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Abstract

Shot peen forming is an industrial process for shaping thin and large metal
plates. The process consists in treating a plate with a stream of rigid shot
that are projected through a moving nozzle according to a peening pattern.
The existing methods for the peening pattern computation either prescribe a
continuously varying peening intensity, which is not reproducible in practice,
or require having pre-defined intensities. Here, we present a segmentation
strategy that enforces practical constraints to any peening pattern by divid-
ing it into uniformly treated zones. In addition, the strategy automatically
identifies the best treatment parameters for each segment. The strategy con-
sists of the clustering algorithm, which splits the pattern into segments, and
of the noise filtering algorithm, which removes too small segments from the
pattern. The clustering algorithm is inspired by the k-means method, and
the filtering algorithm is based on cellular automata. Both algorithms were
tested numerically using 200 randomly generated test cases.
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1. Introduction

Fabricating aircraft and rockets requires forming large metal plates with high
precision. These plates constitute, for example, wing skins, fuselage shells
or fuel tank segments. The outlined components often exhibit a nonuniform
double curvature, meaning that they are locally curved in two directions
and that the local radii of curvature vary over the plate. A cost-effective
shaping method that delivers such forms is shot peen forming. This treatment
consists in projecting a stream of rigid shot towards the surface of the plate.
The shot stream plastically deforms the surface and induces local bending
of the component [1, 2]. The stream width is smaller than the plate size,
and the treatment can be applied to both sides of the plate with a variable
intensity. This means that the developed curvatures can be locally controlled
by altering the peened segments and the peening parameters.

Numerical simulation of shot peen forming involves the solution of the for-
ward and of the inverse problems [3]. The forward problem solution means
computing the deformation resulting from a predefined peening treatment.
The inverse problem solution means defining a necessary treatment to achieve
a predefined target shape. A numerical inverse problem solver is necessary
for industrial companies to avoid a long and costly trial-and-error design
phase.

The solution to the inverse problem in peen forming is a map of local peen-
ing parameters (regimes) mapped over the initial geometry of the treated
plate, which is called the peening pattern. For instance, Figure 1 shows
two peening patterns that allow to shape a flat square plate into a spherical
patch. The first steps towards numerical resolution of the inverse problem
were made by VanLuchene et al. [4, 5], who simulated the effect of peening
using the peening-induced forces. Later, two inverse problem solvers operat-
ing directly with the peening parameters were presented [6, 7]. In all these
cases, the peening parameters were experimentally related to the peening-
induced forces [5] or curvatures [6, 7]. The inverse problem can also be solved
through formulating the peening pattern in terms of the peening-induced
residual stresses, which are related to the peening parameters through nu-
merical impact simulations [8, 9].

The approaches that rely on the peening-induced forces [4, 5] and stresses
8, 9] as loads lose their accuracy in case of large peening-induced rotations.
Thus, the large rotations provoke geometrically nonlinear behavior of the



plate, which breaks the experimentally developed relations between these
loads and the peening parameters. On the other hand, a direct empirical
relation between the peening parameters and the induced curvatures [6, 7]
does not hold for complex peening patterns, because the local curvatures are
influenced by the curvatures in the neighboring zones.

Another strategy for the peen forming simulation involves formulating the
peening pattern in terms of local eigenstrains [10, 11]. The eigenstrain rep-
resents the plastic strain induced by the treatment, which triggers deforma-
tion when introduced in the component. The advantage of eigenstrains is
that they are independent of the plate geometry, unlike the peening-induced
forces, stresses or curvatures [12, 13]. Moreover, the eigenstrains can be as-
sumed constant during reconfiguration of the component, which was proven
by means of numerical simulations and experiments with 76 x 19 mm shot
peened metal coupons [14, 15]. With the eigenstrain approach, the inverse
problem can be solved using a numerical optimization algorithm [16], an ar-
tificial neural network [17] or the theory of non-Euclidean plates [3]. In turn,
a one-to-one correspondence between the peening regimes and the induced
eigenstrain can be established using experiments [12], small-scale numerical
simulations [18], or a combination of both [19]. It is, however, imperative to
hold the plate flat during peening and to ascertain the absence of stresses
and strains in the initial state of the plate, because the established corre-
spondence can be altered otherwise [16].

The eigenstrain approach also allows to simulate other forming processes that
induce plastic strain in metal components, such as laser peen forming [20] or
English wheel [21]. Moreover, eigenstrains allow to represent a peen formed
plate as a laminate subjected to incompatible expansion or contraction of
its layers [22], so this approach bridges the gap between peen forming and
fabrication of laminated shape-shifting structures. For example, the inverse
problem solver presented in Ref. [16] works both for peen forming and for
patterned multilayer films [23], and the solver examined in Ref. [3] uses the
results developed in the field of 4D printed elastic sheets [24, 25].

The numerical inverse problem resolution involves the discretization of the
initial geometry with shell finite elements. The computed peening pattern is
therefore a discrete map. In the general case, the eigenstrains prescribed to
each element vary from one element to another, as it is illustrated in Figure
1 b). On the other hand, the practical conditions of physically applying the
peening treatment limit this spatial variation. Thus, the maximal eigenstrain



that can be prescribed to a segment is limited by the equipment capacity. In
addition, the peening parameters cannot be varied gradually over the plate.
Moreover, each modification of peening parameters during treatment slows
down the shaping process, which is especially the case for changing the media
[26]. These reasons suggest that the pattern must consist of segments formed
by multiple elements that are prescribed with the same eigenstrain. For a
simpler and easier process, the segmented peening pattern must involve the
fewest possible peening regimes while preserving the precision of the final
shape.

Figure 1 ¢) presents an example of a segmented pattern. In practice, such
segmented patterns are usually applied using masks [27, 28]. If the peening
equipment admits only uniform treatment of the component during one cycle,
then a separate mask is produced for each peening regime involved.

In particular, the problem of segmentation of the eigenstrain pattern is ad-
dressed in Refs. [16, 17]. The presented inverse problem solvers operate with
one available eigenstrain magnitude, so the peening pattern is a set of treated
and untreated segments. This effect is achieved in Ref. [16] by limiting the
overall treated area. This condition forces the optimization algorithm to as-
sign the maximal eigenstrain magnitude to the treated elements and thus

a) Target shape b) Non-segmented pattern ¢) Segmented pattern
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Figure 1. Examples of a non-segmented and of a segmented peening pattern. Both pat-
terns make a flat square plate deform into a spherical patch (a) when applied from both
sides of the plate. The non-segmented pattern (b) prescribes a gradual variation of the
peening intensity over the plate, which is hardly reproducible with peening equipment.
The segmented pattern (c) is reproducible because it consists of uniformly treated seg-
ments. Both patterns are discretized with triangular finite elements, and the effect of their
application can be simulated using the eigenstrain approach. For this, one must establish
in advance a one-to-one correspondence between the peening regimes or the intensities,
and the induced eigenstrains.



penalizes the intermediate eigenstrain values. On the other hand, the neural
network presented in Ref. [17] naturally operates with one fixed eigenstrain
magnitude, which is set during the training phase. Thus, the neural network
computes a treatment probability for each element, and the elements with
high probabilities are then assigned with the fixed eigenstrain magnitude. Al-
though the examined solvers provide ready-to-use patterns, the use of only
one eigenstrain magnitude limits the range of achievable target shapes.

The inverse problem solver presented in Ref. [3] does not restrict the variation
of the eigenstrain assigned to each element. The division of the pattern into
segments is done during post-processing with the help of grouping. This
approach allows any number of regimes in the pattern, which means that it
is flexible in terms of target shapes. However, the original and the grouped
patterns induce different final shapes, so the peening regimes have to be
thoroughly adjusted to minimize this difference.

The strategies for segmentation of the peening pattern presented in Refs.
[3, 16, 17] share a common drawback: they require having predefined peen-
ing regimes. This suggests that if the current peening regimes do not allow
to achieve the target shape according to the simulations, then the best suit-
able regimes must be found by trial-and-error. Thus, if the segmentation is
embedded in the inverse problem solver [16, 17], then each new trial means
restarting the inverse problem solver. Otherwise, if the segmentation is ex-
ecuted after the inverse problem resolution by means of grouping (see Ref.
[3]), then the grouping algorithm must be relaunched with a new combina-
tion of peening regimes, which are defined manually. Hence, the necessity
for having pre-defined peening regimes elongates the inverse problem solu-
tion and makes it less accurate, because the trial-and-error solution is not
guaranteed to be the optimal.

Conversely, the problem of segmentation of a peening pattern is similar to
the problem of clustering [29, 30]. Clustering algorithms split a set of points
into groups based on the point coordinates. In terms of the peening pattern,
this means splitting the mesh into segments based on the eigenstrain values
assigned to each finite element. Moreover, clustering algorithms are able to
find a centroid for each cluster. With regard to the peening pattern, this
allows to find the mean eigenstrain in the given segment and to homogenize
the eigenstrain in this segment. Fach eigenstrain value corresponds to a
peening regime, so a clustering algorithm is able to prescribe the best suitable
peening regime for each segment. This technique allowed, for example, to



compute the pattern shown in Figure 1 (c) starting from the non-segmented
pattern presented in Figure 1 (b).

An optimal clustering algorithm for the peen forming case must minimize the
difference between the original and the segmented patterns in order to reduce
the difference in the developed shapes. This can be accomplished using the
k-means clustering algorithm [31], which groups points in space based on
their proximity in terms of squared Euclidean distance. This algorithm is
also advantageous in terms of the computation speed and adaptability to
sparse point sets [29, 30].

We present in this paper a numerical strategy for segmenting the peening
pattern without predefined peening regimes, which is designed as a post-
processing tool for the inverse problem solver. The segmentation strategy
relies on a modified k-means clustering algorithm, which is adapted for the
peen forming case. The clustering algorithm is followed by a noise filtering
algorithm that corrects local clustering errors and thus makes the pattern
fully applicable.

2. Theoretical background

2.1. The bilayer eigenstrain formulation of the peening pattern

The eigenstrain & prescribed to each finite element by an eigenstrain-based
inverse problem solver is constant in the in-plane direction inside the ele-
ment, but it varies along the through-thickness coordinate z. We assume
that the treated material is isotropic and not pre-stressed, so that €,,(z) =
eyy(2) = 7(2) and €,,(2) = —27(%2), where x and y are the in-plane lagrangian
coordinates. The peening-induced isotropic eigenstrain profile v(z) is a con-
tinuous function, but it can be idealized, i.e., discretized, in the way that the
final shape induced by the idealized profile is the same as that induced by
the original profile (when assuming plate theory) [3]. In the general case of
treatment from both sides, the simplest idealized profile involving the fewest
variables is the bilayer profile ;. This profile assumes that the plate consists
of two equally thick layers assigned with the eigenstrains &' and £° as:

et for O<z<%
\2) = ’ 1
i) {5b for —%<z<0, (1)



where h is the total plate thickness and z is the through-thickness coordinate
having its origin at the mid-surface level. Figure 2 illustrates the idealization
of the through-thickness eigenstrain profile.

The bilayer eigenstrain profile is locally described with two variables (gt, %),
and each of the two peening regimes applied from the top and bottom sides
influences both & and €. Thus, the treatment from the top side induces
positive ' and negative %, while the treatment from the bottom side induces
negative ¢! and positive °. In case of simultaneous treatments from both
sides, the values of €' and €® are superpositions of contributions made by the
top and the bottom side peening regimes.

Under the assumptions of plate theory, the final shapes induced by the pro-
files v(z) and ~; coincide if the local forces and moments induced by the two
profiles are equal, meaning that the conditions

/_ }ZZ v(2)dz = Z(gt 1 b, 2)
/ 'Z;wz)zdz =) 3)

are met. Therefore, Eqns. (2, 3) allow to determine &' and &” element-
wise and thus to reduce any through-thickness eigenstrain profile v(z) to the
bilayer formulation.

2.2. The general approach to k-means clustering of the eigenstrain pattern

In terms of clustering, the variables (¢!, %) act as coordinates of points on a
plane, where each point corresponds to the peening state of a finite element in
the peening pattern. Typical of a k-means method, our clustering algorithm
uses a predefined number of centroids, or in other words, a predefined number
of peening regimes. When the points are clustered, the algorithm assigns
each finite element with the eigenstrains corresponding to the centroid of
the cluster containing this element. This strategy allows, in particular, to
constrain the maximal eigenstrain in the pattern by imposing limits on the
coordinates of the centroids. The cluster centroids are related to the peening
regimes, so the clustering algorithm outputs top- and bottom-side peening
patterns formulated in terms of peening regimes.

The k-means clustering is an iterative process involving the relocation of
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Figure 2. Idealization of the through-thickness eigenstrain profile. In this example, we
suppose that the plate is uniformly peened from both sides and that the top side peening
regime is more intense. a) The treatment induces eigenstrains in the outer layers of the
plate (bright green and pale green), while the internal layer (gray) is not affected. b)
The induced eigenstrain prescribes an in-plane expansion to the outer layers, and the
expansion magnitude + is non-uniform along the through-thickness lagrangian coordinate
z. ¢) To idealize the eigenstrain profile, we represent the plate as a bilayer consisting of
equally thick layers (bright blue and pale blue). d) We prescribe a uniform eigenstrain to
both layers and thus obtain an idealized through-thickness eigenstrain profile ~y,;, which
is described with two variables: (¢?,e%). The values of ef and €® are computed in the way
that 74; induces the same final shape as v(2) (see Eqns. 2, 3), in the sense of plate theory.
e) The final shape induced by 7,; and «(z) is stretched with respect to the initial state
and convex towards the side where a more intense treatment was applied.

the centroids on each iteration. The result of clustering is dependent on
the initial guess of the centroid positions, which are assigned randomly. For
this reason, the algorithm must be relaunched several times with different
initial centroid positions. Each trial, in turn, comprises several iterations.
At the end of each trial, the algorithm evaluates the quality of clustering by
computing the sum of squared Euclidean distances between the points and
the centroids of clusters to which the points are assigned. The trial providing
the lowest sum of distances is chosen as the best clustering. The number of
trials is chosen the balance between the computational cost and the desired
accuracy. For example, performing 100 trials of the k-means algorithm allows



to decrease the clustering error by 60% with respect to a single trial in average
[32]. However, the number of all possible partitions of a given set of points
is finite, so, if the algorithm is guaranteed to try all partitions in a certain
number of trials, then further increasing of this number does not bring any
positive effect.

3. Methodology

3.1. The clustering algorithm

We characterize a peening regime with a couple (8(1),8(2)), where, by con-
vention, ¢ is positive and £® is negative. In other words, we describe
the forming effect of a treatment using the bilayer model, where the treated
layer expands by € and the other layer contracts by €. Hence, if a plate is

) . L . i) (@) )
treated from the top side with regime ¢ inducing (¢,"’, ¢, ) and from the bot

m 2

tom side with regime j inducing (e’—:j V€ ), then their combination results

in (851) +8§-2),€§2) +€§-1)>. An unclustered pattern consists of such eigen-
strain combinations assigned to each element, but the aim of the clustering
algorithm is to find the best suitable regimes. Consequently, the clustering
algorithm must split the combinations into contributions made by the top

and bottom peening regimes independently.

The clustering algorithm starts by initializing the points that are to be clus-
tered on the coordinate plane (¢f,%). Each finite element e generates one
point with coordinates (!, %), where (&, %) is the eigenstrain prescribed to
this element by the inverse problem solver. Therefore, the elements and the
points are directly associated. Subsequently, the clustering algorithm initial-

izes the void regime (0,0) corresponding to the absence of treatment, and it

also randomly initializes N peening regimes in terms of (5(1), 5(2)) under the
following constraints:

B @

<e@ <o,

0<e® <)
€

min

where 1) = and 55732” are, correspondingly, the maximal positive and the
minimal negative eigenstrains achievable with the peening equipment. These

values must be experimentally characterized in advance.

Afterwards, the clustering algorithm initializes the cluster centroids, that



. Peening regime  Peening regime
Centroid (top) (bottom)
00 0 0
01 0 1
02 0 2
17 1 J
NN N N

Table 1

Formation of the cluster centroids. Each centroid represents a combination of peening
regimes applied from the top and bottom sides. N available peening regimes form (N +1)?
centroids because the absence of treatment is considered as an additional void regime
numbered as 0.

are computed as all possible combinations of the peening regimes. Hence,
there are k = (N + 1)? centroids initialized, and each of them represents a
cluster. A centroid formed by regime i applied from the top side and by
regime j applied from the bottom side is marked as ij (Table 1). The void
regime is numbered as 0, so the centroids marked as 70 and 0i correspond to
treatment with regime ¢ only from the top side and only from the bottom
side, respectively. Figure 3 a) shows the points and the centroids initialized
on the plane.

The next stage is the deletion of all centroids that lie above the line et = £°.
Indeed, the centroids 7j and j¢ are induced by the same peening regimes ap-
plied conversely, so they are symmetrical about the line e = £*. However, the
algorithm aims at optimizing the peening regimes, and the range of regimes
is the same for both sides of the plate. Consequently, the algorithm deletes
one centroid from each pair of symmetrical centroids.

The symmetry principle also applies to the points corresponding to the ele-
ments. Thus, the eigenstrains (el,%) and (g%, el) represent the same treat-
ment combination applied from different sides. However, the points cannot
be deleted like the centroids because all points contain information on the
given pattern. Accordingly, the clustering algorithm reflects all points that
lie above the line ! = &’ across this line instead of deletion. With this,

the points lying on either side of the line ! = £ are fused and clustered
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simultaneously. Figure 3 b) traces the reflected points and the preserved
centroids.

The iterative process begins next. Similarly as during the standard k-means
clustering, each point, i.e., element, is assigned to the cluster represented by
the closest centroid, which is shown in Figure 3 ¢). However, the centroids
cannot be relocated freely for every iteration because they are coupled. In-
deed, the relocation of centroid 7j means altering the eigenstrains induced by
both regimes 7 and j. This, in turn, induces a simultaneous relocation of all
centroids formed by regimes ¢ and j in combination with another regime. For
this reason, the clustering algorithm does not relocate centroids but adjusts
the peening regimes directly. The new centroid positions are then computed
as a function of the new peening regimes.

The peening regimes are adjusted using the notion of contributions. Let
us consider a point (gl,2%) generated by element e, which is assigned to
cluster ij on the current iteration. The centroid of this cluster represents
the combination of treatments with regimes ¢ and j. In turn, point e also
represents a combination of treatments, but the contributions made by the
top and bottom peening are not defined. However, the clustering algorithm
derives these contributions, which have coordinates (522, 582) and (aﬁfj, 8&2}),
and uses them to adjust regimes ¢ and j, respectively. The contributions are
derived in the way that they are as close as possible to the eigenstrains

induced by regimes i and j.

We formulate the expression for the coordinates of the contributions using
the method of Lagrange multipliers [33]. These coordinates must minimize
the sum of squared FEuclidean distances f to the regimes ¢ and j:

Fm (20— ) (2 =) () ) (G - ) (9

e?j €7j

In addition, the combination of contributions (5(1) 8(2)) and (5(1) 6(2)-) must

eir e ejr-ej

equal (!, %), which leads to:

(2) (1) _ b (6)

1 (2) _ ¢
{56,1' + ge,j =&
ge,i + ge,] Ee-
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With this, the Lagrangian function £ takes the form:

£= (o) o) 4 (o = o) 4 (o) = <) (e - )
(0 e —et) = (£ ) — ).

The stationary point of the Lagrangian function is:

) = 0.5 (0 - O 4t
(2):05<5£2) (1)+6), n
8
(1 =0.5 (€§1 552) + 82) ,
8%) =05 (€§-2) — ey 5’;) :
et el -, o
Ao = 5[; — 5§-1) — 552)

The two contributions computed according to Eqns. (8) minimize the sum of
squared Euclidean distances (5) and satisfy conditions (6), simultaneously.

Let 7; be the set of points assigned to all the centroids formed using regime
1 on the current iteration. The algorithm computes the new eigenstrain in-
duced by regime 7 as the mean of all contributions (881-), 5(3) for e € 7;. The
void regime is, however, fixed at point (0,0). When all regimes are adjusted,
the algorithm recalculates the centroids and reassigns the points to the clus-
ters. Same as with the standard k-means algorithm, this iterative process is
repeated until stabilization of the peening regimes and, consequently, of the
centroids. The clustering algorithm is summarized as Algorithm 1. Figure 3

d) illustrates the result of clustering.

12



e A e’ A
a) b)
12
02
" o =
’ Reflection across the line
t_ b
e=¢
] 21
o B
o A . 8
o > - >,
- [ € - - €
00
10 20

EA

c)

Iterative relocation
of the centroids

»
’

t

> ¢

& : &
W »
o o

Figure 3. Example of clustering with NV = 2 available peening regimes.

a) At the beginning, the clustering algorithm traces the points (gray dots) that are to
be clustered at coordinates (¢f,£%). Each point represents a finite element, and its co-
ordinates reflect the eigenstrain assigned to the element by the inverse problem solver.
The clustering algorithm randomly initializes the peening regimes and traces the cluster
centroids (colored squares), each of which is a combination of two peening regimes for all
possible permutations. The coordinates of centroid ij represent the eigenstrain induced
by the application of regime ¢ from the top side and of regime j from the bottom side.
b) Next, the algorithm eliminates the symmetry by reflecting the points that lie above
the line e = ? across this line. The centroids that lie above this line are deleted.

¢) Subsequently, each point is assigned to the closest centroid (cluster) in terms of squared
FEuclidean distance.

d) The algorithm iteratively adjusts the peening regimes, derives new centroid positions
and reassigns the points until the stabilization of the centroids. The centroid (0, 0) is fixed
at the origin during all iterations. In this example, no points were attributed to cluster 11
(purple), which corresponds to the treatment with regime 1 from both sides.
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Algorithm 1 The clustering algorithm

1: for each finite element e do

2 Initialize one point with coordinates (&f,?)
3: end for

4: Initialize the void peening regime (0, 0)
5: Randomly initialize N peening regimes in terms of (5(1), 5(2)) under con-

straints (4)

6: Compute the centroids in coordinates (&, ) as all possible combinations
of two peening regimes

7: for each centroid that lies above the line ! = ¢* do

8: Delete the centroid

9: end for

10: for each point that lies above the line ¢! = £ do

11: Swap its coordinates e’ and &°

12: end for

13: while at least one centroid changes its position do

14: for each point do

15: Compute the squared Euclidean distance to each centroid

16: Assign the point to the cluster formed by the closest centroid

17: Compute the two contributions using Eqns. (8)

18: end for

19: for each regime except for the void regime do

20: Compute the mean of all contributions belonging to this regime

21: Assign the mean as the new peening regime

22: end for

23: Compute the centroids as the combinations of the adjusted peening
regimes

24: end while
25: for each finite element e do

26: Assign the element with the eigenstrain corresponding to the centroid

of the cluster containing poinf1 4515 %)

e’ [
27: end for




3.2. Filtering of the peening pattern using cellular automata

The clustering algorithm groups the finite elements based on the eigenstrain
prescribed during the inverse problem resolution. After clustering, each finite
element in the peening pattern is assigned with a peening regime. The ele-
ments assigned with the same regime can be physically situated in different
parts of the plate and thus form separate segments. In practice, however,
the minimal size of the segments is limited by the shot stream width or the
masking resolution. For example, a segment consisting of only one element is
not typically reproducible in practice. The presence of such small-scale seg-
ments in the clustered pattern is called the checkerboard problem, which is
illustrated in Figure 4. This problem arises when the eigenstrain prescribed
by the inverse problem solver is on the border between two clusters, so the
elements assigned with different peening regimes are mixed together after
clustering.

We cope with the checkerboard problem with a filtering algorithm, which is
executed after clustering for the top and bottom patterns separately. More
precisely, we use an image noise filter based on cellular automata (CA) de-
scribed in Ref. [34]. The filter is initially conceived for images consisting of
square pixels that are assigned with a gray level, but we reformulate it for
the case of triangular meshes where each element is assigned with a peening
regime. The filtering algorithm scans the elements and notes the regimes
assigned to each element and to its three neighbors, i.e., to its triangular
Von Neumann neighborhood [35]. If the algorithm detects that the element

- No peening
B - regime 1
B - regime 2

Figure 4. Example of a peening pattern heavily affected by the checkerboard problem
after clustering. The pattern is represented on a square plate, which is meshed with
triangular finite elements. The elements assigned with different peening regimes of a close
intensity are locally mixed, so the proposed pattern is not reproducible in practice.

15



is mostly surrounded by elements prescribed with another regime, then it
assigns the element with the regime that constitutes the majority. In case
when none of the peening regimes constitutes a majority in the local neigh-
borhood, then the element is assigned with the regime corresponding to its
first neighbor. The same principle applies to the edge elements that have only
two neighbors. The corner elements are strictly assigned with the regime cor-
responding to their single neighbor. The filtering algorithm is iterative and
lasts until the stabilization of the assigned regimes. All triangular elements
are scanned and corrected simultaneously at each iteration. This filter can
also be applied after the grouping of the peening pattern [3]|, because the
grouped patterns can also face the checkerboard problem.

The filtering algorithm is summarized as Algorithm 2. We formulate the
algorithm in terms of the peening regime p. assigned to element e. The
regimes assigned to the neigboring elements are denoted as pe1, pe2, Pes-

4. Results

The clustering and the filtering algorithms were validated numerically using
200 random target shapes. For each test case, we firstly solved the inverse
problem using the algorithm presented in Ref. [3] and obtained the free
peening pattern. Secondly, we applied the clustering algorithm (Algorithm
1) and thus obtained the clustered peening pattern. Thirdly, we applied the
filtering algorithm (Algorithm 2) and obtained the filtered clustered peening
pattern. Finally, we simulated the application of each of these three patterns
using the method presented in Ref. [3] to evaluate discrepancy between this
and that. In other words, we solved the forward problem for each pattern
and thus obtained three final shapes. We computed the dimensionless error
) in each case as the Hausdorff distance between the final shape and the
target shape divided by the square root of the total area of the plate.

The target shapes were generated as a result of the application of random
peening patterns on a 1 X 1 m square plate. The plate thickness and the
Poisson’s ratio were randomly assigned in each test case. The plates were
meshed with 1152 triangular elements, and the random peening patterns were
generated on this mesh using the algorithm presented in Ref. [3]. The first
100 test cases (series 1) involved only one available peening regime, which
was applied in randomly situated rectangular segments of the plate. The
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Algorithm 2 The filtering algorithm

1: while the eigenstrain is reassigned at least for one element do

2 for each finite element e do
3 if the element has three neighbors e, e, e3, then
4 if po # per and (per = pez OF per = pe3) then
5: Assign the value of p.; to p.
6 else if p. # peo and pes = pes then
7 Assign the value of p.s to pe
8 else if
9 (pe 7 per and p, # pes and p, # pes) and
10: (Per # pez and per # pe3 and pea # pe3) then
11: Assign the value of p; to pe
12: end if
13: end if
14: if the element has two neighbors ey, s, then
15: if pe # pe1 and p. # peo then
16: Assign the value of p.; to pe
17: end if
18: end if
19: if the element has one neighbor e;, then
20: if p. # pe1 then
21: Assign the value of p.; to p,
22: end if
23: end if

24: end for
25: end while

17



second 100 cases (series 2) involved four available regimes applied in random
segments.

Figure 5 illustrates the numerical validation workflow using one test case from
series 2. The presented clustered pattern (Figure 5 d) leads to the highest €2
in series 2 because the pattern is significantly affected by the checkerboard
problem. The filtered clustered pattern (Figure 5 e) contains irregularly
shaped peening segments, but it is not subjected to the checkerboard prob-
lem, so it is applicable in practice.

Figure 6 summarizes the validation results in terms of €2. The histograms
demonstrate that the dimensionless error did not exceed 0.35% for the final
shapes provided by the free patterns. Both clustering and filtering algorithms

Target shape Random pattern

b)

—
The forward problem

. resolution
The inverse

problem
resolution

Free pattern Clustered pattern Filtered clustered pattern
e)

—_— —_—
Clustering Applifclation of the
iltering
algorithm
0=0.3% 0=0.21%

Figure 5. One of the test cases from series 2 that demonstrated a marked checkerboard
problem. a) The random peening pattern generated on a 1 x 1 m sized plate using the
algorithm presented in Ref. [3]. Different colors on the peening pattern denote different
peening regimes. b) The target shape generated by application of the random pattern. The
plate is 6 mm thick, and the Poisson’s ratio equals 0.36. The deflections are at the original
scale. c) The free pattern computed using the inverse problem resolution algorithm (see
Ref. [3]). d) The clustered peening pattern computed by application of Algorithm 1 to
the free pattern. e) The filtered clustered algorithm obtained by application of Algorithm
2 to the clustered pattern. We solved the forward problem for the patterns c), d) and e)
and computed the dimensionless error ) for each case. In the presented case, the filtered
clustered pattern reproduces the original random pattern better than the free pattern, so
it leads to a lower dimensionless error 2.
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made a slightly negative impact in terms of €2, but {2 remained inferior to
0.4% for all test cases. Moreover, () remained inferior to 0.1% for more than
80% of cases in series 1 and for more than 70% of cases in series 2 after
filtering.

During the clustering phase, we fixed the number of available regimes as one
for series 1 and as four for series 2. No other information on the peening
regimes was provided to the clustering algorithm, and the centroid positions
were not constrained. The number of trials for the clustering algorithm was
fixed as 100. The influence of clustering in terms of €2 is plotted in Figure 7
a). Thus, the clustered pattern decreased € with respect to the free pattern
for 78 cases in series 1 and for 32 cases in series 2. The decrease in €2 in these
cases is explained by the segmented structure of the random patterns that
were used to generate the target shapes. Hence, the clustering removed the
gradual eigenstrain variation from the free patterns and made the clustered
patterns more similar to the original ones.

On the other hand, the difference in the influence of clustering on the two
series is explained by the fact the clustered patterns in series 1 were less
subjected to the checkerboard problem. Indeed, the only available peening
regime was situated far from the origin in terms of (¢!, &%), so the majority
of elements was assigned to the correct clusters. The main source of error in
this case was the peening regime itself, which was slightly different from the
peening regime applied in the original random pattern. On the other hand,
the regimes in series 2 were situated close to each other, so the quantity of
neighboring elements that were assigned to different clusters was more signif-
icant. Also, the four computed peening regimes did not exactly correspond
to the original regimes.

It should be noted that although we fixed the quantity of peening regimes N
for each series of tests, in practice IV is not always pre-determined. In a such
case, the clustering algorithm can be launched several times for different NV,
and the best suitable N can be determined based on the minimal €2. A larger
N provides more flexibility in terms of target shapes but extends the time
needed for application of the pattern in practice.

The filtered clustered pattern increased €2 with respect to the clustered pat-
tern for 77 cases in series 1 and for 67 cases in series 2, which is shown in
Figure 7 b). The reason for this increase in most of the cases is that the filter-
ing algorithm often enlarges the segments assigned to wrong clusters instead
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Figure 6. Histograms plotting the dimensionless error {2 between the target shapes and
the final shapes computed during the validation of the clustering and filtering algorithms.
We considered 200 test cases that were divided in two series of 100 cases each. In each
case, we solved the inverse problem, clustered the peening pattern and applied the filtering
algorithm. One peening regime was available for clustering in series 1, and four regimes
were available in series 2. We simulated the application of the peening patterns at each
stage and computed the dimensionless error . Figures (a) and (b) plot the simulated
Q provided by the unclustered free patterns in series 1 and 2 respectively. Figures (c)
and (d) trace the simulated Q provided by the clustered patterns, and Figures (e) and (f)
show  provided by the filtered clustered patterns. The filtered clustered patterns induce
a slightly larger Q than the free patterns in general, but © does not exceed 0.4% for all
the types of patterns. 20



a) Clustered pattern b) Filtered clustered pattern  C) Filtered clustered pattern
Vs Vs Vs
Free pattern Clustered pattern Free pattern

Number of cases

Series 1 Series 2 Series 1 Series 2 Series 1 Series 2

M - Decrease in Q)
M - Increase in Q

Figure 7. Influence of the clustering and the filtering algorithms on the dimensionless
error (). The clustered patterns were obtained by application of the clustering algorithm
to the free patterns, and the filtered clustered patterns were obtained by application of the
filtering algorithm to the clustered patterns. Hence, the bars a) represent the influence of
the clustering algorithm, the bars b) represent the influence of the filtering algorithm, and
the bars c) represent the influence of the successive application of the two algorithms. The
first series of tests implied one peening regime during generation of the training examples
and clustering, while the second series implied four peening regimes. Both series consisted
of 100 test cases. The results show that the influence of the successive application of the
two algorithms is majorly negative.

of eliminating them. All in all, the successive application of the clustering
and the filtering algorithms increased 2 with respect to the free pattern for
more than a half of the test cases (see Figure 7 ¢). This is explained by
the fact that both algorithms do not measure €2, so their output depends
only on the input pattern. One potential way to cope with this problem is
to implement a black-box optimization strategy with respect to €2, but this
iterative approach would reduce the computational speed.

5. Conclusion

We developed a general strategy for the segmentation of the peening pat-
tern, which makes every pattern applicable with shot peening equipment.
The segmentation strategy computes the best suitable peening regimes and
the segments where they should be applied. It includes a clustering algo-
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rithm, which is inspired by the k-means method, and a filtering algorithm.
The clustering algorithm is designed for the bilayer eigenstrain formulation,
and any other formulation of the trough-thickness eigenstrain profile can be
reduced to the bilayer. When applied consecutively, the clustering and the
filtering algorithms remove from the pattern all eigenstrain variations that
are not reproducible in practice. Hence, the strategy provides a ready-to use
peening pattern, which is suitable for industrial reproduction using masking
or a narrow peening stream.

The clustering and the filtering algorithms were validated numerically using
the existing bilayer shell model. The validation showed that the clustering
algorithm had a weak influence on the quality of the peening pattern, so
that the original and the clustered patterns induced similar final shapes. A
clustered pattern involving one peening regime is less affected by the checker-
board problem than this involving multiple regimes, but a large number of
regimes provides more flexibility in terms of target shapes. The filtering also
has a slight but majorly negative influence on the final shape. However, it
efficiently deals with the checkerboard problem and rapidly eliminates local
clustering errors.

The described segmentation strategy can be applied as a post-processing tool
for any eigenstrain-based inverse problem solver that deals with laminated
shape-shifting structures. Such structures are present in the fields of Micro-
Electro-Mechanical Systems (MEMS) or 4D printed composites. Moreover,
metal plates shaped with laser peening or English wheel can also be virtually
represented as laminates and modeled using the eigenstrain approach. The
segmentation strategy eliminates the need for trial-and-error determination
of the best suitable eigenstrains and thus accelerates the inverse problem
resolution.
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Appendix A. k-means clustering of the trialyer eigenstrain pat-
tern

Another common way to idealize the through-thickness eigenstrain profile
is to represent it as a trilayer v;.;(z). The trilayer formulation implies the
assignment of eigenstrain to the two outer layers of a variable thickness:

gt for (%—hi) <z< %,
Yeri(z) =<0 for (h’; — g) <z< (% — hi) ) (A1)
et for —%<z<(h2—%),

where ¢! and € stand for the eigenstrains assigned to the top and bottom
layers respectively, while hl and h® denote the thicknesses of these layers.
Hence, in this formulation, the eigenstrain assigned to each finite element e
is described with four variables (i, hl_ 2  ht.).

xe) "Uke) Txe)
The range of peening regimes that can be applied from the top and bottom
sides is the same, so the eigenstrains assigned to the top and bottom layers
are clustered simultaneously. This means that each element generates two
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points on a coordinate plane with axes €, and h,. The coordinates of these
points are (gf,,hl,) and (g2,,R%,). In this case, the points can be clustered
using the standard k-means algorithm [31], except for the fact that the zero
centroid (0, 0) corresponding to the absence of treatment is fixed at the origin
(Algorithm 3). The presence of this centroid suggests that N peening regimes
actually induce k = N + 1 cluster centroids. The other N centroids are
initialized using the Mazmin method, which proves itself as the most efficient
initialization technique for the k-means algorithm [32]. With this method,
the centroids are initialized in sequence, and each subsequent centroid is
placed at the location of the furthest point from the previous centroid. The

first centroid in this sequence is the zero centroid.
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Algorithm 3 The clustering algorithm in the trilayer case

. for each finite element e do

—_

2 Initialize two points with coordinates (%, h!,) and (b, h®,)
3: end for
4: Initialize the zero centroid at the origin
5: Initialize N centroids at random positions in coordinates (e, h,) using
the Maxmin method
while at least one centroid changes its position do

for each point do

Compute the squared Euclidean distance to each centroid

Assign the point to the cluster formed by the closest centroid
10: end for

11: for each cluster except for the zero cluster do
12: Compute the mean of all points in the cluster
13: Assign the mean as the new cluster centroid

14: end for

15: end while

16: for each finite element e do

17: Assign the top layer with a couple (¢!, hl) corresponding to the cen-
troid of the cluster containing point (g%, hL,)

18: Assign the bottom layer with a couple (%, h?) corresponding to the

centroid of the cluster containing point (g%, h?,).
19: end for
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