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Abstract—Linear periodically time-varying (LPTV) circuits
are finding increased prominence in reconfigurable transceiver
applications. Impedance matching of such circuits to the antenna
impedance is essential for fully on-chip receiver topologies.
However, deriving the Si; of an LPTV circuit is non-trivial in
general. Moreover, reflections at harmonic offsets from input
frequencies can also be expected due to the time-varying nature
of the circuit. This paper utilizes the conversion matrix-based
analysis technique to compute the S1; of a general LPTV circuit.
Further, it is shown that signal reradiation at harmonic shifts
from input frequencies is also obtained as a natural conse-
quence of this analysis. Examples related to mixer-first receivers,
switched-capacitor receiver front-ends (with reset) and Filtering-
by-Aliasing (FA)-based receivers are considered to verify the
analysis. Design guidelines are provided to attain optimal Si;
in a few such scenarios. Explicit analytical expressions are
derived for reradiation in ideal /V-path mixer-first receivers and
FA-based receivers, while guidelines are provided for proper
choice of conversion matrix expressions/sizes in case of numerical
computation.

Index Terms—Conversion matrices, LPTV analysis, lin-
ear periodically time-varying circuits, programmable receivers,
impedance matching, software-defined radio, N-path filters,
mixer-first receivers, Filtering-by-Aliasing

I. INTRODUCTION

INEAR periodically time-varying (LPTV) circuits are

linear circuits that have a periodically time-varying im-
pulse response. LPTV circuits are essential due to their ability
to frequency-translate the input, and so the mixer, which is
the most basic LPTV circuit, is an integral part of wireless
transceivers. Due to the recent desire for wide programmability
in transceivers, LPTV circuits (such as N-path filters) are be-
ing pushed ever-closer to the antenna interface [1]-[6]. In fact,
the mixer-first receiver topology directly connects the antenna
input to a passive mixer, and achieves high linearity due to
the high-(Q band-pass impedance realized by the frequency-
translation of the baseband input impedance to RF [4]. Other
works realize the baseband itself as a time-varying circuit, and
integrate it with a mixer to achieve sharp filtering at RF [7],
[8]. Thus, understanding the interaction of such LPTV front-
ends with an antenna is of the utmost importance.
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Analyzing impedance matching in LPTV circuits is difficult.
Further, frequency translations mean that reflections are not
confined to input frequencies [4]. As such, analysis is usually
handled on a case-by-case basis. For example, some works
derive equivalent linear time-invariant (LTT) models of mixer-
first receivers using the fact that the voltage on baseband
capacitors is relatively constant for input frequiencies close to
the switching frequencies [3]-[5]. The LTI-equivalent circuit
adds a shunt impedance term, R, that reveals the effect
of the source impedance on the input impedance of the
receiver. Other analysis of current-driven passive mixer circuit
approximate the RF current by using the Fourier series of the
switch waveforms [9], [10]. This leads to the RF input voltage,
and hence input impedance being written as an infinite sum.

General analysis techniques for LPTV circuits start by
relating the output, y(t), and the input, u(¢), of the system
by the convolution, y(t) = w(t) * h(t,7), where h(t,7) =

S} .
>° hp(r)e’™rt is the periodically time-varying impulse
n=-—oo

response of the system, and T}, = 27 /w),, is its period. Taking
the Fourier transform of y(t) gives

Y(w) = Z H,(w)U(w — nwp),

n=—oo

(D

where U(w) and Y (w) are the Fourier transforms of the
input and output respectively, and the set of transfer functions,
Hy(w) = Hy(w—nwp), are known as the “harmonic transfer
Sunctions” (HTFs) of the LPTV circuit (H,,(w) is the Fourier
transform of h,,(t)). [11] utilized a state-space approach to
solve for the HTFs of a general LPTV circuit, where the circuit
is treated as periodically moving through a set of states with
each state setting initial conditions for another. [12] extends
these methods to provide a unified analysis of samplers and
mixers, thereby deriving the HTFs of an N-path switched RC
circuit with non-overlapping clocks. The results have been
used to derive input impedances in N-path filters [2], and
switched-capacitor receivers [13].

More recent works on switched RC' circuits focuses on the
voltages sampled on the capacitors. [14] derives the signal-
flow graph for the operation of a single-path in a switched
RC' circuit by applying sinusoidal steady-state analysis on
the underlying differential equations that is then used to
derive driving-point impedance of an /N-path structure [15].
In contrast, [16] derives similar results with lower complexity
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Table I
CONVERSION MATRIX RELATIONS FOR BASIC LPTV COMPONENTS

[ Component [[ LPTV Relation |
[ Resistor [ Vw) = RIWw) |
[ Capacitor [ I(w) = jCQw)V(w) ]
[ Inductor [ V(w) = JLOw)I(w) |

by using the fact that the output of a sampled-output LPTV
system is equivalent to that of an LTI system. The impulse
response of the equivalent LTI system is easily obtained using
the adjoint LPTV network [16], [17]. Nevertheless, it must
be noted that considerable algebra is involved in each of
these prior analysis. Further, certain circuit non-idealities such
as non-ideal clock transitions, clock overlaps, etc. cannot be
handled easily. Moreover, changes in the circuit topology (for
example, due to parasitics) usually require a fresh analysis.

Conversion matrices have been recently proposed as
a general method to analyze LPTV circuits [18]-[20].
It starts by expressing (1) as a matrix-vector equation.
Assuming that the signals in the system are band-limited
to (—(K+3)wp, (K+3)w,] (K being a sufficiently
large positive integer), define the frequency vector of the
Fourier transform of any signal, x(t), as the vector X (w) =
[ X (w—Kwp) X(w—(K—1)w) X (w+ Kwp) 17,
we (—3wy, 3wy, X (w) being the Fourier transform of z(t).
Then it can be shown that the frequency vectors of the input
and output, U(w) and Y (w) respectively, can be related using

(1) by the expression Y (w) = H(w)U (w), where

H,K,,K(w) foyo(w) H,K,K(w)
Hw) = | Ho—x(w) Hoo(w) Ho.x ()
Hi—x (@) Hio(w) Hire ()
?)

is called the conversion matrix of the system [18]. Any
element, H; ;j(w), of H(w), is the transfer function from
U(w—jwp) to Y (w—iwy), i.e. H; j(w) = H;_;(w+iw,) (from
(1)). It should be noted that the harmonic balance analysis of
periodically time-varying circuits also treat inputs and outputs
similarly as the formulation in (2), wherein the inputs and
outputs are frequency-limited till a specified harmonic [21].
The phasor components at each frequency are then related
together using the underlying circuit differential equations, and
then solved using iterative methods such as those based on
Kyrlov subspaces [22].

By itself, (2) is simply a different representation of (1).
The difference is that for basic LPTV circuit elements, the
relations between the frequency vectors of their voltages and
currents is like LTI circuit elements as shown in Table I [20].
For example, in case of an LPTV resistor, R(t) = R(t +T},),
the voltage-current relation V' (¢) = R(t)i(t) can be expressed
using the frequency vectors of the voltage and current, V (w)
and I(w), respectively as V (w) = RI(w), where

Zy(w) v(t) L V(w)

-7:'
W (1) ’ml o) > V(o) l(w)l z

Figure 1. A general LPTV circuit with a time-varying load input impedance,
and its conversion matrix equivalent circuit
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is a frequency-independent Hermitian Toeplitz matrix whose
components are obtained from the Fourier series ex-

oS} .
pansion, R(t) = > R,e’™»' Note that a time-

n—=—oo

invariant resistor, R(t) = R is represented simply by
an identity matrix scaled by R. Similarly, LPTV ca-
pacitors and inductors are represented by the matrices,
C and L, respectively with the frequency-dependence
of their impedances included using the diagonal matrix,
Qw) = diag {w—Kw, - w w+ Kwyl} .
Also, the voltage and current frequency vectors follow basic
circuit laws, such as Kirchhoff’s laws. Thus, the conversion
matrices of larger LPTV circuits can be derived by con-
structing their frequency-domain equivalent circuits (based on
voltage and current frequency vectors, and the conversion
matrices of the circuit elements), and then applying circuit
laws. For example, the switches of a passive mixer or an V-
path RF front-end can be modeled as resistors whose value
toggles between appropriate R,, and R,¢s in a periodic
manner [19], [20]. Such a representation is easily able to
handle non-zero clock transition times [19] and clock-overlaps
[20]. Further, small changes in circuit topology are also easily
incorporated. Thus, the conversion matrix method provides a
general and intuitive way of analyzing complex LPTV circuits.

This paper uses the conversion matrix analysis methodology
to the problem of deriving the S;; of a general LPTV circuit.
The result organically reveals effects such as reflections to
harmonic shifts from input frequencies due to frequency trans-
lation. The analysis yields expressions to calculate the fraction
of incident power reflected to input and other frequencies
that is then applied to example LPTV receiver front-ends:
(1) mixer-first receivers, (2) switched-capacitor receivers with
reset, and (3) Filtering-by-Aliasing (FA)-based receiver front-
ends. Explicit analytical expressions are derived for ideal
N-path mixer-first receivers and FA-based receivers, while
numerical results are obtained in other cases. The results are
shown to match with simulated/measured results as well as
with more narrow prior analysis.

II. Si1 IN AN LPTV CIRCUIT

Consider an LPTV circuit shown in Fig. 1 where the source
V5 (t) with impedance Z4(w) is terminated in the circuit with a
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periodically time-varying load input impedance, Z;,(t,w) =
Zin(t + Tp,w). To analyze this circuit, note the frequency-
domain equivalent circuit shown in Fig. 1. The source and
input impedances are represented by their conversion matrix
equivalents, Z4(w) and Z;,, (w), respectively, with Z, (w) being
a diagonal matrix due to its time-invariant nature (the source
impedance is usually a frequency-independent resistor, Ry, in
which case Zs(w) = R, T being the identity matrix). The
frequency-vectors of the voltage, v(t), and current, (), across
the load are:

V() = Zin(o) [2) + Zin)] ' Valw)
I@)=  [2w) +Zn()] Vaw).

By convention, the voltage and current delivered across the
load can be represented by:

u(t) = vr(t) +or(d),
i(t) = ir(t) —ir(t),

where v;(t) and vg(t) are the incident and reflected voltages,
respectively, while i;(¢t) and ig(t) are the incident and re-
flected currents, respectively. Further, the Fourier transforms
of the incident waveforms, v;(t) and ¢;(t), are related by
the relation V;(w) = Zs(w)lr(w), and similarly Vp(w) =
Zs(w)Ir(w) for the reflected waveforms. Thus, the relations
in (5) can be written in terms of the frequency-vectors of the
incident and reflected voltages as

“4)

&)

Vi) + V() ©

V(w)=
= Z7'(w) [Vi(w) - Va()]

I(w
Relating V;(w) and Vg (w) by the familiar looking expression
Vr(w) = S11(w)Vi(w), and substituting (4) in (6) gives:

S11(w) = [Zin (W) = Zs ()] [Zin(w) + Zs(@)] - (D

The matrix S;1(w) relates the frequency vector of the
reflected wave to the incident wave. Hence it can be said to be
the conversion matrix corresponding to the “LPTV reflection
coefficient”. Equivalently, S;;(w) can also be expressed in
terms of the source and load admittance conversion matrices,
Yo(w) = Z; ' (w) and Y (w) = Z;, ! (w), respectively as

S11(w) = Yo' (@) [Ye(w) = Yin ()] [Ys (@) + Yin ()] Ya(w).
@8
Note that when Z (w) is only resistive, S11(w) =
-1
[Ys(w) = Yin(w)] [Ys(w) + Yin(w)]

S11(w) can be expressed in the general conversion matrix

form from (2):

V-r,— i (W) Y-x,0(w) V-K,Kx (W)
Si1(w) = ’YO,—;{(W) ’YO,C;(W) ’YO,I;(W)
i -1 () Yico(w) )

)

Each element v; ;(w) in Sq1(w) relates the reflected wave gen-
erated at a frequency of (iw, +w) due to an incident wave at

a frequency of (jw,+w), w, being the fundamental frequency
of the system. In an LTI system, 7, ;(w) = 0 Vi # j because
there is no frequency translation possible. Hence, Si1(w) is
diagonal (expected since Z;,(w) is diagonal in LTI systems).
In an LPTV circuit this is not true in general, implying that an
incident wave can potentially create reflections at both its own
frequency, as well as around harmonics of the fundamental
frequency, w,.

Consider an LPTV circuit with an incident wave at a
frequency, (Lw, + w). Then the components of the reflected
wave can be found using the (L + K + 1) column of Sy; (w):

1) Untranslated reflection: The diagonal entry, vr 1 (w),
represents the fraction of the incident voltage at fre-
quency, (Lw, + w), reflected at the same frequency.
Thus, vp,(w) represents the LTI definition of Sii,
ie. S11(Lwp + w) = 1 1(w). Hence the fraction of
incident power that is reflected untranslated in frequency
is |z, (w)[*.

2) Harmonically translated reflections: The non-diagonal
entries, {v;z(w)}, ;. represents the fraction of the
incident voltage reflected to frequencies that are offset
by harmonics of w, compared to the incident frequency,
(Lwp + w). Hence the total fraction of incident power
reflected to harmonic frequency offsets is given by
S [yi(@)|? (sum of the reflected power at each har-
i#L

monic).
In most LPTV receiver front-ends, such as N-path filters and
mixer-first receivers, the fundamental frequency, w,, is the
same as the receiver LO frequency. Hence, the in-band incident
signal is expected to be around frequencies of +w,. Thus for
computing reflections (or antenna reradiation), the components
of interest in Sqiq(w) are {7;1(w)} and {v;_1(w)}. For
example, the total fraction of the in-band incident power at
a frequency, (w, + w), reflected to the antenna is given by
> \%,1(w)|2, with \71,1(w)|2 being the fraction of in-band

reflected power.

Thus, forming the S;;(w) matrix from (7)-(9) is enough
to calculate the S;; and reflections in the LPTV system.
Nevertheless, a large enough K needs be chosen to get
accurate results, with convergence to the true solution as
K — oo. For certain special cases, an analytical solution can
be derived using properties of series of matrices.

The application of this approach is next illustrated with a
simple example. Subsequent sections will apply it to typical
LPTV receiver front ends.

A Simple Example

Consider the case when both the source and load are
memoryless, ie., Zs(w) = Rs and Z;,(t,w) = Ri(t).
Denoting the conversion matrix of R;,(t) by R;,, (7) gives

Sll(w) = [Rln - RSH] [R7n + Rsﬂ]_l .

Let Xg = R;,, + Rsl, and Wi = R;,, — R, denote two
(2K + 1) x (2K + 1) matrices. Consider the sequence of
matrices, {Xg } and {W g }. Each matrix in the sequences, X

(10)
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Figure 2. (a) A simple LPTV circuit with a memoryless load impedance, (b) time-domain waveforms for an input of v, (¢) = cos(wpt), and (c) magnitude

of the Fourier transforms of the incident and reflected voltage waveforms

and W g, are Hermitian Toeplitz whose elements can be shown
to be the Fourier series coefficients of the periodic functions,
2(t) = Rin(t)+ Rs > 0 and w(t) = Ry, (t)— Rs, respectively.
By using Lemma 4.5 in [23], it can be shown that the sequence
of inverse matrices, {X;(l} will converge1 to a Circulant?
matrix whose elements are the Fourier series coefficients of
1/z(t) as K — oo. Further, {WxX; '} will also converge
to a Circulant matrix whose elements are the Fourier series
coefficients of w(t)/x(t) = [Rin(t) — Rs]/[Rin(t) + Rs)-
Thus, using the equivalence® of convergent series of Toeplitz
and Circulant matrices, S;;(w) in (9) will be a Hermitian
Toeplitz matrix whose elements are the Fourier series coef-
ficients of T'(t) £ [Rin(t) — Rs]/[Rin(t) + Rs]. Note that
T'(t) is periodic with the same period as R;,(t). Specifically,
if I'(t)

S ypedmert Siy(w) is given by

n=—oo
I Yo o Y-1 V-2 'Y—QK_
4t
S11: Y2 Yo Y2 ’ (11)
Y-1
L V2K Y2MN Y

i.e. S1; is a Hermitian Toeplitz matrix whose elements are the
Fourier series coefficients of T'(¢). This makes intuitive sense
since given the memoryless source and load impedances of
R and R;,(t), respectively, the instantaneous reflected and
incident voltages are simply related as vg(t) = I'(¢)v;(¢).
Consider the simple circuit shown in Fig. 2(a) to illustrate
the usefulness of this analysis. The load consists of a resistance
of Rs/2 in series with a switch controlled by a 50% duty cycle

IStrictly speaking, the convergence is true for any absolute-summable x(t).
While ideal square wave clocks may violate this condition, in reality the
rise/fall times are non-zero, and so absolute summability is maintained.

2A special kind of Toeplitz matrix where each row vector is rotated one
element to the right relative to the preceding row vector.

3The equivalence means that the conversion matrices for basic elements can
also be expressed as Circulant matrices, with results converging as K — oo.

clock, ¢(t), with period, T,. Note that the average conductance
of the load is 1/R;, i.e. it presents an impedance of R when
driven by an ideal voltage source. However, when driven by a
source with resistance, R, the reflected wave is non-zero (seen
in the time-domain waveforms in Fig. 2(b)), and so it is not
impedance matched (alternatively, if the load were the switch
in parallel with a resistance of 2R, the impedance presented
to an ideal current source would be R, but the reflected
wave will still be non-zero). Further, for a sinusoidal input at
frequency, w, = 27 /T, both the voltage and current across
the load have components at frequencies other than +w,,. Thus,
the S11 and reflections are non-zero even though the input
impedance/admittance might equal the source impedance for
a particular case (for example, ideal voltage source). This is
a reflection of the fact that the input impedance in LPTV
circuits is actually source-dependent, and changes with source
impedance [4], [15].

The circuit shown in Fig. 2(a) is memoryless. Hence its
S11(w) matrix is simply given by (11) that can be calculated
from the reflection coefficient, I'(¢). It can be easily seen that

_ 1 #(t)=0
r0={ s 5o
and so v, = —2sinc (%) * for n # 0, and 79 = 3. Note

that the diagonal elements, 7y, that give the S1; are non-zero.
Using (5) it can also be shown that v;(t) = vs(t)/2, i.e. the
incident wave is half the source voltage (always true when
the source resistance is resistive and is the reference resistor
for S-parameters). Since v5(t) = cos(wyt), the frequency vec-
tor, Vi(w = 0) is simply [ --- 0 1 0 § 0 ’
Hence the reflected wave is simply given by Vg(w = 0) =
St Vi(w =0)

“This paper uses the unnormalized sinc function, ie. sinc(z) =
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Figure 3. A simple 4-path mixer-first receiver front-end
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Note that Vi(w # 0) = Vr(w #0) = [ -+ 0 -]

since the input is only at w,. The calculation clearly shows
that a component exists in the DC band in Vg(w) that is
absent in V7 (w), thus revealing reflections to harmonic offset
frequencies. The calculated Fourier transforms of the incident
and reflected voltage signals are shown in Fig. 2(c), and are
consistent with the time-domain waveforms in Fig. 2(b). Thus,
the conversion matrix technique easily predicts the S7; and
reflections in this example LPTV circuit.

The conversion matrix technique can similarly be applied
to other LPTV circuits as well. Specifically, similar analysis
can now be used to discuss impedance matching in some
typical LPTV receiver front-ends. As mentioned before, in
some cases, closed form analytical expressions are possible
whereas in other cases, the S11(w) matrix can be numerically
evaluated (e.g., using MATLAB) for a sufficiently large K.

III. MIXER-FIRST RECEIVERS

Mixer-first receivers (such as the 4-path receiver shown in
Fig. 3) are promising candidates for widely programmable RF
receiver front-ends. The RF input signal is downconverted by
a set of IV passive mixer switches controlled by clocks with
duty cycle, 1/N, and period, T}, as shown in the figure. This
equivalently results in the baseband low pass filter response
being upconverted to give a high-@) band pass filter centered at
the clock frequency, w, = 27 /T}, (and its harmonics). Adding
a parallel resistance to the baseband capacitor can be shown
to allow RF impedance matching as well.

Consider the frequency-domain equivalent circuit of the 4-
path mixer shown in Fig. 3, reproduced from [19]. The input
impedance matrix of the circuit is given by [19]

3 -1

Solze+6:7

n=0

12)

50

7’ N\
4 N
7 D
401 v
4 W
%
\\
—~ 30 N
&
£ S
N 20
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0 T : :
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p
@
0 T
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=~ .10+
-
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— . = 0.5% (Calculated)
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Figure 4. (a) Input impedance presented to an ideal current source, and (b)
S11 around the LO frequency in a 4-path mixer-first receiver with the presence
of parasitic capacitance, C, = aC',, at the antenna input when R;, = %RS

ZRS_D(kwp+w)

R, L:Rm

1
| S
I (w)

!

Figure 5. Equivalent LTI circuit of an N-path mixer-first receiver around the
frequency, kwp

where G, is the conversion matrix of the switch conductance
in path n (a Hermitian Toeplitz matrix derived from the
conductance waveform, G, (t) shown in Fig. 3), and Z, (w) =
[R'T+jCLOw)] ~ is the LTI path load impedance. Then
using (7), Si1(w) can be easily calculated. The analysis can
also easily include circuit imperfections. For example, the
impedance is disturbed by the presence of parasitic capacitance
at the antenna (from, for example, the mixer switches). This
is because the switches must be made large to reduce its ON
resistance that directly limits the out-of-band rejection of the
realized band-pass filter [2]. Hence consider a capacitance,
Cp = aC, at the input of the receiver, and its corresponding
admittance conversion matrix, Y,(w) = jC,Q(w). Then the
input impedance can be simply modified to

Zin(w) = (Yp(w) + Yin(w)) ", (13)

while S11(w) retains the expression in (7) [19].
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Figure 6. Calculated fraction of input power reflected to LO harmonics, and the total fraction of power reflected for an incident signal around LO frequency,
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wp, in a 4-path mixer-first receiver for Ry, = %RS
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Figure 7. Spiand total reflected power for an incident signal at the receiver
center frequency, wy, as a function of baseband resistance, Ry, in (a) a 4-path,
and (b) an 8-path mixer-first receiver

To illustrate the results obtained from the analysis, consider
the case when R; = %sian (%) R, = %ZRS. It is well
known that if 1/R;C; < w,, then this ensures that the
impedance presented by the receiver to an ideal current source
at w = wy is R, [9], [10] (due to impedance translational
property of current-driven passive mixers). Fig. 4 shows
simulated and calculated results (with X = 1000)° for this
case with Ry = 50Q, R, = 1/Gon = 0.1Q, Gopy = 0,
and w, set to 50/Rs;Cy,. It is seen that the input impedance
presented to an ideal current is about 50{2 at the center
frequency, w, (obtained from the (K + 2,K + 2)'* term
in Z;,(w)). However, the calculated S1; (obtained from the

5K = 1000 is sufficient for accurate results, with no noticeable difference
in results with higher K. A short discussion on the size of matrices is included
in Appendix B.

(K + 2, K + 2)t" term in S;;(w)) is only -18dB (verified
using Spectre RF PSS-PSP/PAC simulations), indicating that
the impedance presented to the R, = 502 source is no longer
Rs. This is because just as in the simple example in Section
II, the impedance presented changes with the source. [3]-
[5] models it with a shunt element, R, dependent on R,
appearing along with the upconverted baseband impedance.
In any case, the effect of non-zero a, shown in [5], [17], is
also replicated correctly by the analysis, with the impedance
and S7; peaks shifting to lower frequencies.

While the matrix equations from (12) and (7) can be solved
numerically to obtain results like Fig. 4, it can also be sim-
plified to derive closed-form expressions. Appendix A derives
the input impedance and Sp; for an ideal N-path mixer-first
receiver. The analysis leads to closed-form expressions for all
elements of the matrices, Y, (w), Z;»(w) and S11 (w) given by
(21), (23), and (25), respectively. Corresponding impedances
are also found from diagonal elements, and agree with results
in prior art (for example, impedance presented to an ideal
current source, Zc— p(kwy, + w), given by (24) [9], [10], and
to a source with impedance Rs, Zrs—p(kw, + w), given by
(26) [3]-[5]). In fact, Zps—p(kw, +w) can be shown to have
an equivalent circuit shown in Fig. 5, where

KNk = ome gy TNk = wsine? (57).
This equivalent circuit matches the LTI equivalent circuit
derived for k£ = 1 in prior art [3]-[5]. Further, for R,, = 042,

S11(kwp) = 0 can be obtained (using (26)) with

B NR,
2sinc? (%”) -1
Note that R;, < 0 when impedance match is not possible
(cases where K < 1 results in Zrs_p(kwy) < Ry).
While the in-band S7; can ideally be reduced to 0, the total
reflected power must be considered as well. The non-diagonal
terms of the matrix, S;;(w), obtained in (25) must be consid-
ered as described in Section II. Figure 6 shows the calculated
fraction of power reflected for an in-band input incident signal
in an ideal 4-path receiver for R,, = 002 and R}, = %QRS for
fundamental operation, i.e. k = 1. |y;.1(Aw)|® is the fraction
of the incident power reflected to the frequency, (iw, + Aw)
when the incident wave is at the frequency, (w, + Aw). As

Rp (14)
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Figure 9. A simple 8-path receiver front-end with switched-capacitors for
impedance matching

derived in Appendix A, an N-path structure causes reflections
to only frequency offsets of Nw, and its multiples, and so
in the 4-path case, V1 14n(Aw) = 0Vn # 4m, meZ. The
total fraction of reflected power is also plotted (along with
S11 = |71.1(Aw)|? for comparison). It can be seen that for
an incident wave at the LO frequency, about -7.3dB (or 19%)
of the total incident power is reflected. This is a significant
amount, and is about 10dB worse than the in-band reflected
power inferred from S7; alone. Thus, reflections to non-input
frequencies need to be considered when employing impedance
matching with the structure in Fig. 3.

It is desirable to minimize the total reflected power. Varying
Ry (while keeping Ry Cp constant) changes S7; and total
reflected power for fundamental operation as shown in Fig.
7(a). While Sy is 0 when Ry =~ 6.44R, (as expected from
(14)), the total reflected power is still close to minimum
when Ry, is set to L;RS. Nevertheless, the difference is small
(<1dB). Another alternative is to increase the number of paths,
N. For example, an 8-path receiver eliminates reflections from
frequency offsets of 4w, and its odd multiples compared to
a 4-path receiver. As shown in Fig. 7(b), this significantly
improves the total fraction of reflected power to less than -
13dB. 517 is 0 at the expected Ry, =~ 8.9Rj, but total reflection
is slightly lower when R is set to present an impedance

of R, to a current source, i.e. Ry, = isinc? (E) R

8 8
72/ [2(2-V2)] R..

The total reflected power can be derived as a function of
the no. of paths, IV, as well. Substituting the optimal value of
Ry, needed for impedance match at kwy, i.e., Sii(kwpy) =0

= Calculated
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Figure 10. (a) Input impedance presented to an ideal current source, and (b)
wideband S71 of the 8-path switched-capacitor receiver front-end with switch
Ron = 0.582
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Figure 11. Effect of switch resistances on S1; of the switched-capacitor
receiver front-end with input and reset switch resistances of Ron,1 and Rop 2,
respectively

(from (14)) in (25) (along with R, = 0§2) gives

oo

7 Piw(Bdw =0 =

1=—00

= . (15)

Note that the total reflected power worsens for non-
fundamental operation, i.e. |k| > 1 (optimal Ry, varies with k
as per (14)). Figure 8 shows the variation of the optimal Rj,
and total reflected power as a function of IV for kK = 1. The
fraction of power reflected clearly reduces by ~6dB for every
doubling of N, while R, grows linearly with V.

IV. SWITCHED-CAPACITOR RECEIVER WITH RESET

An alternative method to achieve impedance matching is
using switched-capacitors that are reset periodically [13]. By
charging and discharging load capacitors, Cs, in N paths,
where each path is turned on for 1/N*" of the LO period,



IEEE TRANSACTIONS ON CIRCUITS AND SYSTEMS—I: REGULAR PAPERS

10| = Iy, ()
® Simulated

-15 /{“‘K‘M‘

25 -0.25

0 0.25 05
Am/mp

Sll
. 2
—xy,A0)

_c|_® simulated

.«"‘"«'«

ol

25 -0.25

0 0.25 0.5
Aco/wp

Figure 12. Calculated fraction of input power reflected to LO harmonics, and the total fraction of power reflected (considering the fundamental and up to 50
harmonics) for an incident wave around the receiver center frequency, wp = 2m(fs/8), in an 8-path switched-capacitor receiver front-end

P}

dB

-10F

—-5,,(A0=0)
-z l(A(o=0)|2
a5 ; I } | I
0.2 0.4 0.6 0.8 1
CR.f
S SS

Figure 13. S11 and total reflected power (considering up to 50 harmonics)
for an incident wave at the receiver center frequency, wp, = 2m(fs/8), as a
function of capacitance, C's, in an 8-path switched-capacitor receiver front-end

T,, a switched-capacitor resistance is achieved at the input
that can be matched to the source impedance, R;. Figure 9
shows an 8-path example that was implemented in [13]. It was
shown that a wideband match is achieved in this circuit for
Cs ~ 0.63/(fsRs), where f, = 8/T,. From the frequency-
domain conversion matrix equivalent circuit shown in Fig. 9,
the input impedance of the circuit can be derived using series
and parallel combination of impedances as

N-1 -1

Zin(w) = Z[{YL(UJ)JFR;l}—wRi]—l |

=0

(16)

where R; and R; are the conversion matrices of the i*" path’s
input-switch and the reset-switch resistances respectively with
j = (@i + N/2)modN, and Yi(w) = jC:Q(w) is the
admittance of the load capacitor, C's (Note the summation in
(16) can be expressed as a function of only one path using
the P matrix (like the mixer-first receiver in Appendix A)).
Then using (7), S11(w) is easily calculated. Figure 10 shows
the calculated input impedance (presented to an ideal current
source), and S of the circuit (for K = 1000) with R, = 502,
Ron, = 0.5 and R,y = 50kS2 6. The results compare well
with simulated results using Spectre RF and the results in
[13]. The Si; is low in the wideband, and better than -25dB
at DC. The S;; does degrade to -13dB at the LO frequency,
wp =27/ T,.

SFinite R, 7f 1s assumed to ensure that the matrix algebra is tractable.

0 :
] Sll(Am=0)
e - '):i|yi’l(Aw=0)|2_
% - A
0 [ §
@ .10}
o
-15+F -
-
-20 - ; ¥
4 8 12 16

No. of paths (N)

Figure 14. Variation of Si1 and total reflected power (considering up to
50 harmonics) for an incident wave at the receiver center frequency, wp =
27 (fs/N), as a function of no. of paths, N, in the switched-capacitor receiver
front-end

Other effects are also easily included. For example, the ON-
resistances of the input and reset switches, Ro, 1 and Rop 2,
respectively can be simply included while constructing the
R; and R; matrices in (16). Figure 11 shows that calculated
S11 for practical values of R, and R, 2 as mentioned in
[13]. The results match very well with results from Spectre
RF simulations, as well as Fig. 5 in [13]. It is notable that
calculated results were not available for all cases in [13].

Finally, the non-diagonal terms of the matrix, S11 (w), can be
considered to characterize reflections to harmonic offsets from
the input frequency. Figure 12 shows the calculated fraction
of power reflected for an in-band input incident wave (with
Roni = Ron2 = 0.5Q), where \'yi,l(w)|2 is the fraction of
the incident power reflected to the frequency, (iw, + Aw)
when the incident wave is at the frequency, (w, + Aw). As
expected, significant reflections are present at frequency offsets
of 8w, and its multiples due to the 8-path receiver structure
(similar to an 8-path mixer-first receiver). The total fraction of
reflected power (for up to 50 LO harmonics) is also plotted
(along with S;; = |7171(Aw)\2 for comparison). It can be
noted that the total fraction of reflected power is about -
6.8dB, which is significantly worse than for an 8-path mixer-
first receiver. Further, varying C; from its impedance-matched
value of 0.63/(fsRs) does not improve reflections as shown
in Fig. 13. Finally, Fig. 14 plots the variation of S7; and total
reflected power with no. of paths, IV, in the receiver. While S1;
does improve with N, the calculated total fraction of reflected
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Figure 15. A simple Filtering-by-Aliasing (FA)-based receiver front-end
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Figure 16. An M-way time-interleaved FA-based receiver front-end

power was -7.7dB even for a 16-path implementation. Hence,
the switched-capacitor impedance matching structure may not
ideal by itself when antenna reradiation must be minimized.

V. FA-BASED RECEIVER FRONT-ENDS

Recent works have used time-varying components to realize
sharp programmable receiver front-ends [7], [8]. Based on
the technique called Filtering by Aliasing (FA) [24], these
receivers use LPTV resistors followed by integrators as shown
in Fig. 15. When the integrators are operated as integrate-
and-dump blocks, with the outputs sampled and reset at the
same period, T, as the time-varying resistors, it was shown
that sharp programmable analog-FIR filter responses of length
T, controlled precisely by the resistance variation R;,(t),
were achieved from the input, vs(t), to the sampled baseband
outputs (as shown in Fig. 15) [7]. A 4-path mixer was used
to upconvert the filter to a desired center frequency.

The performance of FA-based receivers was further ex-
tended using the concept of time-interleaving. As shown
in Fig. 16, M identical receiver front-ends are connected
in parallel to the source, except that their sampling clocks
and input resistance variations are phase-shifted in a time-
interleaved manner. This allows the receiver to implement
an analog-FIR filter whose length is M times the effective
sampling period. For example, in Fig. 16 the sampling period
T,/M for a filter of length Ts. A 2-way interleaved front-end
was implemented in [8] with improved filtering performance
compared to [7].

The conversion matrix technique can be easily used to
study impedance matching in the FA-based receiver front-
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Figure 17. Wideband S1; of an FA-based receiver front-end with the presence
of parasitic capacitance, Cp, at the antenna input, and comparison of the
measured S11 in [8] to calculations
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Figure 18. The time-varying input resistance, R;y, (t) and the corresponding
T'(¢) for non-interleaved and 2-way interleaved implementation of filter fre-
quency response in Fig. 15 with min. LPTV resistor resistance, R, i, = 4092

ends. Assuming that the op-amp is ideal in Fig. 15, the input
impedance is simply a time-varying resistance R;,(¢) (for a
single-stage op-amp implementation like in [7], the integrator
input impedance, 1/g,,, needs to be added). Similarly, for
the time-interleaved case, the input impedance, R;, (t), is the
parallel combination of the time-varying resistances in the
M paths. For example, in case of a 2-way time-interleaved
receiver [8], R;n(t) = R(t)||R(t — Ts/2). Note that unlike
previously discussed front-ends, the input impedance is ideally
memoryless. Further, the periodicity of the impedance is at
the baseband sampling rate, T, and not the receiver center
frequency. Thus, the ideal input impedance is simply given by
the conversion matrix of R;,(t), i.e. R;,, and so Sii(w) is
simply given by

Sll(w) = [Rln - RSH] []Rzn + RS]I]_l 5

where R is the source impedance. As discussed in Section

a7
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Figure 20. Variation of R,,;n and total reflected power with no. of time-
interleaved branches, M

II, since the input impedance is memoryless, S11(w) can be
simply constructed from the Fourier series of time-varying
reflection coefficient, I'(¢), as shown in (11). Hence, the S1; of
the circuit is simply given by the diagonal elements of S;;(w),

Rin(t) — R
Rzn(t) + Rs:| ’

exactly as noted in [7]. The S11 is frequency-independent, and
so can be kept low in the wideband.

Presence of parasitics can also be easily considered. For
example, consider a parasitic capacitance, C}, at the input of
the receiver. Then the input impedance expression changes to

S11,ideal = Yo = mean { (18)

19)

wm

Zin(w) = (Yp(w) + R,

where Y, (w) = jC,$2(w) is the admittance conversion matrix
of Cp. Hence the S, becomes frequency dependent. Figure
17 shows the effect of C), on the S;; of the receiver front-end
when the resistance variation is designed to give a wideband
S11,idear = —20dB (from [8]), calculated for K = 1000.
As expected, the S1; is -20dB regardless of frequency for
Cp = 0 from both calculations as well as Spectre RF PSS-
PSP simulations. With the presence of C),, the S7; degrades
at higher frequencies. Further, comparison with the measured
S11 in [8] with the estimated C), = 2pF (see Fig. 17) shows
that the calculations match well with prior results.

The total amount of reflected power to the antenna that
is reradiated can also be easily calculated. With C), = 0,
the non-diagonal components of S;;(w) are simply the non-
DC Fourier series coefficients of I'(¢). Thus, for an in-band

incident wave, the total fraction of power reflected can be
found using Parseval’s theorem to be

oo

>

n=—oo

Ts
1

ol = 7 [ 0@ dt = mean [0
t=0

This depends on the actual resistance variation, but as a trivial
example, the mean can be set to 0 by setting I'(t) = 0, i.e.
R;n(t) = Rs. Of course, this would only result in a simple
first-order baseband filter similar to the mixer-first receiver in
[6].

The example resistance variation shown in Fig. 15 cannot
achieve low S7; due to its large range of variation. Hence, the
filter impulse responses were themselves optimized in [7], [8]
to allow for low S71. While the details of such an optimization
can be found in [25], it can be shown that increasing the no.
of time-interleaved branches, M, can lead to low S;; and
reflections. Consider the case where the filter shown in Fig. 15
is designed with LPTV resistors that can achieve a minimum
value of R,,;, = 40€). As before, if no time-interleaving is
applied, the input resistance variation, R;,(t), is large and
as shown I'(¢) is > 0 for most of the period leading to a
large S71. Suppose, if 2-way time-interleaving is used. The
resistance variation, R(t), in each branch is still similar to the
non-interleaved case. The input resistance, R;, (t), on the other
hand, is the parallel combination of R(t) and R(t — T,/2).
Thus, it remains fairly constant as shown in Fig. 18. The
choice of R,,;, = 409 keeps it close to R, = 5012, i.e.,
I'(t) =~ 0 throughout the period. Hence the 2-way interleaved
implementation is much better in terms of S1; and reflections.
Nevertheless, choosing the right value of R,,;, is critical.
Figure 19 shows the variation of S1; and total reflected power
for the 2-way time-interleaved implementation with R,,;,. The
fraction of power reflected can be made as small as -25dB,
and S1; = 0 by choosing R,,;, =~ 42€) in this case. Further
increasing the number of branches, M, reduces reflections to
almost 0 (as shown in Fig. 20), with R,,;, scaling inversely
with M as intuitively expected. In fact, just 3-way interleaving
is sufficient to nearly eliminate all reflections. These trends
hold true with other filter impulse responses as well.

VI. CONCLUSIONS

This paper introduced a conversion matrix-based analysis
to understand impedance matching in general LPTV circuits.
The analysis is used to easily derive the S;; in an LPTV
circuit, and simultaneously predicts reflections to harmonic
offsets from input frequencies. Application to example LPTV
receiver front-ends provides new insights to reflections and
possible reradiation from the antenna when connected to such
circuits. Explicit expressions have been derived for both ideal
N-path mixer-first receivers as well as FA-based receivers,
while numerical results were obtained for other cases. The
results agree well with simulations and prior-art. A summary
of impedance matching performance of the analyzed circuits
is provided in Table II. Guidelines are also provided for
proper choice of conversion matrix expressions/sizes in case
of numerical computation.
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Table 11
COMPARISON OF LPTV RECEIVER FRONT-ENDS

Switched-cap

Scheme Mixer-first with reset FA-based receiver
Matching Upconverted Switched-cap Upfront (time-
mechanism  impedance resistance varying) resistor

Z,(fo)=R R :(”2/2) R, C, ~0.63/(Nf,5R;) mean[Rm (t)]:R

s

(for current (4-path) (N-path)

source)

Su(fo)=0 R ~(2’/15)R,  C,~063/(NfoR) mean[T(t)]~0

(4-path) (N-path) (constrained Riy(t))

S, ~0 Narrowband Wideband Wideband

bandwidth

Fraction of  -7dB (4-path) -7dB (8-path) mean! 0 (1)

power @f.o  -13dB (8-path) -8dB (16-path) U ( )‘ }

reradiated

Reducing Increase no. of Increase no. of Constrain Riq(t)/

reflections paths paths increase no. of
branches, = 0
possible with M=3

APPENDIX A

INPUT IMPEDANCE OF AN IDEAL MIXER-FIRST RECEIVER

Consider an N-path mixer first receiver switching at
frequency, w, (an example 4-path is shown in Fig. 3).
The baseband load impedance, Zp(w) = 1/Yp(w) =
Rp||(1/jwCyL) has a diagonal conversion matrix, Zy (w) =
[Ril]l—i-jCLﬂ(w)]_l. Assuming that the baseband band-
width 1/(R.CL) < w,, for a small offset frequency
w (W/w, < 1) Zp(w) reduces to a l-element ma-
trix, i.e. Zp(w) =~ diag([[ o 0 Zp(w) 0 -]} =
A [Zn(w)] A, where A = 0 1 0 ---]. This sim-
plification applies to any Z,(w) as long as Zj(w) ~ 0 for
lw| > wp/2.

The elements of conversion matrix of the switch conduc-
tance variation in the n'"* path (ne {0,1,2,3,..., N — 1}), G,,,
are found from the Fourier series coefficients of their corre-
ioj Gn,mejmwpt~

m=—o0
In case of an ideal mixer-first receiver with switch ON and
OFF conductances of G,,, and G,y ¢, respectively,

sponding conductance variation, G, (t) =

1

Gn,m = N

(Gon — Gogy) sinc (%) exp <—j 27r]$m) o)

with G, 0 = %(Gon — Goff) + Gogy (Fourier series coef-
ficients of a 1/N duty-cycle square wave switching between
Gon = 1/R,, and Go,yy (usually 0)). It can be noted that
Gp+1 can be expressed as the Hadamard product’, Gpy1 =
W © G, where W = wwfl, W being the diagonal matrix
diag{[ 1 w w? ]}, withw:exp(—j%Tm).
The Hadamard product operation with W incorporates the fact
that G,,41(¢) is simply a phase-delayed version of G, (t).

"The Hadamard product of two m x n matrices A and B is defined by
[AQBL’]’ = [A]ij []B]ij Vi<i<m,1<j<n

Interestingly, W ® G,, can also be expressed as W & G,, =
WG,W™' = (WoG,) ' =WG,'W™ =Waog,!,
i.e. the Hadamard product relationship exists with the inverses
as well (intuitive since the resistance-variation R, () =
1/Gp41(t) is a phase-delayed version of R, (t)). Also, the
diagonal entries of W are 1, meaning W © Zj, = Z,. Hence,

[Z,+G;' ] ' =WoWo- - ntimes © [Z, +G5'] ™.

The conversion matrix of the input admittance of the
ideal mixer-first receiver is given by (12) as Y;,(w) =
N-1
> [Zr+ G, ' that simplifies to

n=0

Yin(w) =Py ® [ZL—FGal]il,
where Py =J+W4+WoOW+...+WOWEO--- N-1
times (J is a matrix of all 1s, i.e. JO A = AVA), ie

1 1—w N 1—w 2N
1—w 1—w
1—w? 1
1—w
Py=N )
1—w2N
1—w

Py simplifies greatly since w™ = 1, and so

In In
Py = N In Iy --- 7

where [y is the N x NV identity matrix. It is notable that
the only non-zero terms in Py are offset from the matrix
diagonal by multiples of IN. All subsequent matrix equations
involving Py can also be shown to have non-zero terms at
similar locations, implying that frequency shifts in the circuit
are by multiples of Nw,,. This is a known property of perfectly
matched N-path circuits with clocks that are exactly delayed
by multiples of 1/ (Nw,) [15], [16]. Nevertheless, mismatches
can reintroduce frequency shifts from other harmonics of w;,.

Using, Z;, = M\ [Zp(w)] A and the Woodbury matrix
identity®, it can be shown that

Gy +Z1]" = Go—GoX* [Yi(w) + AGoA*] ™' AGo
= Go — u* [Y(w) + Gool ' i,

where 1% = . GO,l G()’o Gotfl

is the middle row of Gy. Hence, Y;,(w) =

Py © [GO —p* Y (w) + GO,O]fl u] It may be noted that
Gomn =0V m # 0 (from (18)). Thus, Py © Gg = NGy ol.
Further, it can be verified that Py © pu*u = No*o, where

Go,x 0 0 Go,k—N
0 G01K71 0
o=
: - 0
0 0 Gok-N+1 0

8[A+BCD] ! =A-1 - A-!B[C~! +DA~B] ' DAL
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is an N x (2K + 1) matrix. Thus,

Yin(w) = NGool — No* [Y(w) + Goo] " 0. 1)

The diagonal elements of the matrix Y;,(w) gives the input
admittance of the mixer-first receiver. Specifically, the element
at (K+14k,K+1+4k) represents the admittance presented by
the mixer-first receiver at a frequency of kw, 4w when driven
by an ideal voltage source, denoted by Yy _ p (kw,+w). Thus,
for GO ff= 0

Yv_p(k - NGoo — gl
v-p(kwp +w) = 00 = Vi (w)+Goo
_ Gon - km
= Gon [1 s i oy o} sinc? (W) )
(22)

For large values of G, i.e. small R,,, the input admittance
is not strongly dependent on the baseband impedance. This is
expected when the receiver is voltage-driven.

Now, Z,(w) = Y, 'w). It can again be

in
computed  using  Woodbury  matrix  identity = as

Zin(w) = ﬁwﬂ—kﬁgoa* [YL(w) +Goo — Gi,o 00*} o.
* is an N x N diagonal matrix given by oo* =

(oxon

, |2K/N] ,  [2K/N) )
dzag{{ > 1Gox—kn] > |Gox—kn-1]
k=0 k=0
For G,fy = 0, each term in oco* is of the form
o0
Gio > sinc®(km+0) as K — oo (using (20)). Since
k=—o0

> sine® (km+0) = 1V0, 00" = G§ oL, and s0 Zi,(w)
k=—o0
simplifies to

1
_ 24C))
NGy,

Lin(w) oo (23)

NG3,

The diagonal elements of the matrix Z;,(w) gives the input
impedance of the mixer-first receiver. Specifically, the element
at (K+1+4k,K+1-+k) represents the impedance presented by
the mixer-first receiver at a frequency of kw, +w when driven
by an ideal current source, denoted by Z¢_ p (kw,+w). Thus,

Z1(w)|G 2
Zo_pkwp +w) = Néo,o T L(Ng%,(:kl 24

= Rop+ +sinc® (55) Zp(w).

The input impedance is clearly dominated by the baseband
impedance. The result obtained matches prior art [9], [10],
where Ty, = & sinc? (5F) denotes the factor by which the
baseband impedance is upconverted to frequency, kwp.

Finally, consider the case when the receiver is driven by a
purely resistive source with source resistive, R; = 1/Gq, i.e.
whose conductance conversion matrix is given by Y (w) =
Gl . Then the S1;(w) matrix is given from (8) by

Si1(w) = [Ys(w) = Yin(w)] [Ys(w) + Yin(w)]_l .

Matrices [Y,(w) — Yip (w)] and [Y,(w) + Yin(w)] ™" are eas-

ily obtained from (21) and are given by:

i % vy

v(t) Rp

Figure 21. A simple switching circuit
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Figure 22. Response of the circuit in Fig. 21 to an input only around DC

[Ys(w) = Yin(w)] =

(G = NGoo)l + yrifiigyy oo
[¥,() + Yan@)] ™ = 1

Gs+NGo,o X

o*o

N
I+ (Gs+NGo,0)YL(w)+G:sGoo

Now any element of Si;(w) can be easily obtained using
the relations: oo* = G I and No*o = Py © p*p. For
example, the element at (K + 1+, K + 1+ j), i.e. v ;(w)
as per (9), can be found by taking the vector dot product
between the (K + 1 + )" row and the (K + 1 + j)"" column
of [Ys(w) — Yin(w)] and [Y,(w) + Yin(w)] ™", respectively.
The elements of S;;(w) are computed and on simplification
gives (25). Note that v; j(w) = OV (i —j) # mN, meZ
is a natural consequence of the Hadamard product with Py
propagating through all the matrix equations.

Of particular interest are the diagonal elements of Sq;(w)
that give the Sq1 of the circuit, i.e. g 5 (w) = S11(kwp + w).
The equivalent impedance corresponding to the obtained S1;
can be found as shown in (26). This is the impedance presented
by the mixer-first receiver to a source with impedance R, at
a frequency of kw, +w and is denoted by Zgs_p(kw, + w).
Thus, the impedance characteristics of the ideal mixer-first

receiver with a memoryless source is completely characterized
by (21)-(26).

APPENDIX B
CONVERGENCE OF RESULTS WITH MATRIX SIZE

Consider the simple LPTV circuit shown in Fig. 21 wherein
a voltage source drops its potential across a series combination
of a constant load resistor and a switch that is periodically
turned ON and OFF with clock ¢ of frequency, w,. The
switch can be modeled as an LPTV resistor with a resistance
variation, R(t) and conversion matrix, R, while the constant
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G:—NGo,o 2NGs|Gox|? .
Gs+NGo,o (G5+NG0,0)[(GS+NG0,0)YL(w)+GsG0,0] J=1
(@) = (G NG 0 [(G + NG o)V (@) TG Gos] j=i+mN, meZ—{0}
else
Ron— Ry 2Rssinc2(%‘)ZL(w) .
Ron+Rs (Ronﬂ)as)[zz (_w;JrN(RonJrRs)] J=1
— 2R sinc( XX )sinc(Lr ) ZL (w) . (25)
(Ron 7R (22 @) TN (Ron 7 )] j=i+mN, meZ—{0}
0 else
1+ 571(k Ron + Rs) sinc? (E2) Zp (w
Zrs—p(kwp +w) =R + S (hwp + ) = Ry + ( ) (%) ZL(w) 26)

s 1-— Sll(kwp + w)

N (Ron + Rs) + [1 — sinc? (%’T)] Zp(w)

load resistance has a conversion matrix, R;, = R;1. Then the
output voltage can be deduced readily as:

Vow) =RpI(w) =R [R+R;] ' V(w). (27

Given component values based on the clock waveform, the
expression can be evaluated numerically to find the output
of the circuit. For example, for an ideal 50% duty-cycle ¢,
with switch ON and OFF resistances of R,, = 10 and
Ropp = 10kQ, with Ry, = 100§, the calculated magnitude
of V,(w) is plotted in Fig. 22 for K = 500. From the plot,
it is clear that the calculated output matches the ideal values
around odd harmonics of w,, while for even harmonics the
result is not exactly zero as expected (but still small). The
convergence of the output magnitude of V,(w) around the 0",
15t, 274 and 9 harmonics of w, are plotted as Ag, A, Ao,
and Ay, respectively, with conversion matrix size, i.e. K is
plotted in Fig. 23. As is evident, the DC and odd harmonics (up
to 9) converge for about K = 100, while the even harmonics,
ideally absent, reduce steadily with increasing K.

Can the convergence be made faster? In (27), I(w) is valued
as [R + Ry] ™" V(w), i.e. the inverse conversion matrix of sum
of R(t) and Ry. Instead, if Gr(¢t) = 1/ [R(t) + Ry] is used
to build a corresponding matrix, G, then I(w) = GrV (w) .
It can be shown that the output

Vo(w) =RrI(w) =R GV (w) (28)

for frequencies up to =M w,, matches the ideal value for K =
M, i.e. much faster than with (27). In fact, the even harmonic
terms are exactly 0.

Why does (28) converge much faster than (27)? The reason
is that the matrix inversion, [R+ R L]_l converges to its
ideal value, G, only as K — oo (convergence can be
proved using Lemma 4.5 in [23]). This is because G (t)
is related to [R(t) + Ry] by an inverse (an extremely non-
linear function). Thus, the frequency content in Gr(¢t) within
[-Mw,, Mwy)] is not only dependent on frequency content
within [-Mw,, Mw,] in [R(t)+ Rr], but a much larger
frequency range (or equivalently a larger K'). As an example,
consider R(t) = 1+ asin(wpt) |a] < 1, i.e. a single-tone
sinusoid. To represent G(t) = 1/R(t) accurately with at least
99% of its power, the no. of harmonics, K, necessary is plotted
in Fig. 24 as a function of a. K ~ 1/(1— |a|) is clearly
greater than 1 for a large range of a.
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°
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Figure 23. Convergence of amplitude of the output around the nt” harmonic,
Ay, with matrix size, K, in the analysis
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Figure 24. No. of harmonics, K, needed to represent G(t) =
1/ [1 4+ a sin(wpt)] with 99% of its total power

The above observations can be used to establish some
guidelines regarding matrix size, i.e., K:

1) Replace matrix inverses with more accurate versions
if possible, for example [R +Rz]~" with Gy in (28).
This avoids introducing errors due to finite-dimensioned
matrix inverses.

2) Representation of time-varying elements must to chosen
to minimize matrix inversions. For example, in the
mixer-first receiver analysis in Appendix A, the switches
are represented by conductances instead of resistances to
reduce inversions in the analysis.

3) If inversions cannot be avoided, choose K such that the
matrices represent both the underlying LPTV component
variation, and its inverse with enough precision. For
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example, while representing R(¢) with a conversion
matrix, R, K must be chosen so that the Fourier series
representations of both R(t) and 1/R(t) includes, say,
99% (depending on required accuracy) of their total
power.
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