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Abstract

The Kermack—McKendrick integral is accurately computed here without resorting
to numerical techniques. This integral appears in the process of solving the so-called
SIR epidemiological model. To our knowledge, no closed form solution for this integral
has been tabulated. We derive here a closed form solution for the Kermack McKendrick
integral valid over the range of the variables useful for epidemiological modeling. The
final result contains three closed-form terms one of which contains an infinite series of
indexed integrals that can be written to arbitrary order in terms of hypergeometric
functions. Using a finite number of terms in the infinite series, this approximation is
compared with the numerical results for replacement numbers 1.5 through 5.5, which
are typical of the values governing epidemics. Over this range, the analytical forms for
S(t),I(t) and R(t) are nearly identical with those obtained by numerical evaluation
of the Kermack—McKendrick integral. As the number of terms used from the infinite
series is increased, the analytical result appears to converge with the numerical solution.
For large values of the replacement number, we show that the Kermack—McKendrick
integral can be approximated by only one term.
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1 Introduction

In the early twentieth century, Kermack and McKendrick proposed their now famous model
to describe the temporal effects of a contagious epidemic [1]. In this model there are a
number, S(¢) , of uninfected, yet susceptible, individuals, which varies with the time, ¢. The
initial number of susceptible individuals is S,. An initial number, I,, of infected individuals
interact with the susceptible population to spread the disease. The infected population
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spreads the disease to the susceptible population at the specific rate, 5. The number of
people infected at any time, ¢ , is I(t). The infected recover at the specific rate, . The
number of recovered individuals at time, ¢ , is R(¢). The rate of change of the susceptible
population is given by,

s
— = —B8TI . 1
2~ s (1)
The growth rate of recovered individuals is given by
dR
— =1 2
o = (2)

The initial number of recovered individuals is R(0) = 0. If the total population is conserved
then,
St)+I(t)+R(t)=S,+1, . (3)

Upon differentiation of (3) with respect to time and substitution of (1) and (2) in the result,
one obtains,

I
— = BSI—~1I . (4)

(1) through (4) define what is often referred to as the SIR model, and there are many
examples of its application to the study of epidemics in the literature. Recenty, reviews of
the SIR model, along with applications to current epidemics, have been given by Ketcheson
and Duan [2, 3].

In addition to epidemiological applications, the SIR model has recently been used in
the field of chemical kinetics to describe a two-step reaction where an autocatalytic step is
followed by a unimolecular step [4].

Since the time of Kermack and McKendricks’ report, more advanced models based upon
the SIR system have been developed including the network, two-group, multi-group and
stochastic SIR models [5, 6, 7, 8, 9]. Additionally, SIR models with density dependent birth
rates and pulse vaccinations with time delays have been considered [10, 11].

Though the SIR model is one of the simpler epidemic models, a closed form solution for
the system given by (1), (2) and (4) has remained elusive. Kermack and McKendrick showed
that in the case where § and ~ were constants, the system could be reduced to an integral in
R and t, which must be computed numerically—the so called Kermack—McKendrick Integral
[1]. By expanding an exponential term in the argument of the integral, they were able
to arrive at an approximate solution for R, and thus I and S, valid for early times. More
recently, others have presented solutions for this system, but in each case an integral remains
that must be computed numerically [12, 13, 14, 15].

Results of a study by Weinstein and Barlow for the SEIR model were reported [16]. This
model assumes that a subset of the population, E(t), are exposed to the infected at any time
[1]. They give an analytic solution for In S(¢) in terms of a power series valid for early times
augmented by an asymptotic approximate correction term for larger times. When E(0) =0
the SEIR model reduces to the SIR system and thus this result gives a useful approximate
solution for this model as well.

However, our approach here was to find a closed form solution for the Kermack—McKendrick
integral, of the SIR model, which yields ¢(R). In doing so, we show that this result can be



expressed, to arbitrary order, in closed form using an infinite series of hypergeometric func-
tions. This result appears to converge to the true solution of the system as the number of
terms included from the infinite series is increased.

Recently, a pre-print by Mieghem [17] gives a solution for the Kermack McKendrick
integral using a method based upon expansion of the integrand in a Taylor series followed
by a term by term integration. By contrast, in our method, we rely upon integration by
parts where possible, representing the remaining integrals in terms of the hypergeometric
function.

In this work, we consider the situation where (/v is a constant. We let the initial
number of infected be I, and the initial susceptible population be S,. Then it must be that
S(t)+ I(t)+ R(t) =S, + I, as R(0) = 0.

When applying the SIR model a useful definition is the replacement number R,, where
R, = (B8S,)/v. One should note that R, # R(0). A theorem concerning R,, given by Heth-
cote [18], is worth repeating here in abridged form:

Theorem 1.0
Let (S(t),I(t)) be solutions for (1) and (4). If R, <1 then I(t) decreases to zero as t — 00.
If R, > 1 then I(t) first increases up to a maximum value I,,,, = [o+So—~/8—[yIn(R,)]|/S
and then decreases to zero as t — oo.

In other words, when R, > 1 there is an epidemic, and the number of infected increases
to a maximum, while when R, < 1, the number of infected individuals steadily decreases
from the initial number I, and no epidemic occurs.

We report here on a closed form result for the Kermack McKendrick integral, that is the
derivation of ¢t = ¢(R), and thus a full solution for the SIR system for /v a constant. The
principle result involves an infinite series. This series contains an indexed integral, which to
our knowledge, does not have a solution listed in standard tables. It is shown here that this
integral can be resolved in terms of hypergeometric functions and thus the solution for the
Kermack McKendrick integral is then known in closed form. It is demonstrated here that
the resulting series can be summed finitely to obtain an accurate result, when used within
the SIR model, for replacement numbers in the range of 1.5 to 5.5. For large values of the
replacement number, say greater than 50, the Kermack McKendrick integral is be shown to
be approximated well by only one term.

2 Deriving the Kermack McKendrick Integral

Taking into account the initial condition, R(0) = 0 , the integral of (2) is

R(t) = 7/0tI(T)dT ) (5)

We next turn to finding the form of S(¢). Upon separating variables in (1) and exploiting
the initial condition, S(0) = S, , integration leads to the result,

S(t) = S, exp {—5 /0 tJ(T)dT} | (6)
3



Next substitute (5) into (6) to obtain
S(t) = Spe MO | (7)

where we have introduced the definition,

A= (8)

f‘)/
To derive an equation for R(t), use (3) along with (2) and (7) to get

1dR
—— +R+S,e MO =g 41, . 9
T + R+ S,e + (9)

Separating variables in (9), and assuming that ~ is a constant, leads to the Kermack—

McKendrick integral. .

R(t
vt = / dft — . (10)

0 [I, — R+ S,(1 — e=?)]
The general solution to this integral does not seem to be known in terms of tabulated
functions and it is therefore routinely computed using numerical integration techniques.

Here, we will introduce a variable transformation followed by an series expansion of the
integrand, which permits evaluation of the leading terms using elementary functions. The
remaining terms are represented as an infinite series in inverse powers of the replacement
number which acts as a sort of perturbation parameter. Each term in this perturbation
series involves an indexed integral, for which a general solution is found. Additionally, we
obtain a closed form solution in the limit that the replacement number approaches infinity.

3 Analytic Solution for (R/S,) < [(I,/S,)+ (1 —exp(—AR))]

To proceed with the evaluation of (10), we divide the numerator and denominator of the
integral on the right by S,. The result is

7t = / - T (11)
o [(Lo/So) = (R/S,) + (1 —e )]
Next we introduce the dimensionless variables
R
= — 12
x So ? ( )
o=1,/5, (13)
and
R, =\S, . (14)
With these substitutions, (11) transforms to read
/S dx
t = ) 15
7 /0 [0 — 2+ (1 — e—For)] (15)
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Define

M(z) = [0+ (1 - o)) (16)
Substitute (16) into (15) to obtain
R/So dr
t = —_— . 17
g A M)~z (17)

Section 3 assumes (R/S,) < [(1,/S,) + (1 — exp(—AR))|, which in dimensionless variables
is equivalent to (x/M) < 1. Given this restriction, it is feasible to expand the integrand in
expression (17) in a geometric series to read

vt () =X () (19

n=1

Upon substitution of (18) into (17), the result is

R/S, ©© xn—l
fyt:/o E(M”)dx (19)

n—

Introduce the following variable substitution,

z=1—¢ floo (20)
v = — (1 - ) (21)
=& ’
dz
dx = m . (22)

Since x™~1/M™ is positive, and assumed integrable, the summation in (19) can be performed
after integration so that on using (20), (21) and (22) in (19) one obtains

1—e MR

RSN In(1 — 2"
"= g /0 =+ (23)

n=1

Perform the integral in (23) by parts by integrating [In(1— z)]"~!/(1 — 2) and differentiating
1/(o 4 2)™. The result of this integration is

[eS) DIn(l—z(z 1—e B [In(1—2)]"
gt = Yo, [ Seoel Ty 5o G e el g (24)

If we let £ = [(—1)In(1 — 2)]/[Ro(0 + 2)], then the first sum on the right of (24) can be

recognized as [19]
> nlie) >

for [£] < 1, which is true in this case when [, < S,. Using (25), (24) can be rewritten as

_ Ro(o+z(x 1 e B [In(1—2)|"
’yt — 111 |:RO(O'+Z(£E))+1II(1 2 x) i| + Zn 1 R n (O’+Z)n+1 dZ . (26)
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(26) can be rewritten as

I R,(0 + z(x)) .
=1 lRo(a+z(x))+1n<1—z(x))] +1@)

where we have defined,

N D i LU
VLR Gt

n=1

Writing the sum in (28), with the first term shown explicitly, one obtains

(0'+z)2 R ” 0 (oc4z)n+!

By use of the variable substitution,

Yy = 1—2 )
dz = —dy ,
the first integral on the right side of (29) can then be rewritten as
(—1) /1 ln(l—z hl=z), _/ Iny e,
R, J, (0 + 2)? (c4+1—y)?

This integral can be resolved as [20]
1—2(x) Iny _ JIn(1—z(x)) 1 o(l—z(x))
fl (o+1—y)2 dy - { (o+z(x)) ~ (o+1) In [ o+z(z) }} :

Upon substitution of (33), (29) reads

_ 1 [In(l-z(z) o(1—z(x)) 1—e B [In(1—2)]"
I(Qf) =~ & { (0+2(2)) (0’+1) In [ o+z(x) :| } + Zn 2 R ” 0 (o+z)nt+1 <

Finally, we substitute (34) into (27) with the result,

1 e In(1—2) In(-2) 4 +Z ’, l—e*R [ln(l—z)]ndz

(28)

(33)

(34)



o Ro(o+2(x)) 1 In(1—2z(x)) N 1 o(1—z(x))
vt =1n RO(U+z(x))+ln(1—z(x))] T & { or2@) ~ oin 1 [ ot2(a) ”

00 1) pl—e M [In(1-2)"
+3 L, G -2 de

(35)

We can return to the original dimensioned variables by consulting (12) through (14) so that
(35) is written as

B (I,/So)+1—e AR 1 “AR 1 (Io/So)e™
7t =ln [(zo/som-e%—m/so)] R { /5ot (e )] ~ [To/5,71) 11 [fo/soﬂl—e*”)} }

o0 n (l-e M In(1—2)]"
+ Zn=2(_1) fo Wdz .
(36)

A general formula valid for any positive integer n, for the remaining integral in (36), is not
known by the authors to be tabulated. However, in Appendix A we derive a closed form
solution for this integral in terms of hypergeometric functions. With this result known, (36)
can be used to find ¢(R) to arbitrary order in n. This can then be numerically inverted to
arrive at values for R(t).

Now, I(t) can be found by combining (2) and (9) to get

I(t) = (S, + I,) — R(t) — S,e O (37)

while S(t) can be determined from (7).

4 Analysis

More can be learned about the conditions for the applicability of the results given in the
previous section by exploring the nature of the functions M (R) and z(R). We consider plots
of both of these functions for four different replacement numbers over the range of interest.
From reports, we take a reasonable range that would be of interest to epidemiologists to be
1.5, to 5.5 [2, 18], but we examine M and z here for R, as small as 0.5 and as large as 10.0.
Plots of M and x versus R for the replacement numbers 0.5, 2, 5 and 10 are depicted below
in Figure 1.

From these figures it can be seen that the curves cross at the point of maximum recovered.
Therefore, in all cases, x < M over the domain of ¢(R): [0, Rya.) Where R, is the positive
root of M — x = 0. Therefore, expression (36) should give an accurate solution for the SIR
system, with constant 3/, for all replacement numbers in the range 0.5 to 10.0. However,
the difference between M and x increases as the replacement number becomes larger so it is
expected that fewer terms involving the indexed integral of (36) will be required, to obtain
an accurate approximate solution, as the replacement number increases.

To demonstrate the utility of the solution outlined in the previous section, we will now
consider the numerical solution for the system of (1), (2) and (4) and compare this to that
given by (36) along with (37) and (7) using a finite number of terms in the infinite series.
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Figure 1: From upper left corner clockwise: a) M and x versus R for replacement number
0.5. b) Replacement number 2.0. ¢) replacement number 5.0. d) replacement number 10.0.
In each case S, = 1000, 8 = 4.95 x 10~% people/time and I, = 100. M is the solid curve
while x is given by a dashed curve.

Replacement numbers of 1.5 to 6.0 are considered. The accuracy of the approximation given
in the previous section will be examined visually and quantitatively.

To compare the two solutions, we focus on the similarity between the curves generated for
the infected, I(t). Consider a set of N I(t) values taken at the times ¢, to,t3 - - -ty generated
by using (36) and (37) for a given replacement number. For comparison, an interpolated
function for I(t) is created from the numerical solution to (1), (2) and (4), and used to
generate N values for I(t) at the same times t1, ¢, 3 - - ty. Then, we have the two sets {1}
and {5} both with N elements, I; from the method shown in this report and I, values come
from the numerical solution. As a test for equivalence between the two sets, we define what
we term the mean relative error. Let the relative error between an I value in each set, both
taken at the same time t, be (I) then

_ |12k — [1k‘

[2 (39)

(Ir)

k

From this we define the test statistic (, that is, the mean relative error, as

N
1y — Ly
¢ = N’; o (39)

where, we let N = 10R,,,,.. Here R,,,, is determined, as defined above, and then rounded
to the nearest integer.



By trial and error, we find that a good match between the approximate and true numerical
solution is obtained when ¢ < 0.05. As expected, ( decreases as the number of terms included
for the series in expression (36) is increased. Let the total number of terms used in this
series be Ny,q,. We found n,,.. required to first achieve ¢ < 0.05 for a variety of replacement
numbers between 1.5 and 5.5. Curves generated for S, I and R for three of these cases are
depicted in Figure 2 below. Also included in this figure is a plot showing n,,., versus R,.
Nmae 18 13 for R, = 1.5. However, at approximately R, = 4.5, only third order terms are
required in the indexed integral to generate excellent agreement which we suspect remains
true for all R, > 4.5.

1000
1000

800
800

600 600

400

400

200

0 5 10 15 20 25 30

time time
(a) (b)
1000/ g
i s R 12
BUU§ 10
600, R,=5.5 z8
- I Ry = 3 =6
4
200 2
0! o 0
0 10 20 30 40 50 2 3 4 5 6
tame R,
(c) (d)

Figure 2: In each plot S, = 1000, 8 = 4.95 x 10~* people/time and I, = 100. In Figures
(a), (b) and (c) plots of R,.S and I estimated by (36), (7) and (37) are given by solid curves,
numerical solutions to (1), (2) and (4) are given by the dashed curves. a) Sum in (36) taken
to twelfth order for R, = 1.5 and ¢ = 0.0512. b) Same as in a) up to order 5 for replacement
number 3.5 and ¢ = 0.0242. ¢) Same as in a) up to order 3 for replacement number 5.5
and ¢ = 0.0149. d) Plot of smallest n,,,, required to achieve { < 0.05, versus replacement
number.

5 A Solution for Large R,
Let the sum on the right hand side of (36) be identified by

= T (-2
9_;(_” /0 R (1,/50 + 21 (40)




where © plays the role of the remainder. We propose to show that © approaches zero for
sufficiently large values of R,. Reintroduce the variable, x, defined by equations (20) through
(22) so that (40) reads,

< e 2" R e T
6= ° dz . 41
Y e .

In the limit ¢ — oo, the population reaches an equilibrium state where x(t) takes on its
equilibrium value z(t — 00) = x(00), satisfying,
x(00) — M(z(00)) =0 . (42)
By virtue of (16), expression (42) implies that
2(00) = I,/Sy + 1 — ¢~ Rorl>) (43)

According to (43), as R, — oo, the equilibrium value, x(00), satisfies x(oc0) = M (x(00)) =
(1,/S,)+1. In this extreme case, f — oo, and every susceptible individual gets infected. The
ultimate number of recovered individuals equals the initial number of infected individuals,
1, plus the initial number of susceptible individuals, S,.

For finite values of R,, Figure 1 indicates that z < M(x) < 1+ (I,/S,) over the domain
0 <z < z(c0). In the case of the larger values of R,, M (z) rapidly rises and approaches
unity for values © << z(oc0). This implies that we can safely replace x(¢) in the upper limit
of the integral in (41) by z,, where z, is the solution to

M(z,) = (I,/S,) +1 — e foto =1 . (44)
Solving equation (44), one obtains

_ ln(So/[o)
Ty = —R (45)

After substitution of z, for z(t), (41) reads

0 To "R 6—Roz
0= / 2 dx . (46)
; o (Io/S,+ 1 — e oy

Since we seek to establish an upper bound satisfied by ©, we are safe in replacing x™ in the
integrand in (46) by x,". Moreover, it does no harm to extend the sum to include the n =1
term. With these changes, (46) reads,

©= i %o" / i Roc du (47)
n=1 ’ 0 ([O/So + 1-— €7R0x>n+1 .

The remaining integral in (47) can be evaluated with the result,

n

CESY (gfn) (I,/S, + 1 — e Fer)™]

n=1

To

0
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Since x, corresponds to (I,/S,) + 1 — e fe% =1, (48) simplifies to read,
@:im—on[%—q . (49)
1 (n) [(Lo/So)

If we assume that x, < (I,/S,) < 1, then by use of expression (25), the sum in (49) can be
evaluated to read [19],

®:ln<1—xo/1([o/50)>_ln<1%%) | (50)

Upon substitution of (45) into (50), we obtain the final result,

—1In 1- (1/Ro> ln(SO/]O>
o=I {1 - (1/Ro>(80/]o> ln(So/]o>] .

Because (S,/1,) > 1, then according to (51), © approaches zero when In(S,/1,) < (S,/1,) In(S,/1,) <<
R,. This explains why the number of terms in (36) required for an accurate representation
of R(t) decreases as the value of R, increases.
In the limit of R, > (S,/I,) In(S,/1,), (51) justifies our ignoring the sum in (36). Likewise
for sufficiently large values of R,, the closed form term proportional to 1/R, can be ignored.
In this limit, (36) assumes the simple form,

(51)

(I,/So) + 1 — e M
(I,/S,) +1—e 2 —(R/S,)

vt =1In (52)

As a demonstration of the validity of the above claim we use (52) and (37) to develop
I(t) for R, = 50. Then, this result is compared with the numerical result for I(¢) found
using (1), (2) and (4). These two curves are plotted in Figure 3.
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Figure 3: Here S, = 1000, 8 = 4.95 x 10~* people/time and I, = 100, R, = 50. Dashed
curve is the numerical solution from (1), (2) and (4). Solid curve was made using (52) and

(37)

6 Conclusions

In this report a description is given of an accurate approximation to the Kermack—McKendrick
integral which in turn can be used to determine values for R(t),I(t) and S(¢) in the SIR
epidemic model. The result is shown to be effective for situations where 1.5 < R, < 10 with
no need to numerically compute an integral. The expression for ¢(R) contains an infinite
series, though only a finite number of terms are required to obtain an accurate approximate
solution.

The definite integral in expression (36) can be resolved in terms of hypergeometric func-
tions for any integer n > 2, thus the solution for ¢(R), is written in closed form. Further, it
is shown that x < M, over the relevant range of R, for all replacement numbers greater than
zero, so that it seems likely that ¢(R), as given by (36), approaches the exact solution for
the Kermack-McKendrick integral as n — oo. This possibility can be explored somewhat
by comparing values for I(t), at some fixed value for R, > 1, coming from (36) and (41)
with those from the numerical solution to (1), (2) and (4). A plot of the mean relative error
between the two results, versus the number of terms included in the sum of (36), is shown
in Figure 4.
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Figure 4: Mean relative error between the numerical result for 7(¢) and the result coming via
(36) versus number of terms used in the sum of (36). 8 = 4.95 x 1074, S, = 1000, I, = 100
and R, = 3.

Further work is required to determine if the trend observed in Figure 4 will continue as
the number of terms in the sum of (36) is increased beyond 13.
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7 Appendix A

Consider the integral from (36) in indefinite form where n > 2 while letting o = 1,/5,,

B [In(1 — 2)]"
L= / - dz (53)

o (O' + Z)n—‘rl

Integrate by parts making the choice that dv = [[In(1 — 2)]"/R," dz and u = m .
Upon integrating dv for n = 2,3,4 - - - one finds that

_ ~ 7l k n+k
v=(1-2)) = =T (54)
k=0
Using this along with du/dz the above integral can be written as

Iy = i Yy e lin(1 — ) (1)

+ [ S (1 — 2)]F(=1)"E dz

(55)

Assuming that the order of integration and summation in the second term of (55) can be
interchanged, we rearrange and label this term as

[Azk 77, +1 Z k' n+k/ <1R_ Z)[lll(l - Z)] dz (56)

on(z + 0—)n+2

As with the integral in (36), the solution for this integral is not known by the authors to
have been tabulated. We can however, arrive at an overall result by considering the integral
for successive values of the integer k.

For k =0, (56) yields the term,

n+ 1)n!(—=1)" nz—n+z+o
0 R, (z+ o) n(n+1)
Setting k£ = 1 and integrating the integral in (56) by parts leads to,
_ (nADn(=D)"T! [In(1-2) |1 1+o 1+o dz
IA21 o R,™ {(oJrz)" |:ﬁ (n+1)( 0'+z)i| +3 f (1— z)(0'+z)” T o+l (17z)(0'+z)”+1} ’
(58)
Two integral formulas from Gradshteyn and Ryzhik combine to give [21]
m—1
dX 1 1 21
- ~Imi, 59
lem Z n ( )

— a'xn™Hm—=1) o X

Here m is an integer greater than one and z; = a + bX with a and b constants. Letting
X =1 — z, then using (59) to evaluate the integrals in (58), and combining the logarithmic
terms yields

14



(n+1)n!(—1)"+1 {ln(l—z) [1 I+ 4 lto

— 1
[A21 o R," (c+2)" |n~ (n+1)(o+z) n+1 Zl:l (140) (o+2z)nt1-l(n+1-1)

_ 1 1 1 o+z
Zl 1 (14o0)(o+2)"—t(n-I) +n(n+1)(1+a)” IHE} :

(60)

Using commercial computing software to examine the integral in (56) for cases where k > 2,
reveals the trend,

n (=) tenl nz—ntz+o—(z+0) (22 )" |[In(1—2)]F
La, = Zu{ | Ro"k'n(z+o>"(+l i

N2k (4 1) nl(1—2z k—1 ! m
T (Ro)"(k i)ala)(nﬂ ) Dm0 (1 = 2)] ™

((_1)m qu [{11, mlk—i-l—m, 1+ n}; {21, . 2k+1 m}; 1+U}

+ (_1)m+1 qu [{117 "‘1/€+1—m)2 + n}) {217 . 2]€+1 m}; 1+U})} )

(61)

where ,F, denotes the generalized hypergeometric function and p = kK +2 —m and ¢ =
k+1—m. Since p = g + 1, the series defining the hypergeometric functions in (61) are
convergent since 0 < 1 —z <1, [22]. The result given in (61) for I, , can be verified for
any integer n > 2 using known differentiation formulas for ,F, [23].

Therefore, the solution for the integral in (53) can be given by the sum of (57), (58),
(60), (61) and the first term on the right of (55) so that

lIl].Zn —Zz n nln!fln nz—nm-t+z+o
f Ro"™ (U+z ]n+1 dz = (U+z)"+1 Z 0 k'R, “[l (1- z)] (=1) et ot 3%07(’ : ((z+a)”+J1rn(J7rw+1))
(n4+Dn!(=1)"*t! [ In(1-2) |1 140 140 1
+ 0" { (o+2)" [ﬁ T (D) (o+2) + n+1 lel (14+0) (o+2)n T 1=t (n+1-1)
_ 1 1 1 otz
Z (140) (o+z)n—t(n—1) + n(n+1)(14+o0)" In E}

2)"]In(1—2))*

. Zn (—1)"+kn![nz—n+z+a—(z+a)(fi
k=2 Ro™kIn(z+o)nt1

—1)" 2k (n+D)nl(1—2 k—1 g m
+ (Ro)n(k_i)!ala)(nﬂ : Dm0 (1 = 2)] ™%

(=)™ ,Fy [{11, - Losroms L4+ 0} {21, - 2e1-m )5 1+0}

+ (=)™ F {1 Legimm, 2 + 10} {20, - 2k 1-m i 1+0})} .

(62)
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