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Abstract

Different Markov chain Monte Carlo (MCMC) sampling algorithms are compared in this
work. The parameter being estimated is injection rate and the forward model is coupled
flow and geomechanics in the presence of fault. The forward model is reduced using deep
learning in the form of LSTM autoencoder, and this reduced order model is used in the
evalation passes in the MCMC algorithm.
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1. Introduction

Estimating fault geometry from ground displacement is one of the most critical problems
in the realm of geoscience. As a first stab at the problem, we estimate injection rate from
ground displacement. Bayesian inference has come to the forefront as a standard bearer
for inverse problems in the realm, and the advent of applicable deep learning has sped its
acceptance. One of the critical aspects of Bayesian inference is Markov chain Monte Carlo
(MCMC) sampling, which is often either misunderstood or misinterpreted. In this work,
we compare a few popular MCMC sampling algorithms for a problem in which the injection
rate is estimated from displacement data generated by forward simulations of a sophisticated
coupled flow and geomechanics [1–15] model. The Bayesian inference framework works on the
basic tent of uncovering a distribution and starts off with an initial guess for the distribution
also called prior to eventually get to the desired distribution also called posterior through a
likelihood. The Bayes theorem in a nutshell is:

π(θ|D) = π(D|θ)π(θ)∫
θ
π(D|θ)π(θ) (1)

where π(θ|D) is the posterior, π(D|θ) is the likelihood, π(θ) is the prior given that θ is the
parameter being estimated and D is the data. The quantity that makes evaluation of the
posterior difficult is the integral term in the denominator. Since direct evaluation of the
integral using quadrature rules is expensive, MCMC sampling [16–26] is used. The prior
ideally carries information about the posterior and the likelihood tells us if the sampling
points are far away from the posterior or not. Since we do not know the posterior, we can
only make educated guesses about the prior unless some complicated mathematical concepts
are invoked to inform us about the prior. Such mathematics is an area of active research, and
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it makes sense to take the prior to be a uniform distribution with equal probability assigned
to all valid sampling points. To formalize the problem, we map the relationship between the
injection rate and time to displacement through a forward model F as follows

F(q, t) := (q, t)→ u (2)

The goal of the inverse problem is to estimate the injection rate as a probability distribution
given data D as follows

π(q|D) = π(D|q)π0(q)∫
q
π(D|q)π0(q)

(3)

where π0(q) is the prior distribution which we take to be a uniform distribution and π(D|q)
is the likelihood given by

π(D|q) =
n∏

i=1

π(D(ti)|q) =
n∏

i=1

1

σ
√
2π

e
− 1

2

(
F(q,ti)−D(ti)

σ

)2

(4)

where n is the number of data points.

2. Bayesian/MCMC applied to our problem

For the random walk metropolis algorithm, the likelihood is taken to be a normal distri-
bution centered around the current sampling point with a certain variance.

2.1. Initial variance

At the start of the MCMC simulation, the covariance matrix is computed as

C = σ2
0[χ

Tχ]−1

where the initial variance is computed using

σ2
0 =

√∑n
i=1 (F(q0, ti)−D(ti))

2

n− p

and the sensitivity matrix χ is computed using finite differences as

χij =
∂F(ti)
∂qj

≡ F(ti, qj + qj ∗ ϵ)−F(ti, qj)
qj ∗ ϵ

where ϵ is a small number. This initial covariance matrix will hopefully represent our closest
guess for the shape and scale of the covariance matrix of the target density function.
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Algorithm 1: Adaptive metropolis algorithm

1 σ0 ←
√∑n

i=1(F(q0,ti)−D(ti))
2

n−p
; // Initial standard deviation

2 χ← ∂F
∂q
; // Sensitivity matrix χ with elements χij :=

∂F(ti)
∂qj

, i = 1, .., n, j = 1, .., p

where n and p are the number of data points and model parameters being estimated

respectively

3 C ← σ2
0[χ

Tχ]−1; // Construct initial covariance matrix

4 for m=0,2,...,M-1 do
/* M is the number of samples drawn */

5 if (m+ 1)%m0 then

6 C ← 2.382

p
cov(q0, .., qm); // Update covariance matrix every m0 iterations for

the adaptive metropolis algorithm

7 q∗ ∼ N (qm,C); // Sample from a normal distribution with mean qm and

covariance C

8 if min
{
1, π(D|q∗)π0(q)

π(D|qm)π0(qm)

}
> ϕ ∼ U(0, 1) then

9 qm+1 ← q∗; // Accept sample if the computed ratio is greater than a number

randomly sampled from a uniform distribution between 0 and 1

10 else
11 qm+1 ← qm; // Reject sample

12 σm+1 ∼ Inv − γ
(

1
2
(ns + n), 1

2
(nsσ

m2
+
∑n

i=1 (F(qm+1, ti)−D(ti))2)
)
; // Sample

new standard deviation from an inverse gamma distribution informed by the

current standard deviation

2.2. Acceptance strategy

At every iteration, a new sample q∗ are picked from a normal distribution with mean as
the current guess qm and covariance C as follows:

q∗ ∼ N (qm,C)

In case of the adaptive metropolis algorithm, the covariance matrix is adapted as more
samples are accepted. In general, the adaptation does not necessarily need to be performed
at every MCMC step, but rather for certain time intervals. This form of adaptation improves
the mixing properties of the algorithm. As the sampling proceeds, successive samples are
either accepted or rejected based on the strategy outlined as follows: At every iteration, a
ratio is computed between the numerator of Eq. (3) evaluated at the proposed sample q∗ at
that iteration and the sample qm at the previous iteration as follows

r =
π(D|q∗)���π0(q)

π(D|qm)����π0(q
m)

=

∏n
i=1����1

σm
√
2π
e
− 1

2

(
F(q∗,ti)−D(ti)

σm

)2

∏n
i=1����1

σm
√
2π
e
− 1

2

(
F(qm,ti)−D(ti)

σm

)2

Note that the π0(q) terms cancel out as π0 is a uniform distribution and has the same value
regardless of q. As shown in Algorithm 1, we proceed to accept q∗ only if r is greater than a
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number randomly sampled from a uniform distribution between 0 and 1. In lieu of the fact
that evaluating r is evidently computationally expensive, we use the log function to process
r as

log r =
1

2σm2 (E(qm)− E(q∗))

where the error-like term E is given as

E(q) :=
n∑

i=1

(F(q, ti)−D(ti))2

The acceptance condition is then evaluated as log r > ϕ′ ∼ log(U(0, 1)) instead of r > ϕ ∼
U(0, 1). The standard deviation is updated every iteration by sampling from an inverse
gamma distribution informed by the current value of standard deviation as follows

σm+1 ∼ Inv − γ

(
1

2
(ns + n) ,

1

2

(
nsσ

m2

+
n∑

i=1

(
F(qm+1, ti)−D(ti)

)2))

where ns is typically taken to be 0.01.

2.3. Summary

A histogram of the samples is eventually constructed after a lot of samples, and we
project confidence that the histogram resembles the posterior as closely as possible. Now
the samples should ideally be picked from the likelihood since it is the integrand in the
denominator, but the typical likelihood function is too complicated to be sampling points
from. For that reason, samples are picked from another distribution from which it is easy
to sample, and this distribution is called a proposal distribution. To summarise, samples
are picked from a proposal distribution, which are then either accepted or rejected from the
likelihood evaluation at those samples, and then the accepted samples are processed as a
histogram which we say is the posterior or simply the result of the MCMC algorithm.

3. Forward model and deep learning based reduced order model

As shown in Fig. 1, we consider a two-dimensional plane-strain model with the fault under
normal faulting conditions, that is, the vertical principal stress due to gravity is the largest
among the three principal stresses. The mathematics and numerics of the forward model is
explained in Appendix A. The aquifer is hydraulically compartmentalized with a sealing
fault that cuts across it. The storage capacity of the aquifer is limited by overpressurization
and slip on the fault.

3.1. Reconstruction using LSTM autoencoders

The simulator spits out vtk files for each time stamp in the simulation. Our job is
to extract the displacement values corresponding to grid points on the top surface, and
construct a time series as the ground truth. A reduced order model would effectively mean
reconstructing this time series using LSTM autoencoder, and the optimal deep learning
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water

Figure 1: Model of the water injection plane strain case [27]) and the mesh of 3127 nodes and 3016 elements
with more refinement around the fault

Figure 2: Reconstruction of displacement time series ground truth for u at (0, 500) with sliding window
approach

parameters to best reconstruct the time series. The deep learning piece is built on the
PyTorch framework, and all simulations are run on a basic AMD Ryzen 3 3200U with
Radeon Vega Mobile Gfx × 4 processor. We use a window size of 10 for 115 time steps,
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hidden state size of 5, number of LSTM layers per encoder and decoder is 1, and we deploy
the Adam optimizer to train the model using only 10 epochs to avoid overfitting. The 115
data points are divided into windows of 10 data points, and each window slides forward by 1,
and the LSTM autoencoder is trained for these windows. During reconstruction, these data
chunks in the form of windows are fed into the trained LSTM autoencoder. As we observe
in Fig. 2, the sliding window approach allows the reconstructions over these overlaps to be
averaged out, which smooths out the spikes that are observed in the nonoverlapping window
approach. The reality is that the time series across the injection rates in the spectrum of the
generated data spans an order of magnitude, and to fit all that into a LSTM autoencoder in
a one size fits all manner is not a trivial task.

4. Results

Figure 3: Displacement time series noisy data for u at (0, 500). The noisy data is generated from the ground
truth using a normal distribution. This noisy data operates as data to the Bayesian framework although
the reduced order model is constructed using the non-noisy data. The reason for using noisy data for the
Bayesian framework is that the real scenarios always work with data carrying some noise.

Assuming the ϵ ∼ N(0, σ2) as unbiased, independent and identical normal distribution
with standard deviation σ allows us to conveniently generate the synthetic data as shown in
Fig. 3.

We start with an initial guess of 250 MSCF/day for all Bayesian/MCMC simulations.
Since the initial guess is more often than not way off the desired value, the initial half of the
number of samples are burnt-in, which is common practice in MCMC simulations.

In the random walk metropolis algorithm, the covariance matrix remains the same
as computed initially before the sampling iterations proceed. Fig. 4 are results of the
Bayesian/MCMC inference framework using random walk metropolis algorithm. For the
adaptive metropolis algorithm, the interval of adapting the covariance matrix is 50, which
means the matrix is modified every 50 samples. Fig. 5 are results of the Bayesian/MCMC
inference framework using adaptive metropolis algorithm.
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Figure 4: Inversion results using random walk metropolis algorithm

Figure 5: Inversion results using adaptive metropolis algorithm
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4.1. Observations

We see from Figs. 4 and 5 that the probability distributions for the injection rate estimates
are more spread out in case of random walk metropolis compared to adaptive metropolis
algorithm. This indicates that the estimates using random walk metropolis carry more
uncertainty compared to those using adaptive metropolis. The peaks of the distributions as
marked in Figs. 4 and 5 do not necessarily point to the superiority of one algorithm over
the other, but it is evident that the adaptive metropolis algorithm provides more robust
estimates in terms of the certainty associated with the estimate.

5. Conclusions and outlook

The MCMC sampling algorithm is as important as the fineness of the reduced order
model in deep learning enabled Bayesian inference. The mathematical rigor associated with
Bayesian/MCMC allows one to use the most sophisticated MCMC algorithm with confi-
dence attached to the fact that more sophistication would automatically mean less uncertain
parameter estimates.

Appendix A. The high fidelity forward model

The governing PDE for displacement u is the linear momentum balance given by

∇ · σ + ρbg = 0 (A.1)

with the constitutive laws relating poroelastic stress tensor σ, effective stress tensor σ′,
strain tensor ϵ, volumetric strain ϵ = tr(ϵ) and pore pressure p given by

σ = σ′ − bpI
σ′ = λϵI+ 2Gϵ = Dϵ

(A.2)

with boundary and initial conditions given by

u = u on ΓD, u̇ = u̇ on ΓD, σTn = t on ΓN

u(x, 0) = u0(x), u̇(x, 0) = u̇0(x)

As shown in Fig. A.6, slip on the fault is the displacement of the positive side relative to the
negative side:

(u+ − u−)− d = 0 on Γf , (A.3)

Recognizing that fault tractions are analogous to the boundary tractions, we add in the
contributions from integrating the Lagrange multipliers l ≡ σ′n over the fault surface in the
conventional finite element formulation to get∫

Ω

∇η : (σ′ − bpI) dΩ−
∫
Ω

η · ρbg dΩ−
∫
ΓN

η · t dΓ

+

∫
Γf+

η · (l− bp+n) dΓ−
∫
Γf−

η · (l− bp−n) dΓ = 0 (A.4)
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Figure A.6: A fault surface Γf is processed to create three surfaces: the positive side surface Γf+ containing
u+, the negative side surface Γf− containing u−, and the slip surface containing the fault effective traction
vector l and the slip vector d

We use the Mohr-Coulomb theory [28] to define the stability criterion for the fault and
define a fault pressure pf = p−+p+

2
. The shear stress and frictional stresses on the fault are

τ = |l− σ′
nn| ≡ |l− (l · n)n|

τf =

{
τc − µf l · n, l · n < 0,

τc, l · n ≥ 0

where τc is the cohesive strength of the fault, µf is the coefficient of friction which evolves as

µf =

{
µs − (µs − µd)

|d|
dc
, |d| ≤ dc,

µd, |d| > dc
(A.5)

where dc is a critical slip distance. The fields are approximated as follows:

u ≈ uh =

nnode∑
b=1

ηbU b, l ≈ lh =

nf,node∑
b=1

ηbLb, d ≈ dh =

nf,node∑
b=1

ηbDb,

where nnode is the total number of nodes and nf,node is the number of Lagrange nodes. After
substitution of the finite element approximations into the weak form of the problem, we
obtain the fully discrete aligns in residual form for all nodes a and lagrange nodes ā:

RStat
u,a =

∫
Ω

BT
a (σ

′n+1
h − bpn+1

h 1)dΩ−
∫
Ω

ηT
a ρ

n+1
b,h gdΩ−

∫
ΓN

ηT
a tdΓ

+

∫
Γf+

ηT
a (l

n+1
h − bpn+1

f,h n)dΓ−
∫
Γf−

ηT
a (l

n+1
h − bpn+1

f,h n)dΓ = 0 (A.6)

RStat
l,ā =

∫
Γf+

ηT
āu

n+1
h+

dΓ−
∫
Γf−

ηT
āu

n+1
h−

dΓ−
∫
Γf

ηT
ād

n+1
h dΓ = 0 (A.7)

We find the system Jacobian matrix by isolating the term for the increments in displacements
and Lagrange multipliers at time step n+ 1. The system of linear aligns is:

Krr Kr+ Kr− 0
K+r K++ 0 CT

+

K−r 0 K−− −CT
−

0 C+ −C− 0



dU r

dU+

dU−
dL

 = −


RStat

u,r

RStat
u,+

RStat
u,−

RStat
l

 (A.8)
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Algorithm 2: Time-marching in poroelastostatics

1 n← 0; t← 0;

2 d0
h ← 0; // Initialize fault slip at virgin state

3 u0
h ← uPrestep

h ; // Initial condition based on a elastic prestep solve

4 while t < T do
/* time marching till final time */

5 while Not converged do
/* Staggered solution algorithm loop */

6 Solve flow problem for pressures;

7 dn+1
h ← dn

h; // Initialize fault slip for next time step

8 Solve system of aligns using GMRES; // Krylov subspace solver

9 L← L+ dL; // Update lagrange multipliers

10 U ← U + dU ; // Update displacements

11 for Loop over lagrange nodes do
12 τ ← |ln+1

h − (ln+1
h · n)n|; // Obtain shear stress on fault

13 τf ← τf |dn
h
; // Compute fault friction based on the slip value at

previous time step

14 while τ > τf do
/* Satisfy fault constitutive law */

15 U+ ← U+ −K−1
++

τ−τf
τ

L;

16 U− ← U− +K−1
−−

τ−τf
τ

L;

17 dn+1
h ← un+1

h+
− un+1

h−
; // Update fault slip

18 τf ← τf |dn+1
h

; // Update fault friction

19 dn+1
h ← un+1

h+
− un+1

h−
; // Update fault slip

20 n← n+ 1;
21 t← t+∆t;

where the top row corresponds to displacement nodes excluding the fault positive and nega-
tive side nodes. In many quasi-static simulations it is convenient to compute a static problem
with elastic deformation prior to computing a transient response. The heavy lifting for the
time marching is done at the Krylov solver [29] stage to solve the system of Eqs. (A.8) as
shown in Algorithm 2.
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