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Abstract 15 

Stress–strain curves obtained from V-notched rail (VNR) shear tests can become increasingly 16 

inaccurate at large deformation as the principal directions evolve and the ligament deformation 17 

becomes non-uniform. This study combines PEEK VNR experiments at 180 °C, digital image 18 

correlation (DIC), simple-shear kinematics and finite element analysis to quantify and correct 19 

this error. The comparison shows that the main discrepancy arises from stress rather than strain 20 

calculation: the calculated strain remains close to the ligament-centre response, whereas the 21 

stress error increases to about 12% at an effective strain of approximately 0.10. The main 22 

advance is to correct the full large-deformation VNR stress–strain response before constitutive 23 

identification. This extends the correction beyond individual test properties such as modulus 24 

or strength. A two-step stress correction is therefore developed. The first step uses an ROI-25 

averaged reference to address the contribution associated with principal-direction change. The 26 

second uses a ligament-centre reference to address the remaining effect associated with non-27 

uniform ligament deformation. After correction, the numerical curves closely follow the 28 

prescribed material response and the experimental VNR curve shows substantially improved 29 

agreement with the tensile reference. The correction also reduces the apparent hardening 30 

identified from the VNR response and improves subsequent strain prediction. Additional 31 

numerical cases for PEEK at 240 °C and PA6 at 160 °C show a similar reduction in stress error. 32 
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1. Introduction 36 

V-notched rail (VNR) and rail shear tests are established methods for material shear 37 

characterisation [1–4], while the Iosipescu configuration provides another widely used 38 

notched shear method [5]. In these tests, the measured resultant load is combined with a local 39 

strain measurement or strain field to construct a stress–strain response. At small deformation, 40 

conventional shear assumptions provide a straightforward conversion. At large deformation, 41 

however, finite simple-shear kinematics cause the principal directions to evolve [6,7], while 42 

polymer shear experiments show increasingly heterogeneous deformation [8–10]. Similar 43 

behaviour has been reported for other thermoplastic systems under large shear deformation 44 

[11,12]. Large-deformation studies of polymers and nonlinear solids further demonstrate that 45 

local deformation can depart markedly from small-deformation idealisations [13–15]. 46 

Numerical analyses of notched shear specimens similarly show that the measured response 47 

depends on specimen geometry and non-uniform local stress and strain fields [16–18], with 48 

constituent and interface effects providing further complexity in composite systems [19,20]. 49 

Consequently, retaining the same load-to-stress conversion as deformation increases can 50 

produce a deformation-dependent stress error. Because this error changes with deformation 51 

rather than introducing a constant offset, it can alter the apparent shape and hardening of the 52 

extracted stress–strain curve. 53 

This issue is important for constitutive modelling. Thermoplastics exhibit strong temperature-, 54 

rate- and deformation-dependent behaviour, so constitutive models rely on accurate 55 

experimental descriptions of yielding, softening and hardening [21–24]. PEEK studies have 56 

shown pronounced changes in post-yield behaviour with temperature and strain rate [25,26], 57 

while tensile, impact and other loading studies demonstrate further sensitivity to the imposed 58 

thermal and mechanical conditions [27–29]. More generally, physically motivated polymer 59 

models associate large-strain behaviour with molecular-network stretching, rate-dependent 60 

plastic flow and evolving microstructural resistance [30–32], with similar finite-strain and 61 

time-dependent behaviour reported for other polymers [33,34]. Recent PEEK studies continue 62 

to refine this description through wide-temperature constitutive modelling and coupled 63 

temperature-, rate- and damage-dependent formulations [35–37], together with atomistic 64 

analysis [38]. Related work has also advanced physics-based, data-assisted and multiaxial 65 

constitutive descriptions of polymer systems [39–42]. A deformation-dependent bias 66 
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introduced during experimental stress calculation can therefore be absorbed into the fitted 67 

constitutive response and subsequently affect numerical prediction. 68 

Two mechanisms are particularly relevant to VNR testing. The first is principal-direction 69 

change. Unlike the fixed principal directions of the small-deformation symmetric-shear 70 

idealisation, those in simple shear evolve continuously with deformation [6–9]. Recent full-71 

field comparisons of standard shear methods have also quantified angular changes and rigid-72 

body motion during large shear deformation, including V-notched configurations [43]. In a 73 

VNR specimen, the machine measures the resultant load across the ligament, whereas strain 74 

can be evaluated locally or over a selected region. The relationship between this load and the 75 

local principal stress state therefore changes as the principal directions evolve. The second 76 

mechanism is non-uniform ligament deformation. DIC makes this directly visible by 77 

providing spatially resolved displacement and strain fields [44–46], including under 78 

demanding measurement conditions [47–50]. Spatial resolution, noise and processing choices 79 

can influence the derived fields [51,52], while recent phase-augmented, physics-informed and 80 

uncertainty-aware approaches further emphasise measurement quality [53–55]. Full-field 81 

measurements have consequently been used to quantify localisation and heterogeneous 82 

deformation [56,57] and to support inverse identification in polymer systems [58,59]. Thus, 83 

once the ligament response becomes heterogeneous, a centre strain and an ROI-averaged 84 

strain need not represent the same deformation state. 85 

Previous shear studies have recognised these effects and proposed modified specimen designs 86 

or numerical correction factors to improve measurements from non-uniform shear tests 87 

[10,16–18]. Recent VNR fixture development has also targeted in-plane and out-of-plane 88 

specimen rotation and assessed shear-field uniformity using DIC [60]. Taheri-Behrooz and 89 

Moghaddam [18], in particular, analysed the nonlinear VNR response and proposed 90 

corrections for shear-property determination, while related work shows that material 91 

heterogeneity can further affect the measured shear response [20]. These studies establish that 92 

numerical information can improve quantities extracted from notched shear tests. However, 93 

these approaches primarily target individual shear properties such as modulus or strength. The 94 

unresolved issue is the deformation-dependent error in the full VNR stress–strain response 95 

used for constitutive identification. If the stress-calculation error grows with deformation, it 96 

changes the curve shape from which material hardening parameters are identified. The 97 

consequence can therefore propagate beyond the reported test property into the calibrated 98 

constitutive model and subsequent simulation. 99 
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This problem is closely related to the broader development of full-field constitutive 100 

identification. Reviews and early inverse approaches established how heterogeneous 101 

deformation fields can be used to identify material parameters [61–63], while later studies 102 

compared identification strategies and developed the Material Testing 2.0 framework [64–103 

66]. Sensitivity-based virtual fields extended this approach to nonlinear and anisotropic 104 

behaviour [67–70]. General optimisation frameworks, information metrics and Bayesian 105 

design have since been developed to improve parameter identification [71–73], alongside 106 

work on information-rich specimen design, multi-sample integration and constitutive-model 107 

selection [74–76]. Direct, multi-data and thermomechanical approaches exploit additional 108 

field information [77–80], while improved field processing has been used to reduce 109 

identification bias [81,82]. Recent work further addresses FEMU practice, identification 110 

uncertainty and load-path selection [83–85]. Recent studies have extended full-field 111 

identification to heterogeneous material properties, anisotropic plasticity, and high-112 

throughput or direct characterisation approaches [86–90]. Bayesian, machine-learning and 113 

topology-optimisation approaches provide further routes for data-informed mechanics and 114 

parameter identification [91–94], while recent studies address spatial variability, noisy 115 

measurements and viscoelastic identification [95–97]. FEMU and full-field methods have 116 

also been extended to cyclic response and polymers [98–100], physics-informed and spatially 117 

varying identification [101,102], and strongly localised post-necking deformation [103]. 118 

These studies primarily address how material parameters are obtained from measured 119 

deformation fields. In VNR testing, however, an additional source of error can arise earlier, 120 

when the measured resultant load and either a local or ligament-averaged strain are converted 121 

into the stress–strain curve used for constitutive identification. 122 

The specific advance of this study is to correct the full large-deformation VNR stress–strain 123 

response before constitutive identification. The two-step procedure addresses the 124 

contributions of principal-direction change and non-uniform ligament deformation in 125 

sequence. The study first quantifies the deformation-dependent error using local and ROI-126 

averaged strain measures. It then examines the two mechanisms using kinematic analysis and 127 

finite element simulation and develops the correction for both local SG-type and DIC-based 128 

calculations. Finally, the effect of the correction on identified hardening parameters and 129 

subsequent numerical predictions is evaluated, with additional numerical cases for PEEK at 130 

240 °C and polyamide 6 (PA6) at 160 °C. 131 
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The remainder of the paper is organised as follows: Section 2 describes the VNR experiments 132 

and baseline stress–strain conversion; Section 3 examines the two sources of calculation error; 133 

Section 4 establishes and assesses the finite element model; Section 5 develops and evaluates 134 

the correction and its effect on constitutive identification; and Section 6 summarises the main 135 

conclusions. 136 

2. Experimental shear characterisation 137 

VNR experiments were first used to obtain the load and DIC strain field during large shear 138 

deformation and to calculate the effective stress–strain response of PEEK at 180 °C. This 139 

response was compared with previously reported tensile data for the same material [26]. Finite 140 

element analysis was then used to obtain the local stress and strain quantities needed to identify 141 

the source of the difference and to develop the stress correction. 142 

2.1. Materials and specimens 143 

PEEK sheets of 5.5 mm thickness were supplied by Ai Engineering Plastics & Laminates, UK. 144 

PEEK is a semicrystalline thermoplastic used in structural components and as a matrix material 145 

in polymer composites. To reduce the distortion observed with the standard ASTM D7078 146 

specimen [1], the ligament length was shortened to 15.68 mm. Fig. 1 shows the modified 147 

geometry, gripping arrangement and experimental setup. Spacer blocks were used to align the 148 

ligament with the loading axis, and the grip bolts were tightened to restrain out-of-plane 149 

twisting. 150 
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 151 

Fig. 1. Modified VNR specimen geometry and experimental setup. (a) Specimen dimensions (mm). 152 
(b) Specimen mounted in the VNR grips: (1) specimen and (2) grips. (c) Heated VNR test setup: (3) 153 

Instron 5584 load frame, (4) crosshead and load cell, (5) environmental chamber, (6) illumination, (7) 154 
thermocouples and data logger, (8, 9) cooling fans, and (10) camera. 155 

2.2. Loading and DIC measurements 156 

The tests were conducted using an INSTRON 5584 universal testing machine equipped with 157 

an environmental chamber. Thermocouples and a data logger monitored the specimen 158 

temperature. The test temperature was 180 °C and the crosshead speed was 1.57 mm/s. Three 159 

repeat tests were performed. Images were recorded at 60 frames/s under external illumination, 160 

and fans protected the load cell and surrounding equipment from overheating. The tensile 161 

reference curves were obtained from the earlier material-characterisation study [26]. The DIC 162 

measurement area and the ligament-line ROI used for strain extraction are shown in Fig. 2. 163 
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 164 

Fig. 2. Representative DIC maximum-principal-strain field on the VNR specimen, showing the 165 
ligament-line region of interest (ROI) used for strain extraction. The colour scale denotes the 166 

maximum principal engineering strain. 167 

The images were processed using two-dimensional DIC software supplied by GOM, Germany. 168 

The reported areal pixel density was approximately 225 pixels/mm²; the facet size was 16 × 16 169 

pixels and the facet spacing was 14 pixels. The ROI followed the ligament over its recognisable 170 

length and included the facets intersected by that line. The experimental strain used to calculate 171 

the stress–strain curve was the arithmetic mean of the maximum principal engineering strains 172 

of these facets. The subsequent numerical analysis compares calculations using this ROI 173 

average with calculations using strain at the ligament centre. 174 

For DIC measurements in a heated chamber, image quality and the optical path through the 175 

heated air also affect the measurement, as reviewed by Yu and Pan [49]. Here, the measured 176 

strain fields show how deformation varies along the ligament and provide the ROI-averaged 177 

strain used to calculate the stress–strain curve. 178 

2.3. Baseline calculation of the VNR stress–strain curve 179 

The measured load and ROI-averaged DIC strain were first converted into an uncorrected VNR 180 

stress–strain curve using the baseline symmetric-shear reconstruction described below. This 181 

curve provides the baseline result for the subsequent error analysis and stress correction. Eq. 182 
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(1) gives the general definitions of equivalent logarithmic strain 𝜀 and von Mises equivalent 183 

stress 𝜎 from the ordered principal logarithmic strains and Cauchy stresses, respectively. 184 

 
𝜀̅ =

√2

3
√(𝜀1 − 𝜀2)

2 + (𝜀2 − 𝜀3)
2 + (𝜀3 − 𝜀1)

2, 

𝜎̅ =
√2

2
(√(𝜎1 − 𝜎2)

2 + (𝜎2 − 𝜎3)
2 + (𝜎3 − 𝜎1)

2). 

(1) 

For the baseline VNR conversion, the measured quantities are the vertical load 𝐹 (N), initial 185 

ligament cross-sectional area 𝐴0 (mm²), and ROI-averaged maximum principal engineering 186 

strain 𝜀ROI
eng

. Under the baseline symmetric-shear idealisation, the load per initial ligament area 187 

is combined with the representative principal stretch, with incompressibility assumed, to 188 

reconstruct the corresponding principal Cauchy stress. With equal-and-opposite non-zero 189 

principal strains and stresses and a zero intermediate principal value, the baseline conversion 190 

becomes: 191 

 

𝜀𝑡 = 𝑙𝑛(1 + 𝜀𝑅𝑂𝐼
𝑒𝑛𝑔

 );    𝜀̅ =
2

√3
𝜀𝑡 , 

𝜎𝑡 =
𝐹

𝐴0
(1 + 𝜀𝑅𝑂𝐼

𝑒𝑛𝑔
);    𝜎̅ = √3𝜎𝑡 . 

(2) 

Here, 𝜀t is the logarithmic strain corresponding to the averaged principal stretch and 𝜎t is the 192 

reconstructed principal Cauchy stress; the superscript 𝑒𝑛𝑔  denotes engineering strain. The 193 

intermediate principal-value substitutions leading to these expressions are given in Appendix 194 

A.1. The ligament-centre stress and strain used later as the numerical reference are instead 195 

obtained directly from the full numerical stress and strain tensors using Eq. (1), without the 196 

baseline principal-value assumption. 197 

Using this baseline conversion, Fig. 3 compares the uncorrected VNR curve with the PEEK 198 

tensile reference at 180 °C. The difference increases with deformation, while the nominal shear 199 

rate of the VNR test (approximately 0.1 s⁻¹ from 1.57 mm/s over a 15.68 mm ligament) 200 

provides a nominal rate condition comparable to that of the 0.1 s⁻¹ tensile reference [26]. 201 

The tensile curve is used here as an external experimental reference rather than as the numerical 202 

correction target. The following sections therefore examine how the VNR stress calculation 203 

contributes to this increasing difference. 204 
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 205 

Fig. 3. Comparison of effective stress–strain responses for PEEK at 180 °C under nominally 206 
comparable rate conditions of approximately 0.1 s⁻¹. The red dotted curve is the uncorrected VNR 207 
response obtained using the baseline conversion in Section 2.3, and the black dotted curve is the 208 

tensile reference [26]. 209 

3. Sources of error in the VNR stress–strain calculation 210 

The increasing stress error observed in the VNR calculation is examined in terms of two effects: 211 

the change in principal directions during large simple shear and the non-uniform deformation 212 

along the ligament. Section 3.1 examines how the principal directions evolve in simple shear 213 

and why this affects the baseline load-to-stress conversion. Section 3.2 then considers how 214 

non-uniform deformation leads to differences between local and ROI-averaged strain measures. 215 

3.1. Principal-direction change in simple shear and its effect on VNR stress 216 

calculation 217 

Fig. 4 illustrates the difference between the local simple-shear state and the small-deformation 218 

idealisation used in the baseline VNR stress conversion. In Fig. 4a, the measured vertical load 219 

is the resultant force transmitted across the ligament, while the local material element is 220 

described by the normal stress components 𝜎11  and 𝜎22  and the shear component 𝜎12 . The 221 

angle 𝛾m,s  describes the simple-shear deformation. Fig. 4b shows the corresponding 222 

symmetric-shear construction used in the conventional small-deformation idealisation, with 223 

shear angle 𝛾m,p . The subscripts 𝑠 and 𝑝 distinguish the simple-shear and symmetric-shear 224 

constructions, respectively, and both angles are expressed in radians. This idealisation provides 225 

a simple basis for converting the measured load into an equivalent stress, but its fixed-direction 226 

assumption becomes less representative as deformation increases. 227 
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 228 

Fig. 4. Kinematic and stress idealisations used to interpret VNR loading. (a) Local simple-shear 229 
deformation in the ligament, showing the measured resultant load 𝐹, stress components and shear 230 

angle 𝛾m,s. (b) Symmetric-shear construction used in the conventional small-deformation idealisation, 231 

with shear angle 𝛾m,p and the associated rigid-body rotation. 232 

At large deformation, the local simple-shear deformation no longer follows the fixed principal 233 

directions assumed in the baseline conversion. Fig. 5 examines the kinematic origin of this 234 

directional change. Panel (a) shows the symmetric-shear construction used as the reference, 235 

whereas panel (b) shows the simple-shear deformation represented by the right polar 236 

decomposition 𝑭s = 𝑹𝑼. Here, 𝑼 describes the stretch associated with simple shear and 𝑹 237 

describes the rigid-body rotation. Together, they represent the same simple-shear deformation. 238 

In Fig. 5, the superscripts 𝑜 , 𝑼  and 𝑑  denote the original, stretched and deformed 239 

configurations, respectively. The detailed coordinate mappings and angle definitions are given 240 

in Appendix A.2. 241 
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 242 

Fig. 5. Kinematic constructions for (a) symmetric shear and (b) simple shear decomposed into stretch 243 

and rotation. The angles 𝜃p
o and 𝜃p

d describe the maximum-principal directions in the original and 244 

deformed symmetric construction; 𝜃s
o, 𝜃s

U and 𝜃s
d describe the corresponding simple-shear directions. 245 

The changes 𝜃s
oU, 𝜃s

Ud and 𝜃s
od denote the stretch-related reorientation, rigid-body rotation and total 246 

principal-direction change, respectively. Superscripts 𝑜, 𝑼 and 𝑑 denote the original, stretched and 247 
deformed configurations. All angles are expressed in radians. 248 

For the symmetric-shear construction in Fig. 5a, the deformation gradient is symmetric and the 249 

in-plane principal directions remain fixed at ±45° to the coordinate axes. This fixed-direction 250 

state provides the reference for the conventional small-deformation conversion. The coordinate 251 

mapping and incompressibility steps leading to this result are given in Appendix A.2. 252 

For simple shear, the coordinate mapping is different. The full mapping is given in Appendix 253 

A.2, and differentiating it gives the deformation gradient in Eq. (3). 254 

 𝑭𝒔 =
𝜕𝑿𝒅

𝜕𝑿𝒐 = [
1 0 0

tan (𝛾𝑚,𝑠) 1 0

0 0 1

]. (3) 

Eq. (3) describes simple shear in which 𝑋1  remains unchanged, while the 𝑋2  coordinate 255 

acquires an additional displacement proportional to 𝑋1. The shear term tan (𝛾𝑚,𝑠) therefore 256 

increases with the imposed simple-shear deformation. 257 

Applying the right polar decomposition 𝑭s = 𝑹𝑼 to the simple-shear deformation gradient and 258 

defining 𝑏 =
tan(𝛾m,s)

2
 gives the rotation and stretch tensors 259 
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 𝑹 =

[
 
 
 
 

1

√1 + 𝑏2

−𝑏

√1 + 𝑏2
0

𝑏

√1 + 𝑏2

1

√1 + 𝑏2
0

0 0 1]
 
 
 
 

;    𝑼 =

[
 
 
 
 
 
1 + 2𝑏2

√1 + 𝑏2

𝑏

√1 + 𝑏2
0

𝑏

√1 + 𝑏2

1

√1 + 𝑏2
0

0 0 1]
 
 
 
 
 

. (4) 

Eq. (4) shows how the same simple-shear deformation is represented by the two parts of the 260 

polar decomposition. The scalar 𝑏 introduced above is a compact measure of the simple-shear 261 

angle used to write the matrix coefficients. The principal directions of 𝑼 depend on the shear 262 

amount 𝑏 and therefore depart progressively from the initial 45° reference at finite shear. In the 263 

polar-decomposition representation, 𝑹  then rotates the stretched configuration further. 264 

Therefore both parts contribute to the final change in principal direction, even though rigid-265 

body rotation itself does not change the von Mises stress. 266 

The corresponding principal directions are defined in Fig. 5. The intermediate eigenvector and 267 

angle transformations are given in Appendix A.2; combining the reorientation associated with 268 

the stretch tensor and the additional rigid-body rotation gives the total principal-direction 269 

change in Eq. (5). 270 

 𝜃s
od = 𝜃s

oU + 𝜃s
Ud = arctan (

𝑏

√1 + 𝑏2 + 1
). (5) 

Eq. (5) is the key kinematic result of this section. It expresses the total change in the selected 271 

principal direction as the combined effect of the stretch-related reorientation and rigid-body 272 

rotation. This total principal-direction change is used to characterise the first source of stress-273 

calculation error. The error arises from the mismatch between the evolving principal directions 274 

in simple shear and the fixed-direction symmetric-shear assumption used in the baseline VNR 275 

conversion. The second source of error, associated with non-uniform deformation and the 276 

difference between local and ROI-averaged strain measures, is considered in Section 3.2. 277 

3.2. Non-uniform ligament deformation and representative strain measures 278 

The second effect considered in this study arises from the spatial non-uniformity of 279 

deformation along the VNR ligament. The measured load is a resultant transmitted across the 280 

ligament, whereas the local stress and strain vary with position. A stress–strain curve 281 

constructed from this resultant load therefore depends on how the representative strain is 282 

defined. When deformation is non-uniform, a local ligament-centre measure and a spatially 283 

averaged measure need not represent the same part of the ligament response. 284 
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To examine this effect, two representative strain-extraction routes are considered in Fig. 6. The 285 

first is a local strain-gauge-type (SG-type) measure at the ligament centre, used as a numerical 286 

analogue of the local sampling provided by a conventional strain-gauge measurement. The 287 

second is an ROI-averaged measure corresponding to the DIC procedure used in the 288 

experiments. Together, the two routes provide a direct comparison between a local centre-point 289 

strain measure and a spatially averaged strain measure over the DIC ROI. 290 

  291 

Fig. 6. Representative strain-extraction routes used in the VNR analysis. (a) Local SG-type extraction 292 
at the ligament centre, illustrated using a conventional strain-gauge arrangement and evaluated 293 

numerically. (b) Ligament-line DIC region of interest (ROI) used for the experimental and numerical 294 
strain extraction. 295 

Fig. 6a illustrates the conventional local strain-gauge arrangement. In the numerical SG-type 296 

route used here, the representative strain is extracted directly from the ligament-centre strain 297 

state, consistent with the centre-point calculation introduced in Section 5.2. The conventional 298 

±45° strain-gauge transformation is provided in Appendix A.3 for reference. 299 

The DIC route uses the spatial strain field rather than a single material point. As described in 300 

Section 2.2, the maximum principal engineering strain is obtained at the DIC facets intersected 301 

by the ligament-line ROI and averaged to provide the representative experimental strain used 302 

in the VNR stress–strain curve. Previous shear studies have adopted different spatial definitions, 303 

including small central regions, multiple ligament subregions, and circular or rectangular 304 

central regions [8,10,11,20]. This variation illustrates that, once the strain field is non-uniform, 305 

the representative strain obtained from DIC depends on the spatial region over which it is 306 

evaluated. 307 

If the ligament deformation were spatially uniform, the local ligament-centre strain and the 308 

ROI-averaged strain would provide essentially the same representation of the deformation. In 309 

the VNR specimen, however, the strain varies along the ligament, as indicated by the DIC field 310 
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in Fig. 2. The local SG-type measure represents the deformation at the ligament centre, whereas 311 

the ROI-averaged DIC measure represents the average deformation over the selected ligament 312 

region. 313 

When either strain measure is combined with the same resultant load to construct a VNR stress–314 

strain curve, this difference in strain representation is carried into the calculated response. The 315 

finite element model introduced in Section 4 is therefore used to compare these load-derived 316 

responses with numerical stresses obtained over the ROI and at the ligament centre. 317 

4. Finite element model and experimental assessment 318 

Finite element analysis is used to provide the tensor-based stress and strain quantities required 319 

for the comparisons introduced in Section 3. It also provides a prescribed material response 320 

against which the stress–strain curves calculated from the simulated VNR test can be assessed. 321 

This section first defines the material model and VNR simulation, and then compares the 322 

predicted load response and ligament strain distribution with the experiments. The assessed 323 

model is subsequently used in Section 5 to establish the numerical references required for the 324 

error analysis and stress correction. 325 

4.1. Temperature-dependent material model and calibration 326 

A temperature-dependent Johnson–Cook (JC) model was used to define the PEEK material 327 

response in the finite element simulations. The model combines linear elasticity with a 328 

temperature-dependent plastic flow law calibrated using the tensile responses at 180, 240 and 329 

300 °C reported in [26]. The calibrated model defines the prescribed material response used in 330 

the VNR simulation, against which the stress–strain curves calculated from the simulated VNR 331 

test can subsequently be compared.  332 

The plastic flow stress is expressed as 333 

 𝜎 = [𝐴 + 𝐵(𝜀̅𝑝𝑙)
𝑛
] (1 − (

𝑇 − 𝑇0

𝑇𝑚 − 𝑇0
)
𝑚

) ;  𝑇0 ≤ 𝑇 < 𝑇𝑚, (6) 

where 𝜎 is the flow stress (MPa), 𝜀̅𝑝𝑙 is the dimensionless accumulated equivalent plastic strain, 334 

and 𝑇, 𝑇0 and 𝑇𝑚 are the current, reference and melting temperatures (K), respectively. 𝐴 (MPa) 335 

defines the reference yield-stress level, 𝐵 (MPa) and 𝑛 (dimensionless) control the magnitude 336 

and curvature of strain hardening, and 𝑚 (dimensionless) controls thermal softening. 337 
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At the reference temperature 𝑇0, the thermal term in Eq. (6) is equal to unity, so the reference-338 

temperature flow curve is governed by 𝐴, 𝐵 and 𝑛. The tensile responses above 𝑇0 provide the 339 

temperature dependence required to determine the thermal-softening parameter 𝑚.  340 

The constitutive strain variable 𝜀̅𝑝𝑙 in Eq. (6) is the accumulated equivalent plastic strain used 341 

to describe plastic hardening. The stress–strain comparisons elsewhere in this study use the 342 

total equivalent logarithmic strain defined in Eq. (1). For the monotonic uniaxial tensile data 343 

used in the calibration, the post-yield plastic strain was approximated as 𝜀̅𝑝𝑙 ≈ ln(𝜆) −
𝜎

𝐸
, 344 

where 𝜆 is the dimensionless axial stretch, defined as the ratio of the current to initial length, 345 

and 𝐸 is Young’s modulus (MPa). This approximation assumes that the elastic strain is small, 346 

such that 
𝜎

𝐸
 provides an adequate estimate of the elastic contribution to the logarithmic strain. 347 

The resulting flow stress–plastic strain data were used to calibrate Eq. (6). 348 

The yield properties were determined following the procedure reported in [26], and the 349 

constitutive parameters were fitted by nonlinear least squares using the MATLAB function 350 

lsqnonlin. The resulting JC responses are compared with the tensile data in Fig. 7. These 351 

calibrated curves define the material input used in the VNR simulations described in Section 352 

4.2. 353 

 354 

Fig. 7. Temperature-dependent Johnson–Cook (JC) fits to the PEEK tensile flow stress–plastic strain 355 
responses at 180, 240 and 300 °C and a strain rate of 0.1 s⁻¹. Solid lines denote the JC model fits, and 356 

dotted lines denote the experimental tensile data from [26]. 357 

4.2. Finite element model setup 358 

The modified VNR specimen geometry described in Section 2.1 was reproduced in ABAQUS. 359 

The model consisted of 6283 four-node reduced-integration shell elements (S4R), with five 360 

integration points through the thickness. The boundary conditions and displacement loading 361 
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were defined to reproduce the experimental gripping and loading configuration. A total 362 

displacement of 5 mm was applied, and the analysis was performed using ABAQUS/Explicit. 363 

The temperature-dependent material model calibrated in Section 4.1 was assigned to the 364 

specimen. The elastic properties, JC parameters and predefined specimen temperature used in 365 

the simulation are summarised in Table 1. The analysis temperature was 453 K (180 °C), 366 

corresponding to the experimental VNR test condition. 367 

Table 1. Input parameters for the VNR shear simulation. 368 

Properties Parameters 

Density (tonne/mm³) 𝜌 =  1.3 × 10−9 

Modulus (MPa) 𝐸 =  415.948 

Poisson’s ratio 𝜈 =  0.48 

JC model parameters 

(𝐴, 𝐵, 𝑛, 𝑚, 𝑇0, 𝑇𝑚) 

𝐴 = 15.651, 

𝐵 = 29.079, 

𝑛 = 0.298, 

𝑚 = 0.947, 

𝑇0  =  453 K (180 °C) 

𝑇m  =  616 K (343 °C) 

Predefined field temperature 453 K (180 °C)  

4.3. Comparison with experimental load and strain fields 369 

The finite element model was assessed against the experimental response before being used for 370 

the error analysis in Section 5. Two aspects were compared: the global load–displacement 371 

response and the spatial distribution of strain along the VNR ligament. The former evaluates 372 

the overall mechanical response of the specimen, while the latter is particularly important 373 

because the non-uniform ligament deformation identified in Section 3.2 is central to the 374 

subsequent comparison of local and ROI-averaged strain measures. 375 

Fig. 8a compares the simulated and DIC-measured maximum principal strain profiles along 376 

the ligament at four displacement stages. Position along the ligament is normalised from 0 at 377 

the lower end to 1 at the upper end. Both the experimental and numerical profiles show a non-378 

uniform distribution, with higher strains developing towards the ligament ends and lower 379 

strains over the central region. The finite element model reproduces the overall shape and 380 

evolution of these profiles over the four deformation stages. 381 

The full-field comparison at Stage 3, corresponding to a displacement of approximately 1.98 382 

mm, is shown in Fig. 8b and c. Fig. 8b presents the maximum principal strain field measured 383 

by DIC, whereas Fig. 8c shows the corresponding field predicted by the finite element model. 384 
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Both exhibit the same main deformation pattern, including strain concentrations near the upper 385 

and lower notch regions and a lower-strain region through the ligament centre. 386 

The global response is compared in Fig. 8d. The simulation captures the overall development 387 

of the experimental load–displacement curve, although some differences remain over the 388 

deformation history. Taken together, the load response and ligament strain comparisons show 389 

that the model reproduces the principal global and local features required for the subsequent 390 

error analysis. The assessed model is therefore used in Section 5 to select a suitable local 391 

reference and to obtain the ROI-averaged and ligament-centre stress and strain quantities 392 

required for the error analysis and correction. 393 

 394 

Fig. 8. Experimental and numerical assessment of the VNR finite element model. (a) Maximum-395 
principal-strain profiles along the normalised ligament position at four displacement stages; solid lines 396 
denote simulations and symbols denote DIC measurements. (b) DIC-measured and (c) finite-element-397 
predicted maximum principal strain fields at Stage 3 (1.981 mm displacement). (d) Experimental and 398 

numerical load–displacement responses. The ligament position in (a) is normalised from 0 at the 399 
lower end to 1 at the upper end. 400 
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5. Quantification and correction of the VNR stress-calculation 401 

error 402 

The finite element model established and assessed in Section 4 is used here to quantify and 403 

correct the VNR stress-calculation error. A ligament-centre numerical reference is first 404 

established, after which the local SG-type and ROI-based DIC calculations are compared with 405 

this reference. The stress correction is then applied in two successive steps using an ROI-406 

averaged numerical response as the intermediate reference and the ligament-centre response as 407 

the final reference. The corrected response is subsequently assessed against the prescribed 408 

numerical material response and the experimental tensile reference, followed by evaluation of 409 

its effect on constitutive identification and deformation prediction. Additional numerical cases 410 

are finally considered for PEEK at another temperature and for PA6. 411 

5.1. Selection of the local reference location 412 

A local numerical reference is required to assess the stress and strain calculated from the 413 

measured resultant load. Two candidate locations were therefore examined in the finite element 414 

model, as shown in Fig. 9a: Node 1 lies within the upper strain-concentration region, whereas 415 

Node 2 is located at the ligament centre. 416 

For simple shear, the two in-plane principal stretches have a product of unity, giving equal-417 

and-opposite principal logarithmic strains. The relation 𝜀𝑚𝑎𝑥 = −𝜀𝑚𝑖𝑛  therefore provides a 418 

kinematic indication of how closely the local deformation approaches the simple-shear state. 419 

Fig. 9b compares the maximum and minimum principal strains at the two locations over the 420 

analysed deformation range. The green line represents the equal-and-opposite condition. The 421 

ligament-centre response at Node 2 remains close to this relation, whereas Node 1 increasingly 422 

departs from it as deformation increases. Node 2 at the ligament centre is therefore selected as 423 

the location for the local numerical reference. Its stress–strain response is assessed against the 424 

prescribed material response in Section 5.2. 425 
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 426 

Fig. 9. Selection of the ligament-centre location for the local numerical reference. (a) Maximum-427 
principal-strain field showing Node 1 in the upper strain-concentration region and Node 2 at the 428 

ligament centre. (b) Maximum versus minimum principal logarithmic strains at the two locations over 429 
the analysed deformation range; black triangles denote Node 1 and red circles denote Node 2. The 430 

green line represents the equal-and-opposite principal-strain condition associated with simple shear. 431 

5.2. Comparison of calculated VNR responses with the ligament-centre 432 

reference 433 

Following the selection of the ligament centre in Section 5.1, its local stress–strain response is 434 

first assessed against the prescribed material response. The principal stress and logarithmic-435 

strain components are extracted directly from the finite element model, and Eq. (1) gives the 436 

centre-point effective strain 𝜀𝑐 and equivalent stress 𝜎𝑐, respectively. The subscript 𝑐 denotes 437 

the ligament-centre numerical reference. 438 

Fig. 10a compares the ligament-centre finite element response with the prescribed JC material 439 

response used in the simulation. Because 𝜀𝑐 is a total logarithmic strain, the JC input response 440 

is plotted on the same total-strain basis by including the corresponding elastic contribution in 441 

addition to the accumulated plastic strain defined in Section 4.1. The close agreement in Fig. 442 

10a supports the use of the ligament-centre response as the local numerical reference for the 443 

following comparisons. 444 

With the local numerical reference established, the finite element results are next processed 445 

using the two representative strain-extraction routes introduced in Section 3.2. In both cases, 446 

the VNR stress–strain response is calculated from the resultant load and the corresponding 447 

strain measure, rather than obtained directly from the local finite element stress tensor. 448 

 449 

 450 
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For the numerical SG-type route, the representative strain is taken at the ligament centre. 451 

Because Node 2 remains close to the equal-and-opposite principal-strain condition identified 452 

in Section 5.1, the centre-point logarithmic principal strains are represented as ℎ𝑐, 0 and −ℎ𝑐, 453 

where ℎ𝑐 denotes the maximum principal logarithmic strain. Substitution into Eq. (1), together 454 

with the baseline load-to-stress conversion introduced in Section 2.3, gives the SG-type 455 

response: 456 

 

𝜀𝑆𝐺 =
2

√3
ℎ𝑐, 

𝜎𝑆𝐺 = √3
𝐹

𝐴0
𝑒𝑥𝑝(

√3𝜀𝑆𝐺

2
), 

(7) 

where 𝐴0 is the initial ligament cross-sectional area. The two relations in Eq. (7) give the SG-457 

type effective strain and corresponding load-derived stress, respectively. 458 

For the ROI-based DIC calculation, the facet-wise maximum principal engineering strains are 459 

first averaged over the ligament-line ROI. Let 𝑒1,𝑖 denote the maximum principal engineering 460 

strain of facet 𝑖, and 𝑁 the number of included facets. The ROI average is then converted to 461 

logarithmic strain and, using the same equal-and-opposite principal-strain representation (ℎ𝐷𝐼𝐶, 462 

0, −ℎ𝐷𝐼𝐶), to effective strain and stress: 463 

 

𝑒𝑅𝑂𝐼 = 𝜀𝑅𝑂𝐼
𝑒𝑛𝑔

=
1

𝑁
∑ 𝑒1,𝑖

𝑁
𝑖=1 , 

ℎ𝐷𝐼𝐶 = 𝑙𝑛(1 + 𝑒𝑅𝑂𝐼), 

𝜀𝐷𝐼𝐶 =
2

√3
ℎ𝐷𝐼𝐶 =

2

√3
𝑙𝑛(1 + 𝑒𝑅𝑂𝐼), 

𝜎𝐷𝐼𝐶 = √3
𝐹

𝐴0
𝑒𝑥𝑝(

√3𝜀𝐷𝐼𝐶

2
). 

(8) 

The four relations in Eq. (8) give the ROI-averaged engineering strain, its logarithmic 464 

conversion, the effective strain and the corresponding load-derived DIC stress, respectively. 465 

The latter two use the same equivalent-strain definition in Eq. (1) and baseline load-to-stress 466 

conversion as the SG-type route. 467 

The SG-type and DIC routes use different representative strains but the same resultant load and 468 

baseline conversion. The resulting stresses, 𝜎𝑆𝐺  and 𝜎𝐷𝐼𝐶, are subsequently compared with the 469 

ligament-centre reference stress 𝜎𝑐, which is obtained directly from the local finite element 470 

stress tensor using Eq. (1). 471 

Fig. 10b and c compare the two calculated VNR responses with the ligament-centre numerical 472 

reference. As shown in Fig. 10b, both 𝜀𝑆𝐺  and 𝜀𝐷𝐼𝐶 remain comparatively close to the centre-473 

point strain 𝜀𝑐 over the analysed deformation range, although differences develop between the 474 

local and ROI-averaged strain measures. In contrast, Fig. 10c shows that both calculated 475 
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stresses increasingly exceed the centre-point stress 𝜎𝑐  as deformation increases. At the 476 

displacement corresponding to 𝜀𝑐 = 0.10, the relative stress errors of both calculations are 477 

about 12%. For calculation route 𝑟, where 𝑟 ∈ {𝑆𝐺, 𝐷𝐼𝐶}, the relative stress error is defined as 478 

 𝜉𝑟 =
𝜎𝑟−𝜎𝑐

𝜎𝑐
× 100%. (9) 

The comparison therefore shows that the deformation-dependent discrepancy is concentrated 479 

in the stress calculation. Both representative strain measures remain comparatively close to the 480 

ligament-centre strain, whereas the corresponding load-derived stresses increasingly depart 481 

from the tensor-derived centre stress. The correction developed in Section 5.3 therefore acts on 482 

the calculated stress, using an ROI-averaged numerical response as an intermediate reference 483 

before comparison with the ligament-centre response. 484 

 485 

Fig. 10. Ligament-centre numerical reference and comparison of calculated VNR responses. (a) 486 
Ligament-centre FE stress–strain response compared with the prescribed JC material response. (b) 487 
Effective strain and (c) equivalent stress from the local SG-type and ROI-based DIC calculations, 488 
compared with the ligament-centre reference as functions of displacement. The subscript 𝑐 denotes 489 

the ligament-centre reference; 𝑆𝐺 and 𝐷𝐼𝐶 denote the local SG-type and ROI-based DIC calculations, 490 
respectively. In (c), both calculated stresses show an error of about 12% at 𝜀𝑐 = 0.10. 491 
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5.3. Two-step correction of the calculated VNR stress 492 

Section 5.2 showed that the increasing discrepancy in the calculated VNR response is 493 

concentrated in the stress calculation. The correction is therefore applied through two 494 

successive numerical references. Step 1 compares the load-derived stress with an ROI-495 

averaged stress obtained directly from the finite element stress field. This step targets the 496 

contribution associated with principal-direction change in the load-to-stress conversion. Step 2 497 

then compares the first corrected stress with the ligament-centre response. This step targets the 498 

remaining difference associated with non-uniform ligament deformation. The same procedure 499 

is applied to the local SG-type and ROI-based DIC calculations. 500 

Step 1 uses the same ligament-line ROI as the DIC analysis. At each ROI point 𝑖, 𝑒1,𝑖 and 𝜎1,𝑖 501 

denote the maximum principal engineering strain and maximum principal Cauchy stress (MPa), 502 

respectively. The ROI-averaged logarithmic strain and maximum principal stress are defined 503 

as ℎ‾𝑅𝑂𝐼 = 𝑁−1 ∑ ln𝑁
𝑖=1 (1 + 𝑒1,𝑖)  and 𝜎‾𝑅𝑂𝐼 = 𝑁−1 ∑ 𝜎1,𝑖

𝑁
𝑖=1 . Using the same equal-and-504 

opposite representation as in Section 5.2 gives 𝜀𝑅𝑂𝐼 =
2

√3
ℎ𝑅𝑂𝐼  and 𝜎𝑅𝑂𝐼 = √3𝜎𝑅𝑂𝐼 . Unlike 505 

ℎ𝐷𝐼𝐶 in Eq. (8), which is obtained after averaging the engineering strains, the ROI reference 506 

averages the local logarithmic strains before the effective-strain conversion. The resulting 𝜎𝑅𝑂𝐼 507 

provides the intermediate numerical reference for Step 1. 508 

For a representative maximum principal logarithmic strain ℎ, the corresponding polar rotation 509 

angle 𝜔(ℎ), expressed in radians, is 510 

 𝜔(ℎ) = arctan[sinh(ℎ)], (10) 

as obtained from the simple-shear kinematics in Section 3.1. Accordingly, 𝜔𝑆𝐺 = 𝜔(ℎ𝑐) , 511 

𝜔𝐷𝐼𝐶 = 𝜔(ℎ𝐷𝐼𝐶) and 𝜔𝑅𝑂𝐼 = 𝜔(ℎ𝑅𝑂𝐼) are evaluated from the corresponding strain measures, 512 

and the numerical stress ratios are represented as functions of 𝜔, which provides a common 513 

deformation measure for the two calculation routes. 514 

Step 1 is shown in Fig. 11a. The calculated stresses are first compared with 𝜎𝑅𝑂𝐼. Based on the 515 

numerical comparison, the corresponding stress ratios are represented by the exponential 516 

relation 𝑓𝑟
1 = exp(𝜔𝑟/2) . Dividing by this factor gives the first corrected stress, which 517 

approaches the ROI reference. 518 

Step 2 is shown in Fig. 11b. The first corrected stress is then compared with the ligament-centre 519 

stress 𝜎𝑐. Based on the numerical comparison, the remaining stress ratio is represented by 𝑓𝑟
2 =520 

exp(2𝜔𝑟/3) , giving the final corrected stress. The superscripts 𝑐𝑜𝑟𝑟1  and 𝑐𝑜𝑟𝑟2  denote 521 
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stresses after the first and second correction steps, respectively; 𝑓𝑟1 and 𝑓𝑟2 are dimensionless 522 

correction factors. Table 2 summarises the two correction steps. 523 

Table 2. Summary of the two-step stress correction for 𝑟 ∈ {𝑆𝐺, 𝐷𝐼𝐶}. Rotation angles are in radians. 524 

Step Numerical reference 

and stress ratio 

Correction factor Corrected stress 

Principal-direction 

change 
𝜎𝑅𝑂𝐼; 𝜎𝑟/𝜎𝑅𝑂𝐼 𝑓𝑟

1 = exp(𝜔𝑟/2) 𝜎𝑟
𝑐𝑜𝑟𝑟1 = 𝜎𝑟/𝑓𝑟

1 

Non-uniform ligament 

deformation 
𝜎𝑐; 𝜎𝑟

𝑐𝑜𝑟𝑟1/𝜎𝑐 𝑓𝑟
2 = exp(2𝜔𝑟/3) 𝜎𝑟

𝑐𝑜𝑟𝑟2 = 𝜎𝑟
𝑐𝑜𝑟𝑟1/𝑓𝑟

2 

 525 

 526 
Fig. 11. Two-step correction of the calculated VNR stress. (a) Step 1 targets the contribution 527 
associated with principal-direction change using the ROI-averaged numerical response as the 528 

intermediate reference: (a1) stress comparison, (a2) stress ratio and correction factor, and (a3) first-529 
corrected stresses. (b) Step 2 targets the remaining difference associated with non-uniform ligament 530 

deformation using the ligament-centre response: (b1) stress comparison, (b2) stress ratio and 531 
correction factor, and (b3) final corrected stresses. Superscripts 𝑐𝑜𝑟𝑟1 and 𝑐𝑜𝑟𝑟2 denote the stresses 532 
after the first and second correction steps, respectively; 𝜎𝑆𝐺, 𝜎𝐷𝐼𝐶, 𝜎𝑅𝑂𝐼, and 𝜎𝑐 denote the local SG-533 

type calculation, ROI-based DIC calculation, ROI-averaged reference, and ligament-centre reference, 534 
respectively. 535 

Both correction factors approach unity as 𝜔𝑟 → 0 , so the correction recovers the small-536 

deformation limit. Combining the two steps gives 537 

 𝜎𝑟
𝑐𝑜𝑟𝑟2 = 𝜎𝑟exp (−

7𝜔𝑟

6
) ,  𝑟 ∈ {𝑆𝐺, 𝐷𝐼𝐶}. (11) 

Fig. 12a compares the numerically calculated stress–strain curves before and after the two-step 538 

correction with the prescribed JC material response. Before correction, both the local SG-type 539 
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and ROI-based DIC calculations increasingly overestimate the input response as deformation 540 

grows, whereas after correction both curves follow the prescribed response closely over the 541 

analysed deformation range. 542 

Once established from the numerical comparisons, the same correction was applied to the 543 

experimental PEEK VNR response at 180 °C using the measured load and selected strain 544 

measure to evaluate 𝜎𝑟 and the corresponding 𝜔𝑟. As shown in Fig. 12b, the corrected VNR 545 

curve is substantially closer to the tensile reference than the uncorrected curve in Fig. 3, 546 

particularly at larger deformation. The numerical comparison in Fig. 12a establishes the 547 

correction against the prescribed material response, while Fig. 12b provides an experimental 548 

check against the tensile data. 549 

 550 

Fig. 12. Stress–strain responses before and after correction. (a) Numerically calculated effective 551 
stress–strain curves before (BC) and after (AC) correction, compared with the input JC response; SG 552 
and DIC denote the local SG-type and ROI-based DIC calculations, respectively. BC and AC denote 553 
before and after correction, respectively. (b) Experimental PEEK tensile reference [26] and corrected 554 

VNR response at 180 °C. The uncorrected VNR response is shown in Fig. 3. 555 

5.4. Effect of stress correction on constitutive identification and predicted 556 

strain fields 557 

Section 5.3 established the corrected VNR response. This section examines how using the 558 

corrected rather than uncorrected curve changes the identified material parameters and the 559 

deformation predicted using those parameters. 560 

The uncorrected and corrected experimental VNR curves at 180 °C were separately converted 561 

to flow stress–plastic strain form and used to identify the elastic modulus and the strain-562 

hardening parameters 𝐴, 𝐵 and 𝑛. As these data were obtained at the reference temperature 𝑇0, 563 
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the thermal-softening parameter 𝑚 is inactive under this condition and was therefore fixed to 564 

the value obtained from the multi-temperature tensile calibration in Section 4.1. 565 

Fig. 13a shows that the uncorrected VNR response produces a substantially stronger fitted 566 

hardening response than the corrected curve, and the corresponding parameter sets are listed in 567 

Table 3. In particular, the fitted hardening exponent n decreases from 0.530 to 0.245 after 568 

correction, together with a marked reduction in B. Because the stress overestimate increases 569 

with deformation, fitting the uncorrected curve incorporates part of the calculation error into 570 

the apparent strain-hardening response. 571 

Table 3. Parameter sets used for simulations based on the uncorrected and corrected VNR responses. 572 

Properties Parameters before 

correction 

Parameters after correction 

Density (tonne/mm³) 𝜌 = 1.3 × 10−9 𝜌 = 1.3 × 10−9 

Modulus (MPa) 𝐸 = 372.314 𝐸 = 312.559 

Poisson’s ratio 𝜈 = 0.48 𝜈 = 0.48 

JC model parameters 

(𝐴, 𝐵, 𝑛, 𝑚, 𝑇0, 𝑇𝑚) 

𝐴 = 18.517, 

𝐵 = 62.864, 

𝑛 = 0.530, 

𝑚 = 0.947, 

𝑇0  =  453 K (180 °C) 

𝑇m  =  616 K (343 °C) 

𝐴 = 14.032, 

𝐵 = 29.569, 

𝑛 = 0.245, 

𝑚 = 0.947, 

𝑇0  =  453 K (180 °C) 

𝑇m  =  616 K (343 °C) 

Predefined field temperature 453 K (180 °C) 453 K (180 °C) 

 573 

To assess whether the parameter differences in Table 3 affect subsequent model prediction, the 574 

two parameter sets were separately assigned to the same VNR finite element model and the 575 

predicted ligament strain profiles were compared with the DIC measurements in Fig. 13b and 576 

c. At the earliest displacement stage, both calibrations give similar profiles. As deformation 577 

increases, the simulation using parameters fitted to the uncorrected VNR curve increasingly 578 

departs from the DIC measurements, whereas the corrected-data calibration reproduces the 579 

measured strain distribution more closely. The calculation error is therefore carried into both 580 

the fitted hardening response and the subsequent deformation prediction. 581 
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 582 

Fig. 13. Effect of stress correction on constitutive identification and predicted ligament strain fields. 583 
(a) Johnson–Cook (JC) fits to flow stress–plastic strain curves derived from uncorrected (BC) and 584 
corrected (AC) PEEK VNR data at 180 °C; dotted curves denote the VNR-derived responses and 585 

solid curves denote the JC fits. (b, c) Maximum-principal-strain profiles predicted using parameters 586 
identified from the uncorrected and corrected VNR data, respectively, compared with DIC 587 

measurements at four displacement stages. Solid lines denote simulations and dotted symbols denote 588 
DIC measurements; the corresponding displacements are given in each panel. BC and AC denote 589 

before and after correction, respectively. 590 

5.5. Evaluation in additional numerical cases 591 

To assess the correction under additional conditions, two numerical cases were considered: 592 

PEEK at 240 °C, which changes the testing temperature while retaining the same material, and 593 

PA6 at 160 °C, which additionally changes the material. 594 

The PEEK case uses the temperature-dependent material parameters defined in Table 1. For 595 

PA6, the JC parameters fitted to the tensile data reported in [26] are listed in Table 4. In both 596 

cases, the same two-step correction equations established in Section 5.3 are applied, without 597 

refitting, to the SG-type and ROI-based DIC calculations, and the corrected curves are 598 

compared with the prescribed material responses used in the simulations. 599 
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Table 4. Material parameters used for the PA6 numerical case at 160 °C, fitted to tensile data from 600 
[26]. 601 

Properties Parameters of PA6 at 160 °C 

Density (tonne/mm³) 𝜌 = 1.5 × 10−9   
Modulus (MPa) 𝐸 = 180.13  

Poisson’s ratio 𝜈 = 0.48   
JC model parameters 

(𝐴, 𝐵, 𝑛, 𝑚, 𝑇0, 𝑇𝑚) 

𝐴 = 11.489, 

𝐵 = 14.531, 

𝑛 = 0.729, 

𝑚 = 1.079, 

𝑇0  =  433 K (160 °C) 

𝑇m  =  503 K (230 °C) 

Predefined field temperature 433 K (160 °C) 

 602 

As shown in Fig. 14, the uncorrected SG-type and DIC calculations increasingly exceed the 603 

prescribed input responses for both PEEK at 240 °C and PA6 at 160 °C. After correction, both 604 

calculated curves are substantially closer to their respective prescribed responses over the 605 

analysed deformation range. The same correction equations therefore also reduce the stress 606 

error in these additional numerical cases. 607 

 608 

Fig. 14. Additional numerical evaluation of the two-step stress correction. (a) PEEK at 240 °C and (b) 609 
PA6 at 160 °C. In each case, the local SG-type and ROI-based DIC responses before (BC) and after 610 
(AC) correction are compared with the prescribed JC material response. BC and AC denote before 611 

and after correction, respectively. 612 

5.6. Implications for material characterisation and practical application 613 

The present approach extends VNR stress correction from individual properties such as shear 614 

modulus or strength [16–18] to the full VNR stress–strain response. This distinction is 615 

important because the full response is used directly for constitutive identification. A 616 
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deformation-dependent stress error can therefore be embedded in the identified hardening law 617 

if it is not corrected before fitting. 618 

For practical application, the two correction relations are established numerically for the VNR 619 

configuration using the ROI-averaged response and the ligament-centre response as successive 620 

references. Once established, they are applied during post-processing to the stress calculated 621 

from the measured load and selected strain measure. The same procedure can be used with 622 

either the local SG-type route or the ROI-based DIC route. 623 

The present study assesses the correction experimentally for the modified PEEK VNR test at 624 

180 °C and numerically for PEEK at 240 °C and PA6 at 160 °C. The correction relations 625 

depend on the deformation and stress distributions produced by the test configuration. For 626 

substantially different specimen geometries, loading conditions or strain-extraction regions, the 627 

corresponding finite element model should therefore be used to re-evaluate the correction 628 

relations. Further experimental studies across additional materials and testing conditions can 629 

extend the assessment of the method. 630 

6. Conclusions 631 

This study investigated deformation-dependent errors in the stress–strain response obtained 632 

from large-deformation V-notched rail (VNR) shear tests and developed a two-step correction 633 

based on principal-direction change and non-uniform ligament deformation. The analysis 634 

showed that the main discrepancy is concentrated in the stress calculation rather than the strain 635 

calculation. Both the local SG-type and ROI-based DIC strain measures remain comparatively 636 

close to the ligament-centre response, whereas the corresponding load-derived stresses 637 

increasingly exceed the centre-point stress as deformation increases, with relative stress errors 638 

of about 12% at an effective strain of 0.10. 639 

The proposed correction addresses the two identified sources of stress-calculation error in two 640 

successive steps. The first step uses an ROI-averaged numerical reference to address the 641 

contribution associated with principal-direction change. The second uses the ligament-centre 642 

response to address the remaining effect associated with non-uniform ligament deformation. 643 

After correction, the numerical stress–strain curves closely follow the prescribed material 644 

response, and the corrected experimental PEEK VNR curve at 180 °C shows substantially 645 

improved agreement with the tensile reference. The same correction relations also reduce the 646 

stress error in additional numerical cases for PEEK at 240 °C and PA6 at 160 °C. 647 
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The results further show that the deformation-dependent stress error can be carried directly into 648 

constitutive identification and subsequent finite element prediction. Fitting the uncorrected 649 

VNR response produces a stronger apparent hardening response, whereas using the corrected 650 

data reduces this artificial hardening and gives ligament strain distributions that agree more 651 

closely with the DIC measurements at larger deformation. The main contribution is therefore 652 

the correction of the full VNR stress–strain response before constitutive identification, rather 653 

than isolated test properties. This reduces the risk of carrying the conversion error into the 654 

identified material model and subsequent predictions. 655 

Appendix A. Supporting derivations 656 

To keep the main text compact, this appendix collects the intermediate derivations supporting 657 

the baseline VNR conversion, the shear-kinematics and rotation-angle relations, and the ±45° 658 

strain-gauge transformation illustrated in the main text. 659 

A.1. Detailed baseline VNR conversion 660 

For completeness, Table A1 gives the intermediate principal-value substitutions used to obtain 661 

the baseline conversion in Section 2.3. The measured inputs are the vertical load 𝐹, initial 662 

ligament area 𝐴0, and ROI-averaged maximum principal engineering strain 𝜀ROI
eng

. The table 663 

shows the conversion to logarithmic strain, the assumed principal values, and the resulting 664 

equivalent strain and stress. 665 

Table A1. Detailed baseline VNR conversion from measured load and ROI-averaged maximum 666 
principal engineering strain. 667 

Variables Calculation  

Measured variables Vertical Load (𝐹) 

Initial cross-section area (𝐴0) 

Mean value of maximum principal strains (engineering strain) 

within the ROI (𝜀𝑅𝑂𝐼
𝑒𝑛𝑔

) captured by DIC software 

Logarithmic strain 𝜀𝑡 = 𝑙𝑛(1 + 𝜀𝑅𝑂𝐼
𝑒𝑛𝑔

 )  

Principal strains 𝜀1 = 𝜀𝑡  

𝜀2 = 0  

𝜀3 = −𝜀𝑡 

 

 

Effective strain 𝜀̅ =
2

√3
𝜀𝑡   

Baseline stress 𝜎𝑡 =
𝐹

𝐴0
(1 + 𝜀𝑅𝑂𝐼

𝑒𝑛𝑔
)   

Principal stresses 𝜎1 = 𝜎𝑡  

𝜎2 = 0   

𝜎3 = −𝜎𝑡  

 

Effective stress 𝜎̅ = √3𝜎𝑡   
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A.2. Shear kinematics and rotation-angle derivation 668 

Fig. 5 defines the symmetric-shear and simple-shear constructions used in Section 3.1. The 669 

intermediate steps are given here so that the main text can retain only the relations needed to 670 

follow the stress-correction method. 671 

For the symmetric-shear construction, the in-plane mapping, incompressibility condition and 672 

resulting deformation gradient can be written compactly as 673 

 

𝑋1
𝑑 = 𝑋1

𝑜 + 𝑋2
𝑜 ∙ 𝑡𝑎𝑛 (

𝛾𝑚,𝑝

2
) ;   𝑋2

𝑑 = 𝑋1
𝑜 ∙ 𝑡𝑎𝑛 (

𝛾𝑚,𝑝

2
) + 𝑋2

𝑜, 

𝑋3
𝑑 =

𝑋3
𝑜

1−tan2(
𝛾𝑚,𝑝

2
)
, 

𝑿𝒅 =

[
 
 
 
 1 tan (

𝛾𝑚,𝑝

2
) 0

tan (
𝛾𝑚,𝑝

2
) 1 0

0 0
1

1−tan2(
𝛾𝑚,𝑝

2
)]
 
 
 
 

∙ 𝑿𝒐, 

𝑭𝒑 =
𝜕𝑿𝒅

𝜕𝑿𝒐 =

[
 
 
 
 1 tan (

γ𝑚,𝑝

2
) 0

tan (
γ𝑚,𝑝

2
) 1 0

0 0
1

1−tan2(
𝛾𝑚,𝑝

2
)]
 
 
 
 

. 

(A1) 

In Eq. (A1), the first two relations define the in-plane mapping, the third enforces 674 

incompressibility through the thickness, and the fourth gives the resulting deformation gradient. 675 

Because this deformation gradient is symmetric, its in-plane principal directions remain fixed 676 

at ±45° to the coordinate axes for the positive-shear branch shown in Fig. 5a. 677 

For simple shear, the coordinate mapping is 678 

 𝑋1
𝑑 = 𝑋1

𝑜;  𝑋2
𝑑 = tan(𝛾𝑚,𝑠) ∙ 𝑋1

𝑜 + 𝑋2
𝑜;  𝑋3

𝑑 = 𝑋3
𝑜. (A2) 

Differentiating Eq. (A2) gives the simple-shear deformation gradient reported as Eq. (3) in the 679 

main text. The in-plane principal directions of the stretch tensor U in Eq. (4) follow from its 680 

eigenvectors. An unnormalised eigenvector and the associated stretch-related orientation 681 

relations are 682 

 

𝒗̂1 = [
√1 + 𝑏2 + 𝑏

1
0

], 

tan(𝜃s
U) =

1

√1+𝑏2+𝑏
= √1 + 𝑏2 − 𝑏, 

tan(𝜃s
oU) = tan(𝜃s

U − 𝜃s
o) =

tan(𝜃s
U)−tan(𝜃s

o)

1+tan(𝜃s
U)∙tan(𝜃s

o)
=

−𝑏

√1+𝑏2+1
. 

(A3) 
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As the positive shear amount tends to zero, the selected direction approaches 45°, consistent 683 

with the reference orientation in Fig. 5. In Eq. (A3), the second and third relations give the 684 

orientation after the stretch step and its change relative to the initial 45° direction, respectively. 685 

The subsequent rigid-body rotation and associated half-angle relations are 686 

 

𝑹 = [

cos(𝜃s
Ud) − sin(𝜃s

Ud) 0

sin(𝜃s
Ud) cos(𝜃s

Ud) 0

0 0 1

], 

tan(𝜃s
Ud) = 𝑏, 

tan (
𝜃s

Ud

2
) =

sin(𝜃s
Ud)

1+cos(𝜃s
Ud)

=
𝑏

√1+𝑏2+1
, 

𝜃s
oU = −

1

2
𝜃s

Ud = −arctan(
𝑏

√1+𝑏2+1
). 

(A4) 

In Eq. (A4), the first relation gives the rigid-body rotation tensor, while the remaining relations 687 

define the corresponding rotation angle, its half-angle form and its relation to the stretch-688 

induced reorientation. The resulting relation shows that the stretch-related orientation change 689 

is one half of the rigid-body rotation in the opposite sense. 690 

Combining Eqs. (A3) and (A4) with the rigid-body rotation gives the net principal-direction 691 

change reported as Eq. (5) in the main text. These expressions remain well defined at 𝑏 = 0, 692 

where the orientation changes vanish. 693 

A.3. Full ±45° strain-gauge transformation 694 

For completeness, the full infinitesimal transformation for the ±45° gauge arrangement 695 

illustrated in Section 3.2 is 696 

 
𝜀+45° =

𝜀𝑥+𝜀𝑦

2
+ 

𝜀𝑥−𝜀𝑦

2
 cos(2 × (+45°)) +

𝛾𝑥𝑦

2
sin(2 × (+45°)) 

𝜀−45° =
𝜀𝑥+𝜀𝑦

2
+ 

𝜀𝑥−𝜀𝑦

2
 cos(2 × (−45°)) +

𝛾𝑥𝑦

2
sin(2 × (−45°)). 

(A5) 

Subtracting the two directional strains in Eq. (A5) gives the conventional engineering shear 697 

relation for the ±45° gauge arrangement. Here, 𝜀𝑥 and 𝜀𝑦 are the normal engineering strains in 698 

the x- and y-directions, respectively, and 𝛾𝑥𝑦 is the engineering shear strain. All strain measures 699 

are dimensionless. 700 
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  n = 0 . 298


  m = 0 . 947


    T 0   =   453   K


    T m   =   616   K


    𝜀  m a x =   − 𝜀  m i n


    𝜀  c


    𝜎  c


  c


    𝜀  c


   h  c


  0


  −  h  c


   h  c


    𝜀  S G =  2   3  h  c


    𝜎  S G =  3   F    A 0 e x p (    3   𝜀  S G 2 )


    A 0


    e  1 , i


  i


  N


   h  D I C


  0 ,


  −  h  D I C


      e ¯  R O I =   𝜀  R O I  e n g =  1  N   ∑  i = 1  N    e  1 , i


   h  D I C = l n ( 1 +     e ¯  R O I )


    𝜀  D I C =  2   3  h  D I C =  2   3 l n ( 1 +     e ¯  R O I )


 


  


    𝜎  S G


    𝜎  D I C


    𝜎  c


    𝜀  S G


    𝜀  D I C


    𝜀  c


    𝜎  c


    𝜀  c = 0 . 10


  r


  r ∈ { S G , D I C }


    𝜉  r =     𝜎  r −   𝜎  c    𝜎  c × 100 %


  c


  S G


  D I C


    𝜀  c = 0 . 10


  i


    e  1 , i


    𝜎  1 , i


     h ‾  R O I =   N  − 1   ∑  i = 1  N ln  ( 1 +   e  1 , i )


      𝜎 ‾  R O I =   N  − 1   ∑  i = 1  N    𝜎  1 , i


    𝜀  R O I =  2   3    h ¯  R O I


    𝜎  R O I =  3     𝜎 ¯  R O I


   h  D I C


    𝜎  R O I


  h


  𝜔 ( h )


  𝜔  ( h ) = arctan  [ sinh  ( h ) ]


    𝜔  S G = 𝜔 (  h  c )


    𝜔  D I C = 𝜔 (  h  D I C )


    𝜔  R O I = 𝜔 (    h ¯  R O I )


  𝜔


    𝜎  R O I


    f  r 1 = exp  (   𝜔  r / 2 )


    𝜎  c


    f  r 2 = exp  ( 2   𝜔  r / 3 )


    f  r 2 = exp  ( 2   𝜔  r / 3 )


  c o r r 1


  c o r r 2


    f  r 1


    f  r 2


  r ∈ { S G , D I C }


    𝜎  R O I


    𝜎  r /   𝜎  R O I


    f  r 1 = exp  (   𝜔  r / 2 )


    𝜎  r  c o r r 1 =   𝜎  r /   f  r 1


    𝜎  c


    𝜎  r  c o r r 1 /   𝜎  c


    f  r 2 = exp  ( 2   𝜔  r / 3 )


    𝜎  r  c o r r 2 =   𝜎  r  c o r r 1 /   f  r 2


  c o r r 1


  c o r r 2


    𝜎  S G


    𝜎  D I C


    𝜎  R O I


    𝜎  c


    𝜔  r → 0


    𝜎  r  c o r r 2 =   𝜎  r exp  ( −   7   𝜔  r 6 ) ,     r ∈ { S G , D I C }


    𝜎  r


    𝜔  r


  A


  B


  n


    T 0


  m


  𝜌 = 1 . 3 ×  10  − 9


  𝜌 = 1 . 3 ×  10  − 9


  E =  


  E =  


  𝜈 =  


  𝜈 =  


  A


  B


  n


  m


      T 0


    T  m


  A = 18 . 517


  B = 62 . 864


  n = 0 . 530


  m = 0 . 947


    T 0   =   453   K


    T m   =   616   K


  A = 14 . 032


  B = 29 . 569


  n = 0 . 245


  m = 0 . 947


    T 0   =   453   K


    T m   =   616   K


  𝜌 = 1 . 5   ×  10  − 9  


  E = 180 . 13


  𝜈 = 0 . 48  


  A


  B


  n


  m


    T 0


    T  m


  A = 11 . 489


  B = 14 . 531


  n = 0 . 729


  m = 1 . 079


    T 0   =   433   K


    T m   =   503   K


  F


    A 0


      𝜀 ¯ ROI eng


  F


    A 0


    𝜀  R O I  e n g


    𝜀  t =   l n ⁡  ( 1 +     𝜀  R O I  e n g   )


    𝜀 1 =   𝜀  t


    𝜀 2 = 0


    𝜀 3 = −   𝜀  t


    𝜀 - =  2   3   𝜀  t


    𝜎  t =   F    A 0 ( 1 +   𝜀  R O I  e n g )


    𝜎 1 =   𝜎  t


    𝜎 2 = 0


    𝜎 3 = −   𝜎  t


    𝜎 - =  3   𝜎  t


    X 1  d =   X 1  o +   X 2  o ∙   t a n ⁡   (     𝛾  m , p 2 ) ;         X 2  d =   X 1  o ∙   t a n ⁡   (     𝛾  m , p 2 ) +   X 2  o


    X 3  d =     X 3  o  1 −    tan 2 ⁡  (     𝛾  m , p 2 )


    𝑿  𝒅 =  [    1   tan ⁡   (     𝛾  m , p 2 )  0    tan ⁡   (     𝛾  m , p 2 )  1  0   0  0   1  1 −    tan 2 ⁡   (     𝛾  m , p 2 ) ] ∙   𝑿  𝒐


    𝑭  𝒑 =   𝜕   𝑿  𝒅  𝜕   𝑿  𝒐 =  [    1   tan ⁡   (    γ  m , p 2 )  0    tan ⁡   (    γ  m , p 2 )  1  0   0  0   1  1 −    tan 2 ⁡   (     𝛾  m , p 2 ) ]


    X 1  d =   X 1  o ;     X 2  d =  tan ⁡  (   𝛾  m , s ) ∙   X 1  o +   X 2  o ;     X 3  d =   X 3  o


      𝒗 ^ 1 =  [     1 +   b 2 + b   1   0 ]


   tan ⁡   (   𝜃 s U ) =  1   1 +   b 2 + b =  1 +   b 2 − b


   tan ⁡   (   𝜃 s oU ) =  tan ⁡   (   𝜃 s U −   𝜃 s o ) =    tan ⁡   (   𝜃 s U ) − tan ⁡ (   𝜃 s o )  1 + tan ⁡ (   𝜃 s U ) ∙  tan ⁡   (   𝜃 s o ) =   − b   1 +   b 2 + 1


  𝑹 =  [     cos ⁡   (   𝜃 s Ud )  −  sin ⁡   (   𝜃 s Ud )  0    sin ⁡   (   𝜃 s Ud )   cos ⁡   (   𝜃 s Ud )  0   0  0  1 ]


   tan ⁡  (   𝜃 s Ud ) = b


   tan ⁡   (     𝜃 s Ud 2 ) =    sin ⁡   (   𝜃 s Ud )  1 + cos ⁡ (   𝜃 s Ud ) =   b   1 +   b 2 + 1


    𝜃 s oU = −  1 2   𝜃 s Ud =   − arctan ⁡  (   b   1 +   b 2 + 1 )


  b = 0


    𝜀  + 45 ° =     𝜀  x +   𝜀  y 2 +


      𝜀  x −   𝜀  y 2    ⁡ cos ( 2 ×  ( + 45 ° ) )


    𝜀  − 45 ° =     𝜀  x +   𝜀  y 2 +


      𝜀  x −   𝜀  y 2    ⁡ cos ( 2 ×  ( − 45 ° ) )


    𝜀  x


    𝜀  y


    𝛾  x y

