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Abstract: This research investigates band gaps and frequency responses of one-dimensional periodic
structures and further presents an optimal design approach for one-dimensional rubber-concrete periodic
foundations based on the proposed analytical formulas for approximating the first few band gaps. The
presented design approach is optimal for being able of globally searching the best solution which effectively
cooperates the band gaps with the superstructure’s resonance frequencies. Firstly, frequency responses of
one-dimensional periodic structures and the corresponding approximation method are studied. Furthermore,
analytical approximation formulas for the first few band gaps, localization factor, attenuation coefficient, and
frequency responses of one-dimensional rubber-concrete periodic foundations are proposed and verified.
Lastly, inspired by the proposed analytical approximation for computing band gaps, an optimal design
approach for one-dimensional rubber-concrete periodic foundations is presented and applied to a practical
example, whose optimality is verified theoretically and numerically.
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1.INTRODUCTION

Periodic structures are obtained by repetitively arranging an identical sub-structure called unit-cell,
which exhibit a unique ability to manipulate the propagation of waves according to their frequencies *.
Theoretical study on frequency dependent properties of periodic structures can retrospect to the 1970s
when Delph 2 proposed analytical solutions for harmonic wave propagating an ideal one-dimensional
(1-D) periodic structure by using transfer matrix method. In the paper, it is found that the dispersion
spectrum of 1-D periodic structures has a wave selecting characteristic, which hampers the energy
transmission of waves belong to certain frequency intervals through reflections or refractions. On the
other hand, similar conclusions can be drawn by using periodic beam models, periodic plate models, or
periodic shell models 5. The frequency bands that prohibit or decrease the energy transmission are
refer to as band gaps (BGs) or attenuation zones 6, while harmonic waves whose frequencies outside
BGs can travel through the periodic structure without any energy loss. At this junction, it is noted that
perfect prohibit of wave propagation is achieve on condition that the periodic structure is ideal i.e., the
number of unit-cells is infinity. Moreover, BGs seem to be a universal characteristic shared by all types
of periodic structures, regardless of whether it is 1-D, two-dimensional or three-dimensional 522,
Sigalas and Economou ® demonstrated that ideal 2-D cylinders embedded in matrix materials have
BGs in two dimensions, which is achieved by structuring and arranging the phase or geometry of the
materials. Kafesaki et al. 1* presented the existence of BGs of 3-D periodic polymer matrix composites.

The above-mentioned frequency selecting property endows periodic structures a wide application
scope, ranging from light controlling %5, electronic transport manipulation %6, noise reductions ¥, to
seismic vibration attenuations 8823, Compared to conventional passive seismic control systems,
periodic structures have the advantages of simple manufacturing and being able of mitigating responses
of horizontal and vertical earthquakes simultaneously 24?6, which continues attracting scholars’®
interests for the recent years. Shi et al. 7 proposed the idea of using periodic structures as isolators
against ground motion, in which the isolator is termed as periodic foundation. Later, different forms of
periodic foundations have been rapidly developed, from 1-D to 2-D and 3-D, from simple unit-cell to
multi-material complex unit-cell *1%1227_ Xiang et al. 2 verified the vibration reduction effect of the
BGs through a combination of the numerical simulation and experimental tests. Jia et al. 2
demonstrated the seismic attenuation effect of 1-D and 2-D periodic foundations through finite element
analyses. Yan et al. ° conducted experimental studies of two-dimensional and three-dimensional
periodic foundations, in which the result shows periodic foundations can have satisfactory vibration
reduction performances if the periodic structures are well design.

Among various periodic foundations, we are mostly interested in the 1-D rubber-concrete (RC)
periodic foundations for their economy in cost, simplicity in manufacturing, as well as the potential to
alleviate both pressure wave (P-wave) and shear wave (S-wave). Reasonable seismic design of periodic
foundations should be based on theorical understanding of periodic structure, in which knowledge on
BGs is of paramount significance. Sackman et. al. ?® proposes analytical approximation solutions for
the lower bound (LB) and upper bound (UB) of the 1% BG of 1-D periodic structures. The solutions are
accurate for calculating the UB of the first BG, yet the accuracy of the LB is not satisfactory for many
practical cases. Zhifei et al. 2 modified Sackman’s approximation solution, which is however merely a
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curve fitting result that can be inaccuracy for cases beyond the scope of their numerical study.

Aiming at designing optimal periodic foundations, this research studies the frequency related
properties of 1-D periodic structures and further proposes an optimal design approach for 1-D RC
periodic foundations. First of all, frequency responses (FRs) of one-dimensional periodic structures and
the corresponding approximation method are studied. On top of that, analytical approximation formulas
for the first few band gaps, localization factor (LF), attenuation coefficient (AC), and FRs of 1-D RC
periodic foundations are proposed and verified. Last but not the least, inspired by the proposed
analytical formulas for band gap approximations, an optimal design approach for one-dimensional
rubber-concrete periodic foundations is presented and therefore implemented to designing the
foundation of a 3-story steel frame, whose optimality is verified both theoretically and numerically. The
paper is organized as follows: Section 2 presents the theoretical fundamentals of 1-D periodic
structures; Section 3 studies the frequency responses of 1-D periodic structures, in which the FR matrix
and its approximation calculations are proposed, and the superstructure-foundation coupling effect is
analyzed; Section 4 proposes analytical formulas for approximating the first few BGs, LF, AC, and FRs
of 1-D RC periodic foundations; Section 5 presents and validifies the optimal design approach of 1-D
RC periodic foundations.

2.Theoretical fundamentals

This section reviews fundamentals of 1-D periodic structures. As shown in Fig. 1, the structure is a 1-D
periodic structure that consists of n unit-cells lying along with the y-direction in a repetitive manner.

Each unit-cell contains m elastic layers, in which the thickness of k™ layer is h, , the thickness of the
unit-cell ish = ZL h, , and the total length of the entire periodic structure is H =nh. The structure is
ideal if n=o00. The local coordinate of the k™ layer in the j unit-cell is related to the global coordinate
byy =(j —1)h+2t:0hp +Y;x, where y is the global coordinate and y; , is the local coordinate of the
layer. For the k™ layer, the Young’s, Poisson’s ratio and density are respectively E, , v, , and p, .
Displacement, velocity, acceleration and stress component of the structure and the corresponding
quantities of the layer are linked by u(y)=u;, (v, ). v(¥)=v (Yix) . a(y)=a; (V)
a(y):ajyk(yj‘k). The bottom and the top are characterized by y=0 and y=H respectively.

Incident waves with different frequency can be input at the bottom in x-direction or y-direction,
representing S-waves or P-waves respectively. For S-waves, u(y), v(y) and a(y) are in the x-

direction, and o (ly) is shear stress. For P-waves, u(y), v(y) and a(y) are in the y-direction, and
o(y) is normal stress.
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FIGURE 1 Configuration of the one-dimensional periodic structure.

The governing equation for an elastic wave propagating through the k" layer in the j™ unit-cell can
be described by the follow wave equation:
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where ¢, = K s the phase velocity. For S-waves, x, =z , for P-waves, x =A +24, ,

P
= v E .
=——>* —and 4 =— % are the Laméconstants.
A= o0r0) M AT o) a2
The particular solution with respect to a harmonic excitation satisfies the following separable form:
uj,k,l(yj,k’t)ZEXp(i@t)Uj,k,l(yj,k) 2
Uj,k,l (yj,k ) = Aj,k,l Sin(kk,l Yik )+ Bj,k,l Cos(kk,l yj,k) ©))

where t represent time, ¢ is frequency, kK, :cﬂ is the wave number, and i is the imaginary unit.
k

According to Hooke’s low, the stress component is

_ auj,k,l (yj,k ,t)

o-j,k,l(yj,k’t)_ . ZeXp(iQt)Ej,k,|(yj,k) (4)

in which
ik (yj,k)z KK, |:Aj,k,l Sin<kk,|yj,k )_ = Cos<kk,|yj,k ):l )
The general solution of Eq. (1) with respective to an arbitrary excitation can be written as the
superposition of each particular solution, i.e., u;, (yj,k,t)=Js(cq)exp(ia4t)ujyk', (yj,k)daq , in which
S(e) is the Fourier component that determined by matching the initial and boundary conditions. And

the general solution degenerated into the particular solution described by Eq. (2) if the excitation is a
harmonic wave.

2.1 Transfer-matrix method

Now we focus on the cases of harmonic waves. By using the transfer matrix method, Eq. (3) and
Eqg. (5) can be rearranged into the following matrix multiplication form:

Wi (yj,k)= Hixi (yj,k)‘PJ,k,l (6)

Uj,kvl (yiyk) . Aj,k,l .
where W, | (yj,k ) = is the state vector, ¥, , = is a constant vector, and
ik (yj,k) By

sin(ke, Y ) cos (K, )
Hij (y,-,k ) = . (7
KK, Cos(kk,l yj,k) —KiKy, Sln(kk,l yj,k)
Substituting y;, =0 and y;, =h_ into Eq. (6) yields:
Wj,k,l (hk)sz,l (hk)Wj,k,l (0) (8)
in which the following transfer matrix of the layer is defined by
-1
T (h)=H;, (h)[H;, (0)] 9)
By substituting Eq. (7) into Eq. (9), the explicit form of layer’s transfer matrix is obtained as
cos(k, ,h sin(k,,h
T (hk ) = ( «! k) KKy s ( . k) (10)

—ri ke sin(kgh ) cos(kh,)
It is noted that the determinant |Tk,l (h, )| =1.

By using the continuity condition between layers, ie., W, (0)=W,,., (h ), the relation
between the top and bottom of the j™ unit-cell is achieved by the following recursive expression:

Wj,l (h) = Wj,m,l (hm) =T (hk )ij,m,l (O) == T(h)Wj,I (0) (11)

where T, (h)=]T, T (h)is the transfer matrix of the unit-cell. Since [T, (h)|=1, it can be
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obtained that the determinant [T, (h, )| =1.
Similarly, the translation relation between the top and bottom of the 1-D periodic structure is
W(H)=W,, (h)=T,(h)W,, (0)=--=[T,(h)]" W, (0)=T"'W(0) (12)

n,l

where T = [T, (h)]n is the transfer matrix of the entire structure.
And the backward transfer relation is

W(0) =W, (0) =T, () W, () == T, () | W(H)=[T]* W(H) (13)
where T, (h)™ and [Tl” T are the inverse matrices of T, (h) and T}" respectively.

2.2 Band gaps

Based on the Floquet-Bloch theory, the state vectors of top and bottom of a unit-cell have the
following relation:

W2, (h) =exp(ikh) W, (0) (14)
in which k is the wave number of the unit-cell, WjA,| (h) and WjA,| (0) are the state vectors in the

complex eigen-modes.
Substituting Eq. (14) into Eq. (11), the following eigen-form equation is obtained:

[T, (h)—exp(ikh)l W, (0)=0 (15)
in which I is the identity matrix, the two eigen-vectors are W, (0) and W, (0), the two eigen-values
are A, =exp(ik.h) and A, =exp(ik,h) satisfying

T, (h)—exp(ik,

or2

h1|=0 (16)
The solution of Eq. (16) is

trace[ T, (h) |+ \/trace T (h)]2 -4
2

exp(iklorzh) = A1or2 = (17)
where trace[ T, (h) =T, (h)+ T, (h).
Eq. (16) implies the following conditions are valid:
exp(ik,h) +exp(ik,h) = trace[ T, (h) | (18)
exp(ik,h) exp(ik,h) = exp[i(k, +k,)h ] =|T, (h)| =1 (19)

Behaviors of the state vectors can be classified into the following two cases: (a) no attenuation
case, [Ty, (h)+ T, ()| <2, A, and A, forms a pair of conjugates, i.e., Ay, = A, il |A,| =1,k
and k, are two real numbers satisfying k +k, =0. In this case, the state vectors will only keep
elliptically rotating so that waves can travel through without any energy loss. (b) attenuation case,
[T (h)+ T, (h)]>2, A, and A, are two real numbers A;A, =1, |Aj|<1<|A,|, k, and k, become
two complex numbers. According to the eigen-value power method, given an arbitrary W(h) , W(0)
will be eventually attracted to the eigen direction of T, (h)fl , Which is identical to the direction of
W/ (0), as n increases. And each increase of n by 1 will approximately magnify |W(0)| by

|A1’1| :ﬁ . Consequently, if we track the wave propagation from bottom to top, the wave amplitude is
1
decayed per unit-cell at a constant rate referred to as the AC, i.e.:
r=1-A, =1—exp(-y) (20)
where y = —In|A1| is the LF. Obviously, after travelling through the entire periodic structure, the wave
amplitude is decayed by r =1—exp(—ny) . And frequencies in this case form the BGs (attenuation zones)

consequently. Figs. 2 show the behaviors of the state vectors of the benchmark unit-cells defined by
Table 1, from which the phenomena of above discussed two cases can be observed. For ideal 1-D
periodic structures, since n — oo, the amplitude of the output wave becomes limexp(—ny) =0, which

means wave propagations are prohibited. Figs. 3 (a) and (b) show the dispersion curves (p.s., wave



number VS frequency) of the benchmark unit-cell described by Table 1 undergoing S-waves or P-
waves respectively. And the LF and AC are shown in Figs. 4 (a) and (b) respectively, from which it is
seen that the attenuation effect of each BG is monotonically increasing with the increase of n.
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FIGURE 2 Behaviors of unit cells’ state vectors: (a) no attenuation case, (b) attenuation case.
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FIGURE 3 Dispersion curves of the 1-D periodic structure: (a) S-wave, (b) P-wave.
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FIGURE 4 Localization factor and attenuation coefficient of the unit-cell.

TABLE 1 Configuration of the benchmark unit-cell
layer label material  Young’s modulus (MPa) density (kg/m®)  Poisson’s ratio layer thickness (m)
1 rubber 0.1586 1277 0.463 0.2
2 concrete 40,000 2300 0.2 0.2

3.FREQUENCY RESPONSES OF ONE-DIMENSIONAL PERIODIC STRUCTURES

FR is the core measure of vibration attenuation performance in seismic engineering, which is usually
express as the absolute ratio of nominal amplitude of the input to nominal amplitude of the
corresponding output as a function of frequency. This sections studies FRs of 1-D periodic structures,
in which the analytical form of FR matrix and the corresponding approximations are proposed and
verified, and superstructure-foundation coupling effect is further investigated.

3.1 Frequency response matrix
Firstly, the following FR matrix is defined:
W(H)| |W.(H)
W] (w0
(W, (H)| W, (H)
| W] [W,(0)

(21)




where the numeric subscript represents the corresponding component of the vector or matrix,

nzw =M is the FR of displacement, FRmzm:M is the FR of
W, (0)| [o(0) W,(0)| |o(0)
displacement to traction, FRlev\X/L(g')):% is the FR of traction to displacement,
u
1
FR,, =|W2(H)|= G(H)| is the FR of stress or traction. In practice, it is convenient to use the
(W, [o0)]

frequency response function (FRF) instead of FR, i.e., FRF=20log,, FR .
Substituting Eg. (12) into Eg. (21) yields the following analytical form of FR matrix

Tt Tk [T
FR = ' 2 (22)
T+ T el g, WO
W, (0) W, (0)
If the top surface of the periodic structure is free, i.e., W, (H) =0 , EQ. (22) becomes
1 1
FRfree = TIZZ Tlr;l (23)
0 0
If the top surface is clamped, i.e., YL(H) =0 then Eq. (22) becomes
0 0
I:Rclamped = i l (24)
Th| [T

3.2 Frequency response approximation

As introduced in Section 2, if the frequency of incident wave belongs the BGs, the incident wave
W(O) is always close to the eigen-model, and the amplitude of the incident wave is approximated

decreased by r. Thus, if n is sufficiently large, Eq. (22) can be approximated as:
To+ T, tang| [Ti, + T, cotg) y { lcosd|  [sindtang|
Thy+ T tang| [T, + T, cotg] [sinétang| [cosd]

FR ~ (25)

2 (0) . : W,(H) _
where ¢ =arctan — is the angle of the eigen-vector, and @ =arctan . Figs. 5 show the
W (0) W, (H)
frequency responses of the benchmark periodic structure (a 1-D periodic structure consists of
benchmark unit-cells defined by Table 1) with a free or a clamped top surface undergoing S-waves or
P-waves, from which the following conclusions on FRs are drawn or asserted: 1, if n is sufficiently
large (e.g., n=4 for the case free top surface or n=16 for the case of clamped top surface), FRs can be

well approximated by Eq. (25); 2, singularities of for FR,, and FR,, exist in the BGs when ¢ :g (i.e.,

T,,, =0); 3, since free surface and clamped surface represent the two limiting cases, it is asserted that
BGs will consistently attenuate incident waves regardless of the boundary condition of top surface.
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(c) P-wave, free top surface
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FIGURE 5 Frequency responses and their approximations: (a) S-wave, free top surface, (b) S-wave,
clamped top surface, (c) P-wave, free top surface, (d) P-wave, clamped top surface.

3.3 Superstructure-foundation coupling effect

The superstructure-foundation coupling effect is tricky because of interferences between the
superstructure and the foundation. A good practice for dealing with this question is modeling the
superstructure as another layer above the periodic foundation *°. Nevertheless, for qualitative study, it is
sufficient to treat the influence of superstructure to foundation as a boundary condition of the top
surface, in which a traction free top surface represents the limiting case of very small structures, and a
clamped top surface represents the limiting case of giant structures. On that account, by treating the

FRs of the foundation’s top surface as the input of the superstructure and assuming W(O) is along

with the eigen direction, the displacement FR of the entire superstructure-foundation coupled system
can be approximated as

h =| uout U(H)| =| uout |FR11 ~ uout |(1_ r)n|COSH| (26)
u©| [uH) u@ | Jum| " fu(n)]

In order to verify the above analysis on FRs, a finite element method (FEM) analysis using
ABABQUS 6.14 was performed. In the analysis, two FEM models were built, in which one of them
was the benchmark periodic foundation (shown in Fig. 6 (a)), the other was the identical foundation
with a four-story steel frame described by Table 2 (shown in Fig. 6 (b)). For the foundation, the normal
section was a square with a side length equals 10 m, the mesh grid size along the transversal surface
and the longitude direction equals were 0.5 m and 0.05 m respectively, and the element type is C3D8.
The steel frame is modeled by B33 elements. Unit harmonic displacements of different frequency were
uniformly assigned to the bottom surface, in which displacements along the x-axis or y-axis represents
S-waves or P-waves respectively. The “SteadyStateDirectStep” is adopted to compute the FRs, in
which the frequency ranges from 0.05 to 20.0 Hz and 0.2 to 80.0 Hz for S-Waves and P-waves
respectively. Figs. 7 present the comparison between the FEM simulation result of the averaged
displacement FR of the four nodes connecting the superstructure to the foundation and the
corresponding analytical results from Eq. (23) and Eq. (25), in which the good match between them
validates the above analysis on FR. Additionally, it is concluded that, even though the superstructure-
foundation coupling effect can slightly alter the FRs of the top surface, BGs consistently hamper wave
propagations regardless of the existence of superstructure. This fact suggests that the superstructure-
foundation coupling effect can be ignored in computing BGs.

TABLE 2 Configuration of the steel frame

number of stories 4
length (m) 3
width (m) 3
geometry -
story height (m) 3
cross-section of beams (m) 0.05 by 0.05 rectangle
cross-section of columns (m) 0.05 by 0.05 rectangle
Young’s modulus (MPa) 200000.0
material Poisson’s ratio 03
density (kg/m?®) 7850
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(a) Without superstructure (b) With a superstructure

FIGURE 6 Configurations of the FEM models: (a) without superstructure, (b) with a superstructure.
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FIGURE 7 Comparison on frequency responses of the top surface: (a) S-wave, (b) P-wave.

4.STUDY ON ONE-DIMENSIONAL RUBBER-CONCRETE PERIODIC FOUNDATIONS

In this section, the analytical formulas for approximating the first few BGs, LF, AC and FRs of 1-D RC
periodic structures are proposed and verified, in which the 1-D RC periodic foundation is a 1-D
periodic structure whose unit cells consist of a rubber layer and a concrete layer. Besides, a one-to-one
mapping relation between frequency points of BGs is established. At this point, it is defined that layer 1
is the rubber layer and layer 2 is the concrete layer.

4.1 Approximations of the first few BGs
For a 1-D RC periodic foundation, Eq. (18) can be rewritten as:

1 h . .
trace = A, o= ZCOS(%q Jcos[c—zq J—zDsm(%a), jsm[&@J (27)

1 2 CZ

where Dzl(ﬁ+%j. Besides, the symmetry of Eq. (27) with respect to the superscripts
2\ C,k,  Ck,

indicates the order of the two layers is trivial in the computation of BGs.
. . ... h
The boundaries of BGs are characterized by A, ==*1. Meanwhile, if —2<<Cﬁ
2 1
which is nearly universal for anti-seismic consideration of 1-D RC periodic foundations, it is

and g, is small,

guaranteed that cos[E o} J ~1, sin (E @ j ~ h, @, , then Eq. (27) becomes
c c,

CZ 2

ﬁ j_D& [ﬂ ]:+1 28
cos(Clcq Cza),sm Clcq + (28)

The solution of Eq. (28) provides approximations of the lower bounds (LBs) and upper bounds
(UBs) of the first few BGs, which can be further expressed as the following form:

cos(%cq + 9] ~ cos(+£6+ pr) (29)

where ¢ =arctan(Dajh, /¢, ). and p is a non-negative integer.



hay /¢, +6 ~ 0+ P marks the UBs of the first few BGs, i.e.:

wp—end ~ pﬂ:% (30)

Itis noted that ¢ _, ~mc, /b, is identical with Sackman’s approximation .

On the other hand, the LBs are marked by ﬂcq +0~-O0+pn, ie, %ﬁa)l+pnz—0 or
c C

1

1h 1 . h, T h .
—lo+pr~=n—-0 . Since tan(-f)~-D-2 and cot(=-60)~D-2 hold, by usin
chaa pr~>on (-0) Czaa (2 ) Czaa y 9

cot(—6) ~ — %  and tan(E—e) v , the following two equations are obtained as the implicit
Dh,oy 2 L)
approximations for the LBs of BGs:
1h c
cot(=2a + pn) +—2—=0 31
(2Cla’| pr) Dh, o (31)
1h c
tan(= 2@ + pr)——2—=0 32
(2 Clw. pm) Dh,a (32)
To further obtain an explicit approximation for the LBs of the first few BGs, substituting
1h 1h 1h n 1h .
tan(=—=a@ + pn)~=—@ + pr and cot(=—=w + ~——=—=q@ +pnrinto Eq. (31) and Eqg. (32
(chcq pr) 2¢ % p (chaa pr) 2726 p q. (31) g. (32)
respectively and combining the results yields
2
Dp_start =3 p_ln"' [p_lnj + 200, (33)
h| 2 2 Dc,h,

In order to verify to proposed approximation formulas, the exact values of BGs of the benchmark
unit-cell computed by Eq. (27) and the corresponding approximations using Eq. (30) to Eq. (33) are
presented and compared in Figs. 8 and Table 3 in terms of frequency rather than angular frequency. It

can be seen that, except for the relative conservative approximation of ®@-sat using Eq. (33), the rest
approximations all have sufficient accuracy.

TABLE 3 Lower bounds and upper bounds of the first few band gaps

frequency S-wave P-wave
Eqg. (27) Eqg. (30) Eq. (31) Eg. (32) Eg. (33)|Eqg. (27) Eq. (30) Eg.(31) Eg.(32) Eg.(33)
f1-start (HZ) 7.078 - 7.078 - 7.726 | 26.970 - 26.970 - 29.434

fi-end (HZ) 16.286 16.287 - - - 62.049 62.050 - - -
fo-start (HZ) 19.294 - - 19.2940 19.369 | 73.504 - - 73.504 73.791
fo-end (Hz) 32.574 32.575 - - - 124.098 124.101 - - -

fa-start (HZ) 34.298 - 34.298 - 34.315 | 130.669 - 130.669 - 130.728
fa-end (HZ) 48.862 48.863 - - - 186.148 186.151 - - -
fa-start (HZ) 50.050 - - 50.0500 50.055 |190.674 - - 190.674 190.694
f4-end (HZ) 65.150 65.150 65.150 - - 248.197 248.202 - - -
f5-start (HZ) 66.052 - 66.052 - 66.0544 | 251.634 - 251.634 - 251.644
f5-end (HZ) 81.438 81.438 - - - 310.246 310.252 - - -
5 (a) S-v&‘/ave ‘ ) (b) {’-wave‘
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FIGURE 8 Approximations of the first few bad gaps: (a) S-wave, (b) P-wave.



4.2 Mapping relations of band gaps

From Eq. (30), it is apparent that the ending points of BGs form an arithmetic sequence. At this

junction, the increment of this arithmetic sequence is defined as band interval (Bl), i.e. Bl =n%,

which is solely determine by the properties of the rubber layer. Besides, the ratio of Bl for S-wave to Bl
for P-Waves is the following constant referred to as the mapping ratio (MR), i.e.:

BI 1-2
MR=—s= | 1 _ ! (34)
BI, A+2u 2(1-v,)
in which the subscripts ‘S’ and ‘P’ represent S-Wave and P-Wave respectively.
The occupation rate (OR) of the p™ BG is defined as the ratio of BG’s width to B, i.e.:

[0} @

p—end — %p_start
= 35
OP BI ( )
Consequently, the LB and UB of p" BG are @, 4, =(p—0,)Bl and o, ., = pBl . Substituting
Eq. (30) and D:l[ﬁ+%] into Eq. (33) yields
CZKl ClKZ
2 2
0, ~PFL_ (p—lj L N pﬂ_\/(p—lj A, (36)
2 2 nz[,)z+,qjh2 2 2 n°h, o,
P K
in which x; / x, ~0 is used for the second approximation. Eq. (36) indicates ORs for S-waves and
. - . . a)p—stan—s _ wp—end—s _ .
for P-waves are nearly identical. And it can be concluded that: 1, = =MR ; 2,
a)p—stan—P wp—end—P
J{p—l): (1) LY
d 2 ’h 2 2
%% 7! >0: 3, limo, ~lim T[hz'zoz =1;4, 0, is
o (p—ljz L 4y P g (p—l) | 4hp,
2 n’h,p, 2 2 n’h,p,

monotonic increasing with h, /h or p, / p,. Fig. 9 shows comparison between the exact value of o,

and the approximation through Eg. (36) using the benchmark unit-cell, in which the close match
between them demonstrates the validity of Eq. (36).

In addition, the following one-to-one mapping relations are concluded:

1. A frequency point of the p™ BG can be mapped to a frequency point of the g BG by

a_,=(p—-A0,)Bl>aq_,=(q—Ao,)BI (37)

where 0 < A <1 is the BG’s local coordinate pointing to negative infinity.

2. A frequency point for S-waves can be mapped to the corresponding point for P-waves by
@ s =MRq (38)

1r T

T al

0.9

0.6 1
f -+-Exact value for S-wave
- Exact value for P-wave
0.5\ L L L L . e~ Approximation using Eq. (36) |
1 2 3 4 5 6 7 8 9 10

P
FIGURE 9 Comparison between the exact values and the approximations for occupation rates.
4.3 Approximations of first band gap
According to Eq. (30), the Bls and the UB of the 1% BG for S-wave and P-wave are

E,
Bl = AU |———————— 39
S a&—end—s 2 (1 + Ul ) plhlz ( )



_ N (1_‘)1) E,
Ble = owar = A 200) o (40)

The LBs of the 1 BG for is obtained by substituting Eq. (39), Eq. (40) and p =1 into Eq. (36):

2E,
~ |—= 41
wl—start—s (1 + Ul ) p2h1h2 ( )
4(1-v,
wl—stan—P ~ ( 1) El (42)

\I(1+u1)(1—21)1)hlh2p2
Is evident that Bl and e, shares the following properties: 1, @ _,, or Bl is solely only

determined by the density, Young’s modulus, Poisson’s ratio and thickness of the rubber layer; 2, @

or Bl can be treated as the following power-law functions: Const-E"?, Const- o, ? and Const-h™.
On the other hand, @ ., can be written as the following power-law functions: Const-E"? ,
Const- p, * and Const-hh, . Figs. 10 (a) and (b) show @ ,,, as a function of both p, and h, for
S-wave and P-wave respectively, and Figs. 10 (c) and (d) show «_g,, as a function of both p, and

ﬂ/hlhz for S-wave and P-wave respectively, where the rest material parameters are described in Table 1.
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FIGURE 10 Lower bound and upper bound of the first band gap: (a) upper bound for S-wave, (b)
upper bound for P-wave, (c) lower bound for S-wave, (d) lower bound for P-wave.

4.4 Approximations of frequency responses

As shown in Fig. 3(a), the curve of LF resembles an ellipse. Accordingly, by using the value of y
at the mid-span and the BG’s width as the ellipse’s two axes, » of p" BG can be approximated by

2
@ ~ Bp_mid
ya=In(|AL ) | — (43)
(a)p—end _a)p—start)
2
O, gt |trace,, 4| —y/trace, . —4

_ “p-end p—start _ p—mid p—mid

where Op ot S A SO g+ D == 5 |A17p7mid| = 5 , and

trace, ., =2C0S {% @, g jcos (:—2 @, i j —2Dsin (% @, g jsin [% @, g j . And AC becomes

2 2

r ~1-exp In(Al_p_mid) 1{%] (44)

a)p—end - wp—start

The approximation for the FR matrix is obtained by substituting Eq. (25) into Eq. (44), i.e.:



FR ~exp nIn(Alfpfmid) 1-

2
@ =0 g { lcosg|  [sin&tan (/ﬂ @)

(wpfen o~ @D o ) lsindtang|  |cosd)

Figs. 11 (a)-(d) show the comparison between the exact values and the corresponding approximations
for the LF, AC, and FRs under S-waves and P-waves of the benchmark periodic structures. The good
match between the exact values and the approximations demonstrates the validity of Eq. (43) to (45).

(a) Locallization factor (b) Attenuation coefficient
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FIGURE 11 Approximations based on elliptical localization factor: (a) localization factor, (b)
attenuation coefficient, (c) frequency response for S-wave, (d) frequency response for P-wave.

5.0PTIMAL DESIGN APPROACH FOR ONE-DIMENSIONAL RUBBER-CONCRETE
PERIODIC FOUNDATIONS

In Section 4, it is demonstrated that the attenuation effect of BGs is always preserved regardless of the
existence of superstructures, which implies we can compute or design the BGs without further
considering superstructure-foundation couple effects. This fact enlightens the following convenient
optimal design approach of 1-D RC periodic foundations, which takes into consideration both S-waves
and P-waves. The core idea of this design approach is to optimally fill the superstructures’ resonance
frequencies into first few BGs, and at time same time maximize the performance function.

5.1 Problem statement

Given a 1-D RC periodic foundation to design and a superstructure with a series resonance zones
(RZs), in which: the frequency band of seismic ground motions to attenuate is FB = (g _gu» @rg ena )
and the parentheses represent an open inerval; the set of RZs for S-waves is denoted by RZ, and the

q" element is RZ, ¢ = (a)qfstmfst, @y eng_rz, ) ; the set of RZs for P-waves is denoted by RZ,,, and the

P 1
r element is RZ, , =(a)r,sm,Rzp, @ _eng_rz, ) ; the p™" BGs for S-waves and P-waves are denoted by
) and BG p-P :(wp—start—P’ 2

PF(h,, h,) measures the goodness of the foundation’s design (e.g., PF(h,, h,)=n since maximizing the

number of unit-cells would efficiently increase the attenuation effect). A good design of the 1-D RC
periodic foundation should ensure the FRs of the superstructure is fairly alleviated for any frequency
within the consideration, which requires every RZ being covered by a corresponding BG. Besides, for
all potential designs that meet above requirement, the optimal one should also maximize PF(h, h,).

Hence, as shown in Fig. 12, the optimization problem becomes the search for h and h, maximizing
PF(h,, h,) on condition that: 1, any RZ, ¢ in FB should belong to a BG 2, anyRZ, , in FB
should belong to a BG,, ; 3, the configuration constrain CC(h, h,,n) is satisfied, e.g.,
CC(h, h,,n)=n(h, +h,) <H,,, ., H,, isthe allowed foundation height.

BG, :(a)pfsmfs, @y end s pfendfp) respectively; the performance function

p-S°



RZ for S-waves

[ RZ for P-waves
I BG for S-waves
I BG for P-waves
‘ Frequency

FIGURE 12 Problem statement of the optlmal design.

5.2 Approach presentation

According to the optimization problem stated in subsection 5.1, a design approach is presented in
this subsection based on the assumption that PF(h, h,) is a monotonic decreasing function of h +h,,
since this assumption is in accordance of many different choices of PF, e.g., PF=n, or PF represents the

least amount of the cost of materials. As shown in Fig. 13, the design approach consists of the
following steps:

1.
2.

10.

11.
12.

13.
14.

Determine the FB based on anti-seismic requirements;

Determine the RZs to attenuate according to the superstructure’s FRs and FB, e.g., the
superstructure has three RZs namely (2.5, 4.5) Hz, (10.1, 20.1) Hz and (40.4, 60.6) Hz. if
FB= (5.0 50.0) Hz, then RZ=(2.5, 4.5) Hz is rejected since it is outside the FB, RZ=(10.1,
20.1) Hz is accepted since it is contained by the FB, and RZ=(40.4, 60.6) Hz is altered to
(40.4, 50.0) then accepted;

Map every RZ, , into the corresponding RZ for S-waves, denoted by RZ, ., according to

Eq. (38), and add itto RZg, i.e., RZ, 5 =(MR®, g rs, s MRO, g gz, )

Merge overlapped elements in RZg, e.g., RZ, ; =(3.3,5.5), RZ,_; =(4.4,6.6), then delete
both RZ, ¢ and RZ, ¢ from RZ,, then insert RZ,_; =(3.3,6.6) into it;

Enumerate every element RZ, ¢ in RZg with Step 6;

Exhaust every p in 1< p < p,,,, With Step 7 to 9 and Step 15;

Assume the UB of RZ,_ is equal to the UB of BG, ¢ and compute the trail Bl ., i.e.,
@D, end-Rzy |
Blg i =

p
Check the validity of Blg_ ., by testing if none of the BGs” UBs cuts an element in RZ, i.e.,

a,
Bl ., is valid if [ el RZS} [ I;;’”"RZS} for any RZ,_ in RZ,, where the brackets
S—trail

represent the operator of getting integer part;
For a valid Blg_,,, perform Step 10 to 11 to obtain the corresponding the trail thickness of

rubber layer and concrete layer denoted by h_,.., and h, ., respectively;

S—trail

trail !

Compute h_,., according to Eq. (39), i.e., h_,,; = r_|__& ;
BIS—trail V2(1+Ul)p1

Obtain h, ., by performing Step 12 to 14 for every RZ, ¢ in RZ;
Assume the LB of RZ, ¢ equals the BG’s LB and compute h, .. according to Eg. (33), i.e.,

2C2 hl—trail

hl 2 o 2 :
st T | T TS ostan Rz,
Dc1 {[ u —start—RZg Cl 2) {2|: BIS—traiI jD }

Insert h, ., into the set h
Obtain h,_

hZ—temp =

2—temp ;
by choosing the maximum element of h, .. i.e.,h, ., =max(h, ) ;

trail


http://www.baidu.com/link?url=5Upx3MZWSBWDw_WjYG-88kF8x0PW_XyGGeAvorcZeobQnb5eoanfuM0-UpglShKoWEw2LopQgTU0Is5pmwSa0mKif8P76cbHrghe2bZyKxQMVnETsvCFfsJ9PpD7LHZe

15. Compute the trail performance function PR =PF(h_., N ) and insertto PF,;;

i'e'! I:)Fmax = PF(ll—opt' hz—opt): maX(PFtrail) ’ and hl—opt '
h, . are the optimal thickness of the rubber layer and concrete layer respectively;

16. Search for the maximum of PF

trail ?

17. Compute the max number of unit cells on condition that the configuration constrain
CC(N_gper Ny, N) s sattisfied.

Determine FB
1

I |
| Determine RZs |
v
[ Map RZp to RZg |
I |

¥
Merge overlapped RZg
¥

Enumerate every RZg

Exhaust 1 < p < ppax

| Compute Blg_rail |
1

| Compute hy_rail |
v

[ Check Blg_qrag |
if valid | Enumerate every RZg

| Compute hy—trait and hy—trail
2

| Compute hy_temp |

| Compute PFiraii = PF(h1-trail R2—trail) |

[ Obtain - ran as max(hz—remp) |

[
| Obtain hy_opt, ha—opt from max(PFai) |
v

| Determine n through CC(hy—_qpt, ha—opt ) |

FIGURE 13 Flowchart of the optimal design approach.

5.3 Theoretical explanation

Firstly, since BGs and RZs for P-waves can be one-to-one mapped to the corresponding quantities
for S-waves, it is sufficient to consider cases of S-waves only. Suppose there is a set of

RZ, =(a>tfstmfst, a)tfendezs) denoted by RZg :{RZFS, 1<t stmax} and a set of
BG, s = (@, gats1 @, eng_s) denoted by BGg ={BG by 1SP< pmax} , each RZ,_ is embedded in a
BG, . According to Eq. (37), RZ can be mapped to the 1%t BG to form a new set that denoted by
RZyp ={RZ_ypy 1<i<m}. The LB and UB of RZ,,, are @, e and @, e, respectively. As
shown in Fig. 14, the distances between 010 @y, vp1+ @gar-s 10 Ouarwpr + 010 Dy ypr » AN @y e
t0 w4 ¢ are respectively A, A,, A, and A,, where A, >0 and A, >0. By using Eq. (39) and Eq.
2(A, +A i
(41), it is computed that h=—— 2t , and h, = (4 4)2 2nE Since it is
A +AN\2(1+0) np, (A, —A,) \](1+ul)
assumed that PF(h, h,) is a monotonic decreasing function of h +h, , the optimal design is charactered

by min[h+h,] . Because METJTJ:%:R/:((AAS +_AA4))3\](iZE) >0, min[h+h,] is reached

i 2(A, +A i
when A,=0 , which yields h+h=—20 E . (A:+4) [2pF . Similarly,

A +A, \!2(l+ v)p TS \I(1+ v)

d(h,+h ’
(h+h)_| 4 - T BA Lot [n—Alj . Therefore, h+h, reaches the
dA4 no,A, (A3 + A4) o) (l+ Ul) P 2A,

minimum when A, =A, =0, which means the optimal design must ensure that the LB of q" BG is
equal to the LB of s RZ, and the UB of p™ BG is equal to the UB of t" RZ. Thus, the optimal design
can be obtained by exhausting all possible combinations of p, g, r and s. The proposed design approach
is literally a traversal algorithm for all the combinations, which guarantees the final output for the
design is optimal in a global sense. To be specific, Step 5 to Step 7 collect all possible values of Bl by
assuMing @, ¢y s = @ _enq gy, - IN addition, BI should separate RZs into groups without cutting an RZ,

so Step 8 rejects the invalid values of Bl by examining if there exist an @ locating in a RZ. After

p—end-S
a valid Bl is determined, the next task is to find the corresponding combination of h, and h,, while h,
is directly computed in Step 10 through Eg. (39). Then by assuming @, g, s =&,

r

—start—RZg * a trall h2



can be computed by using Eq. (33). From Eqg. (36) it is known that o, is a monotonic increasing
function of h,. This means the largest trail h, after enumerating every possible combination for
@y gars = Or_san_rz, 1S the valid value of h, the current BI, which is spirit of Step 11 to 14. The
optimal combination of h, and h, is the one that maximizing the performance function. Therefore, by
choosing the maximum value of performance function for all combinations of h, and h,, h_,, and
h, . can be obtained, which is performed in Step 15 to 16. Finally, the number of unit cells can be

consequently computed by Step 17.
FB

RZs
RZupy
M BGq

frequency

FIGURE 14 Diagrammatic sketch for the illustration on optimality.
5.4 Design example

As to further demonstrate its the practicality and the performance, the proposed approach is
applied to design an optimal 1-D RC periodic foundation for the steel frame described by Table 2
undertaking a board range of ground motion vibrations. The periodic foundation to design is a 10 m by
10 m square foundation with a maximum depth equals 4 m, in which the materials to use are rubber and
concrete described by Table 1. In the design process, FB was determined to be 2.5 to 60.0 Hz. Firstly,
the FRFs of the steel frame are computed through ABAQUS 6.14 using the “SteadyStateDirectStep”, in
which the FRFs for S-wave and P-wave re obtained by assigning the 4 bottom nodes a unit
displacement in X-direction and in Y-direction respectively. ThenRZ, and RZ, were determined by

checking if the FRFs in FB are greater than the corresponding thresholds, in which the thresholds for S-
saves and P-waves are respectively 0.0 and 3.0. The consideration for the threshold of RZ, being

larger than that of RZ, is because horizontal ground motions are usually more dangerous. As shown in
Figs. 15, RZ, was determined to be the following set of 10 frequency intervals in Hz: 3.1048~3.4789,

6.6254~7.0567, 12.1200~14.4425, 23.5164~23.8595, 29.2337~29.5127, 30.8233~31.8888,
34.8555~35.5267, 36.8418~37.3217, 42.4463~43.0980; and RZ, was: 15.6794~15.9477,

19.6386~21.9264, 22.4521~32.5955, 38.8794~60.0. Afterward, the program realizing the optimal
design approach presented in subsection 5.2 was developed in MATLAB and implemented to the
optimal design, from which the optimal thicknesses of rubber layer and concrete layer are calculated to
be 0.3779 m and 0.6555 respectively. The results of designed AZs and BGs using the predicted optimal
configuration are shown in Fig. 16, from which it is seen that all the AZs are well distributed in BGs
with minimum waste. Finally, after practical consideration of manufacturing, the thickness for rubber
layer and concrete layer are determined to be 0.36 m and 0.64 m, and the number of unit cells is 4.

a) S-wave b) P-wave
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FIGUREL5 Frequency responses and resonance zones of the superstructure: (a) S-wave, (b) P-wave.



(a) S-wave (b) P-wave

0 10 20 30 40 50 60 0 10 20 30 40 50 60
Frequency (Hz) Frequency (Hz)

FIGURE 16 Band gaps and resonance zones of the optimal design: (a) S-wave, (b) P-wave.
5.5 Numerical validation

To further verify the optimality of the proposed design approach, the performances of the
optimally designed foundation, the concrete foundation and the benchmark foundation were compared
numerically. The FEM analyses for the optimally designed foundation and the concrete foundation
were similar to the analysis of the benchmark foundation introduced in subsection 3.3, in which the
thicknesses of rubber layer and concrete layer were changed to 0.36 m and 0.64 m respectively for the
optimally designed foundation, and the material for layer 1 is concrete for the concrete foundation. Figs.
17 show the simulation results of the FRFs of each floor of the steel frame with respective these three
different foundations. It is seen that the optimally designed foundation dramatically outperforms the
concrete foundation and the benchmark foundation for both the case of S-waves and the case of P-
waves. Moreover, the vibration attenuation performance of the optimally designed foundation for S-
waves is extremely outstanding that nearly all FRFs in FB are smaller than 0 and the majority is even
lower than -50, while benchmark foundation failed to attenuate the AZs outside the BGs. Besides, the
attenuation effect of the optimally designed foundation is expected to be even better if the configuration
can strictly follow the result yield from the proposed approach. However, the attenuation performance
for P-waves is relatively ordinary due to the higher threshold of FRF for RZ,, which is acceptable
since the case of P-waves rather than P-waves is not the primary design objective.

(a) optimally designed foundation, S-wave (b) optimally design foundation, P-wave
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FIGURE 17 Frequency responses of the exemplary superstructure with different foundations.



6. CONCLUSION

This research studies frequency related properties of 1-D periodic structures, emphasizing on the
seismic vibration related issues of 1-D RC periodic foundations. Based on the characteristics of BGs,
an optimal approach for designing 1-D RC periodic foundations is proposed and validified both
theoretically and numerically. Moreover, the following critical conclusions are drawn;

1. FRs of 1-D periodic structures can be computed by substituting the boundary conditions to
the FR matrix;

2. On conditional that the number of unit cells is sufficient, the FR matrix can be approximately
calculated by using the AC and the eigen direction of the transfer matrix;

3. The attenuation effect of BGs is consistently preserved regardless of the existence of
superstructure;

4. The first few BGs of 1-D RC periodic foundations can be accurately approximated by the
proposed analytical formulas;

5. AC and FRs of 1-D RC periodic foundations can be well-approximated by employing an
elliptical shaped LF.

6. The proposed design approach for 1-D RC periodic foundations is globally optimal.
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