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Abstract
Mass dampers are widely used in engineering applications. We consider the effects of limitations on

the damper amplitude.

Using simple methods to analyze very general mass dampers, we find an upper limit to the damping.
The maximum damping logarithmic decrement is 0,4, = 4p1cv, where i is the mass ratio, and « is
the amplitude ratio of damper to structure amplitude.

The result is further discussed in relation to Tuned Mass Dampers (TMDs), which can perform
very well if there is enough avaliable space. In practice, amplitude limits always apply, and our result
can be used to relate these to the damper performance.

Our result also applies to active devices, which have to obey the limit mentioned above.

Simulated tests of TMDs and other mass dampers are described. The damping is measured both
by decay tests and by forced motion test. The methods agree well in the amplitude-limited regime. In
other cases, decay tests are difficulet to interpret, indicating that one needs to be very careful when
measuring damping of 2DOF systems based solely on decay tests.

We hope that our result may inform the selection and design of mass dampers in the future, where
one should consider amplitude limits as the very first step.

1 Introduction

Many structures are equipped with a mass damper, see
e.g. Fig. 1. A typical design process for such dampers
sees much time spent on tuning dampers for optimal
behaviour in a linear sence. The limited available space
is often considered more as an afterthought. But the

space-limitations fundamentally restrict the performance.

Below we present an extremely simple result, which
limits the damping provided by any mass damper. It is
our hope that the result can serve as a framework for
practical damper design in the future.
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Figure 1: Steel stack with a Tuned Mass Damper (TMD). Cf.
Fig. 2. This type of damper is very common on steel stacks. The
damper layout is illustrated to the right. A heavy steel ring
pendulum hangs from a number of chains (red), contained in a
narrow annular chamber mounted on the outside of the stack.
The width of the annular chamber determines the maximum
movement of the pendulum. We shall show that this movement
limit is extremely important to the damper performance.

Damping vibrations is critical in engineering ap-
plications such as civil engineering, industrial production,
transportation and energy production, e.g. in wind
turbines. Uncontrolled vibrations can harm structures
and equipment and pose both danger and annoyance to
humans.

A popular way to damp vibrations is to install a mass
damper, i.e. a relatively small and light device installed
on the structure. The mass damper is a local device,
only connected to the structure at one location, so that
mechanical connections to the ground (e.g. guy-wires) are
avoided. Instead the mass damper works by exchanging
inertial forces with the structure. One might think of the
mass damper as holding on to a local inertial frame rather
than to the ground. This property allows mass dampers
to be used at inaccessible locations and even in moving
ships, aircraft and other vehicles.

We shall deviate from the significant litterature on
mass dampers, which mainly deals with specific types
of the above dampers, and focus on very general proper-
ties of mass dampers, which apply to all types of mass
dampers. In particular, we investigate the maximum
damping, which a mass damper of finite size can deliver.
The analysis only uses elementary methods but still yield
results, which to our knowledge have not been reported
previously.

1.1 Example

A steel stack of height 25m and diameter 1m is vulnerable
to swaying Vortex Induced Vibrations (VIV). A Tuned
Mass Damper (or TMD) [1] is installed near the stack top,
see Fig. 1. The TMD is a heavy pendulum attached to the
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stack, partially immersed in a viscous liquid (not shown).
Note that the subsequent analysis applies to all types of
mass dampers, see Fig. 2 and Sec. 1.2.

The effective (modal) mass of the stack is mg =
5000kg, and the TMD mass is m; = 100kg, so the mass
ratio is i = mq/mgy = 2%. The damper is restricted to
move within a chamber of width 0.4m, so the maximum
damper amplitude is approximately a; = 0.2m. Prob-
lematic vibrations of the steel stack of typical amplitude
ap = 0.5m (see [2]) are to be prevented by the TMD.
The ratio between the amplitudes is « = a;/ag = 0.4.
Using a common rule-of-thumb for the performance of
a TMD, see Sec. 2.3 and (22), one would expect the
optimal TMD to deliver a damping of approximately
Sap,opt. = 2-2+/l = 31%. However, using our result
below, (13), we see that the maximum damping due to
the damper given the restricted space is

6TMD,opt. (1)
10

Insufficient space for the damper motion is a common
flaw in the design of TMDs, and we know from our own
experience that this is the cause behind several dramatic
cases of problematic stack vibrations. It is our recom-
mendation that one starts by considering the available
space, using (13), when selecting and designing any mass
damper.
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Figure 2: Sketch of a structure mq whose position xq vibrates
with the amplitude ay. A point-like damper mass my is con-
strained within a finite container fixed to the structure, such that
its position x, relative to the structure is —ay < x; < ay. This
sketch represents any type of mass damper, see e.g. Fig. I.

1.2 Background

Vibration control methods have wide applications, and
have been discussed at great length in the litterature.
see e.g. [1, 3, 4], or the more modern and elemen-
tary [5, 6]. Much work has focused on the linear sys-
tems behaviour of damping systems, such as TMDs,
e.g. [7, 8,9, 10, 11, 12, 13], and many works on ac-
tive dampers, [4, 14, 15]. However, these work gener-
ally focus on tuning aspects and on the mathematics of
control theory. Other works present theory on impact
dampers / pounding dampers [16, 17, 18, 19, 20, 21],
particle dampers [22, 23]. For a more detailed discus-
sion of impact dynamics and stability of periodic solu-
tions, see e.g. [21, 24, 25, 26]. Tuned Liquid Dampers
(TLDs) / sloshing dampers [27, 28]. Tuned Liquid Col-
umn Dampers (TLCDs), [29].

The fact that any real damper must be finite with a
limited damper amplitude and the associated performance

limits seem to have been somewhat neglected.

We shall focus on very general properties of mass
dampers, relating to the conservation of momentum of
the entire damper-structure system. The results apply to
mass dampers of any type.

1.3 Methods and assumptions

The main analysis of this paper is done using the approx-
imation that the damper acts as a small perturbation on
the structure motion.

This approximation is excellent, as long as the mass
ratio 1 = my /my of the damper mass m; to the structure
mass my is small. As a rule-of-thumb, the results are use-
ful up to about p 5 10%. We furthermore ignore some
aspects of the spectral character of the driving forces. In
particular, we consider motion at the structure eigenfre-
quency. This too remains a good approximation for small
values of 11  10%. We restrict our attention to periodic
motions of the damper, ignoring possible non-unique mo-
tions and chaos. These topics are covered elsewhere, see
e.g. [21, 24, 25]. We will often describe the structure
motion as an undisturbed sine motion, although much
of the analysis remains valid for any periodic structure
motion, see below.

In a few cases, we will work outside the above-
mentioned framework of undisturbed harmonic structure
motion and consider the free decay of structures with an
attached mass damper. The results of the two methods
agree well.

We have kept the paper deliberately short and simple
and focused on the upper limit on the damping of any
finite mass damper.

2 Analysis

Below, we use concepts common to basic theory of vibra-
tions and vibration damping, see [6].

Consider the structure shown in Fig. 2. The structure
of mass my moves according to xg = z(t), and the
position of the damper centre-of-mass relative to x is
r, = xl(t) !

Both z((t) and z(¢) are considered periodic with
period T'. We introduce the angular frequency w = 2%
and the non-dimensional time 7 = wt. Then

xo(t) = ag §o(T) = ag cos(wt). )
w1 (t) = ay &(7). 3)

where we have introduced the amplitudes a and a;, such
that —1 < ¢y <land -1 <& < 1.

'We shall write xo(t) as a cosine function of time, but
note that the results below, in particular (8) would hold for
any bounded periodic functions xo(¢) and z1(t). We further-
more consider the amplitudes ao and a; as constant quantities,
though in reality they may be slowly drifting. The damping
measured during constant amplitude vibrations (considering
how much energy is needed to sustain the vibrations) is approx-
imately equal to the damping measured during free decays of
the structure. This is a good approximation for p 5 10%.
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The mechanical energy associated with (2) is given by

Ey = %m0a3w2. “4)
Let a mass damper consist of a mass m; whose position
is 1 = x1(t). The damper may be composed of many
mass parts or a volume of dense liquid, in which case
x1 describes the position of the centre-of-mass. Alterna-
tively, the damper may be simple as sketched in Fig. 2.
The damper generates a reaction force F' on the structure
with F' given from Newton’s second law as

F = —ml(fi‘o + 1"1) (®)]

Damping is typically measured using the logarithmic
decrement §, which is defined in terms of the decaying
vibrations of a structure released from an initial displace-
ment as

a

% (6)

aO,after

0 =log

Here, log is the natural logarithm, a is the peak ampli-
tude at a given time, and a; 5., is the peak amplitude
one oscillation cycle later. Using (4), we write

Ey _1AE

6=1 N —
°8 EO,after 2 EO ’

(N

where we have expanded to lowest order in AE/Ey, and
AF is the energy dissipated during one oscillation cycle:

T T
AE = —/ ioF dt = ml/ (i) + dgig) di.
0 0

27
:m1a0a1w2 A f(l)(T) i/(T) dr, (®)

where we have used the periodicity of z( to get rid of the
integral over d#, = 3 (i) and changed the integra-
tion variable to 7.

Inserting in (7), we get

2
1 myaga;w? fo Teerdr

5:
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Where p = % is the damper mass ratio, and o = Z—; is
the damper amplitude ratio (which is sometimes vaguely
referred to in the engineering community as the Dynamic
Amplification Ratio or DAF). In the third line of (9), we
have used integration by parts and exploited that £y(7),
&1(7) as well as their derivatives are 27-periodic functions
of 7 to rewrite the integral (which we will refer to as I)
as

2m 2m

27
I= [ geldr=—[ & dr= [ &' & dr. (10)
0 0

We will investigate the integral (10) in (9) in detail for a
few key cases. Fig. 3 shows the time-dependence of each
of the factors of the integrand in (10), i.e. &, and &’ as
well as a few different optimal damper motions, which

we will explore below.

‘ \ &
L -
nd — &1 general
é‘ ,harmonic
t

Figure 3: Time-dependence of each of the factors of the in-
tegrand in (10), i.e. & (solid grey curve) and &' (dashed
grey curve) as well as a few different optimal damper motions:
The optimal general damper motion & geperq (red curve), see
Sec. 2.1, and the optimal harmonic damper motion §1 parmonic

(blue curve), see Sec. 2.2.

2.1 General damper motion

We first consider the case where the damper motion is
unconstrained except for the space restriction —a; <
zy < ap,ie. —1 <& < 1. This could e.g. describe an
ideal active damper, where any restrictions on the actuator
power are neglected.

Clearly, the maximum value of the integral (10) over
&J" - & is found by letting

& = sign(&)’) = sign(sin ), (11)

which maximizes the integrand at all times, see Fig. 3.
This trajectory requires the damper mass to impulsively
jump between & = —1 and & = +1, which would
require infinite available forces and power. While this is
clearly not possible, (11) can serve as an approximation
to the behaviour of real systems. Now, (10) gives

2m ™
1 :/ sin T sign(sin7) dr = 2/ sinTdr =4, (12)
0 0

and we can state

Main result: The optimal motion of any mass
damper, active or not, is obtained by letting the
mass jump suddenly between its two outer po-
sitions at the time where the structure velocity
changes sign, see Fig. 4.

The damping of any mass damper can be
written

(smax =K ~4,ua, (13)

where 1 = mq/my is the damper mass ratio,
and @ = a;/ag is the damper amplitude ratio,
and 0 < K < 1 is an efficiency parameter.

We can gain further understanding into the energy
loss mechanism of the ideal mass damper (13) by in-
vestigating the behaviour of a decaying structure with a
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Figure 4: Illustration of the motion of the structure x(t)
(dashed grey curve), the available damper space (grey area),
and the damper motion (black curve), in the case of an optimal
mass damper, see (13). The damper starts with &1 = —1 until
the structure reaches its maximum position & = +1, at which
time &1 jumps impulsively to &1 = +1. Two jumps in every
oscillation cycle.

damper moving impulsively according to (11). An exam-
ple is shown in Fig. 5. Each time the structure motion
is at a turning point, g = 0, the damper impulsively
moves relative to mg by a distance Az = 2a; sign(zo)
in the direction of x. The centre of mass at the position
(mo 2o +my 21)/(mo + my) remains unaffected by in-
ternal forces, in particular of the damper motion, so the
structure must move inwards with Azg = —u Axq. This
decreases the amplitude by a factor
ap — 2pa;

To+ ATy _ —1-2ua.  (14)
Lo ao
This happens twice during each oscillation cycle, so the
exact logarithmic decrement due to the damper motion
illustrated in Fig. 5 is
Odecay = —21og(1l — 2pa) =~ 4pa. (15)

The final result, valid to first order in p«, is identical to
(13).

t

Figure 5: Illustration of the mechanism of damping for the
system shown in Fig. 4. For each jump of x1, xo impulsively
moves in the opposite direction, so that the center-of-mass re-
mains stationary. The potential energy associated with xo thus
decreases. Observe the fixed size jumps of xo, corresponding to
still larger damping values for decreasing structure amplitudes.
In the example shown, the structure comes to a complete stop
after 4 damper movements.

2.2 Harmonic damper motion

We now turn to harmonically moving damper masses,
e.g. in linear passive TMD devices. Consider a damper

motion which is delayed from the structure motion by a
constant phase angle ¢:

xy = aq cos(wt — ) (16)
ie.

& = cos(t - ¢)
= cos(p) cos(7) + sin(p) sin(7). (17

We then write

2m
I= /0 sin(7) - (cos(yp) cos(T) + sin(y) sin(7)) dr

— cos(p) /O “eos(r) sin(r) dr +sin(o) /O () dr

=0 =T

= 7sin(yp). (18)

So we have I = 7 for the optimal phase-lag ¢ = 7/2
(this phase-lag is well-known in the TMD litterature), see
Fig. 3. In summary:

Secondary Result: The optimal harmonically
moving mass damper lags behind the structure
by ¢ = 7, and obeys (13) with

0

We can gain further understanding of the above result
by observing that the force from the damper moving
with ; = aysinwt is F' = —mq (&, + &,). Ignoring
the second term, which only gives a small (of order )
correction to the effective structure mass, we observe that

. a .
F =mja,w?sinwt = —m; —w Ty, (20)
g
where we have used that , = agw sinwt. We observe
that the damper reaction force in (20) is proportional to
the structure motion, so the damper is equivalent to a dash-
pot with damping rate ¢ = m,aw. The corresponding
damping ratio is found as
c 1

= == 21
¢ g 21 21

Using the well-known approximation § ~ 27( (excellent
for values of (), we recover (19).

2.3 Connection to classical TMD theory

We briefly turn to the more traditional linear system con-
siderations normally applied to TMDs, see e.g. [1, 7].
We might call the system analyzed in the traditional ap-
proach the amplification-limited regime in contrast to the
amplitude-limited regime considered above and described
by our Results (13) and (19).

In the amplification-limited regime, TMDs are well-
known to be very efficient at low mass ratios, i.e. with

OTMD opt. = 2.2 \/lL,, (22)
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Figure 6: Motion of the structure and an optimal harmonically
moving damper, see (19). Compare to Fig. 4.

see e.g. [9] (Table 1, case 1). This is in contrast the pro-
portional dependence of § on p seen in the amplification-
limited regime, (13) and (19). However, the classically op-
timized TMD achieves this high efficiency for small mass
ratios by greatly amplifying the motion of the damper
mass.

Using [7], we note that an optimal TMD has the in-
ternal damping (; ~ \/E , so the resonant peak of the
damper response spectrum will occur with approximately
a; 1 1
o= (23)
ay, 2¢;  \2p

so that (19) gives

d=map=22-./p, 24)
in good agreement with (22). It should be emphasized
that the damping must always obey

1) é Hlil’l((smaz7 6TMD opt.)7 (25)

and that neither criteria (13) and (22) guarantee a certain
level of damping. Rather, the criteria reflect the maximal
damping that can be achieved.

150 /
ro\—o\ 100 /
o
50 optimal TMD
mass damper, a=1
0 L I
0 10 20 30 40 50

%]

Figure 7: Comparison of performance of amplitude-limited and
amplification-limited mass dampers. The red curve shows the
damping due to an optimal TMD (without amplitude limitations),
(22). The black curve shows the maximum damping with a fixed
amplitude ratio o, (13). In this example (with o = 1), the finite
amplitude sets the limit (25) as long as p < (2.2/4)* = 30%,
as can be seen by comparing (22) and (13).

3 Examples

3.1 Method

We now present a few examples of mass dampers con-
strained to a finite damper amplitude. We consider the

damper motion as described by a linear equation of mo-
tion with a stiffness mlw% and damping rate 2mjw, (1,
until the amplitude of constraint |z1| = a1, where absorb-
ing boundaries are employed. In order to make the fewest
possible number of assumptions, we consider a simple
form of end stops, which are ideally completely inelastic,
i.e. absorbing all relative kinetic energy at the time of
impact. This can be simulated using the interaction force
F;, = Fy,(z1,21)?. The motion of the structure and the
damper can be described by the ODE system

(1-’-/14)"170"‘/145151 +1'0 = _Fiaa (26)
Bo 4 &) + 2w (F) Fwiny = Fia, (27

where
Fio = —F;sign(&,) G<|Elb11> G(él Si%;l(él))' (28)

Here we have used the smoothed step function
G(y) = (1 + tanh(y)) and the normalization constants
b1 and b, which have to be small in order to approximate
the desired instantaneous inelastic collision, while not
making the ODE system excessively stiff. Similarly,
a suitable large impact force magnitude F; has been
selected.

Below, we present results using two methods of
analysis:

Method 1) Decay tests of the full system (26-27)
started from a given amplitude, where ¢ is then computed
directly from (6).

Method 2) Forced motion tests at a chosen amplitude
ao. Here zy = a, cost is given, and (27) is solved until
a stationary periodic solution has been found. Then, the
energy dissipated during one cycle is computed using (8)
and (10), and ¢ is then found by (7).

The two methods agree in many scenarios, but signifi-
cant deviations can arise for 2DOF system (such as the
structure + damper system), as we shall see below. Experi-
mentally, it is often easier to perform decay tests (Method
1), while harmonically forced tests (see Method 2) can
be more challenging to carry out. However, one must
be very careful when using one kind of test in place of
the other. In particular, Vortex Induced Vibrations (VIV)
arise due to a periodic forcing, which is more closely
related to the damping measured by harmonically forced
tests, and it is risky to then measure the damping only by
decay tests, in particular for 2DOF systems such as struc-
tures with a mass damper, see e.g. [13]. It is generally
recommended, that both types of forcing are analyzed,
at least numerically, when a structure+damper system is
designed.

3.2 Tuned mass damper (TMD)

We first consider a couple of examples of TMDs with
i = 3%, see Fig. 8. The damper parameters are given

Zalternatively, the absorbing end-stops can be simulated
accurately and efficiently by a punctuated-time scheme
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relative to the classical Hartog optimum [1], [9], with
W1,0pt. = 1+u and (? = 81+u

The system behaviour is simulated using (26-27), and
the damping is shown based on both methods described
above in Sec. 3.1.

Fig. 8 shows the damping as a function of the
amplitude (normalized with the maximum damper
amplitude) for three different tunings relative to wi op.:
An under-tuned TMD w; = 0.8 - wq opt., an optimally
tuned TMD w; = w1 opt., and an over-tuned TMD
w1 = 1.2 W1, opt.-

For small amplitudes, the system dynamics is linear
(the amplification-limited regime, see Sec. 2.3), and the
harmonically forced test damping is a constant for each
tuning. The decay test damping is observed to fluctuate
erratically in some cases, with occasional measurements
of § < 0, illustrating the difficulty of describing some
2DOF systems by decay tests. Furthermore, the damping
can be higher in decay or in forced motion, depending on
the specific tuning, highlighting the need for simulations
appropriate to the specific application.

For larger amplitudes, (the amplitude-limited regime)
the damping follows (13,19) to a good approximation.
Observe that the damper tuning appears less important in
this regime. It does seem that the softer tuning gives a
slightly higher damping for large amplitudes, suggesting
that the amplitude is restricted by the stiff spring for
w1 % W1, opt.-

Observe that the damper performance approaches the
optimal value (19) the optimal and under-tuned cases,
when the harmonically moving damper utilizes all the
available space, i.e. the red curve touches the dashed grey
curve in Fig. 8 (center panel).

3.3 Free mass with inelastic end-stops

We also present the damping as a function of structure
amplitude for a free mass with inelastic end-stops (in-
cidentally the same system that was shown in Fig. 2).
Technically speaking, we solve (26-27) withw; = (=0
using both methods described above in Sec. 3.1.

The results are shown in Fig. 9 (top panel). Observe
that a damping exceeding the maximum performace of a
harmonically moving damper (19) is observed for a large
range of structure amplitudes. As one might expect, the
damping becomes very low for small amplitudes, where
the damper might float inside the structure without fre-
quent interations between the two. Fig. 9 (bottom panel)
shows an example of a decaying system. For purposes of
illustration, the mass ratio is chosen rather high, u = 20%.
The amplitude is observed to initially decay almost lin-
early with time, which is characteristic for damping with
§ ~ 1/ay, see (13). After the structure has decayed to an
amplitude a, ~ a,, the damper drifts slowly, with infre-
quent interactions with the structure. This corresponds to
the irregular damping behaviour shown in the top frame
of Fig. 9.

60 |- Under-tuned TMD, wy = 0.8 - w1 opi.

50

damping 8 [%]

0 1 1 |

0 1 2 3
relative amplitude ag/a;= 1/o

60 ke, Classically optimized TMD, w1 = w1, opt.

damping 8 [%]

0 1 | h)
0 1 2 3

relative amplitude ap/a = 1/o

60 |- Over-tuned TMD, wq = 1.2 - w1 op.
50
40 -
30

damping 8 [%]

20 |-

L

0 | 1
0 1 2 3

relative amplitude ag/a;= 1/o

Figure 8: Damping as a function of the structure vibration
amplitude aq (normalized by the maximum damper amplitude
ay) for a TMD with 1, = m1/mo = 3%, see Sec. 3.2. The red
curve shows damping as computed from (27) by method 2, see
Sec. 3.1. The red dots show the damping as measured from a
simulated decay test (26-27) using method 1, see Sec. 3.1.

Observe the erratic behaviour observed for small amplitudes in
some cases, corresponding to a more complicated decay, e.g. a
beating of 2 modes. The cyan dots indicate negative recorded
values of 6.

The solid grey curve is the maximum damping for any mass
damper (13). The dashed grey curve is the maximum damper for
a harmonically moving mass damper, (19). Each panel shows
a different tuning for a mass damper with . = m1 /mo = 3%.
See also Sec. 3.2, and compare to Fig. 9.

4 Conclusions

We have found that general mass dampers in the very
common amplitude-limited regime obey a very simple
rule, that the damping cannot exceed a critical value 6,45 -
The result, (13), can be interpreted as a prediction of the
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Figure 9: Damping as a function of ag for a free mass with
inelastic end-stops, see Sec. 3.3.

Top panel: Damping computed as described in Sec. 3.1, with
w=mi/mo = 3%. See also the caption of Fig. 8. The blue
curve and the blue dot corresponds to the maximal value of I,
which we briefly note occurs at I(a = 0.53) = 3.7.

Bottom panel: Example of the motion of the structure and the
damper for a rather heavy (. = 20%) free damper with ineal-
istic end-stops. The characteristic behaviour of the amplitude
decreasing nearly linearly with time is indicated by the blue
lines. At low amplitudes, the damping is small, and collisions
occur only occasionally. Compare to Figs. 4 and 5.

actual damping, if one uses a reasonable value of the
pre-factor K in (13) based on simulations and experience
with mass dampers.

The result has been discussed in connection with
Tuned Mass Dampers (TMDs), see (19), which have typi-
cally in the litterature been considered as linear systems,
in what we denote the amplification-limited regime. Our
results can be interpreted as relating the required damping
to the required amplification of a TMD.

Our general result also sets limits on the maximum
attainable damping from active dampers. In particular,
an active damper with unlimited force and power can in
principle obtain the ideal result (13) with K = 1. In con-
trast, optimal TMDs are observed to obtain a behaviour
close to the ideal harmonic motion case (19) with K’ = 7
when the optimal TMD uses the full available space. This
means that the added benefit of using an active damper
as opposed to an optimal TMD is limited, as long as
the motion is harmonic. Rather, the benefit of using ac-
tive or semi-active dampers are found in the response to

other kinds of forcing, e.g. the ability of an active damper
to counteract motions of varying frequencies as well as
transient motions.

We have presented results of simulations, where the
damping from both TMDs and other mass dampers is
described, both in terms of decay tests and in terms of
harmonically forced tests. The two methods give very
similar results in the amplitude-limited regime. In the
amplification-limited regime, decay tests are difficulet
to interpret, indicating that one needs to be very careful
when measuring damping of 2DOF systems based solely
on decay tests.

Outlook

We propose that researchers and engineers generalize the
results presented above to a full spectral analysis includ-
ing the H, characterization of the damping (see [13]),
which we have considered beyond our current scope. Fur-
thermore an analysis of liquid / sloshing dampers in rela-
tion to the above results could be of significant interest.

It is our hope that our results, in particular (13), may
be used in the practical selection and design of mass
dampers, and that it may encourage increased focus on
the amplitude limits of mass dampers.
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