error and not

L Tt should be noted that we differentiate between variants of the Greek letter rho: g is used here for the

numerical damping term, while p is used below for density.
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automatic, the former represents an exact and one of the fastest methods for sensitivity
analysis [31]. The high implementation effort of the manual sensitivity analysis though
results in a typically highly reusable implementation and must therefore only carried out once.
Due to its physics- and knowledge-based nature in addition to the increased transparency,
hand differentiation is preferred by the authors.

This study limits itself to analytical sensitivity analysis, which is further divided into
direct differentiation (also known as forward sensitivity analysis) and the adjoint variable
method (also known as backward sensitivity analysis). Generally, it can be said that direct
differentiation is more efficient than the adjoint variable method if the number of design
variables is less than the number of functions to differentiate, i.e. in optimization the sum
of the number of objective functions (one in case of single objective optimization) and the
number of constraints. Due to its nature, the adjoint variable method must be performed
after the time integration of the primal analysis and integrated backwards in time. Thus, the
adjoint variable method, in contrast to direct differentiation, needs dedicated solver routines
and cannot reuse these implementations [78]. Further, for nonlinear analysis the system
matrices must be stored or recalculated when integrating backwards in time. Therefore,
direct differentiation is chosen in this work. The reader is referred to the following literature
for the adjoint variable method: [I7T832H34].

The scope here is thus the investigation of direct differentiation of the generalized-a
method. A method in this regard is introduced in [35], yet the needed equations are not
derived and shown. The present work is an extension of [7J36] where Newmark-f sensitivities
are developed, which are in turn based on [[TJI2]. In this paper, Newmark-f3 serves as a
comparison.

This work first generally introduces generalized-o time integration and its equations.
Afterwards, the sensitivity equations are introduced for structural dynamics and flexible
multibody dynamics, respectively. A numerical example is shown for each and results
are provided of both primal and sensitivity analysis in comparison with Newmark-f3 time
integration. We close with a conclusion, including discussion of this work. Further, the
detailed derivation of the effective system matrices is provided in the appendix.

2. Sensitivity analysis with generalized-o time integration

In this section, we introduce the equations for an acceleration-form (a-form) of
generalized-o time integration using a predictor—corrector scheme. The acceleration-form
refers to the formulation, where the acceleration is the variable for which is being solved,
and is contrasted by the displacement-form (d-form), where the displacement is the primary
variable. The predictor—corrector scheme allows for nonlinear terms in the governing equa-
tion in which the predictor values are used to determine these values in the nonlinear solver,
e.g. Newton—Raphson.

In this work, we extend this well-established time integration method to include design
sensitivity analysis, which is defined by the differentiation with respect to the design variables
(but could include other parameters, e.g. uncertain parameters). Sensitivity analysis is
carried out here by directly differentiating both the equations of the time integration as
well as the governing equations. We consider both linear structural dynamics as well
as flexible multibody dynamics, which is intrinsically nonlinear. After introducing the
general equations for generalized-o time integration and its sensitivities, the domain specific
governing equations for linear structural dynamics and flexible multibody dynamics are given.
Flexible multibody dynamics is shown using the specific approach developed in [7I37138]
with an index-1 approach and the floating frame of reference formulation.
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Figure 1. Time integration with — acceleration, vy=0.5,—v=0.75

2.1. Generalized-a time integration

The method for primal and sensitivity analysis with generalized-a time integration is
introduced in the following. The basis of which are Newmark’s equations for the updated
position q and velocity vectors ¢ with the calculated value of the acceleration vector g,

) 1 . ..
[ =4, +tAtq + (2—B>At2qn+[3At2an, (1)
- corrector
predlctorﬂpred
gnJrl - ﬂn + (1 7Y)Atgn erAtgnle’ (2)
~—_——

predictor q pred corrector

where vy and 3 are the Newmark integration parameters. Though the simulation is evaluated
at the times tn and tny1, values at intermediate points are interpolated. The position ¢
and velocity ¢ use time tn41-_«, and the acceleration ¢ uses time tn41—«,,, giving the
approximations by linear interpolation (see fig. ,

Q1o = —af)q, ) +oeq (3)
Upi1og = (008, oy, (4)
gﬂ“‘l—fxm =1~ ocm)gn+1 + “mgn’ (5)

where oy and o are integration parameters. A predictor—corrector scheme is used in
order to accommodate nonlinear calculation and state-dependency of the system parameters,
i.e. system matrices with respect to position and velocity. The predicted state variables
with Newmark’s equations are

A 1 .
Gpred = 4,, TAtq_ + <2 — {3) Athn, (6)

Q})red = ﬁ.n_ + (]— —Y)Atﬁn, (7)

and we calculate Qn 41 using the effective system equations (see below for explanation of
structural dynamics and flexible multibody dynamics, respectively). The predicted values
are then corrected with Newmark’s equations,

ﬂn+1 - ﬂpred + BAt2ﬂn+1’ (8)

ﬂn—O—l = Qpred + YAtQTL+1' (9)

134
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For the sensitivity analysis within the generalized-a time integration, we use direct differen-
tiation of the approximations,

En+1—ocf =(1- O‘f)gn—o—l + fogna (10)
Van+i—oar = (1— Oéf)gnﬂ + o Vin, (11)
EnJrlfcxm = (1 - “m)EnJrl + “m@n, (12)

where the nabla operator V denotes the design sensitivity, i.e. total derivative with respect
to the design variables, e.g. for the sensitivity scalar response with respect to the design
variable vector,

YO = G-

The same direct differentiation is applied to the predictors, which are then defined by

—

(13)

1
Ve = T + 817G + (5~ 8 ) AL T, (14
Epred = En +(1 _'Y)Atﬁrv (15)

After calculating Vdn 11 by use of the effective sensitivity system (see below for explanation of

structural dynamﬁ and flexible multibody dynamics, respectively), the following correctors
are used:

Vdn+1 = Vpred + BAC Vini1, (16)
Van+1 = Vpred T YAtV qn+1. (17)

For nonlinear analysis, a Newton solver can be integrated into the solving routine. This is
explained with flexible multibody systems below in Sec.

The time integration constants of generalized-a are o, ¢, 3 and y and through their
choice can lead to a number of established time integration methods, including the Newmark
family of integrators, Hilber—Hughes—Taylor and Wood—Bossak—Zienkiewicz. Therefore,
this can then be referred to as the a-family of time integrators. The equations introduced
above in this section can therefore be used generally within this family. Specifically for the
generalized-o time integration used here, the choice of integration constants can be tied to a
single user-defined parameter, the spectral radius at infinity oo [24],

2 —1
o0
%
g = L= (19)
o0
1
Y:§_0‘m+‘va (20)
1 2
(S:Z(l—ocm—kocf) . (21)

The spectral radius at infinity is sometimes referred to as the (numerical) damping and
is limited to a range of [0, 1]. The value g = 1 returns Newmark-f3 retaining frequencies
are preserved, while oo, = 0 annihilates all frequencies above % after one time step in
which T is the period of the highest frequency of interest. The results converge to those
without numerical damping when the time steps goes to zero. Thus, the level of numerical
damping introduced to generalized-a time integration depends on both the step size as well
as the spectral radius at infinity and the choice is critical for proper results. A parameter
study with fixed time step and varying the values of the spectral radius at infinity is shown
in [29]. As the present study develops a general framework for this methodology, this is not
addressed here and the reader is referred to [22J39H4T]. In this paper, we use a moderate
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value of poo = 0.55, though the sensitivity analysis methodology developed is general and
independent of this parameter value.

2.2. Structural dynamics

The governing equation for linear structural dynamics is defined by the following
second-order equation of motion:

mi(t)+dqg(t) +kq(t) —Ft) =0, (22)

where m is the mass matrix, d is the damping matrix, k is the stiffness matrix and F is
the external force vector. For linear structural dynamics the system matrices are constant
and independent of position and time. For the solving scheme, we add the residual force

vector R(t), which is to be zero (to an allowable value) at all times, to the right-hand side.

The a-family of integration methods use intermediate point approximations between t,, and
tn41, namely thny1—«, and tn41—«,,, revealing

Eﬂ+1*°¢f = ggn—o—l—am + ggn+1—ocf —I_]:< qn+1—ocf _£T1+1*06f’ (23)
where the linear approximation of the intermediate external force is
En+1focf = (1 - o‘f)EnJrl + o‘fEn' (24>
The effective equation of motion is defined by

geﬁgnJrl = Fer, (25)
where

m e =(1—om)m + (1 — ap)yAtd + (1 — ) ALk, (26)

Feg =1 —o¢)Fryg +ogFr+
— (xmggn —g((l — fo)gpred + OCfﬂn> *E((l - “f)ﬂpred + “fﬂn) . (27)

For the derivation of the effective mass matrix m . and effective force vector Fog for
generalized-a method, see Sec.

The sensitivity analysis is derived using the direct differentiation which is applied to
the governing equation . This reveals the sensitivity of the force balance for the a-family
of integration methods as

EnJrlfocf :vEanJrl*O(m +gﬁn+1f¢xm +gﬂ +qun+17“f+

n+1l—o¢ —

+§ﬂn+1focf +]:<En+1focf — Va1« (28)
where the intermediate external force sensitivity is found with the approximation
Vini1-ar = (1= o) VEn 1 + s VEn. (29)

The design sensitivities of the system matrices are three-dimensional matrices and therefore
efficient handling is needed.
The effective equation of motion for sensitivities is defined by the differentiation of ,

Meff En+1 = Epseudm (30)

where
Epseudo = v:Feff - vzmeﬂ" gn+17 (31)
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and fully expressed by
Fpseudo = (1= @) VFn 1 + 0 ¥VFp — ¥m (1= o), + &, ) — cmm Vin+
—vd ((1—ar)d,, ; +ard,, ) 4 ((1— ) Vprea + xrVan )+
- Yk ((1—an)d, ,, +%rd, ) —k (1= ar) Vaprea + arVan ). (32)

For the derivation of the effective mass matrix m . and effective pseudo force Fpseudo for

generalized-o method, see Sec. and Sec.

2.3. Flexible multibody dynamics

Flexible multibody dynamics is the analysis of mechanical systems consisting of flexible
bodies constrained by kinematic joints modeled with differential-algebraic equations. This
work builds upon previous work of analytical sensitivity analysis with multibody dynamics,
including [T5J42|43]. In addition to the kinematic constraints w.r.t. structural dynamics,
multibody dynamics also must integrate a nonlinear solver in order to consider dependencies
of the system matrices and vectors on the state variables. This is carried out with Newton
steps.

The flexible multibody system is modeled with the floating frame of reference formula-
tion [44H4G). The generic index-3 differential-algebraic equation for a flexible multibody
system with holonomic constraints is written as follows:

(9:t) d(t) +d(q,t) g(t) +k(q.t) q(t) +

E

where ¢,  and { are the generalized position, velocity and acceleration vectors, A is the
vector of Lagrange multipliers of kinematic constraints, the matrices m, d, and k are the
mass, damping and stiffness matrices, Jo is the Jacobian matrix of kinematic constraints,
Foxt is the vector of external forces, F,, is the quadratic velocity vector and @ is the vector
of kinematic constraints at position level.

Numerical problems related to the solution of index-3 differential-algebraic equa-
tions [47] can be avoided by a number of methods including index reduction, coordinate
reduction, Augmented Lagrangian formulation and preconditioning [48/19]. Although
generalized-o time integration is suitable for solving index-3 or index-2 differential-algebraic
equations directly, in this work we address the widely used index reduction leading to
an index-1 differential-algebraic equation in which the kinematic constraint function is
differentiated twice with respect to time,

}\ ext + F\n (35)

x| (36)

12

g+dgq+kg+

HL4 HLA

where F_ is the right-hand side of acceleration constraints. As index-1 differential-algebraic
equations are susceptible to drift in the kinematic constraints, Baumgarte stabilization [50]
is used. Kinematic constraint drift is stabilized in this method by adding damping and
restoring terms to the acceleration constraint equations that are proportional to the velocity
and position constraints. Details of its implementation, including the sensitivity analysis
are described in [5152].

The generalized-a time integration is based on

(2g>n+l—ocm + (Qﬂ)nﬂ_m + (]éﬂ)n+1_o(f + (i_(g) A) nt+l—aom = ECXt,TL"’l*O(f +Ev,n+1f(va (37)

(Q(D ﬂ) n+l—om = EC,TL+1*(Xf7 (38)
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with the intermediate approximations of all force terms of the equations of motion.

These intermediate approximations are shown in Sec. [B:I] Inserting the intermediate
approximations of the force terms acting on the flexible multibody system leads to the
equations of motion in residual form given by

RLTH-l—OCf =(1- am)2n+1gn+1 + amgngn + (1= ch)dnJrlgn+1 + OCangn—F

+ (1 - o‘f)‘én+1ﬂn+1 + o‘f]énﬂn + (1 - am)££7n+1An+1 + ami_g),nAn""
—(1- o‘f)Ecxt,nJrl - (xfEcxt,n —(1- ‘Xf)Ev,n+l - o‘va,nv (39)
RQ7n+1—o¢f = (1 - “m)£®7n+1gn+1 + o‘mé@,nﬂn - (1 - ocf)EC7n+l - o‘fEcJ‘y (4())

In the case of a nonlinear mass matrix, as is the case with the floating frame of reference

formulation, this weighted formulation of the residual equations are first-order accurate.

For a formulation of second-order accuracy see e.g. [53], where the dynamic equilibrium
is enforced exactly at the time steps of the simulation. The derived time integration and
its differentiation with the weighted residual formulation can be extended and applied to
further formulations.

The effective equation of motion is defined by

T o
l: chf id),eff ] [ ﬂn+1 :| _ [ Ea,eff :|7 (41)
Joer 0 A1 Feemr
where
me=0—an)m  +0—a)yAtd , +(1—af)pAt’k (42)
Joef =1 —otm)Ionit, (43)

Ea,eﬁ =(1- (xf)Eext,n+1 + O‘ffext,n +(1— o‘f)fv,n—b—l + o‘wanJF
—omn, gn —(1- ocf)gnJrlQpred o ocfgnﬂn—i_

B (1 o (Xf)]én+1ﬂprcd o ocfknﬂn o ‘Xmgg)VnAna (44)

£c7eﬁ' = (1 - ocf)Ec,n+1 + foEc,n - O(mgd)mﬂrf (45>

The derivation of the effective equation of motion and the terms m_., Jo eff, Fqo,cf and Fe o
is shown in Sec. [B1l

With flexible multibody dynamics, the system parameters (matrix- and vector-valued
for ngor > 1) including mass, damping, stiffness, constraints and forces are generally
dependent on state variables. Therefore, a nonlinear solver is needed to solve the system
and the Newton—Raphson method is used here of the following form:

aBl,nJrlfocf aEl,nJrlf(xf

agn+1 aAn+l Aﬂn—'—l + Rlzn+1_“f — O (46)
ORont1—a; ORomy1—of A}\n—o—l Ry n+1l—ogy -

aﬂn+1 aAn-ﬁ— 1
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With the dependencies shown in and 7 the terms of the Jacobian matrix (tangent
operator) of the residuals with respect to q, +1 and A,, . are given by,

OoR - om
% =(1—otm) (BAtQaT‘“dnH +mn+1> N

aq

dn+1

od
+(1—ocf)<[3At2n+1q +yAtd >+
AIn+41 =n+1

ok
+ (1 —otg) (BAt2 g L+ BAtQle) +

G, 11
3J &
(1= o)A DA
In+41
oF oF
— (1 — o) (BAQ;"W‘“ +yAta§><m+1> n
oF oF
— (1 — o) (BAtZaV’“H +yAta.vvn+1>7 (47)
ORont1—o 9 0Jo n+1
agn—b—l ( me) B aﬂn—b—l ﬂn+1 +:®,TL+1 -
oF oF
(locf)<[3AtQac’n+1 +yAta§»n+1>’ (48)
n+1 ﬂn+1
)
L (] — ) s (49)
aAn_'_l ="
aBQ n+l—oyg
aAn+1 -

The derivation of these terms is shown in Sec. [B.2)
The direct differentiation of the equations of motion and leads to the governing
equation of the sensitivity analysis,

El,nJrlfocf =(1—om)Vm

7n+1ﬂn+1 + (XmV:mngn_F

+(1— (xm)mnHEnH + ocmgngn—s—

+ (]. — o‘f)grwlgnﬂ + ngnﬂn‘i‘

+—oand, V4 +ard V4 +

=n+1
+(1— 0(f)§n+1ﬂn+l +torVk g+
+(1— Oéf)]:(n+12n+l +ark Vg +

+ (1= 0m)¥p np1Ang1 + am ¥ nAn+

(1= om)Zh 1 T, +omdh W T2+

—(1- (Xf)gext,n+1 - (XfEext,n - (1= “f)v:Fv,n+1 - (va:Fv,n’ (51)
TRoe 1y = (1= @ Do, s1d,, + 6mTondy,
+(1— “m)i@,n+1ﬂ + “mid),nﬁ +
—n+1 ——n
—(1—of)VF — s VF (52)

—c,n+1 —c,n’
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The governing sensitivity equation of the effective system is defined by the differentiation of

ED,

|: geff i_(g),eff ] [ En_g_l ‘| — [ Ea,pseudo ] , (53)
i(l),eﬁ‘ Q V:}\n+1 Ec,pseudo
where T
[ EtLpseudo ] _ [ v*Fa,eff 1 _ [ VEmEff gq),eff ] [ Qn+1 ] (54)
Ec,pseudo Ec,eﬁ gq)veﬁ g An+1
leading to
Ea,pseudo = (1 o (xf)gext,rwrl + ocfgext,n + (1 B (xf)gv,nn% + “fEV,H_F
—(1— “m)mn+1gn+1 —om¥m g —omm Vg +
~0-w)Yd | a,, -S4, —(1-and, V4 ~wed Va +
S ¥E Tk g, (- ark, VA ek, Vg
— (1= om)¥Ip n1Ani1 = 6m¥Ih nAn — amIp o VA, (55)
Ec,pseudo =0~ (xf)gc,nJrl + (xfEcm_'—

—(1- “m)gd),n+1gn+1 - amgd),ngn - “mé@,ngn- (56)

The derivation of the effective mass matrix and the effective constraint Jacobian matrix is
shown in Sec. and the derivation of the effective pseudo force terms is shown in Sec.
The Newton-Raphson step for the sensitivity analysis is given by

aﬂl,n-ﬁ—l—af aﬂl,n+1—(xf

VvV VR
> aRV:qn+1 5 aRv:}\n-%—l 7qn+1 + —I1In+l—o¢ —0. (57)
LQ n+1 V:2,n+17°‘f AV A VRQ L1 =
ov§ OVA, ntl b
——n
As shown in [7] the Jacobian of the residual sensitivity with respect to V{§ ) and
—n+
Qn+1reduces to
621,114’170(1: aﬂl,nJrlfocf aBLnH,‘xf aBLnJFI,D(f
a&-,prl aQnJrl — aﬂn+1 aAnJrl e (58)
aQQ,n-H—zxf 622’n+1_“f aB2,j.1+1fo(f aBQ,THrlfccf ;’
agﬂﬂ VA 04, ., n+1
wherefore a conventional solver can be used for the solution of the following:
531, +1— 631, +1— ..
3, o | [AVE VR
dn1 o =l | ol = (59)
ORomnii—ap ORonii o AVA VR, .1 =
04, 0An 41 ==n+l ot lo

3. Numerical results

In this section, numerical results are shown comparing the introduced method for the
sensitivity analysis for generalized-o time integration (primal analysis introduced in Sec. [2)
with that of Newmark-B. The methods are compared with applications to both structural
dynamics as well as flexible multibody dynamics.
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mq mo m3
& ki ko
q1 q2

Figure 2. Structural dynamics example

8.1. Structural dynamics

qs

The linear structural dynamic problem used here as a demonstration example is based

on [54], which has found usage as a benchmark in [55HGT], and shown schematically in fig.

This problem is defined by

m q k
——"
my O 0 di k1 —k1 0
0 me 0 do| + | k1 ki1+ka —ko
0 0 ms||ds 0 —k2 ko
with the prescribed displacement,
g1 = sin wt,
and the unitless values
mip = 0,
my =1,
mg =1,
k; = 107,
ko =1,
w=1.2.

o

q1
q2
qs

The masses my and mg as well as the stiffnesses k; and ko are considered design variables
with respect to which the design sensitivities are calculated. The problem consists of stiff

(k1) and flexible (kg) parts typical of complex, practical structural-mechanical systems [54].

Considering the prescribed displacement, this problem can be reduced to two degrees

of freedom,

(E]
=

4

q k q
AT AR S
0 ms||qs —k2 ke | [q3

q

-

E

kid1
0

R

T

(62)

which we implement in our in-house, Python-based solver framework SIMULI in the time

t = [0, 10] with the initial conditions

Q2=07
q3:Oa
q2:0a

43 = 0.
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02 4 6 810 0 2 4 6 810 02 4 6 810
time t time t time t

Figure 3. Responses of the structural dynamic example calculated with — Newmark-3 and

generalized-o. compared with — exact solution (undermost line)

As reported in [54], time steps of At = 0.2618 are used, giving the following values for the
ratio step size to fundamental periods of the system:

At

— =0.05

Tr ’

At

— = 0.041667
T ’
At

— =131.76
Ta ’

where Tr is the fundamental period of the forcing function and Ty 2 for the first and second
modes, T = 6.283 and To = 0.001987.

The results for both Newmark-B and generalized-o time integration methods are shown
in fig. [3] and compared with the exact solution. The exact solution is calculated via mode
superposition per [62]. The numerical damping parameter of generalized-o time integration
is set as 0o = 0.55. As expected with generalized-o time integration, the unphysical,
high-frequent oscillatory behavior of the response can be avoided. As such, the beneficial
effects of numerical damping with generalized-o time integration can be clearly seen in the
velocity and acceleration of node 2, while maintaining the integrity of the other responses.

The sensitivity analysis developed above is applied and these results can be seen in
fig. Analytical sensitivity analysis with Newmark- and generalized-o time integration
methods are compared and also with their numerical sensitivity implementations via finite
differencing using a relative perturbation of 1 x 1076,

In cases where Newmark-3 time integration shows instability or noise, the numerical
damping allows for usable sensitivities. In some cases, noise — albeit at a much lower
level — persists in the first iterations before being damped out: after approximately 2.5s
(or approximately 10 iterations). Attention is drawn to those sensitivities susceptible to
stability issues, namely:

o sensitivities of position 2 w.r.t. stiffness 1 and mass 2 (fig. ,

o sensitivities of velocity 2 w.r.t to stiffness 1 and mass 2 (fig. ,

o sensitivities of acceleration 2 w.r.t. stiffness 1, stiffness 2 and mass 2 (fig. ,

e sensitivities of acceleration 3 w.r.t. stiffness 1 and mass 2 (fig. .

Further, generalized-a time integration eliminates the noise in those sensitivities present
when using Newmark-f3. This is seen with the following sensitivity responses:

e sensitivities of velocity 2 w.r.t. stiffness 2 (fig. ,

o sensitivities of velocity 3 w.r.t. stiffness 1 and mass 2 (fig. .
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w.r.t.

'10712

0 2 4 6 810
.10713

0 2 4

VAVAVAVAVAVAV%%%%IVQJ

k1

02 46 810

6 8 10 0 2 46 810 02 46 810 0 2 46 810

time t time t time t time t

Figure 4. Position sensitivities Vq of the structural dynamic example w.r.t. ki, k2, ma and ms
calculated analyically with — Newmark-3 and —— generalized-o compared with those calculated
numerically via finite differencing with — Newmark- and — generalized-a (undermost lines). Note:
no visible difference between finite differencing and analytical sensitivities.

The analytical and numerical results are in the most plots nearly exact. There are cases
though where the negative consequences of the numerical instability with Newmark-3 are
increased. The readers attention is called to especially

e sensitivity of velocity 2 w.r.t. stiffness 2 (fig. ,

o sensitivity of velocity 2 w.r.t. mass 3 (fig. ,

o sensitivity of acceleration 2 w.r.t. stiffness 2 (fig. ,
o sensitivity of acceleration 2 w.r.t. mass 3 (fig. .

It can be seen that both analytical and numerical sensitivities with generalized-o time
integration are not negatively effected by numerical instabilities as the case with Newmark-
B.

The number of time steps needed for the damping to take effect can be reduced by
reducing the numerical damping parameter g towards zero (i.e. more damping), though
also effecting the physical response to a greater degree. As time continues, the instability
grows with Newmark- time integration and therefore a clear advantage can be seen with
generalized-a. It can be clearly seen how gradient-based solvers would struggle to use the
gradient information provided with Newmark-$ time integration.

For our modest case of four design variables, we show a speedup of two, where the
speedup S is defined by the ratio of computational time for finite differencing tpp to that of
analytical sensitivities tana,

s— D (63)
tana
The computational time required for analytical sensitivity analysis represents approximately
the ideal computational effort twice that of the primal analysis, i.e. analysis without
sensitivity analysis. Computation reduction is the same for both Newmark- and generalized-
o time integration methods, see tab. [T}

3.2. Flexible slider—crank mechanism

The slider—crank mechanism as shown in fig. [7] is modeled with flexible multibody
dynamics using the floating frame of reference formulation. The mechanism consists of four
bodies that are connected by three revolute joints and one prismatic joint. The ground
and the slider are considered to be rigid, while the crank and the rod are considered to be
flexible and are modeled with Euler—Bernoulli beams. Fig. |8 shows the flexible multibody

253

254

255

256

257

258

259

260

262

263

264

265

266

267

268

269

270

271

272

273

274

275

276

277

278

279

280

281



Version December 4, 2023 submitted to Machines 14 of 35

w.r.t. ki wrt ko w.r.t. mo Wrt ms
1077 1072
2 1 2
. 0
Vg 0+ 0+
—1
—9 -9 —0.5
T T T 7T [ B s B
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10713 1077
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) 0 5
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—1 - -5
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time t time t time t time t

Figure 5. Velocity sensitivities V{ of the structural dynamic example w.r.t. ki, k2, ma and ms
calculated analyically with — Newmark-8 and — generalized-a compared with those calculated
numerically via finite differencing with — Newmark- and — generalized-o (undermost lines). Note:

no visible difference between finite differencing and analytical sensitivities.

w.r.t. ki Wrt ko w.r.t. mo Wrt ms
1077 10~ A
4 .
21 | 2 I
qu 0 - 0 - 0 VAVAVAVAVAVAVAVAV
—92 —2 "
—5 .
—4 T T T T 7 S R e I e —
02 4 6 810 0 2 46 810 0246810 0 2 4 6 810
10712 107°
5 - 10 5
Vis 0 04 0
—5 0 —5
T ——
0 2 46 810 0246810 0246810 0 2 46 810
time t time t time t time t

Figure 6. Acceleration sensitivities V{ of the structural dynamic example w.r.t. ki, k2, mo and
mg calculated analyically with — Newmark-3 and — generalized-o. compared with those calculated
numerically via finite differencing with — Newmark- and — generalized-o (undermost lines). Note:

no visible difference between finite differencing and analytical sensitivities.

Table 1. Computational effort for the structural dynamics example

time integration sensitivity analysis calculation time [s]! speedup?
Newmark-3 none 0.0555 -
Newmark-$ finite differencing 0.2088 -
Newmark-3 analytical 0.1023 2.0410
generalized-o none 0.0458 -
generalized-o finite differencing 0.2122 -
generalized-a analytical 0.0993 2.1370

ntel Core i5-7200U CPU 2.50GHz,
2speedup of analytical sensitivity analysis w.r.t. finite differencing
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crank rod

oI
el

(a) Schematic diagram (b) Cross sections

Figure 7. Slider—crank mechanism

— XC.f —
Oc f YR

L xs |

Figure 8. Flexible multibody system of the slider—crank mechanism with the undeformed bodies
in gray, the deformed bodies in black, the inertial reference frame in blue, the body reference frames

in red and the coordinates that are investigated in green

system of the mechanism. The inertial reference frame coinciding with the reference frame
of the ground is shown in blue. The body reference frames of the crank, the rod and the
slider are shown in red. The undeformed bodies of the crank and the rod are shown in gray
and the deformed bodies are shown in black, where the points represent the nodes of the
finite elements. The coordinates that are investigated in detail for the primal analysis and
the sensitivity analysis are shown in green. The dimensions of the bodies are listed in tab.
The bodies are made of steel and tab. [3] shows the material properties. In this example, the
MPa unit system is used with length in mm, mass in t, time in s, force in N, angle in rad
and stress in MPa.

The generalized coordinates of a flexible multibody system modeled with the floating
frame of reference formulation and Euler-Bernoulli beams are given by

1 (64)

q=[r" 6 qf

where 1 is the position of the body reference frame, 0 is the orientation of the body reference
frame and q, are the nodal displacements in body coordinates of each node on the flexible

Table 2. Geometry of slider—crank mechanism

property symbol crank rod slider units

width w 20 20 30 mm
height h 30 30 30 mm
length { 120 180 40 mm
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Table 3. Material properties

property symbol value units
density P TRIx107? Ly
elastic modulus E 210000 MPa
Poisson ratio v 0.3 —

body. Since no damping is considered, the equations of motion of a flexible body are given
by

—111—) A = Eext + Fva (65)
o q="F, (66)

My My My
m = mrr ﬁrf ! (67)
| sym. m..
[0 0 O
k= 0 0 |, (68)
| sym. Ef P
and the system vectors are given by
[ Eext,t
hxt = Eext,r ) (69)
L Eext,f
[ Fux
E\} = E\}7T ) (70)
L Ev,f
with the index denoting translational terms t, rotational terms r and flexible terms f. 201

For the dynamic simulation of the mechanism, the above-mentioned solver framework e
SIMULI is used. The simulation is performed in the time interval t = [0s, 0.025s] with time 20
steps At = 1-10~%s. The resulting values for the ratio step size to fundamental periods 2.
of the system for the first ten non-zero eigenfrequencies are found in fig. [9) The values for s
ratio step size to fundamental periods range from 0.2119 for first non-zero eigenfrequency 20
to 3.9919 for the tenth non-zero eigenfrequency and to 17.1157 for the twentieth non-zero 2o

eigenfrequency (not pictured in plot). 208
For the initial conditions, the angular position and velocity of the crank are defined
with
0c = Orad,
. rad
GC = 1507

’
S

and the initial conditions of the other bodies are derived through the kinematic analysis of 20
the system. The dimensions of the cross sections of the crank h¢, we and the rod hg, wg 300
are used as design variables in the sensitivity analysis. 301

The results of the simulation of the coordinates that are highlighted in fig. [ are shown s
in fig. With Newmark-(, vibrations at high frequencies are observed. With generalized-o, 0
vibrations are observed in the beginning of the simulation that are numerically damped with 30
ongoing simulation time. In addition to the generalized coordinates, the maximum stresses  sos
on the upper and lower fiber of the beam elements of the flexible bodies including the 30
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Figure 9. Ratio time step to fundamental periods for first ten non-zero eigenfrequencies of the

slider—crank mechanism

crank and the rod are computed. The Kreisselmeier—Steinhauser function [63J64] is used to
approximate the maximum stress value of the bodies at each time step with a differentiable
function and the results are shown in fig. With Newmark-$, the vibrating behavior of
the system causes higher flexible deformation and therefore unrealistic high stress in the
components. The numerical damping with generalized-a leads to lower maximum stress
values and a more realistic stress distribution over time.

The results of the sensitivity analysis of the coordinates that are highlighted in fig. [§]
are shown in figs. The analyzed coordinates include the rotation of the floating frame
of the crank 0¢, the translation in x-direction of the floating frame of the slider xg and the
three flexible coordinates of the node in A on the crank Xc ¢, Yc ¢ and §C’f. The design
variables used for the sensitivity analysis are the cross-sectional dimensions of the crank hc,
wc and the rod hg, wg.

Similar to above, with Newmark-{3 the results show a vibrating behavior that would lead
to significant problems when using the sensitivities in gradient-based design optimization.
With generalized-a, the numerical damping leads to usable sensitivity values after a few
time steps. Fig. shows that the position sensitivities of the position and orientation
coordinates of the floating frames are less noisy compared to the flexible coordinates. Position
sensitivities that suffer little from noise include the following:

o sensitivities of 8¢ w.r.t. we and wg,
o sensitivities of xg w.r.t. hc, we, and wyg.

Position sensitivities with significant noise include the following:

o sensitivities of ¢ w.r.t. hc and hg,

o sensitivities of xg w.r.t. hg,

o sensitivities of Xc ¢ w.r.t. . hc, wc, hg and wg,
o sensitivities of Yc ¢ w.r.t. . he, we, hg and wg,
. sensitivities of éc’f w.r.t. . he, we, hg and wg.

The sensitivities of velocities as shown in fig. and the sensitivities of accelerations as
shown in fig. [I4] have noisy responses with Newmark that are damped with generalized-o for
all investigated coordinates and all used design variables. The same behavior also continue
with the sensitivity values for the maximum stresses in the crank and the rod shown in
fig.

To check the correctness of the results, the sensitivity values with the introduced
method are compared to numerical sensitivity analysis with forward differencing. The
results are in good agreement, with only small numerical differences. In fact there are no
visible differences in figs. with the finite differencing values lying under the respective
analytical values. Tab. [{] shows a comparison of the computational effort with different
methods. The computational effort with generalized-o is about 30 % lower compared to
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Figure 10. Reponses of the slider—crank mechanism (values in MPa units, i.e. mm,

translations and rad, rzd, rad for rotations
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Figure 11. Maximum stress in MPa on the upper and lower fiber of the crank and the rod

calculated with — Newmark-f3 and —— generalized-a
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Figure 12. Position sensitivities Vq of the slider—crank mechanism w.r.t. hc, we, hg and wg

(values in MPa system of units, i.e. mm, =2 232

o, B3 for translations and rad, “;d, rsagd for rotations)
calculated with — Newmark-3 and — generalized-a compared with those calculated numerically
via finite differencing with — Newmark-8 and — generalized-a (undermost lines). Note: no visible

difference between finite differencing and analytical sensitivities.
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Figure 13. Velocity sensitivities V{ of the slider—crank mechanism w.r.t. hc, wc, hg and wg

(values in MPa system of units, i.e. mm,

mm mm

s 7

for translations and rad, rad, 1ad for rotations)

calculated with — Newmark-3 and — generahzed—a compared with those Calculated numerically
via finite differencing with — Newmark-8 and — generalized-a. (undermost lines). Note: no visible
difference between finite differencing and analytical sensitivities.
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Figure 14. Acceleration sensitivities V{ of the slider—crank mechanism w.r.t. hc, we, hg and wg
(values in MPa system of units, i.e. mm, %%, =3¢ for translations and rad, rzd, r:—zd for rotations)
calculated with — Newmark-3 and —— generalized-o compared with those calculated numerically
via finite differencing with — Newmark-3 and — generalized-o (undermost lines). Note: no visible

difference between finite differencing and analytical sensitivities.
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Figure 15. Maximum stress sensitivities on the upper and lower fiber of the crank and the rod
(values in MPa system of units, i.e. mm, g®, 3¢ for translations and rad, “;d, rsagd for rotations)
calculated with — Newmark-3 and — generalized-a compared with those calculated numerically
via finite differencing with — Newmark-3 and — generalized-o. (undermost lines). Note: no visible

difference between finite differencing and analytical sensitivities.
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Table 4. Computational effort for the slider—crank mechanism

time integration sensitivity analysis calculation time [mm :ss]!  speedup?
Newmark-3 none 03:44 -
Newmark-3 finite differencing 18:12 -
Newmark-3 analytical 04:29 4.0595
generalized-a none 02:42 -
generalized-o finite differencing 13:22 -
generalized-o analytical 03:30 3.8190

!Intel Core i7-8700 CPU 3.20GHz
2speedup of analytical sensitivity analysis w.r.t. finite differencing

the computational effort with Newmark-8. The main reason for that is the continuing s
vibrating behavior with Newmark-{3, requiring more iteration steps of the nonlinear solver. s
The comparison of the sensitivity methods with numerical finite differencing and analytical 34
direct differentiation shows the high efficiency of the analytical method. With the four s«
shown design variables, a speedup as shown in of about S &~ 4 of the analytical method 34
compared to the numerical method is obtained. The additional computational effort of s
analytical sensitivity analysis is just a fraction of the computational effort of the primal 30
analysis. This is because of the simplification shown in , which allows to use the Jacobian s
matrix of the residual built in the primal analysis also for the sensitivity analysis. This s
allows for a further reduced computational effort. 353

4. Conclusion 354

Analytical sensitivity analysis is crucial for efficient design optimization, parameter sss
fitting and uncertainty analysis. In this work, the direct differentiation of the generalized-o 35
time integration is derived and implemented for linear structural dynamics and flexible s
multibody dynamics, the latter of which requiring a nonlinear solve routine. All equations sss
needed for implementation are provided and extendable to further governing equations. The 35
beneficial effects of the step-size dependent numerical damping provided by the generalized-a 360
method can be clearly seen in the comparison of the results with Newmark-{. 361

The objective of this work is to develop the analytical sensitivity analysis for the s
a-family of time integration, which has a single implementation for several common time 33
integration schemes. This thus has consequences for gradient-based optimization frameworks s
for dynamic systems. 365

If the functions of interest are nonsmooth, discontinuous and bifurcated, non-gradient- s
based methods can be successfully used, e.g. design cases with crash analysis. Such cases s
can be solved with gradient-free optimization algorithms (e.g. [65H68]) and approximation e
methods (e.g. [69H7T]). 369

The system responses with respect to the design variables are indeed often smooth, sn
continuous and unbifurcated and thus enabling gradient-based methods where efficient and s
accurate sensitivity analysis is critical for both effectiveness and efficiency. This is shown s
above with linear structural dynamics and flexible multibody dynamics. The method and 37
equations developed are of general nature and are extendable to further formulations and 37
applicable to larger problems, both of larger number of degrees of freedom and number of s
design variables. 376

With the above study and introduction of the direct differentiation of the o-family of s
time integrators, the authors hope to provide the readers as design engineers a tool in the s
pursuit of optimal structures and mechanisms under dynamic loading. 379
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Appendix A. Derivation of effective equations of motion for structural dynamics
Appendiz A.1. Primal analysis

The base for the a-family of integration methods is the equation of motion which for for linear structural dynamics is
given by

an+1—¢xm +ggn+1—(xf Jr]:Qﬂn+1—ocf = En"‘l—‘xf’ (A1)

and the intermediate values shown in eqs. 7. Inserting the intermediate values into the equation of motion leads to

m((1—am)d,,, +omd, ) +d((0—and, , +asd, ) +k((1- g, +aq, ) =

(1 —o)Fpq + sy (A2)

With Newmark’s eqs, and , this becomes

(0= o),y +omity ) + (1= ar) (4,09 + VAL, ) +erd, )+

+§((1 — ) (gpred + BAtzgnH) + ocfgn) = (1—at)Fpsy +oE,. (A3)

El

This can be rearranged to the following form

((1—am)m+ (1 — o) yAtd + (1 — ) BALK) G, | =

(1= &) pg + &Fy — ctmm —g(u —o)d, 0t ocfgn) —E((l — o) g+ ocfgn). (A4)

Therefore, the effective equation of motion is defined by

Meff gnt1 = Feft, (A5)

where
m ;= (1—am)m+ (1 — xp)yAtd + (1— os) ALK, (A6)
Fur = (1= o)y o e — ol — 4((1- 00) g+ el ) — (1= @0)q,,00 + 16, ). (A7)

Appendiz A.2. Sensitivity analysis

The governing equation for sensitivities is the first derivative of the equation of motion,

<

anJrlfocm + QEnJrlfcxm +gﬂ

+22n+1—o¢f +§ﬂn+lfo(f +Egn+1*0€f =

n+1l—oy

EnJrlfocfy (AS)
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where we introduce the intermediate sensitivity values 77

VE‘rn((l —oam)d, ocmgn> +g((1 —&m)Vni1+ cxmgn)Jr

+9d((1= &), +ed, ) +d((1= 6r) Vans + oV )+

N—

+9k((1—ar)a, ,, +ard, ) +k((1 - a)Vani1 +arVdn
(1— (Xf)g'ﬂri'l + chﬁn, (A9)
and which we update with Newmark’s sensitivity eqs. and

Vzm((l — Ocm)ﬂn_H + ocmgn) +2((1 - “m)ﬁn+l + “mﬁn)"’
+vd((1—ar)d,,, +ord, ) + (1= ) (Vdprea + YAVt )+ Van )+

+9k((1—ar)a, ,, +oed,, ) + k(1= or) (Vdprea + BARYln1) + 4 Van ) =
(1= o) VEn i1+ e VEn. (A10)

This equation can be rearranged to the following form,

(1= otm)m + (1 — o) yAtd + (1 — o) BACK) Vi1 =

(1= o) Vst + 0 — Im((1— )i, + m ], ) — i Vi +
~¥d((1=00)d,,,, +ord, ) = (1= ) Vprea + o Viin ) +
- k(- ae)q,,, +ed, ) — k(1 @) Vaprea + %V ) (A11)

Therefore, the effective equation of motion for sensitivities is defined by
Meff ETHLI = Epseudov (A12)

where mef is given by eq. l) and the pseudo load is defined by

Foseudo = (1— O‘f)v:Fn+1 + s VEn _vzm ((1 - O‘m)ﬂn+1

+ Oémﬂn> — mMmV{n+

—vd (1 —an)d, ,, +aed, ) —d ((1— 0) Vigrea + 4V )+

_g ((1 — (Xf)ﬂ‘rwrl + (Xfﬂn) —]:< ((1 — (Xf)gpred + OCfgn>. (A13)

Appendix B. Derivation of effective equations of motion for flexible multibody dynamics
Appendixz B.1. Primal analysis
The base of the generalized-a method for index-1 differential algebraic equations of a flexible multibody system is

given by

(29)n+1—o¢m + (gg)nJrl—o(f + (lzcﬂ)n«kl—(xf + (igj A

o), o =Fenii o (A15)

>n+1ﬂxm = Fextnti—o; TEont1—og (A14)
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The intermediate point approximations of the force terms acting on the flexible multibody system are given by

(Qg)rwrlfocm =1~ am)2n+lgn+1 + amgngn’ (A16)
(gﬂ) n+1—ogf = (1 - 0(f)§n+1gn+1 + (xfgnﬂn’ (A17)
(]éﬂ) n+17(xf = (1 - (Xf)]énJrlﬂn—O—l + ocfEnﬂT‘L’ (A18)
(ig) A) n+l—o = (- (xm)ig)v“JrlATWl + ‘Xmig),nAn’ (A19)
(i(b g)n+1—mm (1_0(111”(1) n+1q +1+‘me(D nq (A20)
Eext,nwtlfocf (1 ':xf) Lext,n+1 + O‘waxt ;L (A21)
Ev,n+1—ocf (1—of)E Fynsrt ‘fov ns (A22)
Ec,n+1focf (1 (Xf) c,n+1 + (foc n- (A23)
Applying these linear approximations of the generalized-o method to the equations of motion leads to
(I—om)m, 1§,y +omm, 4, +
+(1 - af)én«klﬂnJrl + o"fgnﬂn—i_
+(1 - o‘f)]én+1ﬂn+1 + o"fEnﬂn—i_
+(1— “m)g—!q—)’n+1hn+1 + amg—g),nﬁn =(1- “f)fext,n+1 + “f£ext,n+
+ (1 - af)£v7n+1 + o‘va,'n,a (A24)
(I—am)don+1d, ; +omdond, =0 —op)Fe g +orFe . (A25)
Inserting Newmark’s eqs. and gives
(I—om)m, G, +amm g, +
+Hl-oand, (qpred +yAtgnH) +ord § +
(= o)k, (G0 + BAE, ) +otek, d, +
(1— o‘m)£¢),n+1An+l + O‘miqy’n,—n =(1- (xf)Eexthrl + “fEext,n+
+ (1 - (xf)E\),n+1 + (XvaJm (A26)
(1— “m)i®,n+1gn+1 + (xmi(b,ngn =(1- o‘f)fc,nJrl + cxfEc,n‘ (A27)
which can be rewritten to
(1= om)m+ (1 — o) yAtd + (1 — o) BAK) G, |, |+
+(1 - o‘m)iq),n+1An+l = (1 - o‘f)Eext,TH—l + o‘fEsxt,n_‘_
+(1—- “f)Ev,nJrl + o‘va,n —&mm gn+
- (1 - (xf)gnJr]gpred B OCangn—F
B (1 B OCf)]é‘rwrlﬂpred B (Xf]énﬂn_F
- (Xmig);nAna (A28)
(1— o‘m)ifb,n+1gn+1 =(1— “f)fc,n+1 + “fEc,n - fxmid),ngn~ (A29)
The equations of motion of the effective system is given by 405
T .
{ Mg Joer } { 9ns1 } = [ L } , (A30)
iKD,eff Q An-o-l Ec,off
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where
me=0-amn)m  +(0—oa)yAtd , +(1—a)pAtk (A31)
Joef =(1—om)do ni1, (A32)
Ea,eff = (1 - (Xf)Eext,n+1 + O‘fEext,n + (1 - ‘Xf)f\z,n—b—l + o‘va,n —Xm Qn ﬂn+
o (1 o (xf)gn+1gpred B (xfgngn o (1 - (xf)]én—o—lﬂpred o (xf]:(nﬂn o (xmgg)ﬂlhn’ (A33)
Ec,eﬁ =(1- o‘f)Ec,n+1 + “fEC,n - “mi@,nﬂw (A34)
Appendixz B.2. Nonlinear solver
The base for the nonlinear solver are the residual equations of the flexible multibody system, given by
Rl,n—b—l—cxf =1~ “m)gn—klgnJrl + (xmgngn + {1 ocf)gn—klﬂnJrl T fogngn+
+ (1 - ocf)]:(n+1ﬂn+1 + (Xf]:(nﬂn + (1 - (Xm)igi,nJrlAnJrl + (xmig),nﬁn_‘_
- (1 - o‘f)Eext,nJrl - O‘fEext,n - (1 - ‘Xf)Ev,n+1 - o‘va,nv (A35)
BZnJrlfocf =(1- (xm)i(D,n+1Qn+1 + fxmid),ngn —(1- fxf)Ecyn+1 - (XfEC,n« (A?)G)
The Newton-Raphson method is used here
ORint1—ap  ORini1—of Aé R
aﬂn+1 OAn1 ﬂn+1 DIn41—o¢ =0 A37
aBz,PHﬂxf ORo 1o [AAnJrl + Romi1 o Y ( )
aﬂn+1 An+1
where the terms of the Jacobian matrix are given by
ORI nt1—o om, om 1 q
— e = (=)t ome— - (I —am)m | = am =
aﬂn+1 aﬂn+1 -l aﬂn+17n —ntho +1 —no n+1
od 0 0
Fl—ap) g o A (L—ap)d o b ad =t
aﬂn - aﬂnJrl " o 1 "o n+1
4—(1—0()6ETLH + ok, +(1— o)k L ok =4
0 dn41 T X5 —Gn fIEn 417 S
An+1 An+1 An+1 n+1
—-cll—) n+1 LII-D n An+1 T An
+(1—am) 3G An+1+cxmaf —An +(1 ocm)i@,nﬂa.. mdony +
n+1 ﬂn—o—l ﬂn+1 An+1
) oF oF oF
- (1 N ) 8ext n+1 - aiext,n o ( (Xf) a77\.),'r1+1 — ajv,n ’ (A38)
qn+1 ﬂTLJrl qn+1 qn+1
ORy 1 Jon+t1, Jon . 04 04
a’.T.hL L =(1— aym) 5 - Ay Tomyz = 4, + (1 —om)dont: a..nH + omdon a.f“ +
ﬂn+1 ﬂn+1 gn+1 Hn+1 ﬂn+1
oF oF
— (1 — o) oy (A39)
aﬂ aﬂnJrl
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R e G 1w g
+(1— ) Z::: Ao+ ocfaiiilqn +(1—af)d 22:: +od aitl +
+(1— op) zfnniqnﬂ + o aii‘rlqn +(1—ap)k 22:1 +ork, aA;L +
+(1— am)%)\nﬂ + &Xm gij‘: An+ (1= om)I i1 agiii md 676\?:1 +
ST e e e o
P 0 G T 1 o g el
(1= o) et g e (A1)

The derivatives of the system parameters of the previous time step with respect to state variables of the next time step
disappear,

90n _ 90n
ai.n+1 ai.n+1

no

(A42)

The dependencies of the system parameters are shown in and and applying the chain rule of differentiation leads
to

[«

3

(%)
Ne

d
= = om —, (A43)
04  0q 09
8d _2d?g (Add)
9§ 09 9§’

% % ?q (Ad5)
9§ 09 9§’

0o _ 0o 09 (A46)
0§~ 9q dq’

aEext _ aEext aﬂ aEext aﬂ
34  0q 04 04 93’ (A47)
oF, _ 9%, 04, 9K, %4 (A48)
0§ 0904 94 9g’

00
“y (A49)
O _y (A50)
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The derivatives of the state variables with respect to gn 41 and A, are given by

ag.n+1 _ BAtQQ, aﬂn—b—l :Q,
04, 11 B Rni1 ~
My _ vAte, %n41 _ 0,
aﬂn+1 - aATlJrl -
ag’n+1 =e, aﬂn—b—l 297
aﬂn+1 - aATl+1 -
aAn—o—l -0 aAn—o—l —e
0d, .y = Anyr =

Applying eq. (A42)), egs. (A43)—(A50) and eq. (A51]) leads to the terms of the Jacobian matrix given by

oR - om
% =(1— otm) (BAtQa““dnH +mn+1> -
ﬂn+1 ﬂn+1

od_
+ (1 — o) (BAt2 agn+1ﬂn+l +VAtdn+1> +
An+

ok
2 =n+1 2
+uocf)<mt aq. . d T PAL kn+1>+
an

T
Qaidj),‘rwrl
+ (1= om)BAY ————A; 1+

aﬂnJrl

< 04, 44

oF oF
_ (1 _ CXf) (BAtZ —ext,n+1 +YAt e.xt,n+1>+

oq (s}

oF oF
—(1— o) <[3At2v’n+1 +yAt—ntL ) :
dn+1 In+1

aBz 1— alcb, +1 ..
% =(1—om) (BAtQanqn+1 +dont |+
i1 G0t

aq 0q

oF oF
—(1— o) (BAt2 —entl LAt .C’nH),
an+1 In+1

aRl,nJrlf of

= (1 —am)J&
aAn+1 ( (xm):q),TkFl?

aBQ,TL+1* xXf
aAnJrl

I'=)

(A51)

(A52)

(A53)

(A54)

(A55)
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Appendiz B.3. Sensitivity analysis

The derivative of the equations of motion leads to the governing equation of the sensitivities given by

(1*0‘m)vm +oam¥Vm anr
pr— o

+1qn+1

+(1 — (xm):nJrlgnJrl + (Xmgngn‘f'
Hl-an¥d 4., +e¥d 4.+
+(1_(xf) n+1vq n+1 +(ngngn+
+(1—ocf)§n 1ﬂn+1+°‘f§nﬂn+
+(1_fo)*n+1vq n+1 +O(f£n2n+

+(1- “m)gqnﬂﬁnﬂ + “mgg,nlnﬁ
1= am)I n1 VA, + omdeon VA, = (- o) VE o VE o+

—ex —ext,mn
+(1- fo)V:FV’nH +osVE (A56)
and
(1— fxm)g@,nﬂﬂnﬂ + o‘mg‘b,ngn—i_
Hl—am)onnV4  toamdonVd =0—ar)VE L +oVE (A57)
Including Newmark’s sensitivity eqs. and leads to
(1—oam)VYm gy tom¥Ym 4+
Hl-om)m, ,Vq  +amm VE +
+(1— ocf)gnﬂgnﬂ +orVd q +
H-ang, (Ve +voga ) e, Ta b
+(1— cxf)VEangnH + Oéf%nﬂn'l-
2 o
Hi-eik, (Yo, +8A0TY, ) ek, g+
(1= m)¥L g 1Anr + Cm L nAnt
+(1 - (Xm)i&—),nJrlQnJrl + (xmig’,ngn = (1 B (xf)gext + (xflext n+
+(1—a)¥E, . +arVE, (A58)
and
(1 @ B0 i1y + omTond
+1 = amMoni1Vd | +omdon¥d = (1-«)VE, 4V, . (A59)
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which can be rewritten to

and

(1= atm)m + (1 — o) yAtd + (1 — o) BALK) Vinr 1+
(1= o)1 YA, = (=) VE o+ arVE o+

—ext,n

+(1- (xf)gz,n+1 + (va:Fv,n—’_

—(1—om)Vm +
=—n

- (meEmngn — ocmgngn—k

— (1= ocf)ﬂ lgn+1 —o¥d g,+
—(I—afd, V4 ed_"‘fgngn‘F
~(-aVk g, Yk gt

B (1 OCf) vq ——pred B ‘Xf]:{ngn—‘r
—(1— Oém)gq),nHAnH*‘
—om¥Ip nAn — &mIp o VA, , (A60)

A-om)onVa  =0—a)VE ) +orVE +
—(1— (Xm)ﬂ(b,nﬂﬁn“ - ‘Xmgd),ngn - Ocmi(l),nvq . (A61)
i i —n

The governing equation of sensitivity analysis of the effective system is given by

Mg J‘I’ seff En+1 _ anpseudo A62
J 0 VA T , (A62)
2@ eff = =—=n+1 =c,pseudo
where
=a,pseudo (1 B fo)ﬂext + (xfﬂext + (1 o (Xf)ﬁv,n—b—l + (ng\),n“r
- (1= “m)mmﬂnﬂ —om¥m g —oamm V§ +
~(l-e)¥d 4, -¥d §, —(-a)d,, V4 —oad V4 +
—(1— ocf)gnﬂgnﬂ —oVk q, - (1— ocf)l;anpred —oark Vq +
— (1= (Xm)gg,n+lﬁn+l - (xmgg,nﬁn - “mich,nQna (A63)
=c,pseudo :(1 B cxf)gc,n—o—l + “fv:Fc,n+
— (1= )0 ns1d, , — Om¥dond, — dmlo Vi . (A64)
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