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Abstract: The paper highlights several areas on statistical measurement and causal in-
ference in common real-time data environments. Treatment effects under real-time random-
ization within data streams are found estimable using controlled and natural experiments
motivated by real-time regression analyses. A bias occurs as a result of ignoring concept drift
when classical regression statistics are naively applied to real-time experimental data. An
algorithm performs difference-in-difference estimation for real-time program evaluations. A
new Problem of Causal Inference is introduced for real-time data environments. The paper
closes with brief implications.
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1. INTRODUCTION

This paper discusses approaches of measurement and causal inference within the context
of real-time data, which is information delivered immediately after collection. Such data is
increasingly ubiquitous in a rapidly growing segment of the knowledge economy that collects
vast amounts of consumer and firm information. Examples include networked sensors in
smart phone devices, social media platforms, personalized mobile health technologies and
ride-sharing initiatives, all of which are based on the premise of nearly constantly generating
data. To understand how to analyze such information, the paper is motivated by important
results in data streams analyses in computer science and engineering (Zhu and Shaha, 2002,
Babcock et al 2002, Nadungodage et al 2011), but that have not yet been harnessed within
the econometrics of causal inference literature. In such settings, there is little to no delay
in the timeliness of the data as well as the statistical and computational problems of data
measurement and analysis and experimenters must collect data and create model parameters
instantaneously. Real-time variation has not yet been discussed in program evaluation to
the best of my knowledge.

While helping close this gap in the literature, the paper builds on a growing number of
methods are arising to analyze high-dimensional statistical data environments (e.g. Belloni
and Chernozhukov (2009); Belloni, Chen, Chernozhukov, and Hansen (2012); Belloni, Cher-
nozhukov, Hansen, and Fernandez-Val (2013a); Belloni, Chernozhukov. and Hansen (2013b);
also see Liran and Einav (2014); King (2014) and Varian (2014)). Real-time data may also
be important for environments based on continuous time (e.g. Dragoman and Dragoman
2004) and technology-driven data collection (Couper, 2005) as well as experimental set-
tings where study subjects may behave in unintended ways that require researcher reactions
(Chassang et al, 2010). Finer measurements at the level of real-time settings are further
motivated by instances where being surveyed at baseline can by itself significantly affect pa-
rameter estimates (Zwane et al, 2011). Other potential applications include networks (e.g.
Fowler and Christakis (2008)), mobile telephony (e.g. Kamenica, Mullanaithan and Thaler
(2011) that have not yet been extended to real-time settings as well as emerging research

areas such as precision medicine and other health care innovations (see Stern, Alexander,
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and Chandra, 2017). We provide simple approaches for real-time experimentation that are
broadly reconciliable with datastreams which rapidly provide data for experimental and
other program evaluations.

Real-time data may be observed whereby the arrival of new data always replaces the old
data (as assumed in the motivation section) or always co-exists the old data (as assumed in
the full analysis later). We first assume the existence of randomized treatments T; that may
vary in real-time. We also assume that the real-time assignment probabilities do not depend
on the potential outcomes in the vein of the Rubin Causal Model (RCM), also called the
Neyman-Rubin model (Rubin, (1974); also note Splawa-Neyman (1990), Imbens, Angrist
and Rubin (1991); Imbens and Wooldrige (2009)).

The paper now proceeds. We first illustrate how treatment effects may be studied in real-
time data. Let D; or D[i] denote the value of datastream D at timepoint . For timepoints
i through j inclusive, the corresponding stream is D {(X;,T;,Y;)}", [i...7]. The stream is
summarized as D[i...j]. A stream with stream identifier ¢ is denoted [D {(X;, T, Y,)}:l:l]l .

We let the real-time data be represented in the following form:

D = {(X;,T;,Y:)}

which are independent identically distributed triples (X;,T;,Y;)

We let X € RP represent the subject characteristics measured at baseline; T' € T refers to
the binary or continuous treatment received by the subjects; and the outcome is summarized
by Y € R. The real-time data is generated according to the linear form Y; = a + 8T; + ¢;
for a constant « and standard error term ¢;. The details of causal inference cross-sectional
data modeling are in Rubin (1978) and Imbens and Rubin (2015).

For a window of interest [p, q], we represent the statistics of interest by

stat (D;l,D;Q, ...,’D;’ﬂj € [p, q])

or



REAL-TIME CAUSAL INFERENCE 5

J

stat ((D{(Xe, T YO ) ) (PA(Xe, T YO YLy o (DX T YO VL))

A treatment rule is the map © : R? — 7T so that a subject observed with X = z
receives treatment 7 (x) . The potential outcome under treatment ¢ € T is Y* (¢)so that the
potential outcome under 7 is defined as Y* (7) = Y* {w (X)}. The marginal mean outcome
is E{Y*(m)} and the conditional density of T given X is p (¢|X). These definitions are
standard.

We generate the real-time treatment effects as follows. The average treatment effect in
real time over [p, ¢| is given by the difference between the expectations of real-time outcomes
attributable to treatment t; and the expectations of real-time outcomes attributable to

control ty over the same window.

E (y (tl)j‘l 7y(t1)§'2 ) ay(tl);k 7j € [ 7q])

B (Y (to)i Y ()i, Y (t0)i 1 € [p,a))

where the real-time outcomes attributable to the treatment are documented as
YO Y07, YO
and the real-time outcomes attributable to the control are given by
V(O V(@) V()

If the above can be computed, we identify this formula as the Rubin Causal Model in

real-time. Unit-level real-time causal effects are

E{(Y ()} Y (1) Y (0))F)
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~ (VW) Y)Y ) )}
for j € [p, q]. The real-time Population Average Treatment effect on the treated is defined
by

E{(¥ (t)] Y (t)7 - Y (1)}

= (V) Y (1)) () ) (to)} () s ()

for j € [p, q|.

The focus on real-time environments requires detailed statistical definitions on time. The
definitions are in the vein of Zhu and Shasha (2002). A t#imepoint is the smallest unit
of time over which data collection occurs (e.g. a second). A basic window is a consecutive
subsequence over which a digest of data is maintained incrementally (e.g. a few minutes). A
sliding window is a user-defined sub-sequence of basic windows over which the user requires
statistics (e.g. a hour). To illustrate, a health scientist may generalize the analysis of Green
and MacDonald (1981) on the static effect of intravenous glucose on body temperature to
real-time data by asking, “what are the real-time effects of intravenous glucose T on body
temperature outcome Y for treatment patients relative to control patients for the last twelve
hours?”

Assuming a length of a sliding window w and current timepoint ¢, for a specific sliding
window ¢, we compute stat (D (X;,T;,Y;), ¢ (k))in the subsequence D (X;, T;, Y;) [t—w+1..1].

Consider the stream D;,i = 1,...,w. We will assume that we are in a position to monitor

the following descriptive statistics in the real-time data:

e Single stream statistics (e.g. average, standard deviation, best fit slope).

e Correlation coefficients:
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corr (X,Y)

e Correlation coefficients for all three variables ), T, X:

corr (Y, T,X,)

e Autocorrelation (the correlation of the series with itself at an earlier time)
e Beta: the sensitivity of a stream T to the values of another stream ) (or weighted

collection of streams).

beta (X,))

To compute statistics over a sliding window, we maintain a synopsis data structure for
the stream to compute the statistics in a timely manner. Our framework subdivides the
sliding windows equally into shorter basic windows, to facilitate the efficient elimination of
old data and the incorporation of new data. Digests are kept for both basic and sliding
windows.

Let w be the size of a sliding window, b be the size of a basic window, k be the
number of basic windows within a sliding window. The data within a sliding window is
D(X;,T;,Y;) [t —w+ 1..t] . From the above, w = kb.

Let D (X;,T;,Y;)[0],...,D(X;,T;,Y;) [k—1] represent a sequence of basic windows, whereby

D(X;,T;,Y;) [i] = D (X, T, ;) [(t — w) 4 ib+ 1.. (t — w) + (i + 1) b]

The new basic window is D (X, T;,Y;) [k] and D (X;,T;,Y;) [0] is the expiring basic win-
dow. The j — th value in the basic window D (X;,T;,Y;) [i] is D (X;, T3, Ys) [4; 4]

The size of the basic window is important since in some cases the researcher may report
all statistics for basic window 4 before basic window 7 4+ 1 completes (at which point the
researcher must compute statistics for window ¢ + 1.

The moving average and moving standard deviations are as follows. The information to

be maintained for the moving average is
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S (DXL T YY) [t—w+1...1]).

For each basic window D (X;,T;,Y;) [i], we may maintain the digest

b

D (DXL T YY) ) =) DX, T, ) lis 4]

j=1
After b new datapoints become available, we compute the sum over the new basic window

D (X;,T;,Y;) [k] . The sum over the sliding window may be updated as:

> (DX, T, ) =Y (D (X, T, Vi)

new old

+Y DX, T, Ya) [k] = YD (X3, T, Y3) [0]

Assume a series of covariates s* as well as a series of error terms, s¢. For causality, we
assume strict exogeneity of the treatment series, so that E [s¢|s”] = 0 where s* = [«, s?],
which is based on an assumed random assignment of T; and of the treatment series s,
which is implemented in a randomized manner and arrives at random. We will use covariate
balance in real-time to verify the exogeneity of treatment streams throughout the real-time

data.

2. COVARIATE BALANCE IN REAL-TIME

We discuss cases where causal inference is based on background variables such as sociode-
mographic indicators or pure experiments, based on the standard assumptions of the Rubin
Causal Model. Hansen and Bowers (2008) use Fisher’s randomization inference when con-

firming covariate balance in static data, which may be done with stratification (e.g. Jin and
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Rubin 2008) to ensure covariate balance. We focus this approach of discussing identification

on real-time settings.

The index iy, = (1,...n), refers to assignment units for each window k. The treatment
assignment of the ith cluster of observation units at the k-th window is z;;. The total
number of z-values for observation units in cluster 7 is x;;. The size of the cluster is c;i

The observed difference between treatment and control groups in window k is dp (z,2),

so that:

zi,ck (1 — Zk)t Cp

dpi (2, ) = l:zktick] _ [(1 —z)" wkl

and dpi (2, ) refers to the difference in treatment group averages and control group
averages at each window k. If Ay is the set of treatment assignments from which the actual
assignment zy, is selected, we have the following two-sided randomization p—value attaching

to the hypothesis of nonselection on x as:

1
= P (|dpk (Zk, xi)| > |dpr (Zie, Tie)]) + §P (ldpk (Zes )| = |dpr; (Zkes T1)])

The random vector Zy is uniformly distributed on possible treatment assignments Ay for
all k. If simple random samples of ny, are selected from n; clusters for a treatment stream

within blocks b, with the rest assigned to a control stream, we have:

di (2, @) = { <Zillbéb> LXZ P bz: " (1;9:1))] }k

E (d (Z,z)) = E (dy (Z,v)) =0,

for all k.

The variance and covariance are given per window as follows:
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for all &.

Consider b € B strata, from which simple random samples of n;; ...n;g clusters are
selected into the treatment group from ny ...np total clusters. As a random variable, the

adjusted difference of treatment and control averages at every window k is given as:

dk (Z, w) = {Z Wy

b=1

Zyx, (1- ngb)l }

Ctb (c—cw)

B B
11yt -1 —14¢
= E wyhy, G, Zbacb—g wyey  (ny —map) - 1y
k

b=1 b=1

3. REGRESSIONS WITH EXOGENOUS REAL-TIME EXPERIMENTAL TREATMENTS

Guided by the average treatment effects in the first section, we start with the Ordinary
Least Square regressions, assuming exogenous treatments. However, although it is neces-
sary to continuously update the regression model parameters while receiving new data, the
tremendous data volume renders it impossible to scan the entire data stream multiple times
to regenerate the regression model parameters. The Incremental Mathematical Stream Re-
gression approach (Nadungodage, Xia, Li, Lee, and Ge (2011)) recalculates the regression
function parameters based on the latest data in the current window and the synopsis of
previous data. The Approximate Stream Regression approach approximately estimates the
regression parameters by using a weighted average of the parameters obtained from current

window data and the regression parameters of pervious windows.
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We now assume the existence of concept drift: meaning that regression coefficients can
change over time. The Approximate Stream Regression adapts to the incidence of concept
drift, automatically updating regression coefficients to current values without having to
rebuild the entire model.

Assuming the model with the following functional form:

Y=08T+c¢

If we let 81 refer to the coefficient over window k — 1, then according to the Exponential

Weighted Moving Average (Brown and Meyer, 1961), we obtain the following,

Bre=(1—0)B; + 0Br-1

such that o is a smoothing factor and constant value where both 0 <1 and (1 — o) < 1.
Also, B3}, is a parameter vector for the kth window (calculated considering only the data
records of the kth window). Also, B;—1 is the parameter vector for the (k — 1)th window
(calculated considering all data records seen up to (k — 1)th window). Also, fy, is the refined
parameter vector for the kth window calculated considering all data records seen up to the

kth window. Substituting and expanding the Right Hand Side,

Yi={(1-0)8, +0Bk-1}Tk +cx
Vi = {(1 —0) By} Th +{0Br—1} Tr + &
Y, = {(1—o—)ﬁ,;+---+(1—a)(a)f/3k,j+(o—)’“ﬁl}Tk+5k

Ye=01-0)8Tk+--+(1—0) (U)jﬁk—kaJF(U)kﬂlTkﬂLgk

Assume exogeneity in real-time; cov (g, (T')) =0
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Theorem 1. The bias of the simple experimental coefficient when used in real-time envi-

ronments where concept drift is relevant is given by:

{0=0) B+ 4 (=) (0 By + (@) B} — {(@(T) T T | > 0

Proof. The expression is always positive due to the existence of concept drift. Since time
is strictly increasing, concept drift is always positive which leads to larger estimates in

real-time data. The bias is the difference in estimates.

4. EXPERIMENTS WITH DIFFERENCE-IN-DIFFERENCE ESTIMATORS IN REAL-TIME

Difference-in-difference estimators are used to compute treatment effects when time trends
have the potential to confound treatment impacts (see Imbens and Wooldridge, 2009, also
see Bertrand, Duflo, and Mullainathan 2004 for clustered standard errors). We provide a
real-time version of difference-in-difference estimation. Given the importance of time factors
and concept drift, we use the Approximate Stream Regression approach. The difference-
in-difference estimator produces causal effects, assuming that parallel trend assumptions

hold.

Yi = ag + BTk + vite + 0k (T - tg) + €k, for all k.

«y, : constant term for window k&
B : treatment group specific effect for window &, which accounts for average permanent
differences between treatment and control

Yk : time trend (in real-time) common to treatment and control groups in window k
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O : true effect of treatment in window &

We make the following points:

We are interested in an unbiased estimate & , whereby E [3] = §. The error term is zero on
average: E [e;] = 0. The error term is not correlated with the other variables (exogeneity):
cov (eg, (Tk)) = 0 and cov (g, (tx)) = 0.

Parallel trend assumption: cov (g, (T} - t)) = 0. This identifying assumption is based on
the premise that the real-time average change in the control group in real-time represents the
counterfactual change in the treatment group if there were no treatment exposure received
by the real-time data. We consider the average change in real-time outcomes for the treated
in the absence of treatment to equal the average change in outcome for the non-treated.

From the difference-in-difference regression equation, also note that

EYy]=a+8

EY{]=a+B+~v+6

E[ch] =a+vy

From the Exponential Weighted Moving Average, we obtain the following coefficients for

the difference-in-difference equation:

o0 =(1-196) 5;; + 0651

whereby 6 is a smoothing factor and constant value where both # < 1 and (1 —6) < 1.
Also, ¢}, is a parameter vector for the kth window (calculated considering only the data
records of the kth window). Also, dx—; is the parameter vector for the (k — 1)th window

(calculated considering all data records seen up to (k — 1)th window). Also, Jj is the refined
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parameter vector for the kth window calculated considering all data records seen up to the

kth window. We similarly define the following:

Y= (1=0) 7, + 91

and

Br=(1—7) B + TBr-1

Expanding

S =(1—0)8 + -+ (1—0)(0) 6h_y + (6)" 5y

Y= (1 =Y+ + (1 =0) W) vy + ()7

Br=(1=7) B+ + (1 =7) (1) By + (1) B

The refined value is a weighted combination of the previous values and the current value.
By varying the smoothing factor 7, we can adjust the importance of the historical data.
There is a negative relationship between the size of the smoothing factor and the weight
assigned to the current data, as well as a positive relationship between the size of the smooth-
ing factor and the degree to which the historical data affects the regression parameters. For
equal weights between current values and past historical data, 7 = %

Depending on the characteristics of the data stream, we may specify a desired half-life
for the current window. Then the smoothing constant # may be calculated in the following

manner using the following half-life window principle:

gk — oAk

.Y
The value of A can be calculated by e 4 = %, whereby ¢ 1 is the desired approximate

In(2)
half-life time of a particular set of records. Thus, A = 12(2) and 0 = e{ E } .

[N
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For example, if we need to reduce the impact of the records in the kth window approxi-

mately by half, when we proceed to process the (k + 5)th window, then t1 = 5 and e[lng)]

If concept drift is present, recent samples will better reflect the status of the data stream.
For such non-statiionary data we can use a smaller half-life value, so that € will be adjusted
to asign a higher weight on recent samples and generate more accurate regression model.

The difference-in-difference regression equation is given as:

Vi=aet+{(L=m) B+ + 1 =7) () By + (1) B | Tk
H{@= 0+ A=) @ s+ )t
+{(1 —O) O 4+ (1= 0) (0) O + (e)’“&l} (Th - t) + e, for all k

Theorem 2. The real-time difference-in-difference estimator is unbiased.

Proof.
Srrpp = Y1 — Yor — (V5 — Yi7)

The proof is in the Appendix.

5. ALGORITHMS

We provide simple algorithms to implement the approaches, proposing simple scripts
to perform measurement and causal inference instantaneously without any delay in timeli-
ness. The procedures are summarized in Algorithms 1-3. These approaches allow for the

estimation of Average Causal Effects using the different data environments. To verify the
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randomization of treatments in practice, real-time covariate balance may be utilized, so
that real-time covariates are considered balanced when they are not statistically different
from one another. However, some data may be constrained in this regard (e.g. if covariate
variables are not available and the treatment is randomly implemented, as assumed). The
real-time covariate balance may support the real-time parallel trend observations in the

difference-in-difference implementation.

Algorithm 1 General Method of Simple Estimation of Average Causal Effects in Real-Time
Data with Concept Drift (ASR)
Require: £ >0
Ensure: All parameter vectors for the current window of interest and the previous window
1: while real-time covariate variables balance do
2: Solve (Yk = BTk + €k)
3: end while

Algorithm 2 General Method of Difference-in-Difference Estimation in Real-Time Data
Require: £ >0
Ensure: All parameter vectors for the current window of interest and the previous window
1: while parallel trends assumption holds and real-time covariate variables balance do
2: Solve (Y = ay + BTk + yiti + 0 (Tk - tr) + €k)
3: end while

6. A SECONDARY PROBLEM OF CAUSAL INFERENCE IN REAL-TIME

To measure the causal effect of study Treatment A versus study Treatment B, the inves-
tigator requires the outcome for the identical study individual in both alternative futures.
Since it is impossible to see both potential outcomes at once, one of the potential outcomes is
always missing. This observation is known as the Fundamental Problem of Causal Inference
(Holland, 1986).

We have considered treatment states and control states to be distinct in the real-time
data. If the treatment states and control states may overlap in the real-time environment
however, then we can observe the value of treated and non-treated outcomes on the same

variable when different states are relevant. We limit our discussion to a single treatment
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and control for simplicity and clarity. It is theoretically possible that an individual will
experience a treatment in a way (state) at a particular point in time that is the same as
not experiencing the treatment. Similarly, an individual may not experience a treatment
in a way that is the theoretically the same as experiencing the treatment. We call this the
secondary problem of causal inference in real-time. This dilemma may be one reason why

some experiments may not appear to be replicable in real-time data.

Definition. The Secondary Problem in real-time occurs in the event where

(@5 selpa) = () i€ lpal).

7. CONCLUSION

This paper focuses on experimentation in real-time data environments. In the simple
experimental case, we assumed that that no new variables emerged in the real-time data.
If necessary, the introduction of new variables may also be considered and added to gain
plausible treatment effects. Also real-time fixed effects and window dummies are compatible
with the regressions as well as clustered standard errors. Estimation of treatment effects in
observational data collected in real-time may benefit from estimated dose-response functions
(e.g. Imbens, 2000), and other aspects of the program evaluation toolkit, but generalized
to focus on real-time information. In this spirit of such research, collaborations between
economists and computer and other scientists as well as engineers may be beneficial to
policy makers interested in exploiting non-traditional data structures, of which real-time

information is only one kind.

The difference-in-difference regression equation is given by expanding,
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Yy = ag + BpTk + Vit + Ok (Tk -tk) + e, for all k.
Y=o +{(1—=7) B} +7Bk—1} Tk

H{@ =) 7k + Ive-rttr + {(1 = 0) 6} + 0051} (Th - ti) + e, for all k

Taking expectations and substituting yields the following:

E[Y{], =ar+{(1—7) B+ 7Br-1}

=it {L=T) B+t (=) () By + () B}

E [YlT]k =ap +{(1—=7)Br + Br_1} + (1 =)y, +Iye_1 + (1 — 0) 6}, + 06,1

—a+{A=) B4+ (L= () By + (D) B}
H{A= D+ + A=) O iy + () 0

+{<1—9)6z+---+<1—9> (e)fakfﬁw)’“&}

EYY], =+ (1= 0) %+ In

= ar+ {1 =)+ (=) O ey + () 1

18
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The difference-in-difference estimator is therefore unbiased:

OrTDD, = F [Yﬁ;] —-F [Yoﬂ —(E [chk] -F [Yoﬂ)

Proof.
(an +{(A=7) B +7Br—1} + (1 =) g + D1 + (1 — 0) 6 + 00k 1)
— (g +{(1 = 7) B +7Br_1}) — (ag + (1 —9) v, + Pyr_1)
—ap + (L= 9) v + Oy—1 — (1= 9) v, + 9ye—1)
Srrop, = (1 =9) 7 + Pye—1) = Ok
Q.E.D.
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