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Abstract—Ultrasound is a non-destructive technique recently
proposed to estimate Lithium-ion batteries degradation. However,
recent research has been devoted towards understanding the
physical phenomena behind the ultrasonic wave propagation
through a Lithium-ion battery. To achieve this, the second-
order-scalar elastic and acoustic wave equations are solved with
explicit and implicit finite difference method, considering the
interfaces between materials with different physical properties.
Results showed that implicit method presents less noise than the
explicit scheme. In addition, changes in the physical properties of
battery materials that occur in charge and discharge processes,
highly affect the ultrasonic wave propagation inside the battery.
Finally, this study demonstrates the feasibility of using numerical
methods as a precursor of battery degradation estimator.

Index Terms—Lithium-ion batteries, Ultrasound, State-of-
Health, finite-difference-method, non-destructive estimation

I. INTRODUCTION

Sales of electric vehicles (EVs) have been growing all over
the world and considering that the batteries of these systems
are in some cases still being changed at 70-80% of their
nominal capacity [1], the use of second-life batteries (SLBs)
is creating an environment conducive to a circular economy
(new) market in the world [2]. In addition, from the point of
view of the use of components and materials, it is also the
promoter of Recycled batteries (RBs). However, it is to be
expected that in the next decade the return flows of SLBs and
RBs, will have an increasing commercial interest as the lack
of sources of critical materials, especially cobalt, nickel, and
manganese will become increasingly evident. As a preliminary
fact, cathode active material accounts for more than 20%
of the overall cost of current lithium-ion (Li-ion) battery
technologies based on NMC chemistry. For the same case,
other raw materials may account for more than 50% of the
cost associated with the cathode. Thus, from the perspective of
a circular economy and considering what would be the use of
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SLBs and RBs, the future scenario for the most representative
electric vehicle segments and energy storage market, would
also mean energy savings, GHG reduction, and lower water
consumption. The Li-ion batteries are attractive because its
high power, energy densities, and long cycle life [3]. However,
they are complex systems prone to premature unexpected
failure, and a quantitative evaluation of battery health can
help to predict catastrophic failures that may lead to fire or
explosion [4]. Thus, it is important to monitor the batteries
critical internal states, which include the degradation level,
also called ”State of Health” (SoH) [5].

During electrical cycling and aging, the modulus and
density distribution of the battery changes. Thus, different
methods (i.e., Coulombic or impedance method) have been
proposed to monitor physical material variations related to
the electrochemical battery processes. However, these are
time consuming and cannot be applied in real time. For that
reason, ultrasonic measurements are recently proposed as a
non-destructive technique to evaluate the SoH, in order to
identify changes in the internal battery materials [3] [4] [5].
Nonetheless, it is difficult to deduce from the pattern obtained
in the ultrasound, the relationship between battery materials
and the ultrasonic wave propagation [6].

Efforts to understand the ultrasonic wave propagation in a
battery have been tackled in different papers. Numerically, the
wave equation used in this particular problem seems to be very
scarce in the specialized literature. For example, Davies [6]
simulated the propagation of the ultrasonic signal in a charged
and a discharged battery, considering the different values of
density and elastic modulus in both states. More recently,
Copley et al. [7] studied the effects that battery and pulsing
parameters have and how these alter the nature of a wave.
Moreover, they faced strategies to deal with the diverse nature
of battery cell geometries. However, they did not focused in
the numerical method accuracy, as they used the explicit Finite
Difference Method (FDM), numerical technique that has been



reported to present truncation error [8]. Furthermore, they did
not considered the electrolyte (ELT) interface that is present
in liquid state.

Thus, the aim of this study is to understand the physical
phenomena underlying the propagation of an ultrasonic wave
through a Li-ion battery. To achieve this, the elastic wave
equation is solved within a domain with solid materials.
Furthermore, as an initial approach, a locked ideal-fluid formu-
lation is applied to the wave equation in order to consider the
liquid phase conformed by the ELT. Therefore, boundary and
interface conditions must be considered. To find the numerical
solution of the wave equation, an explicit and implicit FDM
are implemented and compared. Finally, an interface analysis
is carried out between the battery materials to show how the
wave propagation is affected by the physical properties.

II. PROBLEM FORMULATION

A Li-Ion battery is mainly conformed by foils that contain a
cathode, anode and separator as solid phase, permeated with an
ELT [13]. In the ultrasound technique, the transducer emits an
enveloped sinusoidal compressional pulse through the lithium-
ion cell that consists of different thin layers. The propagation
velocity and the wave amplitude in each material depends
on the physical material properties (density, elastic and bulk
modulus). When the wave strikes an interface, the wave is
reflected and transmitted. Thus, a wave can be sensed in two
layers: Where the transducer is placed and the opposite layer.
Hence, in this paper, we study the changes in wave propagation
for a given material, using reported values for the mechanical
properties for the cathode, anode and ELT materials.

A. Governing Equations

As mentioned before, a wave propagates through the Li-
ion battery materials. Since these components are solids (i.e.,
anode, cathode, and separator) and liquids (i.e., ELT), different
mathematical models are required for each state to describe
the interaction between the ultrasonic wave and the specific
material. Thus, for the solid phase and the liquid phase,
an elastic and acoustic wave model are briefly described
respectively.

1) Elastic wave equation: The derivation of the second-
order-scalar elastic wave equation is given by a balance
between dynamics forces and forces by the stress. The first
term is derived from the second Newton’s law in terms of a
differential volume with dimensions dxdydz and density ρ:

dF = (ρdxdydz)
∂2ξ

∂t2
(1)

Where ξ is the deformation. In the other hand, for the forces
generated by an stress σ over an area A, the static force
equation is F = σA. If a differential element is considered,
the material suffers a force by an stress in x and x+dx, both
with the same magnitude but opposite directions. This is called
the net stress ∆σ. Hence, the differential force equation due
to stresses is

dF =
∂σ

∂x
dxdydz (2)

Then, the balance between the dynamic forces (1) and the
forces by the pressure (2), the continuum equation can be
obtained

∂σ

∂x
= ρ

∂2ξ

∂t2
(3)

Finally, after applying the relationship between the deforma-
tion ξ and the stress σ through the strain ε, and considering
the elastic term of the Voigt model, the stress can be written
in terms of the strain as

σ = γε = γ
∂ξ

∂x
, (4)

where γ is the Young’s modulus. Replacing (4) in (3), the
second-order-scalar elastic wave equation is obtained

∂2ξ

∂t2
=

1

c2
∂2ξ

∂x2
(5)

With c2 as the squared velocity and it is defined as c2 = γ
ρ

2) Acoustic wave equation: Considering that the ELT inside
the Li-ion batteries represents a small layer in the system,
this phase can be described as an ideal locked fluid inside
a cylinder shape volume. The wave propagation through a
fluid is the difference between the initial density ρ0 and initial
pressure Po and final ρ and P . These kind of waves are known
as acoustic density or density wave, and acoustic pressure or
pressure wave, as follows

∆ρ = −ρ0
∂ξ

∂x
,∆P = −B ∂ξ

∂x
(6)

where B is the Bulk modulus. Then, similarly as in the solid
case, applying a balance between the forces by the movement
and the forces by the pressure

∑
F = ma = PA, the

following equation can be derived

∂P

∂x
= −ρ0

∂2ξ

∂t2
(7)

Replacing the pressure wave when ∆P −→ 0, and applying the
derivative of P respect x, the acoustic wave equation for an
ideal fluid can be obtained

∂2ξ

∂t2
=

1

c2
∂2ξ

∂x2
(8)

where c2 is the wave squared velocity and it is the relation
between the Bulk modulus and the density c2 = B

ρ0
. Note that

the viscous component for the liquid has not been considered
as this formulation represents an ideal fluid [9]. However, for
a more accurate description, this term should be taken.

In spite of the similarities between (3) and (8), it is
important to note that are analogous equations and represent
different phenomenon. While (3) describes a wave traveling
through a solid material, (8) does it for a fluid.

B. Boundary conditions

1) Left boundary: To simulate the wave emitted by the
transducer, a Dirichlet boundary condition is applied with a
cosine function that travels towards the internal domain:

ξ(x, t) = Acos(
−2πt

T
). (9)



where A is the amplitude. Afterwards, the input is removed,
and at the first node (i = 0), the deformation takes the
following Dirichlet condition, known as fixed boundary

ξj0 = ξ(0, j) = 0. (10)

Finally, a Neumann boundary condition is applied in order to
add a reflecting condition at the boundary.

ξj0 =
∂ξ(0, j)

∂x
= 0 (11)

2) Interface: As mentioned before, the domain consists of
folded materials with different physical properties. However,
the second order wave equation presents a constant wave
velocity. Thus, an interface boundary condition is required.
For this, a match between the deformation at the node that
connect two materials must be considered, as follows:[

γ
∂ξ

∂x

]
L

=

[
γ
∂ξ

∂x

]
R

(12)

3) Right Boundary conditions: For all the cases, the same
Neumann boundary condition (11) is applied.

III. NUMERICAL SOLUTION

For this study, FDM is used as a numerical method. This
is done by converting PDEs into a linear algebraic equation
through a discretization process. In this paper, the explicit and
implicit discretization of (5) and (8) were used to solve the
wave equation, in order to compare which method is more
suitable for this problem. The resulting algebraic equation used
in the implicit method (three central point) and explicit method
(five central point) for internal nodes are

−λξj+1
i−1 + (1 + 2λ)ξj+1

i − λξj+1
i+1 − 2ξji + ξj−1

i = 0 (13)

ξj+1
i = ∆t2c2

(ξji+1 − 2ξji + ξji−1)

∆x2
+ 2ξji − ξ

j−1
i (14)

respectively, where λ is

λ =
γ∆t2

ρ∆x2
(15)

IV. NUMERICAL RESULTS

As mentioned before, the studies found in the specialized
literature for this particular problem have employed the ex-
plicit FDM. However, papers had proved that the explicit
FDM presents truncation errors that are not negligible and
using other finite difference scheme might result in a more
accurate solution [8]. This can be seen in figure 1, where
the approximate solution of the wave equation obtained by
the implicit method, was compared with the explicit scheme
for a particular time. The result shows that by proportionally
increasing the number of nodes in the domain, the implicit
method display a smoother curve whereas the explicit scheme
still revealing noise. For that reason, the explicit method
requires the compliance of the Courant convergence condition
to have a more accurate solution and it can be corrected by
decreasing steps in time and space. Noise can also be dimin-
ished by increasing points in the discretization formulation,

however, this implies a greater computational time. In the
other hand, implicit FDM is unconditionally stable, so a larger
increment steps in time can be employed. Therefore, implicit
FDM might be more suitable for this particular problem rather
than the explicit FDM, due to the approximation accuracy,
if the truncation error present in the explicit scheme is not
corrected.

Fig. 1. Explicit and implicit FDM comparison

To explore the phenomena behind the wave propagation
through finely structures, a simple layer system was conducted.
Here, a non-dimensionalization is performed in the spatial
axis. It can be proved that this process does not affect the
wave propagation if the material properties are hold constant.
Furthermore, the material properties are taken from experi-
mental and computed values reported in the literature [6], and
are shown in Table I.

TABLE I
BATTERY MATERIAL PROPERTIES

Material Properties
Density (Kgm−3) K ∨ G (Pa)a

Anode charged 1934 1.19× 1010

Anode discharged 1954 4.32× 109

Cathode charged 3408 1.16× 1010

Cathode discharged 3408 1.25× 1010

Benzene ELT 877 1.05× 109

CTC ELTb 1594 1.32× 109

a G is the elastic modulus and K the bulk modulus. b Carbon tetrachloride

In figure 2, a solid-solid interface is simulated for three
different times in a charged and discharged battery, in order
to identify how battery materials affect the wave propagation.
It can be seen from the result that after 0.899µs, the wave is
near to strike the right boundary in the upper case, whereas in
the discharged battery, the wave is still traveling through the
third material. This results evidence that the wave propagates
faster in the charged battery than in the discharged one. The
explanation relies in the internal battery effects during cycling
and discharging processes. In the charging process the lithium
ions are taken apart from the transition metal that conform
the cathode, and move to the anode where they are stored
between the graphite basal planes. During this process, the
lithium electrons travel through an external circuit and are kept



in a copper collector. In the discharging process, the lithium
ions return to the transition metal through the electrolyte
and separator. Thus, when the Lithium ions are inside the
anode (charged battery), its volume increases in a higher
proportion than the mass. Thus, considering the proportion
between ρ ∝ V −1, and c2 ∝ ρ−1, the wave velocity increases
as Li-ion battery is more charged c2 ∝ V . Mukhopadhyay et
al. [13], suggested that these structural changes due to Li-ion
incorporation in graphite, is the increased interlayer spacing of
the basal planes. Also, they found that the elastic modulus is a
key property that affects the wave propagation, and found that
lithiation increases the modulus perpendicular to the graphite
basal planes (by 150 % upon full lithiation).

Fig. 2. Wave propagation through a charged and discharged battery

The solid-liquid interface is presented in the Figure 3, where
the ELT is placed between the anode and cathode phases. Here,
in the same way of the result shown above, the CTC based
ELT shows higher density, resulting in a decrease in the wave
velocity. Furthermore, as a validation tool, the reflected Ar and
transmitted wave amplitude At at each interface are verified
in function of the material acoustic impedance Z.

Ar =
Z1 − Z2

Z1 + Z2
Ai, At =

2Z1

Z1 + Z2
Ai

With Ai as incident amplitude. From the last equation, when
the wave travels from the anode to the ELT, Ar and At are
positive amplitudes for both materials. Contrarily, when the
wave moves from the ELT to the cathode, Ar and At takes
a negative and positive amplitude value, respectively. This
behaviour can be seen in figure 3, where at 0.525µs, the wave
just passed through the interface, both Ar and At result in a
positive value. Subsequently, when the wave moves from the
ELT to the cathode, Ar is negative and At positive. The same
behaviour can be seen in the figure 2 and this phenomena is
known as mode conversion [6].

V. CONCLUSION

Using FDM’s to study an ultrasonic wave that travels
through a battery proves that simulation can be a useful tool
for providing data to make correlations between Li-ion battery
degradation and ultrasound measurements. Also, it allows to
understand the relationship between the wave propagation
and the internal battery materials in different charged battery

Fig. 3. Liquid-solid interface

levels, providing information about the internal state of Li-ion
batteries.
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