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Abstract

Modeling of collision between elastic solids involves deformation of bodies
and the interaction with other bodies. Classically, SPH is used for both,
but, this does not allow one to incorporate friction and also subjects the
solids to unphysical interaction when the bodies are nearby but not in actual
contact. In the current work, we incorporate an efficient contact force model
into a variant of updated-Lagrangian SPH to model the interaction between
elastic solids. This approach models friction as well as eliminates the spurious
interaction between nearby bodies. The current model is validated with
several numerical examples, involving collision between two and multiple
elastic solids, with and without friction. These results compare well with
FEM, analytical, and experimental studies. The model is easy to incorporate
in any updated-Lagrangian SPH scheme. We provide a fully open-source
implementation along with a reproducible manuscript.

Keywords: Elastic solids collision, Frictional contact, SPH, Transport
Velocity Formulation

1. Introduction

The collision of arbitrary solid bodies occurs everywhere around us. Apart
from the elastic collision of bodies, other important examples include surface
erosion, waterjet machining [1], and machining processes [2] to note a few. It
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is important to be able to simulate such problems accurately. One of the ways
to study the dynamics of such bodies is by assuming the bodies to be rigid,
as done in the discrete element method (DEM) ([3]). However, this does not
consider any elastic or elastic-plastic deformations of these colliding bodies.
In these cases either finite element methods (FEM) [4] or meshless methods
such as material point method[5] or smoothed particle hydrodynamics (SPH)
[6] can be used. In this context meshless methods, such as the SPH method,
are advantageous when modeling large deformation of solids as they do not
suffer from issues such as mesh entanglement.

The SPH method is a meshless numerical method originally proposed by
Gingold and Monaghan [6] and Lucy [7] to model astrophysics problems.
It has been extensively applied to simulate problems involving fluids [8, 9],
structural dynamics [10, 11], fluid-structure interaction [12, 13], granular
physics [14, 15] among other areas. Monaghan [16] provides a detailed review
of SPH and its applications. Modeling of elastic solids in SPH was first
proposed by Libersky and Petschek [17], where the authors studied the high-
speed impact problems.

Despite SPH being applied to many areas, it suffers from tensile insta-
bility [18] as well as the inhomogeneous particle distribution. The tensile
instability problem has given rise to the total Lagrangian SPH [19, 20, 21],
where the derivatives of particle properties are computed in the reference
configuration using the deformation gradient. The updated Lagrangian ap-
proach is used by Gray et al. [22] and Monaghan [23] where an artificial
stress term is introduced to control instabilities. Many other variants of the
updated Lagrangian SPH have been proposed. Godunov SPH [24] utilizes
a Riemann solver to reduce the usage of artificial viscosity and a new equa-
tion of state is formulated to solve the tensile instability problem. Dyka
and Ingel [25] uses two sets of particles, where one set of particles stress is
computed, and the other set of particles are used for the evolution of other
properties, through which the tensile instability has been overcome. Zhang
et al. [26] extended the transport velocity formulation (TVF) of Adami et al.
[27] to structural dynamics problems and free-surface fluid mechanics prob-
lems. Here the particles are moved with a transport velocity rather than the
momentum velocity to ensure a more homogenous particle distribution. This
approach also solves the tensile instability problem. Adepu and Ramachan-
dran [28] have proposed corrected transport velocity formulation (CTVF),
where the missing terms in the formulation of Adami et al. [27] are added
and the method is extended to work with free-surfaces and solid mechan-
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ics problems. The CTVF can handle higher Poisson ratios [28] than Gray
et al. [22] formulation. In the current work, we use the CTVF formulation
to model the elastic dynamics of a solid body.

SPH has been successful in modeling the collision between the elastic as
well as elastic-plastic solids [22, 29]. This approach does not consider friction
between the colliding solids. Another problem is that the model generates
spurious forces on bodies which are moving close to each other (within the
influence radius of the SPH particles) but not actually interacting. In order to
mitigate this, Yan et al. [30] introduces the interfacial SPH scheme, where the
SPH forces are computed only within each body but the interaction between
two bodies is computed using a repulsive force inspired from ABAQUS. Vyas
et al. [31] has modeled the interaction between a rigid body with an elastic
solid, using a penalty-based contact force model. Mohseni-Mofidi et al. [32]
use a contact model in order to simulate the collision between non-smooth
rigid bodies with elasto-plastic targets. In both [31] and [32] the friction
between the rigid body and target is considered.

In the current work, the collision between elastic solids is modeled using a
penalty-based contact force model. Unlike the approach of [30], the proposed
contact force model can handle friction between the solids as well. The
bodies themselves are elastic and this is simulated using the CTVF SPH
method [28]. The penalty-based force considered here is the one proposed
by Mohseni-Mofidi et al. [32]. In the original model proposed by [32], the
contact force is between a primary body and a secondary body. In [32], the
primary body is usually treated as the rigid body and the body on which
the erosion is simulated is treated as secondary. It is not clear what would
happen if both bodies were elastic or if there is no clear way to distinguish
between a primary and secondary body. We explore these questions in the
present work. The work of Mohseni-Mofidi et al. [32] takes inspiration from
that of Vyas et al. [31] where too there is a clear distinction between primary
and secondary bodies. Vyas et al. [31] also consider the collision between a
rigid and elastic body. In the present work we only implement the collision
model of [32] due to its simplicity. The model proposed by Vyas et al. [31] is
more complex to implement. Several examples are simulated to validate the
current scheme, ranging from simulations compared with FEM, analytical
results as well as experimental. Finally, in the interest of reproducibility and
easier ability for researchers to build on this work, our code is open source
and can be found at https://gitlab.com/pypr/collision_sph. We use
the automan package [33] to automate all the results generated in the current
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manuscript.
This paper is structured as follows. In section 2, we demonstrate the

numerical method utilized to model the dynamics of collision of frictional
elastic solids. In section 3, we present the contact force model used to re-
solve the collision among the elastic bodies. The results are provided in
section 4, where different problems from the literature are simulated to show
the capability of the current solver. Problems with collision involving two
and multiple frictional and friction-less elastic solids are simulated.

2. SPH model for structural dynamics

2.1. Discrete governing equations

The governing equations of CTVF[28] scheme including the new contact
force term are:

d̃ρa
dt

=
∑
b∈A

mb

ρb
(ρa ũab + (ρ (ũ − u))ab) · ∇aWab, (1)

d̃ua
dt

= −
∑
b∈A

mb

[(
pa
ρ2
a

+
pb
ρ2
b

)
I−
(
σ

′
a

ρ2
a

+
σ

′

b

ρ2
b

+ΠabI

)]
·∇aWab+ga+

1

ma

∑
b∈B

Fcont
a←b.

(2)
In the above equations, the density, mass, pressure, deviatoric stress, mo-
mentum velocity, and transport velocity of particle a are denoted by ρa, ma,
pa, σ

′
a, ua and ũa respectively. ga, is the acceleration due to gravity and

Fcont
a is the force acting on particle a due to

contact with the other elastic bodies which will be discussed in section 3.
The pressure pa is evaluated using an equation of state:

pa = K

(
ρa
ρ0

− 1

)
. (3)

Where, K = ρ0 c
2
0 is bulk modulus of the body, with c0 =

√
E

3(1−2ν)ρ0
is

speed of sound, while ρ0 as the initial density of the particles. Here, E and ν
are Young’s modulus and Poisson ratio of the body. The modified material

derivative ( d̃
dt

) is given as,

d̃

dt
=

∂

∂t
+ ũj

∂

∂xj
. (4)
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Figure 1: Bodies under collision which are divided into primary and secondary.

The additional artificial viscosity term Πab [34] in the momentum eq. (2) is
to maintain the stability of the numerical scheme, given as,

Πab =

{
−αhabc̄abφab

ρ̄ab
uab · rab < 0,

0 uab · rab ≥ 0,
(5)

where,

φab =
uab · rab

r2
ab + 0.01h2

ab

, (6)

where rab = ra − rb, rab = |rab|, uab = ua − ub, hab = (ha + hb)/2, ρ̄ab =
(ρa + ρb)/2, c̄ab = (ca + cb)/2, α is the artificial viscosity parameter, and ha
is the smoothing length.

Deviatoric stress σa evolution follows the Hooke’s stress as,

dσ′ij
dt

= 2G(ε̇ij −
1

3
ε̇kkδij) + σ

′

ikΩjk + Ωikσ
′

kj, (7)

where, G is the shear modulus, ε̇ij is the strain rate tensor, ε̇ij = 1
2

(
∂ui
∂xj

+
∂uj
∂xi

)
,

and Ωij = 1
2

(
∂ui
∂xj
− ∂uj

∂xi

)
is the rotation tensor. Here, SPH discretization of

the gradient of velocity is given as, ∇ua = −
∑

b∈A
mb

ρb
(ua − ub) ⊗ (∇aWab),

where ⊗ is the outer product.
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The position of the particle is moved using the transport velocity, given
as,

dra
dt

= ũa, (8)

where, ra is the position of the particle a. The transport velocity ũa is
computed with,

ũa(t+ ∆t) = ua(t) + ∆t
d̃ua
dt

+

(
dua
dt

)
c

∆t. (9)

(
dua

dt

)
c

is the homogenization acceleration in eq. (9) and is computed with
an iterative particle shifting technique (IPST) [35]. In IPST, at each time
instant a shifting vector of particle a is computed as

δrka = UIPST ∆t
∑
b∈A

(Vb nab Wab), (10)

where k is the iteration number, k = (1, 2, 3, . . . ). UIPST is taken to be four
times the maximum velocity of the particles, can possibly achieve in a given
simulation, found from the numerical experiments. The particles are then
moved as,

rk+1
a = rka + δrka. (11)

New particle positions are found until the convergence criterion is achieved,
defined as,

|max(χka)− χka| ≤ ε, (12)

where
χka = h2

∑
b∈A

W k
ab. (13)

Here χka is set to the maximum value of all the particles at initial configu-
ration, which corresponds to the free surface particle. We find setting the
value to the maximum gives better tensile instability control.

Using the initial (r0
a) and final (rKa ) positions at the given time instant,(

dua

dt

)
c

is computed as,

(
dua
dt

)
c

= 2
rKa − r0

a

∆t2
, (14)
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where rKa is the final position of the particle a.
The particle shifting force needs to be adjusted near the free surface, this

is due to the lack of support for the particles near the free-surface. In order
to do so we first identify the particles on the free surface, which starts with
the computation of n∗a,

n∗a =
∑
b∈A

−mb

ρb
∇aWab, (15)

where, particles with the magnitude of n∗a less than 1
4ha

, is set to zero else we
normalize. Next, we smooth n∗a using an SPH approximation,

n̂a =
∑
b∈A

mb

ρb
n∗bWab. (16)

Finally, we compute the normals by normalizing n̂a,

na =
n̂a
||n̂a||

. (17)

The PST is treated near the free surface by adjusting the increment in the
position near the free surface. We employ a new variable, hb, initialized to
smoothing length h. For particles near the free surface, it is readjusted to
a value such that its kernel support is up to the closest boundary particle.
This algorithm identifies the particles close to the free surface. By using
the identified free surface particles, and particles near the free surface, the
increment of the position is adjusted as,

δra =


0 if free-surface,

δra − (δra · na)na if hb < h,

δra if hb = h.

(18)

2.2. Time integration

The time integration follows a kick-drift-kick scheme: first we move the
velocities of the particles to half time step by using the acceleration at the
nth time step,

u
n+ 1

2
a = una +

∆t

2

(
d̃ua
dt

)n
,

ũ
n+ 1

2
a = u

n+ 1
2

a +
∆t

2

(
dua
dt

)n
c

.

(19)
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The time derivatives of density and deviatoric stresses are calculated using
the eq. (1) and eq. (7) by utilizing the velocities at n+1

2
time step. The

density, deviatoric stresses and particle position are updated by,

ρn+1
a = ρna + ∆t

(
d̃ρa
dt

)n+ 1
2

, (20)

σ
′ n+1
a = σ

′ n
a + ∆t

(
d̃σ

′
a

dt

)n+ 1
2

, (21)

rn+1
a = rna + ∆t ũn+1

a . (22)

Finally, the momentum velocity is updated to the n+1 time step

un+1
a = u

n+ 1
2

a +
∆t

2

(
d̃ua
dt

)n+1

. (23)

For the numerical stability, the time step is set based on the CFL criterion,

∆t ≤ 0.25

(
h

c0 + |U |

)
, (24)

and |U | is the maximum velocity magnitude.

3. Contact algorithm

In the current work we have utilized the contact force model proposed
by Mohseni-Mofidi et al. [32]. The force acting on a particle a of body A
due to the interaction with the particles of body B can be resolved into a
normal and tangential component. The normal force component is utilised
to make sure that the particles of different body do not penetrate into each
other, while the tangential component is used to model the friction between
the interacting solids. According to Mohseni-Mofidi et al. [32], we divide
the bodies under interaction into primary and secondary bodies, as shown in
fig. 1. The normal force (F n

a) on particle a due to the interaction with the
particles b of body B is computed as,

Fn
a = krδ

a
ncnca. (25)

Here, the overlap δanc is computed using

δanc = ∆x− da, (26)
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where,

da =

NPb∑
b=1

(
nca · rab

)mb

ρb
Wab

NPb∑
b=1

mb

ρb
Wab

, (27)

and the normal contact vector nca is computed using

n̂ca =

NPb∑
b=1

rab
rab

mb

ρb
Wab

NPb∑
b=1

mb

ρb
Wab

, (28)

nca =
n̂ca
||n̂ca||

. (29)

With ∆x being the initial spacing between the particles, kr is the normal
spring stiffness coefficient. Note that while computing the overlap of particle
a with the body B we have computed an effective overlap, rather than per
particle interaction. This effectively is able to model the interaction between
non smooth surfaces in contrast with particle-particle force computation.

3.1. Tangential force computation

We associate a tangential spring attached to particle i and body B to
compute the tangential force, which initially has a magnitude of zero (|∆la| =
0). And the tangential spring is activated when the particle comes into
contact with body B. The tangential force is history-dependent. The contact
friction force is proportional to the tangential spring displacement, which is
integrated over the contact time as

Ftn+1

a = −kf∆ln+1
a = −kf

[(
∆lna + vn+1

ab ∆t
)
· tn+1

a

]
tn+1
a , (30)

where ∆t is the time step, vab = va − vb is the relative velocity of the
primary particle a with respect to the closest secondary particle b, and kf
is the tangential spring stiffness coefficient. The tangential unit vector is
computed by,

ta =
vab − (vab · nca)nca
|vab − (vab · nca)nca|

. (31)
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The tangential force is coupled to the normal force through the Coulomb’s
law,

Ft
a = min(µ|Fn

a |, |Ft
a|)

Ft
a

|Ft
a|
. (32)

This allows us to impose the sliding friction condition between the interacting
solids. Finally, the total force acting on the particle a due to the interaction
with body B is:

Fcont
a = Fn

a + Ft
a (33)

Figure 2: Force transfer to the secondary particles b from the primary body particle a

An equal and opposite force of the same magnitude is applied to the
closest secondary particle b of a as shown in fig. 2,

Fcont
b = −Fcont

a . (34)

The current contact force model is sensitive towards the primary body
chosen to compute the forces, i.e., the force acting on the particles is not
the same when the primary bodies are interchanged. In the current work
we have explored the behaviour of the current contact force model when
different bodies are chosen as primary and secondary. Simulations such as,
a rectangular solid sliding down an inclined plane, and a symmetric collision
between elastic solids are two examples, where we have investigated how the
bodies would behave when different bodies are chosen as primary.

4. Results and discussion

4.1. Curved interface

The collision of two circular elastic solids is considered as the first test
case. Figure 3 shows the initial configuration where the left disc is initially
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Figure 3: Collision between two circular elastic discs. The left disc moves towards the
right disc with a constant velocity v0, while the right disc is at rest.

allowed to move towards the right with a velocity of 20 m s-1. While no
velocity is imposed on the right disc. The radius of each disk is 0.4 m, and
made of Aluminium, whose material properties are shown in table 1. No
friction and gravity is assumed in the current case. A particle spacing of 0.01
m is used, resulting in a 4779 number of particles per disc. The numerical
parameters utilized in the current example are shown in table 2.

Quantity Values

E, Young’s modulus 72 GPa
ν, Poisson’s ratio 0.3
ρ, density 2785 kg m-3

µ, friction coefficient 0
Time of simulation 4 ms
gravity [gx, gy, gz] [0.0, 0.0, 0.0]

Table 1: Material parameters used for the impact of curved interface problem.

Figure 4 shows the snapshots of particles of the circular disc under contact
by the present approach including the stress (σxx) field at times t = 0.0, 1.8, 4
ms. From the figure, we can see that the current numerical scheme is able
to reproduce smooth stress fields. The elastic discs are initially in stress free
state, and once the bodies collide, the left disc transfers its momentum to
the right. Since the discs are elastic, the total momentum is not transferred,
and the left disc will not come to a halt but rather starts moving with the
free vibration of the disc.

Figure 5 presents the time histories of the velocity of the center of mass
of both the discs in comparison with the results by FEM solver presented in
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Figure 4: The stress field of the elastic discs at three different time instants through the
collision.
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Quantity Values

δx, Resolution 0.01
h/∆x, Smoothing length factor 1
α, artificial viscosity 1
β, artificial viscosity 0
kr, Normal stiffness coefficient 1010

kf , Tangential stiffness coefficient 109

Table 2: Numerical parameters used for the impact of curved interface problem.

[30]. The rebound the velocity of the bodies with the current scheme is in
good match with the FEM result.

0.0000 0.0005 0.0010 0.0015 0.0020 0.0025 0.0030 0.0035 0.0040
time (s)

0
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x-CM velocity of left body, Abacus
x-CM velocity of left body, current work
x-CM velocity of left body, CTVF
x-CM velocity of right body, current work
x-CM velocity of right body, CTVF

Figure 5: Time history of the x component of velocity of center of mass’s of the left and
the right disc, and compared with the numerical results produced using FEM, CTVF. The
Young’s modulus of the disc is taken as E=72 GPa.

We check if the elastic disk behave as a rigid disk with an increase in
Young’s modulus and is able to retrieve the rigid velocity. We expect the right
disk to achieve the velocity of 20 m s-1 as the Young’s modulus is increased.
Figure 6 shows the variation of the final velocity of the right disc with Young’s
modulus, where we can see that the proposed model is behaving as expected.
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Figure 6: Variation of the x-velocity of the center of mass with Young’s modulus of the
disc.

4.2. Flat interface

In the current section, we test our solver in handling collision between
two elastic solids, where the collision front is flat in shape. The model is
shown in fig. 7. Both the solids are of the same size, 0.2 m in length and 0.1
m in height. The material is the same as in the circular interface problem
(section 4.1) and can be found in table 1, while the numerical parameters
are listed in table 3. A particle spacing of 0.0025 m is used, resulting in 3321
particles per body.

Figure 7: Collision between two rectangular elastic solids, where, the left solid is allowed
to move towards the right solid with a constant velocity v0, while the right solid is at rest.

Figure 8 shows the velocity of the center of mass of both the bodies
using current scheme along with the formulation of Gray et al. [22] and with
FEM results provided by Yan et al. [30]. From the fig. 8 we can see that
rebound velocities match well with the FEM results provided, as well as the
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Quantity Values

h/∆x, Smoothing length factor 1
α, artificial viscosity 1
β, artificial viscosity 0
kr, Normal stiffness coefficient 1011

kf , Tangential stiffness coefficient 109

Table 3: Numerical parameters used for the impact of linear interface problem.

interaction between the bodies start when their physical boundaries have
come into contact, in contrast to SPH, where the bodies interact when the
other body is in its smoothing length influence. The rebound velocity of the
current scheme is matches well with FEM result. Since the body is elastic
after the collision, both the bodies move with the base oscillation amplitude
which is the reason for the left body to not achieve absolute zero velocity.
The current scheme results are better than the Adepu and Ramachandran
[28] SPH model.

0.0000 0.0002 0.0004 0.0006 0.0008 0.0010
time (s)
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x-CM velocity of right body, current work
x-CM velocity of right body, CTVF

Figure 8: Time history of the x component of the center of mass’s velocity of the left and
the right rectangular bodies, and compared with the numerical results produced using
FEM, SPH.
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4.3. Colliding rubber rings

This test applies the current solver in modeling large deformation solids
under collision. We consider the collision between two elastic rubber rings.
This benchmark is simulated by various works in SPH literature, such as in
Gray et al. [22], Adepu and Ramachandran [28], Zhang et al. [26].

0.0
3 m 0.01 m

Figure 9: Schematic sketch of the initial setup of colliding rubber rings.

The initial positioning, as well as the dimensions of the rings, are shown
in fig. 9. Both rings are made of the same material, whose material properties
are listed in table 4, and the numerical parameters in table 5, respectively.
The initial relative velocity at which the rings collide is v0 = 0.12c0 m s-1.

Quantity Values

E, Young’s modulus 10 MPa
ν, Poisson’s ratio 0.47
ρ, density 1200 kg m-3

µ, friction coefficient 0.0
Time of simulation 0.016 s
Resolution, δx 0.001 m
Smoothing length factor, h/∆x 1.3
gravity [gx, gy, gz] [0.0, 0.0, 0.0]

Table 4: Material parameters used for modeling the impact of elastic rubber rings.

The evolution of the rings is shown in fig. 10, we can see from the figure
that the current model has reproduced a stable and smooth stress field. The
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Quantity Values

α, artificial viscosity 1
β, artificial viscosity 0
kr, Normal stiffness coefficient 107

kf , Tangential stiffness coefficient 105

Table 5: Numerical parameters used for modeling the impact of elastic rubber rings.

rings are stress free before the collision, as shown in fig. 10a. Throughout the
simulation phase, while the rings are colliding, the kinetic energy of the rings
is transferred into elastic and vice versa. At the maximum deformation, the
elastic energy stored in the rings is maximum. After that, both the rings
bounce off and start to separate. Further, we can see the rings being under
tension as well as compression, while it is deforming in fig. 10e. The results
are consistent with other numerical methods proposed by Gray et al. [22]
and Zhang et al. [26].
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(e) t = 11.462 ms
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Figure 10: Snapshots of particle positions with color indicating the stress field (σxx) solved
by the current solver.
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4.4. Near miss of two solids

In this section, we simulate two elastic solids which are not touching
are moved towards each other with a constant velocity. We show that the
current model is able to eliminate the unphysical interaction arises due to
the conventional SPH which is due to the physical influence of the particles
at the boundary. We expect no change in the velocity of the elastic solids
as they pass by. We show that with the current model no interaction exists
when the elastic solids are physically not touching, and no variation in their
path is found. As a qualitative validation the particle plots is shown and for
quantitative validation, variation of the velocity of the center of mass of the
elastic body with time is considered.

Figure 11: Schematic of the two elastic solids which are placed close to each other and
allowed to move at a constant velocity v0.

The dimensions of the elastic bodies under consideration are as follows,
the length and height are 0.2 m and 0.1 m, respectively. Both bodies are
made of density 1200 kg m-3, Young’s modulus of 10 MPa and Poisson’s ratio
of 0.4. The schematic is shown in fig. 11. The left body is allowed to move to
the right in the x-direction with a velocity of v0 = 20 m s-1, and the right body
with v0 = −20 m s-1. A particle spacing of dx = 0.0025 m is used, which
results in 3321 particles per single body. We have turned off the particle
shifting in the current test case as no deformation of the bodies is expected.

Figure 12 shows the snapshots of bodies at multiple time instants sim-
ulated using the formulation of Adepu and Ramachandran [28]. From Fig-
ure 12 we can see that the bodies interact with each other though they are not
touching physically, this is because in SPH the particles at the boundaries
have an influence radius exceeding its material boundary. Because of the
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Figure 12: Snapshots of the bodies passing close by when simulated with CTVF.

interaction, shear stresses develop, which results in strain in the body as well
as it deviates from its path. Figure 13 shows the snapshots of bodies when
simulated with the current contact force model with the current SPH formu-
lation. From fig. 13, we can clearly see that the bodies don’t interact and
pass freely without any deformations or path divergence. Figure 14 shows a
quantitative validation by considering the time history of the velocity of the
center of mass in the x and y-direction. From fig. 14 we can see that the
velocity of the left body, as well as the right body, is constant throughout the
time. While a velocity in the y-direction is induced while simulated using
Adepu and Ramachandran [28] formulation. Hence the current scheme is
successful in modeling the free moment of elastic solids passing close by each
other.
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Figure 13: Snapshots of the bodies passing close by when simulated with current solver.
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Figure 14: Time variation of the x-component and y-component of the velocity of the
center of mass of the freely moving rectangular solids when simulated using the CTVF
and the current solver.
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4.5. Elastic solid sliding on a slope

In the current problem, we test if the current scheme models the friction
between the elastic solids accurately. The free sliding of an elastic solid on a
frictional inclined plane is studied. The initial placement of the elastic solid
is shown in fig. 15.

Figure 15: Schematic of an elastic body sliding on a frictional slope.

The dimensions of the elastic solid involved are as follows. An elastic
solid of length 0.1 m and width 0.1 m is initially placed at zero velocity on
an inclined plane at an angle of 30 degrees. The material properties are as
follows: An Young’s modulus of 10 MPa with a Poisson ratio of 0.3975 is
considered. We have turned the particle homogenization off in the current
problem, as the particle shifting effects are negligible. A stiffness coefficient
kr of 1010 in eq. (25) is used. From the analytical solution, we have the
evolution of velocity as follows,

v(t) = (µg sin(θ)− g cos(θ))t. (35)

We consider three different frictional coefficients, µ = 0.2, 0.3, 0.4 while
modeling the sliding of the elastic solid. Snapshots at four time instants are
depicted in fig. 16, corresponding to the frictional coefficient of 0.3. From
fig. 16 we can see that the elastic solid slides without any oscillations. Fig-
ure 17 presents the time history of the velocity of center of mass of the elastic
body along with the corresponding theoretical solution obtained by frictional
coefficients of µ = 0.2, 0.3, and 0.4. From fig. 17, the reproduced velocity
is in good agreement with the corresponding theoretical solution for all the
time.
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Figure 16: Snapshots of the elastic solid sliding on an inclined plane at four time steps,
where, the friction coefficient between the body and the plane is taken as 0.3.
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Figure 17: Time histories of the velocity of the elastic solid while sliding on an inclined
plane for three frictional coefficients, plotted against the analytical solution.
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4.6. Circular elastic body rolling on a plane

In the current section, the motion of a 2D elastic cylinder rolling on a
frictional inclined plane is carried out. The theoretical and computational
model are shown in fig. 18. In addition to section 4.5, the current problem
will be helpful in testing the frictional part of the current formulation. A

(a)

(b)

Figure 18: The rolling body problem: (a) theoretical description (b) numerical model.

total of two coefficient of friction µ values are simulated. One with a slip
case (µ = 0.3) and with µ = 0.6 corresponding to stick case, where the
inclination of the plane is chosen to be θ = π/3. Table 6 shows the material
properties along with numerical parameters utilized in the current scheme.
The analytical solution of the movement of the center of the circular body
for different frictional coefficients is given as

xcm(t) =

{
x0 + 1

2
g t2 (sin(θ)− µ cos(θ)) tan θ > 3.5µ,

x0 + 1
3
g t2 sin(θ) tan θ ≤ 3.5µ.

(36)

Here, g = 9.81 is the magnitude of acceleration due to gravity.
Figure 19 and Figure 20 shows the snapshots of the cylinder at two differ-

ent time instants along with the scaled velocity vectors for friction coefficients
µ = 0.3 and 0.6 respectively. Finally, fig. 21 and fig. 22 depicts the x position
of the center of mass of the cylinder along with time for a slip and stick case.
From these figures, we can see that the current scheme agrees well with the
analytical solution.
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(a) (b)

Figure 19: Snapshot of a rolling cylinder with the velocity vectors at two time steps for a
friction coefficient of 0.3, corresponding to a slip case.

(a) (b)

Figure 20: Snapshot of a rolling cylinder with the velocity vectors at two time steps for a
friction coefficient of 0.6, corresponding to a stick case.
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Figure 21: Time variation of the x-component of the center of mass of the circular cylinder
for a friction coefficient of 0.3.

Figure 22: Time variation of the x-component of the center of mass of the circular cylinder
for a friction coefficient of 0.6.
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Quantity Values

E, Young’s modulus 10 MPa
ν, Poisson’s ratio 0.3975
ρ, density 1200 kg m-3

µ, friction coefficient 0.3 & 0.6
Time of simulation 0.6 s
Resolution, δx 0.0025 m
Smoothing length factor, h/∆x 1.3
gravity [gx, gy, gz] [g sin(θ), g cos(θ), 0.0]
α, artificial viscosity 1
β, artificial viscosity 0
kr, Normal stiffness coefficient 107

kf , Tangential stiffness coefficient 105

Table 6: Numerical parameters and material properties for the rolling circular cylinder.

4.7. A rigid sphere hitting a wall at different impact angles

Figure 23: 3d rigid body rebound schematic

In the current example, we simulate the impact of a 3D sphere on a wall
at different incident angles, where the experimental evaluation is done by
Thornton et al. [36]. The model description is shown in fig. 23. The sphere
is assumed to be rigid and the material properties as well as the numerical
parameters used are displayed in table 7. The sphere is impacted on the wall
by varying the incident angles (θi) keeping the magnitude of the velocity
constant, 5 m s-1.
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Quantity Values

E, Young’s modulus 70 GPa
ν, Poisson’s ratio 0.3
ρ, density 2650 kg m-3

µ, friction coefficient 0.1
Time of simulation 0.25 ms
Resolution, δx 0.00153 m
Smoothing length factor, h/∆x 1.0
gravity [gx, gy, gz] [0.0,−9.81, 0.0]
kr, Normal stiffness coefficient 107

kf , Tangential stiffness coefficient 105

Table 7: Numerical parameters and material properties for sphere impacting a wall.
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Figure 24: The plot of the variation of ω∗
r with θ∗i of the impacting sphere simulated with

the current numerical scheme, compared with the experimental result by Thornton et al.
[36].

Figure 24 depicts the variation of the non-dimensional angular velocity ω∗r
against the non-dimensional incident angle θ∗i , where θ∗ and ω∗r are defined
as

θ∗i =
2 tan(θi)

(1 + en)µ
, (37)
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ω∗r =
2Rωr

(1 + en)µVni
, (38)

respectively. Here, ωr corresponds to the z-component of the angular velocity
vector. The simulated results are compared to the experimental results by
Thornton et al. [36]. From the fig. 24, we can see that the current solver is
able to replicate the original behavior to an acceptable approximation. We
observe that the variation of the ω∗r with θ∗i to be linear with the current
solver whereas the experimental result to be a nonlinear, this may be due to
the usage of the linear force model in the current scheme.

4.8. Stress wave propagation in granular media

Moving wall

Fixed wall

Figure 25: Schematic of the initial placement of the frictional granular media including
the impactor and walls

So far, we have modeled the collision between two bodies, in the current
section, we study the collision among multiple bodies. The elastic wave
propagation in a granular media is carried out, and whose experimental study
was executed by Guilkey et al. [37]. To our knowledge this problem has not
yet done in SPH literature yet. We consider five identical disks placed at an
angle of 45 degrees, allowed to be impacted by a striker from right with a
velocity 5.6 m s-1 in horizontal direction as depicted in fig. 25. Each granular
disk has a radius of 50 mm, which are initially placed such that just touching.
A particle spacing of 1.25 mm is used, which results in 7830 particles per disk.
The rigid box are modelled as rigid surfaces. The material parameters of the
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disc as well as the numerical parameters used in the numerical simulation
are listed in table 8. Figure 26 shows the particle plots of the granular discs

Quantity Values

K, Bulk modulus 102 GPa
G, Shear modulus 72 GPa
ρ, density 1900 kg m-3

gravity [gx, gy, gz] [0.0, 0.0, 0.0]
kr, Normal stiffness coefficient 1.75× 1011

kf , Tangential stiffness coefficient 5× 1010

µ, Friction coefficient 0.5

Table 8: Material and numerical parameters used for the stress wave propagation problem.

with the stress fringes from the experiment [37], and the simulation carried
in the present study, and from the numerical study of de Vaucorbeil and
Nguyen [38], where the simulation is carried out using a total Lagrangian
material point method (TLMPM). The snapshots of the current work are
taken at time 0.2 ms, while the results of experimental and TLMPM result
correspond to the time at 0.12 ms. This is due to the initial placement of
the discs in the current work and the stress fringes being sensitive to initial
placement. Here, the stress fringes in the experimental work are evaluated
using photo-elasticity. While, in the numerical work, the fringes are generated
by plotting σf , computed as:

σf = 1− sin2(f(σ1 − σ3)), (39)

where f is a optical parameter which controls the fringe density, taken as
π/0.07 G Pa-1. The difference in the in-plane principal stress is computed
using,

σ1 − σ3 = 2R =
√

4τ 2
xy + (σx − σy)2 (40)

From the qualitative comparison of the stress fringes in the granular discs
of the current scheme with the experimental as well as the numerical result
of TLMPM, the current scheme fringes are smooth and are similar to the
experimental result.
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(a)

(b)

(c)

Figure 26: Stress fringes of the granular discs from (a) experiment [37], (b) TLMPM [38]
(c) Current work
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4.9. Primary secondary analysis

In the current section we have studied the dependence of the behaviour of
current contact force model on the variation of different bodies being primary.
We have considered the following examples:

• Collision between symmetric bodies

• Circular cylinder rolling down an inclined plane

• Square solid sliding down an inclined plane

• Impact of a 3D sphere against a target wall.

Figure 27 depicts the variation of velocity or position of the elastic bodies
involved in above cases. From fig. 27 we can see that the velocities of the
elastic solids in a symmetric collision are invariant to the primary body cho-
sen. While, considering the wall as primary in rolling cylinder, and sliding
solid case, the error is more compared to the body being taken as primary.
And in the case of granular particle impacting a wall, the angular velocity
of the granular particle deviates from the experimental result when the wall
being the primary body. With these results, we conclude that body with
more curvature is advised to take as primary.

33



0.0000 0.0002 0.0004 0.0006 0.0008 0.0010
time (s)

0.0

2.5

5.0

7.5

10.0

12.5

15.0

17.5

20.0

Ve
loc

ity
 (m

/s)

Abaqus
Primary left
Primary right

(a) Collision between a flat interface
solids.

0.00 0.25 0.50 0.75 1.00 1.25 1.50 1.75 2.00
time (s)

0

1

2

3

4

5

Ve
loc

ity
 (m

/s)

Primary body
Primary wall
Analytical

(b) An elastic body sliding down an in-
clined plane

0.0 0.1 0.2 0.3 0.4 0.5 0.6
time

0.0

0.2

0.4

0.6

0.8

1.0

x-
ce

nt
er

 o
f m

as
s (

m
)

Current work, Primary body
Current work, Primary wall
Analytical

(c) A circular cylinder rolling on an in-
clined plane

0 2 4 6 8 10
*
i

5

4

3

2

1

0

* r

Primary Wall
Primary RB
Thornton et al. (Exp)

(d) Variation of the angular velocity
with respect to the incident theta.

Figure 27

34



5. Conclusions

In this paper we have demonstrated a simple approach to effectively han-
dle the collision between elastic solids modeled using an updated Lagrangian
SPH model. A contact force model is used to handle the collision between
bodies. A surface aware spring based contact force is used to handle the
collision between bodies. This effectively allows us to model collision and
friction accurately. In addition this eliminates any spurious forces that are
commonly seen with SPH when two bodies are nearby but not in actual
contact. The contact force model utilized in the current work is sensitive
towards the primary and the secondary body chosen. A careful analysis is
carried out to understand which body is to be considered as primary among
the colliding solids, and it is found that choosing the body with the highest
curvature as the primary body gives the best results. Further, we have made
our implementation open-source.

It has been demonstrated that the current model is able to predict the
post collision behaviour of the colliding bodies by simulating collision between
flat, and curved interfaces in two and three dimensions. A sliding elastic body
is simulated to test the frictional part of the contact model. Finally, the full
scale model is applied to model the stress propagation in granular discs for
the first time in SPH. The results compare well with those of FEM as well
as analytical studies.

A non-linear contact force model can be implemented in the future work.
The current work can be easily extended to the modeling of collision between
elastic and elastic-plastic bodies. Also, the collision between the bodies un-
dergoing breakage can be easily captured with the current framework.
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