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Abstract

Cellular materials can be designed to achieve mechanical properties with low weight. Among them,
hollow spheres have been investigated since modern manufacturing methods can accurately produce
them. This work aims at developing an optimisation procedure to distribute hollow spheres to min-
imise the compliance of a structure through a multiscale approach. The model has two geometrical
parameters: internal and external diameters, in which the asymptotic homogenization method (AHM)
is employed to predict the effective properties of the material. Equations relating the effective prop-
erties to geometrical parameters are obtained through the least square method. Then, a topology
optimisation is employed to minimise compliance constrained by an admissible relative density. The
optimised structures are compared to homogeneous distributions of hollow spheres, and compliance
reductions up to 79% are reached. The optimum distributions of hollow spheres are validated against
the classical solid isotropic with material penalisation (SIMP) approach. Moreover, some structures
are successfully 3D—printed to show the feasibility and capabilities of the proposed approach.
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1. Introduction

Cellular materials are formed, necessarily, by two phases [, 2]: the first is composed of solid
and continuous material and the second lacks material, that is, void. These materials can roughly be
divided into two distinct groups: open and closed cell materials [3]. In closed-cell materials, voids
are discontinuous and dispersed into the solid phase. An open-cell structure presents a continuous
void phase within the structure [[1]]. In practice, most cellular materials present characteristics of both
open and closed—cell structures simultaneously. Another way of defining a cellular material is through
the concept of a composite. Considering that a composite is a set of two or more different materials
combined into a macroscopic scale, cellular materials can be seen as a particular type of composite,
in which one of the constituent materials is solid and the one is void [4].

The most important feature of cellular materials is their relative density, i.e., the density of the cel-
lular material divided by the density of the solid of which the cellular material is made [5] since these
materials can be designed to achieve very small relative densities. According to Gibson and Ashby
(S]], the four major areas of application of cellular materials are thermal insulation, packaging, struc-
tural, and buoyancy. The cellular structure provides excellent properties to the structure, such as high
energy absorption, good formability, and excellent insulation [6]. In addition, such cellular structures
allow tailoring their mechanical, thermal, and acoustic properties, which aids in multi-functionality,
such as in thermo-structural applications [7]. As these kinds of materials can be designed to achieve
a broad range of properties, they can be used in several industrial applications. Cellular materials
are widely used in thermal conductivity applications [8, 9], damping and vibration control [[10} [11],
structural applications [12, 13,14, 15] and frequency shielding [16, [17].

A type of cellular material is hollow spheres [18} 19, 20]. These structures provide a specific mi-
crostructure with the likelihood of enhanced properties for low-density lightweight structures [21), 22].
This type of structure is characterised by easily reproducible geometry, guaranteeing physical con-
sistency in the properties of the material [23] 24, [25]. Additionally, hollow sphere structures can be
manufactured from a broad range of materials and can be assembled in a periodic structure [26]. Au-
gustin et al. [27] show the technological development of manufacturing processes for hollow spheres
focusing on their production and prospective applications. Waag et al. [28]] present several manu-
facturing processes for hollow spheres made of porous metals, ceramics and polymers. Kalamar et

al. [29] performed a structural analysis of full-scale hollow, laminated glass columns under combined



in-plane compression and impact loads. Liu et al. [30] investigated the residual mechanical properties
of hollow spherical joints with H-beam (H-WHSJ) after loaded in elevated temperatures. Gasser et
al. [31] predicted the elastic behaviour of a hollow sphere foam using a model derived from the thin
shell elastic theory. Marcadon and Feyel [32]] studied the influence localised plasticity and buckling
of hollow spheres on the effective behaviour of their packing. Yan et al. [33]] assessed the mechanical
behaviour of H-shaped steel member (WHS-HSM) joints under axial compression. Hosseini et al.
[34] investigated the thermal properties of a perforated hollow sphere structure. Solorzano et al. [35]
analysed the thermal conductivity of hollow sphere structures analytically. Fiedler and Solorzano [36]
used Monte Carlo and finite element methods to predict the effective thermal conductivity properties
of randomly oriented hollow sphere structures. Marcadon [37]] aimed at exploiting the potential of
using hollow spheres in high-temperature applications, wherein elastic, plastic, and viscous properties
on the effective behaviour of hollow sphere structure were investigated. Liu et al. [38]] exploited the
dynamic crushing of hollow spheres, Marcadon [39] evaluated the influence of geometrical defects
on the mechanical response of hollow sphere structures, whereas Wu et al. [40] focused on tailoring
the sound absorption properties. Shufrin et al. [41] investigated the negative Poisson’s ratio in auxetic
cellular structures.

After this non—extensive state-of-the-art, three main gaps are found: i) How to predict the ef-
fective material properties of a media formed by hollow spheres? ii) How to optimally distribute
hollow spheres in a domain to maximise their performance? iii) Is it possible to manufacture the
structures with the design variables considered? To answer these research questions, this paper aims
at proposing an original optimisation framework to obtain the optimal distribution of material for
hollow spheres within a certain domain to minimise their compliance. The problem is tackled in a
multiscale environment and it is constrained by a maximum allowable relative density. The global
domain is locally represented by means of a Representative Volume Element (RVE). An idealised
model for a single hollow sphere is also proposed, which is described by its geometrical parameters.
The effective properties are obtained by the asymptotic homogenization method by using the Least
Square Method, and they are written as a continuous and differentiable function of the geometrical
parameters of the RVE. The framework is evaluated through two classical benchmark cases: 1) can-
tilever beam and ii) three—point bending. The maximum allowed relative densities considered are 5%,

and 10%.



2. The approach

An anisotropic and quasi-periodic elastic body is considered. Let Q be a domain in R? with
boundary 0Q (see Figure[l)). Consider that Dirichlet and Neumann boundary conditions are applied

on 0Q, and 0€, respectively, where

0Q = 0Q, UQ;; 0Q, N, =@ i=1,2,3, (1)

such that

wy=ui on 09, i=1273, )

where u; is the i-th component of the displacement and u} is known, and

oin; = t; on OQ,I. I= 1,2,3, (3)

where o is the stress tensor, n is a normal vector, and ¢ is a traction vector.

The elastic body is assumed to be a cellular solid with a microstructure formed by a distribution
of hollow spheres. Two scales are used to define the problem. On the macroscale, defined by the
slow variable x, the mechanical properties are homogenised in the considered material point. On the
microscale, represented by the fast variable y, the effective properties of the medium are calculated

with a two-scale Asymptotic Homogenization Method (AHM), such that

Cfsz = Cfsz ). 4)

Both coordinate systems are assumed to be coincident.

In Figure (1}, a small portion of the domain is highlighted, depicting the distribution of the hollow
sphere material. An idealised material model is assumed, in which a regular distribution of hollow
spheres is considered.

A Representative Volume Element (RVE) is used to depict the medium. The geometrical param-
eters p,, and p; (outer and inner diameters of the RVE, respectively), describe the entire microscale
domain. In addition, two adjacent hollow spheres are connected by a flat area and it is considered that

the thickness is constant and a function of the geometrical parameters. Therefore, the homogenised



elasticity tensor of the media can be written as

CH = CH (po’pi) . (5)

With the macroscopic properties of the domain written as a function of the RVE geometry, it is
assumed that the distribution of cellular material within the macroscopic domain varies as a function

of its position. This can be written as a function of the geometric parameters of the RVE as

Po=po(x) and p;=p;(x). (6)

An adaptation of the classical topology optimisation problem is used in the present study to find
the optimum distribution of hollow spheres in the domain. Thus, every material point of the domain
is described by a pair of geometrical parameters p, and p;, describing the hollow sphere for that

particular point. The optimisation problem is set as

min S (po (x),pi(x))
Porpi @)

Subjectto  V (o, (x),p0: (x)) <V,

where f is the compliance, V is the relative density of the structure, and V is a given admissible

relative density. It is also considered that the design variables are bounded, such that

max

P < po (%) < o
. ®)
pi" < pi(x) < p", Vx e Q.
Linear elastic behaviour is assumed, and Figure 2] shows the design domains considered for the

optimisation cases. The AHM equilibrium relations and the entire optimisation procedure are carried

out on in-house routines written in Julia Language [42]].

3. Mathematical background

3.1. Asymptotic homogenisation method

In the context of linear elasticity, the effective properties of a material with a periodic (or quasi-
periodic) microstructure can be determined by the AHM method [43]. This method is based on the

assumption that the RVE, a small part of the domain which repeats itself with periodicity in the whole
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Figure 1: Depiction of the microscopic structure of a small portion of the macroscopic domain, idealised model and the
RVE.

domain, is considerably smaller than the design domain [44].

The notation, derivation of the equilibrium problems, and the finite element (FE) solution are

based on [45] 146, 43| 147]].

An anisotropic and quasi-periodic elastic body is considered. The problem is formulated in the
bounded subset Q of R3, and a slow variable x and a fast variable y are considered to describe the

problem.

The RVE is denoted by

Y={y=0nLyn») eR :0<y; <, i=1,2,3} )

where Y is the size of the RVE, with /; as positive numbers. The macroscopic domain is denoted as

QzaY:{x:(xl,xz,x3)€R3 celx ey, i=1,2,3), (10)
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Figure 2: Design domains considered for the optimisation problem: (a) cantilever beam, (b) 3—point bending beam with
load application on the upper side, and (c) 3—point bending beam with load application on the bottom side.

where

; (1)

with € << 1.
The development of the method follows three basic considerations [48]]. The first demands that

the displacement field of the media can be written in an asymptotic expansion as

u? (x) =u® (x) + euV (x,y) + £u? (x,y) + ... (12)

where u? is the total displacement field and #©, " and u® are the contributions for the displacement
of the macroscopic scale, microscopic scale, and eventual smaller scales, respectively. The second
consideration is that the coordinates at each level are related by a small parameter &, as shown in
Equation [TT} The third consideration is that the displacements on the boundaries of the RVE are
periodic. This consideration implies that the local domain is periodic, thus describing the macroscopic

domain.



A general field variable f? is thus dependent on both fast and slow variables, such as

L) = fi(x,y)

and its partial derivatives take the form

0xj an 8))]

Assuming that no body forces are acting on the media, one can write the elastic equilibrium as

80';9].
— =0 in Q°
ax]'
where
. Ouy
0= Cijkl ) axl-

Using the asymptotic expansion, Equation[I2] and the stress field, Equation [I6] yields

0 1 2 (2
a‘fj(x):af}.)(x,y)+gu5)(x,y) +& ul(.)(x,y)+...,

where

) (m) au(m+l)

(m k k

h , :Ci' —_ +Ci' ye e =0,1,2,...
o (x,y) M@)Mz k1 (¥) o, m

(13)

(14)

15)

(16)

(7)

(18)

Now, using Equations [I2] and [I7]into Equation [I5] and rearranging and grouping like exponents

&, one has for ! and &°, respectively

and

) (D
80'l.j 80'l.j

=0.
dx; 9y;

19)

(20)



Using Equation[I8§]for m = 0 and[I9 one has

0 [ 6u,(<1)] _ 6C1‘jk1 (9u,(<0)

@j e oy - 3)’;’ 0x

where the solution is represented in the form of

auj‘” (x)

U

and obtained from the equilibrium state given by

5/\,/kl ov; ov;
ot —”—‘dY:—fc,-- — dy,
fy P 9y, dy; y Moy,

where v is a virtual displacement field and y is a characteristic periodic displacement field.

Assuming m = 0 in Equation (18] and considering Equation [22] one obtains

kl P u(O)
6)61

The macroscopic equilibrium is obtained by averaging Equation [20] as

(0)
a<0-ij >Y -0
ax]'
where
<m ©) ”w)
= dy =cf
l] y |Y|f ljkl axl
with

X
Cgkz =\Ciju + Cijpg7— 2
g [y

which is the homogenised elasticity tensor of the media. The cell average operator is defined as

1
) = — OdY
(o |Y|fy

21

(22)

(23)

(24)

(25)

(26)

27)

(28)

Equations 23] and [27] are sufficient to obtain the complete elasticity tensor of a periodic media as

a function of its microstructure. Several analytically explicit relations were derived in the last years

10



(see [46, 47,149, 50]). However, in all cases, only simple geometries of the RVE are considered. If
a complex geometry is considered, the explicit relations for the elasticity tensor of the media might
become tedious to obtain, and thus, numerical methods are typically used in this kind of problem.

In this study, both the equilibrium in the microscopic scale and the relation for the effective prop-
erties are solved by the FE method.

Equation [23|can be written in a vector form as

v\ oy av\'
— | C=dY = - — | CdY 29
fy(ay) oy fy(ay) &)

Dividing the domain into finite elements and assuming a general isoparametric interpolation, one

can write the derivatives of displacement fields as

b
% _ By, and Z& =By, (30)
y

where ¥ and y are the nodal virtual and characteristic displacement vectors, respectively, and B is
the global strain-displacement relation. Also, y is not a function of the local coordinates, and the

equilibrium becomes

f (BY)' CBdY} = — f (B»)! Cay, (31)
Y Y

and since the virtual displacement vector is arbitrary, one can choose it in such a manner that

f B'CBdYy = - f B'Cay. (32)

Y Y

Equation |32|can be written in a standard finite element form as
Ky =—-f. (33)

One can deduce by dimensional analysis that 6 equilibrium problems are depicted in Equation
and each one is denoted by a load case k/. Using index notation, one gets the global equilibrium
problem as

K@) = - (34)

11



For a single element e, and assuming a quadrature scheme to evaluate the integrals, the local

stiffness matrix, and the local load vector can be written, respectively, as

np

Ki(;) — Z [(Cl(;);q Bf(pe)(m) B(e)(m)) wom J(m)] (35)
m=1
]ci(e)kl — ”Zp [(ijlil B(E)(m)) wm J(m)] (36)

m=1
where n, is the total number of Gauss points used for the numerical integration, and W™ and J™
are, respectively, the quadrature weight, and determinant of the Jacobian matrix associated with the
Gauss point m. The global arrays are assembled in the usual way.

A similar procedure is used for the discretisation of the integral Equation 27, which can be written

as

1
Cct = 7 j; (C + CBy)ay. (37)

The integral equation |37| can be substituted by a sum of all elements of the FE mesh and solved
by a quadrature scheme, as

ne np

Cl]k, (C(e) +C© B(e)(mwz(e)) om gom. 38

ijkl iipg°p Xq
e=1 m=1

where n, is the total number of elements of the mesh.
The complete homogenised elasticity tensor of the media is obtained by Equation 38| subjected to

the equilibrium problem of Equation [34]

3.2. Optimisation formulation

The domain Q is divided in a FE mesh, with element subdomains donated as Q, such that

N,
U © - (x = (X0, 3) ERY:0<x; <L, i=1,273), (39)

e=1
where N, is the number of elements on the mesh, [+ is the assembly operator, and L; are positive
numbers.

Furthermore, the mechanical properties of each element of the mesh are described by the geomet-

rical parameters of a hollow sphere as
12



c© = C® (pge)’ pl(.e)) : (40)

where p{ and pge) are the outer, and inner diameters, respectively, of a hollow sphere associated to

element e. The vectors containing the design variables are written as

T
po=p" o7 PP o e (41)

and

T
i = [pﬁl) pf.Z) pf~3) pENe)]’ (42)

and for simplicity, the following notation is adopted:

pP= [p() pl] . (43)

A compliance minimisation problem is considered constrained by a known maximum allowed

relative density of the structure. The optimisation takes the following form:

min f)=F"U(p)
: (44)

Subjectto V(p) <V,
where f is the compliance of the structure, F is the global external load vector, U is the global
displacement vector, V relative density of the structure, and V is a fixed known relative density (upper
bound).
Additionally, side constraints are applied to the design variables, as the minimum and maximum
admissible values for the diameters, as

pzzin < p(e) < pzmx

o -

(45)
oM< ol < pht e =1,...,N,.
Linear elastic behaviour is considered, and thus the FE equilibrium can be written as
K U(p) =F, (46)

13



where K is the global stiffness matrix.

The optimisation problem can also be stated as an unconstrained problem, as

min L (p) 47)
p

where L (p) = f(p) + 4 (V (p) — V) is the Lagrangian function and A is the Kuhn-Tucker multiplier.

The minimum is attained when

V,L=0 (48)
such that
Vof(p)+aV,V(p) =0, (49)
which is rewritten as
af(p)
Opq _
Opy

where p,, is the g-th design variable of the problem.

Equation [50] is also known as the optimum condition and states that in the optimum (minimum)
point p*, all elements which are not bounded by the side constraints should attain a constant unitary
value. Motivated by such behaviour, Bendsge and Sigmund [S1] proposed the use of an optimum

criteria method in which the update of the design variables at the k-th iteration can be done as

Py =P (51)
where 7 is a relaxation parameter, and 3, is the update parameter, given by

_ /@)
— apq
ﬁq - /laV(P) ’
F)
Pq

(52)

where A is the Kuhn Tucker Multiplier, obtained by a simple bisection algorithm written to satisfy the
volume constraint.
For simplicity, hereinafter the dependency of the arrays on the design variables is suppressed. The

derivatives of the compliance, with respect to the g-th design variable, are given by
14



0_f = _UTa_K

U (53)
dp, dp,

and the local stiffness matrix is

K9 = f ()BT(e)C(")B(e)dQ(E), (54)
Qle

where B and C' are, respectively, the strain-displacement matrix and the elasticity tensor of the

e-th element of the mesh. The derivatives of the local stiffness matrix are obtained through

aK(e) :f BT(e)aC(e)B(e)dQ(e)’ (55)
Opy Qo Opy

and the derivatives of the global stiffness matrix through

oK© M f aCc®
- BT —_pgn@© (56)
qu U Opy g © 0py

e=1
As the constitutive tensor of a given element e depends only on the design variables associated
with that element, it is possible to state that
oC® oC®

= 0o ; (57)
dpy 1 Opy

where 6., is the Kronecker delta. The derivatives of the compliance with respect to the g-th element

of the mesh can thus be written in terms of the local arrays as

a_f = ul@ [ f BT@ oc? B9P40@ u(q)’ (58)
Opy Q@ dpy

where u'? is the displacement vector of the g-th element of the mesh.
Similarly, the relative density v of an element e, is also dependent on the internal and external

diameters of the hollow sphere, such that

v =@ (Pf)e g Pfe)) ’ )

and the global relative density is given by

15



V=> 9 (60)
e=1
with derivatives given by
YV
— =5 (61)
Ipg <= Opq

As the derivatives of a given element depend only on the design variables associated with it, one

can write

N,

oV e H9
AR P Bl
dpy Opy dpy

(62)

e=1
Equations [5§] and [62] are valid for both outer and inner diameters associated to the g—th element
of the mesh.
Since the derivatives are local information, a moving limit scheme is adopted. For both external

and internal diameters, the moving limits constraints can be set as

ot € |k - dy ol + | (63)

where d, is a positive moving limit of the g-th design variable. The maximum and minimum values
for the moving limits are chosen as a percentage for the admissible range of the design variables. To
update these limits, three consecutive iterations are considered. If the considered design variables
vary monotonically in three successive iterations, the associated moving limit is relaxed. Otherwise,
the moving limit for the considered design variable is tightened.

It is reasonable to assume that for the external diameter of a hollow sphere, the derivatives of the

compliance and the derivatives of the volume are given, respectively, by

I S0 ad Y <o vavea (64)
ap(oe) ap(oe)

and, for the internal diameter, by

of v

5 <0 and >0, VYQ©eQ, (65)
ap;° op

Ch
1

which ensures that the value of the update parameter 5, (Equation is always positive.

16



The behaviour of the external diameter of a hollow sphere and the pseudo densities at the classical
SIMP case [31] are equal, since that, in both cases, when the value of the design variable increases,
the volume increases, and the compliance reduces. Hence, analogously to the update of the design
variables to the SIMP case, the external diameter is updated with a positive value of the relaxation

coeflicient, and it is adopted that

1o = 0.5. (66)

Conversely, the behaviour of the internal diameter is opposite to the behaviour of the external

diameter. Therefore, it is adopted a relaxation coefficient of

n; = —=0.5, (67)

such that, in both cases, the update of the variables is consistent with the optimal criteria method.
To reduce the complexity of the structure, a filtering method is used. The chosen method is the
basic density filtering [52]], which consists in relating the variables attached to an element e, to the

variables of its neighbourhood, which is defined by

N =il e” ~ ¢ |I< R}, (68)

where ¢ is the centroid of the element i, ¢® is the centroid of the element e and R is a predefined
filtering radius. The dependency of the design variable of the element e on its neighbours can be

written as

3o W (Cm) oRy
Diento W (c®@)vd

/3(6) = ﬁ(e) (Dien©) = (69)

where w (c(i)) is a weighting function [53]] chosen as a linearly decaying one.

The optimisation is solved as a nested problem and it is considered that the range for the inner
diameter is dependent on the value of the outer diameter for every iteration. Thus, the outer diameter
is updated first, and the inner diameter is updated next as a function of the outer diameter on the
current iteration. Figure [3|shows a flowchart for the nested optimisation approach. The convergence
is assumed to be reached when the compliance and both outer and inner diameters have variation

inferior to 1% in 5 subsequent steps.

17
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Figure 3: Flowchart of the optimisation framework depicting the update of outer and inner diameters.
4. Results and discussion

4.1. Effective properties

The homogenised elasticity tensor of the hollow sphere material is obtained by Equation [3§] sub-
jected to the periodic solution of the equilibrium problem given in Equation Some considerations
are made to simplify the solution.

Two different isotropic materials are considered as base materials in the analyses. As the distri-
bution of the material within the RVE is complex, a regular cubic RVE is adopted. In the regions
containing material, the properties of solid material are assigned, representing an aluminium alloy
(Young’s modulus, E =70 GPa and Poisson’s ratio, v = (.3), whilst in regions with no material, prop-
erties of void elements are assigned (E=1.0" GPaand v=0.3).

In this way, void elements do not need to be removed from the FE mesh, hence the connectivity

18



of the elements does not need to be updated when the material distribution changes. Additionally,
the application of periodic boundary conditions does not change as well. Conversely, this approach
is computationally inefficient since void elements contribute to the assembly of global arrays, even
though it does not influence the homogenised elasticity tensor of the media.

Additionally, a regular FE mesh is considered in the simulations, in which all elements on the
mesh are cubes of the same size. The implication is that the hollow sphere itself can not be faithfully
represented by a coarse mesh. However, this also renders the mesh generation and application of
periodic boundary conditions simpler. The normalised dimensions /; of the RVE, and number of

elements 7; in the direction y; are shown in Table I}

Table 1: Normalised dimension /; and number of finite elements n; along direction y; for the determination of effective

properties.

Y1 Y2 Y3

L | m | L | no | Iz | n3

1.0 | 100 | 1.0 | 100 | 1.0 | 100

Figure Eka) shows the FE model used to discretize the RVE, in which both void and solid ele-
ments are portrayed. In Figures f{(b) and [4c), the complete FE mesh and a cross-section are shown,
respectively, with void elements suppressed in the visualisation. The element used is the Trilinear
Isoparametric Hexahedral element with incompatible modes. The FE mesh is chosen to be both

convergence-independent and able to faithfully represent the domain.

Y2 Yy Y2

NE y NE
(@) (b) ©

Figure 4: The FE mesh for the hollow sphere model: (a) complete FE mesh; FE mesh with void elements suppressed for

(b) the entire RVE and (c) a cross-section of the RVE.

For this model, two adjacent spheres are connected by a flat area delimited by the hollow sphere

and the boundaries of the RVE. The thickness of the hollow sphere is constant and it is a function of
19



the geometrical parameters p,, and p;. By varying the geometrical parameters in a given range, one
can obtain a discrete set of the effective properties of the media. The considered normalised range for

the geometrical parameters of the hollow sphere is

1.09 < p, < 1.2
(70)
Po—02 < p; < po—0.01.

The ranges are chosen so that the geometry of the sphere is maintained. If a large outer diameter is
used, the sphere tends to become a cube, due to the area used to connect two adjacent spheres. On the
other hand, if a small outer diameter is used, adjacent spheres have small contact areas, which lowers
the overall stiffness. Additionally, the minimum inner diameter is chosen so that the finite element
mesh can represent the thickness of the hollow sphere.

For all combinations of parameters, the homogenised elasticity tensor has the form of

Ciin Chyn Chizy O 0 0
ngm Cgm 0 0 0
o~ Cg% 0 0 0 ’ an
Chy 0 0
Cglm 0
| sym. C{{313,
in which
Cﬁu = ngzz = C?m,
Cﬁzz = Cﬁ33 = C5233, (72)

CIILIZIZ = Cgm = C{ém’
indicating a cubic symmetry on the material. Thus, the homogenised elasticity tensor is described by
3 independent constants.
For the optimisation procedure, the homogenised elasticity tensor has to be written as a continuous

and differentiable function, in the following form

C" = C"(po. ). (73)
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Thus, the least square method is used to adjust a continuous and differentiable surface based on

the data given by the simulations. The Least Square Function is given by

®= JZ (cm, (0™~ Y’ (74)

n=1
where 7, is the number of simulations, p and p! are, respectively, the external and internal diam-
eters of the hollow sphere at the n-th simulation and C7, is the value of the component ijkl of the
homogenised elasticity tensor at the n-th simulation.

A polynomial function is assigned to each independent coefficient and the optimum function is

found when

V,® =0, (75)

where a is the vector containing the coefficients of the function used to approximate the effective
properties.

For all components of the homogenised elasticity tensor, the ideal polynomial function is ob-
tained when a Coefficient of Determination R? > 0.999 is achieved. The continuous functions for the

independent components of the homogenised elasticity tensor are given by

Cﬁll (0 Po) =

+216.82p,° —20.83 p; p,> — 348.38 p,,°
—588.11 p;% p, + 847.58 p: p, — 183.31 p, (76)
+326.72 p;i = 266.65 p;> — 92.39 p

+108.94[GPa], with R?=0.9998,

Cﬁzz i»Po) =
+1148.55 p; p,> — 671.20p,° + 282.47 p;°
+280.89p;2 + 263.22 p; — 833.54 p; p, (77)
+1337.64 p,> — 981.53 p;> p, — 1191.81 p,
+366.79[GPa] with R* = 0.9995,

and
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Cflzu i»Po) =
—-8.13p,° —2.44p;p,> + 80.76 p,>
+22.56 p;% p, — 117.16 p; p, — 26.55 p,, (78)
+23.46p° — 81.61 p;> + 157.47 p;
—48.40[GPa], with R*=0.9999.

Furthermore, the optimisation is constrained by the relative density of the structure. Thus, the
Least Square Method is used to adjust a continuous function for the relative density of a hollow

sphere as a function of the geometric parameters and is given by

1% (pi»p()) =
+0.80p,% + 0.73 p; p, — 0.67 p, — 1.68 p; (79)
+1.00p; —0.19, with R*=0.9998.

Equations are valid for the ranges defined in Equation and are used in the optimisation
problem.

Recent works on AHM show a good agreement with experimental data as well as a better perfor-
mance compared to other homogenisation methods (see [54, 155,156, 157, 158]]). It is important to note
that the homogenisation method demands that the size of the RVE is much smaller than the size of
the macroscopic domain. As a limit theory, one expects to achieve better results when the relation of
Equation [TT]is satisfied.

In addition, the approach used to find effective properties can be extrapolated to any kind of het-
erogeneous material. Thus, it is possible to derive a set of equations to fit manufacturing constraints,
such as the resolution of the domain, the materials used in the manufacturing process, and the geom-
etry of the RVE.

The two main considerations made to simplify the AHM analyses have a couple of drawbacks.
The first one considers void elements with degenerated properties in regions with no material. The
second one is that all elements on the mesh are regular, and thus the geometry of the hollow sphere is
depicted as a pixel-like structure. Both considerations significantly affect the computational effort of
the analyses. Void elements contribute to the assembly of the global arrays in the finite element equi-

librium and a regular mesh requires a fine discretisation to truly represent the geometry, which is not
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possible with a coarse mesh. It is noteworthy to mention that the dimensions of a three-dimensional
finite element equilibrium problem increase in the third power with the number of elements in the
mesh. This leads to an expensive computational effort and makes the solution to these problems the
most computationally demanding part of the algorithm. On the other hand, for complex geometries,
such as the ones considered, the mesh generation and the application of periodic boundary condi-
tions are the most challenging parts to implement. Consequently, the considerations to simplify the
procedure are used even if they significantly affect the processing time.

An alternative to avoid this high computational effort is either using external software for mesh
generation or algorithms implemented alongside commercial software (see [43, 59]). However, for
both AHM and optimisation procedures, it is important to have full control and access to all variables
in the finite element algorithms, mainly because the local arrays have to be manipulated, which is not

always possible with external commercial software.

4.2. Optimisation results

The optimum distribution of hollow spheres to minimise structural compliance is considered and
the problem is constrained by a maximum admissible relative density of the structure. Four cases are
chosen to investigate the proposed formulation. Distinct relative densities, boundary conditions, and
geometrical parameters are considered and discussed. The nomenclature and definitions for each case
are shown in Table 2l The design variables associated with each element on the mesh are the outer
and inner diameters of a hollow sphere. The update of the design variables is made through Equation
The mechanical properties and the relative density, as functions of the design variables, are given
in Equations and their derivatives are obtained explicitly.

The filtering radius, for all cases, comprises 4 adjacent elements on the mesh. No mesh depen-
dency was observed for the discretisation used in all cases. The visualisation of the results is made

using Gmsh software [60].

Table 2: Nomenclature and definitions for the optimisation cases. The normalised dimension L; and the number of finite
elements N; are used in direction x;, domain and load definitions, and admissible relative density. a > 0.0.

X X X3 ) Relative

L TN LM LM Po™M | Density (%]
cb_l [10a 200 a | 20 20 | Figure[2fa) | 5 & 10

cb_2 8a | 160 | 5a | 100 10 | Figure|2(a) | 5
3pb_1 | 10a | 200 | a | 20 20 | Figure2(b) | 5 & 10

3pb2 | 8a | 160 | 5a | 100 10 | Figure[2(c) | 5

Case

Q Q Q



A convergence analysis of the objective function is shown in Figure [5] for the cb_1 optimisation
case. The compliance is normalised by its value in the first iteration. In this case, the compliance
is calculated at the end of each global step of the optimisation procedure, meaning that both design
variables are updated to obtain the value of the objective function. All optimisation cases follow
the same convergence behaviour, therefore only one plot is presented as it is representative of all
cases. Furthermore, the convergence is monotonic, which shows the consistency of the implemented

algorithm.

e i
o N o ©

Normalised Compliance
o
(6]

©
~

o
w
o

10 20 30 40 50
Iteration

Figure 5: Convergence plot for the cb_1 case.

For the visualisation of the optimal distribution of hollow spheres, both design variables are pre-
sented separately and represented in a linear grayscale. Black regions represent the maximum admis-
sible value for a design variable, whilst light grey regions represent the minimum allowed value. In
addition, as the relative density is a combination of outer and inner diameters, it is easier to analyse
the results with the volume fraction alone instead of analysing both external and internal diameters
separately. The optimum distribution of the relative density for each element of the mesh is also
shown in the same linear grayscale.

The efficiency of the proposed multiscale approach is made by quantitative and qualitative analy-
ses. Initially, the distribution of design variables and relative densities are compared for the same case
using different admissible global relative densities for the structures. Thus, one can verify that the
patterns of material distribution within the domain are the same, regardless of the admissible relative
density. As a quantitative comparison, the compliance of the same structure, now with a homoge-
neous distribution of hollow spheres with the same global relative density is presented. With this
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comparison, it is possible to measure the reduction of the compliance for optimised structures with
the structure made of a homogeneous distribution of hollow spheres. As a qualitative comparison,
the classical 0 — 1 SIMP [51]] approach is presented for the same cases. This comparison is made
to verify that the patterns of material distribution are the same for both cases. As the same physical
problem is addressed for both approaches, it is expected that the regions with hollow spheres with a
higher relative density, consequently a higher stiffness, are the same that those regions with material
in the classical SIMP approach. Figures [6|and[7]show the distribution of design variables and relative
densities for cases cb_1 and 3pb_1, respectively, for admissible global relative densities of 5% and
10%. The distribution of design variables is consistent with a maximum allowed relative density of
5% and 10% since the same patterns are observed. This indicates consistency in the results as the
patterns of material distribution should not change regardless of the maximum assumed relative den-
sity. The difference between the results obtained for the different admissible relative densities is the
amount of material in the same regions of the domain. Also, the results are compatible with the beam
theory, as the distribution of material, for both cases, occurs in the regions where the highest stresses

are expected, i.e., in regions with the highest bending moments and distant from the neutral axis.

X2

X3

() (b)

Figure 6: Optimum distribution of hollow spheres for the case cb_1. External diameter, internal diameter and relative
density for cases with (a) V = 5%, and (b) V = 10%. A linear scale is assumed between the minimum admissible value
(light grey) and the maximum admissible value (black) for the considered variables.

Table 3] shows quantitative comparisons for all cases, where the optimised results are compared to
the compliance obtained by a homogeneous distribution of hollow spheres defined by p! and pf.l. For
all cases, a significant reduction in compliance is observed, with values ranging from 42% to 79%.

For the cases cb_1 and 3pb_1, relative densities of 5% and 10% are considered. In those cases,
the higher the admissible relative density, the higher the compliance reduction. Since all elements

have the same relative density in the case of the homogeneous distribution, regions that barely affect
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Figure 7: Optimum distribution of hollow spheres for the case 3pb_1. External diameter, internal diameter and relative
density for cases with (a) V = 5%, and (b) V = 10%. A linear scale is considered between the minimum admissible value
(light grey) and the maximum admissible value (black) for the considered variables.

the compliance still have a high relative density. On the other hand, for the optimised results, regions
that are not significant to the compliance are occupied by elements with a low relative density. This
behaviour is intensified when higher admissible relative densities are considered.

Moreover, the higher the outer diameter, the lower the compliance minimisation. This is expected
since the flat area connecting two adjacent spheres is a function of the outer sphere, and for a higher
outer diameter, this region is larger, thus there is more material connecting the hollow spheres, hence
increasing the overall stiffness of that particular region. This behaviour is observed in all cases.

Figures [§] - [L1] show, for all cases, a qualitative comparison for the optimum distribution of mate-
rial using SIMP approach. The results show the optimum distribution of maximum allowed relative
density, that is, the elements that contribute more to the minimisation of the compliance remain in the
optimised topology towards minimising their compliance.

In a cantilever beam, when bending dominates the problem, some considerations concerning the
stiffness of the structure can be made. The bending moment is the highest at the cantilever and it has
a null value on the opposite side, where the load is applied. Sections in which the bending moment is
higher are more susceptible to higher displacements, rendering the beam in these sections to be more
flexible.

Considering the cross-section of a beam, the moment of inertia increases when more material is
added to the regions away from the neutral axis of the section. The higher the moment of inertia of a
section, the lesser its flexibility. Adding material to regions close to the neutral axis almost does not
modify the moment of inertia of a given section.

One can see that, for both cases, the optimisation procedure leads to topologies in which there is
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Table 3: Compliance reduction for optimised and homogeneous distributions of hollow spheres of same relative density
(V) for all cases. Homogeneous distributions are defined by p!* and pl’k

— Compliance
Case | p }3 p fl VI%] Reduition [%]
1.2 | 1.1767 45.56
cb_1 | 1.15 | 1.1252 5 58.17
1.10 | 1.0730 70.61
1.2 | 1.1520 62.00
cb_1 | 1.15 | 1.0987 10 67.59
1.10 | 1.0443 73.55
1.2 | 1.1767 54.90
cb2 | 1.15 | 1.1252 5 64.56
1.10 | 1.0730 74.25
1.2 | 1.1767 42.83
3pb_1 | 1.15 | 1.1252 5 55.94
1.10 | 1.0730 68.09
1.2 | 1.1520 57.30
3pb_1 | 1.15 | 1.0987 10 63.48
1.10 | 1.0443 70.12
1.2 | 1.1767 64.24
3pb2 | 1.15 | 1.1252 5 71.88
1.10 | 1.0730 79.19
X2 X24
|1 R ——- |
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Figure 8: Qualitative comparison for case cb_1 between the optimised distribution of relative densities for (a) V = 5%,
(b) V = 10%, and (c) the optimum distribution of material using SIMP.

a concentration of material close to the cantilever, alongside material in the regions away from the

neutral axis. These facts show a consistency of the results with the physical aspect of the problem.
The structure obtained with SIMP follows the same principles of hollow sphere structures. It can

be seen that material is added to regions closer to the cantilever and, at the cross-section, in the regions

far from the neutral axis. The main difference between the two approaches is that, for the SIMP case,
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Figure 9: Qualitative comparison for case cb_2 between the optimised distribution of relative densities for cases (a)
V = 5% and (b) the optimum distribution of material using SIMP.
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Figure 10: Qualitative comparison for case 3pb_1 between the optimised distribution of relative densities for (a) V = 5%,
(b) V = 10%, and (c) the optimal distribution of material using SIMP.

X2

X3

(a) (b)

Figure 11: Qualitative comparison for case 3pb_2 between the optimised distribution of relative densities for (a) V = 5%
and (b) the optimum distribution of material using SIMP.

there are solid connections between the upper and lower regions of the beam since void regions do
not provide stiffness to the structure. Here, it is not necessary to connect the two regions with spheres
with a high relative density since even spheres with low relative density can provide stiffness to the
structure. With this consideration, it is clear that the algorithm is concerned with adding material to
the most significant regions of the domain.

On the other hand, for the 3-point bending cases, the highest bending moment is at the central
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section and the lowest is near the supports. Concerning the moment of inertia, the same considerations
of the cantilever beam cases apply. Thus, the optimisation procedure leads to a material distribution
in which there is more material close to the central part of the beam. Also, the hollow spheres with
higher relative density, consequently higher stiffness, are concentrated at the upper and lower parts of
the beam, which complies with the beam theory for a beam under 3—point bending load.

As the hollow spheres with lower relative densities also add stiffness to the structure, they can be
used to join the upper and lower parts of the beam, letting the material with higher stiffness be placed
only at places with higher bending moment and at regions in which the moment of inertia is increased,
thus reducing the overall relative density of the optimised structure.

The comparison of the proposed problem with the classical SIMP approach shows consistency. In
both cases, an arc is formed to provide higher stiffness for the structures. It is important to highlight
that, in the SIMP case, the arc must be joined with the straight section, and radial reinforcements
appear, otherwise, the structure would not present a proper stiffness.

For the hollow sphere case, the material in the interior of the arc still provides stiffness to the
structure, rendering it not necessary to connect the arc to the region where the load is applied with
hollow spheres with high relative density. The reinforcement that appears in the hollow sphere case
allows the load to be distributed homogeneously in the regions inside the arc, allowing material with

a low relative density to be used in this region.

5. Manufacturing of hollow spheres

Some hollow sphere structures with different dimensions were manufactured to demonstrate the
feasibility of constructing the models and the possibility of manufacturing the spheres when a range
of different geometrical features is considered, and also by varying the dimensions of the structure.
The topologies of the hollow spheres are obtained directly from the FE mesh of the homogenisation
procedure (see Figure {). The FE mesh contains information about the nodes and connectivities of
every node on the mesh. As most commercial additive manufacturing (AM) processes use STL file
format as default, an in-house code was developed to convert the FE data into an STL file. The
void elements are removed during this process. The smoothing of the geometries is carried out on
MeshLab [61] using the Laplacian Smooth Algorithm [62].

All spheres were produced by AM by using a Form3 3D printer from FormLabs, which utilises

the stereolithography (SLA) principle. Here, Clear® resin, a photo-polymerising resin has been used,
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which polishes to near optical transparency, ideal for showcasing internal features. The parts are
printer layer-by-layer with a layer thickness of 100 um. After the printing is finished, the parts are
washed in a Form Wash chamber with isopropyl alcohol (IPA) bath for 15 min, followed by curing in
a Form Cure oven at 65 °C for 60 min, in which the parts sit on a rotating turntable.

In Figure [I2] the design variables of the hollow spheres are varied, where both non-smooth and
smooth geometries are shown. Figures [[2(a)-(b) show a homogeneous distribution of the spheres.
It can be seen that the smoothing of the geometry can maintain the geometry of the structure with

high accuracy. In Figures [I2(c)-(d), a variation on the internal diameters is considered. Four different

(€))

i

3

internal diameters are considered, with p;* > pgz) >p7 > p§4), showing that this type of structure can
be manufactured with thin walls. Figure[I2](e)-(f) shows the variation of the external diameters of the
hollow spheres. It can be seen that the higher the diameters considered, the higher the contact area
between two adjacent hollow spheres.

In Figure [13] samples with different sizes and numbers of hollow spheres are shown. Structures
with 16, 512, and 128 spheres were printed, which demonstrates the feasibility of using this type of
material.

Here it is demonstrated that it is possible to manufacture this type of structure strictly following
the proposed design variables, that is, it is feasible to produce samples by varying both internal and
external radii of the hollow spheres. Moreover, it is demonstrated that the number and size of the
spheres can be varied in the manufacturing process without losing quality and resolution and that
it is feasible to obtain structures comprised of small hollow spheres, which depends only on the
resolution of the used equipment. In this way, it is possible to manufacture samples with an optimised

distribution of hollow spheres without violating the conditions imposed by the AHM to determine the

effective properties of the medium.

6. Conclusion

In this work, a multiscale optimisation framework to find the distribution of hollow-sphere materi-
als has been developed. The effective mechanical properties are obtained by the Asymptotic Homog-
enization Method and written as a function of the geometrical parameters of a single hollow sphere.
The topology optimisation procedure is an adaptation of the SIMP method. The objective function for

all cases is compliance minimisation and the relative density of the structure is used as a constraint. A
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Figure 12: Variation of geometrical parameters of the printed hollow sphere structures. Homogeneous distribution with a
(a) non-smooth geometry and a (b) smooth geometry. Variation of the internal diameter for a (c) non-smooth geometry,
and a (d) smooth geometry. Variation of the external diameter for a (e) non-smooth geometry, and a (f) smooth geometry.

cantilever beam and a 3—point bending beam are considered as design domains, and relative densities
of 5%, and 10% are considered.

Two comparisons are performed to validate the proposed multiscale approach. As a quantitative
comparison, the optimised structures are compared to structures formed by a homogeneous distribu-
tion of hollow spheres with the same relative density. Compliance reductions between 42% and 79%
are reached. Qualitatively, the optimised structures are compared to an optimal distribution of mate-
rial using the SIMP approach. In both cases, the distribution of the material in the domain follows the
same pattern, validating the originally proposed framework. In the regions where there is material for
the SIMP material model, the developed algorithm adds hollow spheres with high volume fraction. In

contrast, for regions with no material in the SIMP material model, the algorithm uses a material with
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Figure 13: Variation on the size and number of hollow spheres. The structures were printed with (a) 16, (b) 512, and (c)
128 spheres.

low volume fraction. These comparisons show the efficiency of the proposed multiscale approach to
optimise the stiffness of hollow sphere structures.

The feasibility of the proposed approach is tested by additively manufacturing some hollow sphere
structures. Hollow spheres are 3D printed by varying their design variables, as well as the number
and size of hollow spheres, thus indicating that it is feasible to design, optimise, and manufacture

such structures without losing quality and resolution.

Acknowledgements

HA is supported by the Royal Academy of Engineering under the Research Fellowship scheme
[Grant No. RF/201920/19/150]; ELC thanks CNPq (process number 303900/2020-2) and FAPESC
(process number 2021TR843); VT acknowledges CNPq (process No. 310656/2018-4), CAPES-FCT
(No. AUXPE 88881.467834/2019-01 - Finance Code 001), and FAPESP-FAPERGS (process num-

ber: 2019/15179-2 and 19/2551).
32



References

[1]

(2]

[10]

[11]

[12]

[13]

[14]

[15]

[16]

[17]

D. Lehmhus, M. Busse, A. Herrmann, K. Kayvantash, Structural materials and processes in transportation, John
Wiley & Sons, 2013.

F. Xu, X. Zhang, H. Zhang, A review on functionally graded structures and materials for energy absorption, Engi-
neering Structures 171 (2018) 309-325. doi:https://doi.org/10.1016/j.engstruct.2018.05.094,

J. L. Grenestedt, Effective elastic behavior of some models for perfect cellular solids, International Journal of Solids
and Structures (36) 1471-1501. |doi:10.1016/50020-7683(98) 00048-1.

M. Kucewicz, P. Baranowski, M. Stankiewicz, M. Konarzewski, P. Ptatek, J. Matachowski, Modelling and testing of
3d printed cellular structures under quasi-static and dynamic conditions, Thin-Walled Structures 145 (2019) 106385.
doi:10.1016/j.tws.2019.106385.

L.J. Gibson, M. F. Ashby, Cellular solids - Structure and properties, Cambridge: Cambridge University Press, 1997.
M. H. Luxner, Modeling and Simulation of Highly Porous Open Cell Structures - Elasto-Plasticity and Localization
versus Disorder and Defects, VDI Verlag, 2006.

A. G. Evans, J. Hutchinson, M. Ashby, Multifunctionality of cellular metal systems, Progress in Materials Science
43 (3) 171-221. | doi:10.1016/50079-6425(98) 00004-8.

T. Fiedler, I. Belova, G. Murch, Critical analysis of the experimental determination of the thermal resistance
of metal foams, International Journal of Heat and Mass Transfer 55 (15) 4415-4420. doi:10.1016/j.
ijheatmasstransfer.2012.04.010.

C. Zhao, Review on thermal transport in high porosity cellular metal foams with open cells, International Journal of
Heat and Mass Transfer 55 (13) 3618-3632. [doi:10.1016/j.ijheatmasstransfer.2012.03.017.

F. Han, G. Seiffert, Y. Zhao, B. Gibbs, Acoustic absorption behaviour of an open-celled aluminium foam, Journal of
Physics D: Applied Physics 36 (3) 294. |doi: 10.1088/0022-3727/36/3/312|

I. Golovin, H.-R. Sinning, Damping in some cellular metallic materials, Journal of alloys and compounds 355 (1)
2-9.1doi:10.1016/S0925-8388(03)00241-X.

V. Tita, M. F. Caliri Jinior, Numerical simulation of anisotropic polymeric foams, Latin American Journal of Solids
and Structures 9 (2012) 1-21. doi:10.1590/51679-78252012000200005.

M. F. Caliri Janior, G. P. Soares, R. A. Angélico, R. B. Canto, V. Tita, Study of an anisotropic poly-
meric cellular material under compression loading, Materials Research 15 (2012) 359-364. doi:10.1590/
S51516-14392012005000034.

Q. Li, X. Zhi, F. Fan, Dynamic crushing of uniform and functionally graded origami-inspired cellular structure
fabricated by slm, Engineering Structures 262 (2022) 114327.

H. G. Menon, S. Dutta, A. Krishnan, M. Hariprasad, B. Shankar, Proposed auxetic cluster designs for lightweight
structural beams with improved load bearing capacity, Engineering Structures 260 (2022) 114241.

S. Xu, M. Bourham, A. Rabiei, A novel ultra-light structure for radiation shielding, Materials & Design 31 (4)
2140-2146.|do1:10.1016/j.matdes.2009.11.011}

O. Losito, D. Barletta, V. Dimiccoli, A wide-frequency model of metal foam for shielding applications, IEEE Trans-

33


https://doi.org/https://doi.org/10.1016/j.engstruct.2018.05.094
https://doi.org/10.1016/S0020-7683(98)00048-1
https://doi.org/10.1016/j.tws.2019.106385
https://doi.org/10.1016/S0079-6425(98)00004-8
https://doi.org/10.1016/j.ijheatmasstransfer.2012.04.010
https://doi.org/10.1016/j.ijheatmasstransfer.2012.04.010
https://doi.org/10.1016/j.ijheatmasstransfer.2012.03.017
https://doi.org/10.1088/0022-3727/36/3/312
https://doi.org/10.1016/S0925-8388(03)00241-X
https://doi.org/10.1590/S1679-78252012000200005
https://doi.org/10.1590/S1516-14392012005000034
https://doi.org/10.1590/S1516-14392012005000034
https://doi.org/10.1016/j.matdes.2009.11.011

(18]

[19]

(20]

[21]

[22]

(23]

[24]

[25]

[26]

[27]

(28]

[29]

(30]

(31]

actions on Electromagnetic Compatibility 52 (1) 75-81. doi:10.1109/TEMC.2009.2035109.

T. E. Borges, J. H. S. Almeida Junior, S. C. Amico, F. D. R. Amado, Hollow glass microspheres/piassava fiber-
reinforced homo- and co-polypropylene composites: preparation and properties, Polymer Bulletin 74 (6). doi:
10.1007/s00289-016-1819-8.

A. V. Tsantilis, T. C. Triantafillou, Innovative seismic isolation of masonry infills using cellular materials at the
interface with the surrounding rc frames, Engineering Structures 155 (2018) 279-297. doi:https://doi.org/
10.1016/j.engstruct.2017.11.025,

C. Correa de Faria, H. Carvalho, R. Hallal Fakury, L. Figueiredo Grilo, Lateral-torsional buckling resistance of
cellular steel beams at room temperature and fire situation, Engineering Structures 237 (2021) 112046. doi:https:
//doi.org/10.1016/j.engstruct.2021.112046.

Q. Li, X. Zhi, F. Fan, Dynamic crushing of uniform and functionally graded origami-inspired cellular structure
fabricated by slm, Engineering Structures 262 (2022) 114327. |doi:https://doi.org/10.1016/j.engstruct.
2022.114327.

S. Wen, H. Liu, Z. Chen, J. Ying, Ultimate bearing behavior of h-beam welded hollow spheres under eccentric com-
pression, Engineering Structures 212 (2020) 110522. doi:https://doi.org/10.1016/j.engstruct.2020.
110522.

J. Song, D. Hu, S. Luo, W. Liu, D. Wang, Q. Sun, G. Zhang, Energy-absorption behavior of metallic hollow sphere
structures under impact loading, Engineering Structures 226 (2021) 111350. doi:https://doi.org/10.1016/
j.engstruct.2020.111350.

F. P. V. Ferreira, K. D. Tsavdaridis, C. H. Martins, S. De Nardin, Composite action on web-post buckling shear
resistance of composite cellular beams with pches and pchesct, Engineering Structures 246 (2021) 113065. doi:
https://doi.org/10.1016/j.engstruct.2021.113065,

D. Li, L.-H. Kong, Y.-C. Qian, On compacting pattern control of finite-size 2d soft periodic structures through
combined loading, Engineering Structures 266 (2022) 114574.|doi:10.1016/j.engstruct.2022.114574.

W. Sanders, L. Gibson, Mechanics of hollow sphere foams, Materials Science and Engineering: A 347 (1) (2003)
70-85./d01:10.1016/50921-5093(02) 00583-X.

C. Augustin, W. Hungerbach, Production of hollow spheres (hs) and hollow sphere structures (hss), Materials letters
63 (13) (2009) 1109-1112.|d0i:10.1016/j.matlet.2009.01.015.

U. Waag, L. Schneider, P. Lothman, G. Stephani, Metallic hollow spheres-materials for the future, Metal powder
report 55 (1) 29-33.|doi:10.1016/S0026-0657 (00) 87339-7.

R. Kalamar, C. Bedon, M. ElidSov4, Assessing the structural behaviour of square hollow glass columns subjected
to combined compressive and impact loads via full-scale experiments, Engineering Structures 143 (2017) 127-140.
doi:https://doi.org/10.1016/j.engstruct.2017.04.016,

H. Liu, Y. Zhang, L. Wang, Y. Zhao, Z. Chen, Mechanical performance of welded hollow spherical joints with h-
beams after elevated temperatures, Engineering Structures 222 (2020) 111092.|doi:https://doi.org/10.1016/
j.engstruct.2020.111092.

S. Gasser, F. Paun, A. Cayzeele, Y. Bréchet, Uniaxial tensile elastic properties of a regular stacking of brazed hollow

34


https://doi.org/10.1109/TEMC.2009.2035109
https://doi.org/10.1007/s00289-016-1819-8
https://doi.org/10.1007/s00289-016-1819-8
https://doi.org/https://doi.org/10.1016/j.engstruct.2017.11.025
https://doi.org/https://doi.org/10.1016/j.engstruct.2017.11.025
https://doi.org/https://doi.org/10.1016/j.engstruct.2021.112046
https://doi.org/https://doi.org/10.1016/j.engstruct.2021.112046
https://doi.org/https://doi.org/10.1016/j.engstruct.2022.114327
https://doi.org/https://doi.org/10.1016/j.engstruct.2022.114327
https://doi.org/https://doi.org/10.1016/j.engstruct.2020.110522
https://doi.org/https://doi.org/10.1016/j.engstruct.2020.110522
https://doi.org/https://doi.org/10.1016/j.engstruct.2020.111350
https://doi.org/https://doi.org/10.1016/j.engstruct.2020.111350
https://doi.org/https://doi.org/10.1016/j.engstruct.2021.113065
https://doi.org/https://doi.org/10.1016/j.engstruct.2021.113065
https://doi.org/10.1016/j.engstruct.2022.114574
https://doi.org/10.1016/S0921-5093(02)00583-X
https://doi.org/10.1016/j.matlet.2009.01.015
https://doi.org/10.1016/S0026-0657(00)87339-7
https://doi.org/https://doi.org/10.1016/j.engstruct.2017.04.016
https://doi.org/https://doi.org/10.1016/j.engstruct.2020.111092
https://doi.org/https://doi.org/10.1016/j.engstruct.2020.111092

(32]

(33]

[34]

[35]

(36]

[37]

(38]

[39]

[40]

[41]

[42]

[43]

[44]

[45]

[46]

spheres, Scripta Materialia 48 (12) (2003) 1617-1623. |[doi:10.1016/51359-6462(03)00139-8.

V. Marcadon, F. Feyel, Modelling of the compression behaviour of metallic hollow-sphere structures: About the
influence of their architecture and their constitutive material’s equations, Computational materials science 47 (2)
599-610. doi:10.1016/j.commatsci.2009.10.002,

X. Yan, Y. Duan, Y. Zhang, Z. Chen, Q. Zhang, Study on compressive bearing capacity and axial stiffness of welded
hollow spherical joints with h-shaped steel member, Engineering Structures 203 (2020) 109821. doi:https:
//doi.org/10.1016/7.engstruct.2019.109821.

S. M. H. Hosseini, M. Merkel, A. Ochsner, Finite element simulation of the thermal conductivity of perforated
hollow sphere structures (phss): Parametric study, Materials Letters 63 (13) (2009) 1135-1137. doi:10.1016/].
matlet.2008.10.009.

E. Solérzano, M. Rodriguez-Perez, J. de Saja, Thermal conductivity of metallic hollow sphere structures: An exper-
imental, analytical and comparative study, Materials Letters 63 (13) 1128-1130. doi:10.1016/j.matlet.2008.
11.051.

T. Fiedler, R. Loffler, T. Bernthaler, R. Winkler, I. Belova, G. Murch, A. Ochsner, Numerical analyses of the thermal
conductivity of random hollow sphere structures, Materials Letters 63 (13) (2009) 1125-1127.

V. Marcadon, Mechanical modelling of the creep behaviour of hollow-sphere structures, Computational Materials
Science 50 (10) 3005-3015. doi:10.1016/j.commatsci.2011.05.019.

Y. Liu, H.-X. Wu, B. Wang, Gradient design of metal hollow sphere (mhs) foams with density gradients, Composites
Part B: Engineering 43 (3) (2012) 1346-1352.|d0i:10.1016/j.compositesb.2011.11.057,

V. Marcadon, S. Kruch, Influence of geometrical defects on the mechanical behaviour of hollow-sphere structures,
International Journal of Solids and Structures 50 (3) (2013) 498-510. |doi:10.1016/j.ijsolstr.2012.10.014.
G. Wu, R. Li, Y. Yuan, L. Jiang, D. Sun, Sound absorption properties of ceramic hollow sphere structures with
micro-sized open cell, Materials Letters 134 (2014) 268-271. doi:10.1016/j.matlet.2014.07.082.

I. Shufrin, E. Pasternak, A. V. Dyskin, Negative poisson’s ratio in hollow sphere materials, International Journal of
Solids and Structures 54 192-214. doi:10.1016/j.ijsolstr.2014.10.014.

J. Bezanson, S. Karpinski, V. B. Shah, A. Edelman, Julia: A fast dynamic language for technical computing (Septem-
ber 2012). arXiv:1209.5145,

B. G. Christoff, H. Brito-Santana, R. Talreja, V. Tita, Development of an abaqus™ plug-in to evaluate the fourth-
order elasticity tensor of a periodic material via homogenization by the asymptotic expansion method, Finite Ele-
ments in Analysis and Design 181 103482. |doi:10.1016/j.finel.2020.103482.

M. M. Neves, H. Rodrigues, J. M. Guedes, Optimal design of periodic linear elastic microstructures, Computers and
Structures 76 421-429. |doi:10.1016/S0045-7949 (99)00172-8|

B. L. Silva, B. G. Christoff, C. M. Lepienski, E. L. Cardoso, L. A. Coelho, D. Becker, Role of cured epoxy and
block copolymer addition in mechanical and thermal properties of polyethylene, Materials Research 20 1221-1229.
doi:10.1590/1980-5373-mr-2016-0589,

H. Brito-Santana, B. G. Christoff, A. J. M. Ferreira, F. Lebon, R. Rodriguez-Ramos, V. Tita, Delamination

influence on elastic properties of laminated composites, Acta Mechanica 230 (3) 821-837. |doi:10.1007/

35


https://doi.org/10.1016/S1359-6462(03)00139-8
https://doi.org/10.1016/j.commatsci.2009.10.002
https://doi.org/https://doi.org/10.1016/j.engstruct.2019.109821
https://doi.org/https://doi.org/10.1016/j.engstruct.2019.109821
https://doi.org/10.1016/j.matlet.2008.10.009
https://doi.org/10.1016/j.matlet.2008.10.009
https://doi.org/10.1016/j.matlet.2008.11.051
https://doi.org/10.1016/j.matlet.2008.11.051
https://doi.org/10.1016/j.commatsci.2011.05.019
https://doi.org/10.1016/j.compositesb.2011.11.057
https://doi.org/10.1016/j.ijsolstr.2012.10.014
https://doi.org/10.1016/j.matlet.2014.07.082
https://doi.org/10.1016/j.ijsolstr.2014.10.014
http://arxiv.org/abs/1209.5145
https://doi.org/10.1016/j.finel.2020.103482
https://doi.org/10.1016/S0045-7949(99)00172-8
https://doi.org/10.1590/1980-5373-mr-2016-0589
https://doi.org/10.1007/s00707-018-2319-8
https://doi.org/10.1007/s00707-018-2319-8

[47]

(48]

[49]

[50]

[51]
[52]

[53]

[54]

[55]

[56]

[57]

(58]

[59]

s00707-018-2319-8.

B. G. Christoff, H. Brito-Santana, V. Tita, Analysis of unbalanced composites with imperfect interphase: effective
properties via asymptotic homogenization method, Proceedings of the institution of mechanical engineers partL -
Journal of materials-design and applicationsdoi:10.1177/14644207211060004,

S. J. Hollister, N. Kikuchi, Homogenization theory and digital imaging: A basis for studying the mechanics
and design principles of bone tissue., Biotechnology and Bioengineering. 43 (7) 586-594. |doi:10.1002/bit.
260430708

H. Brito-Santana, R. de Medeiros, A. J. M. Ferreira, R. Rodriguez-Ramos, V. Tita, Effective elastic properties of
layered composites considering non-uniform imperfect adhesion, Applied Mathematical Modelling 59 (2018) 183—
204.

H. Brito-Santana, J. L. M. Thiesen, R. de Medeiros, A. J. M. Ferreira, R. Rodriguez-Ramos, V. Tita, Multiscale
analysis for predicting the constitutive tensor effective coefficients of layered composites with micro and macro
failures, Applied Mathematical Modelling 75 (2019) 250-266.

M. P. Bendsge, O. Sigmund, Topology Optimization - Theory, Methods and Applications, Springer, 2003.

T. E. Bruns, D. A. Tortorelli, Topology optimization of non-linear elastic structures and compliant mecha-
nisms, Computer Methods in Applied Mechanics and Engineering 190 (26) (2001) 3443-3459. doi:10.1016/
S0045-7825(00)00278-4.

0. Sigmund, Morphology-based black and white filters for topology optimization, Structural and Multidisciplinary
Optimization 33 401-424. doi:10.1007/s00158-006-0087-x.

M. Ameen, R. H. J. Peerlings, M. G. D. Geers, Higher-order asymptotic homogenization of periodic linear elastic
composite materials at low scale separation, in: 24th International Congress of Theoretical and Applied Mechanics
(ICTAM 2016), IUTAM, 2017, pp. 2544-2545.

R. Rodriguez-Ramos, R. de Medeiros, R. Guinovart-Diaz, J. Bravo-Castillero, J. A. Otero, V. Tita, Different ap-
proaches for calculating the effective elastic properties in composite materials under imperfect contact adherence,
Composite Structures 99 264-275.|doi:10.1016/j.compstruct.2012.11.040.

M. Tapia, Y. Espinosa-Almeyda, R. Rodriguez-Ramos, J. A. Otero, Computation of effective elastic properties using
a three-dimensional semi-analytical approach for transversely isotropic nanocomposites, Applied Sciences 11 (4)
(2021) 1867. |doi:10.3390/app11041867.

R. Q. de Macedo, R. T. L. Ferreira, J. M. Guedes, M. V. Donadon, Intraply failure criterion for unidirectional
fiber reinforced composites by means of asymptotic homogenization, Composite Structures 159 (2017) 335-349.
doi:10.1016/j.compstruct.2016.08.027.

R. Q. de Macedo, R. T. L. Ferreira, M. V. Donadon, J. M. Guedes, Elastic properties of unidirectional fiber-reinforced
composites using asymptotic homogenization techniques, Journal of the Brazilian Society of Mechanical Sciences
and Engineering 40 (5) (2018) 1-11. doi:10.1007/s40430-018-1174-9.

T. A. Dutra, R. T. L. Ferreira, H. B. Resende, A. Guimaraes, J. M. Guedes, A complete implementation methodol-
ogy for asymptotic homogenization using a finite element commercial software: preprocessing and postprocessing,

Composite Structures 245 (2020) 112305. doi:10.1016/j.compstruct.2020.112305.

36


https://doi.org/10.1007/s00707-018-2319-8
https://doi.org/10.1007/s00707-018-2319-8
https://doi.org/10.1007/s00707-018-2319-8
https://doi.org/10.1177/14644207211060004
https://doi.org/10.1002/bit.260430708
https://doi.org/10.1002/bit.260430708
https://doi.org/10.1016/S0045-7825(00)00278-4
https://doi.org/10.1016/S0045-7825(00)00278-4
https://doi.org/10.1007/s00158-006-0087-x
https://doi.org/10.1016/j.compstruct.2012.11.040
https://doi.org/10.3390/app11041867
https://doi.org/10.1016/j.compstruct.2016.08.027
https://doi.org/10.1007/s40430-018-1174-9
https://doi.org/10.1016/j.compstruct.2020.112305

[60]

[61]

[62]

C. Geuzaine, J.-F. Remacle, Gmsh: a three-dimensional finite element mesh generator with built-in pre- and post-
processing facilities, International Journal for Numerical Methods in Engineering 79 (11) 1309-1331. doi:10.
1002/nme . 2579

P. Cignoni, M. Callieri, M. Corsini, M. Dellepiane, F. Ganovelli, G. Ranzuglia, MeshLab: an Open-Source Mesh
Processing Tool, in: V. Scarano, R. D. Chiara, U. Erra (Eds.), Eurographics Italian Chapter Conference, The
Eurographics Association, 2008. doi:10.2312/LocalChapterEvents/ItalChap/ItalianChapConf2008/
129-136.

0. Sorkine, Laplacian Mesh Processing, in: Y. Chrysanthou, M. Magnor (Eds.), Eurographics 2005 - State of the

Art Reports, The Eurographics Association, 2005. doi:10.2312/egst.20051044!

37


https://doi.org/10.1002/nme.2579
https://doi.org/10.1002/nme.2579
https://doi.org/10.2312/LocalChapterEvents/ItalChap/ItalianChapConf2008/129-136
https://doi.org/10.2312/LocalChapterEvents/ItalChap/ItalianChapConf2008/129-136
https://doi.org/10.2312/egst.20051044

	Introduction
	The approach
	Mathematical background
	Asymptotic homogenisation method
	Optimisation formulation

	Results and discussion
	Effective properties
	Optimisation results

	Manufacturing of hollow spheres
	Conclusion

