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Abstract

This work provides an axiomatic foundational theory of the reinforced concrete (RC) beam undergo-
ing a pure bending moment. The concept of ‘measure space’ in measure theory is used to model the
whole concrete cross section along with the area measure on the cross section. We call the measure
space representing the environment an RCS-space. Then the concrete and the reinforcements stresses
are modelled as £*- functions. And by the additive property of £*-functions, these functions are gener-
alised into a single L'-function coined as the general stress function. From this model, the properties of
the RCS-space can be derived as theorems. Consequently, the structural moment of resistance can be
formulated following from the force couple theory in mechanics as a Lebesgue integral expression of the
general stress function. This measure theoretic system allows us to formulate the moment of resistance
of a concrete beam with any kind of reinforcement and configuration in a unified formal mathematical
theory.
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1 Introduction

A reinforced concrete (RC) structure undergoing a pure bending can be considered as a reinforced concrete
(RC) beam. The moment of resistance of a RC beam can be computed from the force couple principle (Du-
Bois, 1902). As some bending moment M occurs on a RC beam, by the force couple principle, a pair of
forces ¢ and v (the couple) with the same scalar quantity but of opposite direction is assumed to occur on
the cross section of the RC beam separated by some distance d > 0 such that

M, = |¢ld = [¢|d, (1)

where M, is the moment of resistance of the RC beam in classical sense. As a design consideration, struc-
tural engineers suggest a factor ¢ € R satisfying 0 < ¢ < 1 to be added for a safety reason (Darwin et al.,
2016). And hence the inequality

M < ¢ M,

must be satisfied.

However, this existing theory can be viewed informal. This paper will provide an axiomatic formulation of
the concrete structure undergoing a pure bending moment by making use of measure theory in mathemat-
ics. Equation (1) will be the underlying principle of the axiomatic formulation of the moment of resistance
of RC beams. The concept of moment of resistance generalises the nominal moment and other moments
at all mechanical evolutionary stages of the RC beam such as the elastic moment, the cracking moment,
etc.

The measure theoretic system allows us to formulate the moment of resistance of a concrete beam with
any kind of reinforcement and configuration in a unified formal theory. This is due to the generality nature
of theories in pure mathematics, with no exceptions for measure theory. Whilst it is not the case in the
classical theory of concrete beams.
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2 Measure Theory

2.1 Measure Spaces

Measure theory is a branch of mathematics concerning the concept of measure, the generalisation of real
world concepts such as the length of a one dimensional object, the area of a two dimensional object and
the volume of a three dimensional object. Another notions falling into the realm of “measure" are the
mass of an object and the probability of an event. The readers are referred to (Salamon, 2016) for detailed
descriptions of measure theory. In addition, the mathematical writing in this paper incorporates a huge
amount of the language of first-order logic. Therefore, the readers are also referred to (Bergmann et al.,
2014). A few concepts in measure theory will be covered as follows.

Definition 2.1.1 (Measurable Space). (Salamon, 2016). Let X be a set. A o-algebra on X is a family A C
P(X) satisfying the following axioms:

Al XecA
A2VAc A, A% c A

A3 Given a collection {A;}72; C A, then

DAkEA

k=1
holds.
We call every A € A a measurable set. And we call the pair (X, .A) a measurable space.

Given a measurable space (4, A), by axiom A1 and A2 we can easily deduce that & € A. On the other
hand, by axioms A2 and A3, we can deduce that

ﬁBkEA,

k=1

with {By}72; C A. The readers are now referred to (Salamon, 2016) for the remaining basic properties
of measurable spaces.

Definition 2.1.2 (Measurable Function). (Salamon, 2016). Let (X, Ax)and (Y, Ay ) be measurable spaces.
Afunction f : X — Y is called a measurable function if and only if

VAe Ay, fH(A) € Ax .

The readers are now referred to (Salamon, 2016) for the basic properties of measurable functions. We need
also to observe the notion of Borel measurability (Salamon, 2016). In this case, we need to understand
the basic concepts in point-set topology (André, 2020). We will not cover these topics in this paper for
simplicity, therefore the readers are referred to the respective references.

Now we move to the definition of step function, which is fundamental to the formulation of Lebesgue
integral. The concept is presented on the following definition.

Definition 2.1.3 (Step Function). (Salamon, 2016). Let X be a set. A function s : X — R is called a step
function if and only if
In € N, #image(s) =n.

The symbol # on definition 2.1.3 above expresses the cardinality of a countable set (Stoll, 1979). From the
definition of step function as given on definition 2.1.3 we present the following proposition.

Proposition 2.1.1. Let X be aset. Let s : X — R be a step function. Suppose n € N such that

image(s) = {a1,...,an}.

Now we define
Vke{l,...,n}, Ay :=s'({ax}).



Now let x 4, : X — {0, 1} be an indicator function, that is,

1 :xe A

VmGX,XAk:—{O 'q:¢Ak’

forevery k € {1,...,n}. Then we can express s by
n
Vee X, s(x) = Zak “xA,(T) .
k=1

The readers are now referred to (Salamon, 2016) for step function approximation theorem. Now we will
oberserve the definition of measure space, which is given as follows.

Definition 2.1.4 (Measure Space). (Salamon, 2016). Let (X, A) be a measurable space. Amap i : A —
[0, <] is called a measure on (X, A) if and only if the following axioms are satisfied:

M1 A€ A, pu(A) < oo
M2 Given a family {A;}72, C A such that

Vi,jeN[i#j = A,NA;=0],
then
% <U Ak) = ZM(Ak)
k=1 k=1
holds.

Then we call the triplet (X, A, 1) a measure space.

Corollary 2.1.1. Let (X, A, u) be a measure space. Then p(2) = 0.

Proof. Let {Ax}72; € Asuch that 1(A;) < oo and
VkEe{2,...}, A =2.

Then

holds. By axiom M2 of definition 2.1.4 we obtain

p(Ar) = p <A1 ulYJ @) =p (U Ak) =3 u(Ar) = (A + Y p(Ar) = p(Ar) + 00 - pu(2),
k=2 k=1 k=1 k=2

which implies
oo - u(@)=0.

The only solution to the equation above is ;.(@) = 0in the sense of R (Salamon, 2016). Hence we conclude
that u(@) = 0. O
Theorem 2.1.1 (Measure Subspace). Let (X, A, 1) be a measure space. Let E € A such that E # &. Then

the following arguments hold:

i. The family
A ={A€c A|ACE}

is a o-algebra on E. Hence (E, Ag) is a measurable space on its own.

ii. The restriction map ug := u‘AE : A — [0, co] is a measure on (E, Ag). Hence (E, Ag, ug)isa
measure space called a measure subspace of (X, A, p).



Proof. (i) Since E C E, then E € Apg, which means that axiom A1 is satisfied. From axiom A2 and A3
we can infer that a o-algebra is closed under countable intersection (Salamon, 2016). Let B € Ag. Then
B C F and B € A. Clearly E € A by definition. Then we obtain

E\B=En(X\B)=EnBC°

By axiom A2, B¢ € A. Then by the expression above, we have E \ B € Ag, which shows that axiom A2
is satisfied. Now let { B }72; C Ag. Then we have By, C E and By, € A, for every k € N. Then we have

(@:

B, CFE.
k=1
And by axiom A3, we have
o0
U B e A.
k=1
The two arguments above imply
[ee]
U B € AE,
k=1

which shows that axiom A3 is satisfied. We conclude that Ag is a o-algebra on E, and (E, Ag) is a
measurable space on its own.

(ii) Note that by definition
VA e .AE, /LE(A) = ,LL(A) .

Since @ C E, then @ € Ag. And by corollary 2.1.1, we have
1e(2) = u(@) =0 < oo,

which shows that axiom M1 s satisfied. Now let { A }72; C Ag. suchthat A; N A; = @ whenever i # j,
for any i, 7 € N. Then by definition A, € A, for every k£ € N. Then by axiom M2 we obtain

pE (U Ak) =p (U Alc) => uA) = pe(Ar),
k=1 k=1 k=1 k=1

which shows that axiom M2 is satisfied. Hence pi isameasureon (E, Ag),and (E, Ag, pg)isameasure
space. O

The readers are now referred to (Salamon, 2016) for the basic properties of measure spaces.

2.2 Lebesgue Integral and Lebesgue Spaces

Lebesgue integration is an integration technique based on measure theory, introduced by Henry Lebesgue
(Lebesgue, 1904). This integration technique extends the integral to a larger class of functions. It also
extends the domain of integration. The formal definition of Lebesgue integral is given on the following
definition.

Definition 2.2.1 (Lebesgue Integral). (Salamon, 2016). Let (X, A, u) be a measure space. Let f : X —
[0, 0] be a measurable function. By step function approximation theorem (Salamon, 2016), for every
n € N there exists a step function s,, : X — [0, oo) such that

Ve e X, 0<si(z) <soz) < < f(a)

and
Ve e X, lim s,(x) = f(x).
n—oo

Then we define as follows:



i. The Lebesgue integral of s,, is defined by

My,

/ Spdp = Z an,kﬂ(An,k) )
X

k=1
for everyn € N.
ii. The Lebesgue integral of f is defined by
fdu:= sup/ Spdp.
X X

neN

iii. Let £ € A. The Lebesgue integral of f over E is defined by

/fdu::sup/sndu.
E neNJE

The readers are now referred to (Salamon, 2016) for the basic properties of Lebesgue integral, Lebesgue
monotone convergence theorem, o-additive property of Lebesgue integral, and Fatou's lemma. We now
moved to the integration of real-valued functions.

Definition 2.2.2 (Lebesgue Integrable Function). (Salamon, 2016). Let (X, A, i) be a measure space. Let
f : X — R be a measurable function. The function f is called Lebesgue integrable if and only if

/X|f|du<0<>~

We have seen that Lebesgue integral applies to nonnegative measurable extended real-valued functions
(definition 2.2.1). We will see the essence of definition 2.2.2 on the following two definitions.

Definition 2.2.3 (Positive and Negative Parts of Functions). Let X be a set. Now suppose a function f :
X —R.

i. The positive part of fisamap f™ : X — [0, co) defined by
Vo e X, fH(z) :=max {f(x),0}.

ii. The negative partof fisamap f~ : X — [0, oo) defined by
Ve e X, f(x) :=max{—f(z),0}.

Definition 2.2.4 (Lebesgue Integral of Real-Valued Function). (Salamon, 2016). Let (X, A, p) be ameasure
space. Let f : X — R be a Lebesgue integrable function. Let £ € A. The Lebesgue integral of f over E'is

defined by
[ ran=[ srau- [ 1 an.
E E E

The readers are now referred to (Salamon, 2016) for the basic properties of Lebesgue integral of real-valued
functions including o-additivity of the integral, scalar multiplicity of the integral and Lebsgue dominated
convergence theorem.

The family of Lebesgue integrable functions is a special class of functions in mathematical analysis. This
family forms a vector space over R (Roman, 2005). We will present this notion on the following theo-
rem. However, we omit the proof for simplicity, since the proof is covered comprehensively on (Salamon,
2016).

Theorem 2.2.1 (Lebesgue Space LY. (Salamon, 2016). Let (X, A, 1) be a measure space. We define a
family

£1(X,A,u)::{f:X—>R’/ f|du<oo}.
X

The family £* (X, A, 1) forms a vector space over R, and is called a Lebesgue Space.



In fact, the more general Lebesgue space is a space £P (X, A, p) with p € [1, co] (Salamon, 2016) (Biih-
ler and Salamon, 2018). However we will only use ﬁl(X, A, p) for the axiomatisation of the concrete
structure. Therefore, we do not present £? (X, A, ) in this paper.

3 Axiomatisation of RC Beams

3.1 The RCS-Space

Now we build the axiomatic definition of the cross section of a RC beam by making use of the concept of
measure space, as presented on the following definition.

Definition 3.1.1 (RCS-Space). Given a RC beam. Let (S, S) be a measurable space where S is the set of
all the points in the whole cross section of the RC beam. Suppose a map p : S — [0, co) such that p(A)
is the magnitude of the area (measure) of a region A € S. We call the triplet (S, S, p) the RCS-space if
and only if the following axioms are satisfied:

R1 p(S) < o0
R2 Given a family {Ux}72; C S such that

Vi,jeN[i#j = U;NU; = 2],

then . .
p (U Uk) = ZP(Uk)
k=1 k=1

holds.

If we compare definition 3.1.1 with definition 2.1.4, we will notice that an RCS-space is just a measure
space. The only difference is that, the area measure of RCS-space is a finite measure, while the measure
given on definition 2.1.4 is not necessarily finite.

Now we need to be aware that there are reinforcements installed on the cross section of a RC beam. And
the cross section of these reinforcements are within the set of all points of the whole cross section. Let us
now present the following definition.

Definition 3.1.2 (Bipartite). Let (S, S, p) be an RCS-space. Let C,R € Ssuchthat CN R = @. And
we designate C' to represent the set of all points in the concrete section, and R to represent the set of all
points in the reinforcements sections. And we may call the collection {C, R} the bipartite of S.

Proposition 3.1.1. Given an RCS-space (S, S, p), and the bipartite {C, R} of S (definition 3.1.2). We can
consider that in a RC beam cross section, there are only concrete material and reinforcements. Hence
C UR = S. Consequently, {C, R} is a partition of S.

Follows from equation (1), then there must be some region on the cross section of an RC beam undergoing
compression and some other region undergoing tension. We would like to formally define these regions.
But first, we need to define the stress functions of the materials. The stress functions can be of either
positive, negative or both values. By convention, negative value of a stress function indicates that the
material undergoing some compression. While the positive value of a stress function indicates that the
material undergoing some tension.

Definition 3.1.3 (Concrete and Reinforcements Stress Functions). Let (S, S, p) be an RCS-space. Let
{C, R} be the bipartite of S (definition 3.1.2). Suppose some functions b, ¢ : S — R. The functions b and ¢
are the concrete and the reinforcements stress functions respectively if the following axioms are satisfied:

S1b,te LS, S, p)
S2vVxeS, bz)<0
S3VxeR, bz)=0
S4avreC, tz)=0



The designation of axiom S2 is based on the empirical fact that the concrete has a good compressive resis-
tance but has a very poor tensile resistance (Weidmann et al., 1990).

Now we may generalise the stress functions into a single stress function coined as the general stress func-
tion. It is conducted by making use of the property of £!-functions (Salamon, 2016).

Definition 3.1.4 (General Stress Function). Let (S, S, p) be an RCS-space. Let b,t € L'(S, S, p) be the
concrete and the reinforcements stress functions (definition 3.1.3). The general stress function is a function
g : S — R defined by

Ve e S, g(x):=blx) +t(x).

Proposition 3.1.2. Let (S, S, p) be an RCS-space. Let g : S — R be the general stress function (definition
3.1.4). Then there exist functions b, ¢t € EI(S, S, p), which are the concrete and the reinforcement stress
functions, the such that g = b+ t. By theorem 2.2.1, L (S, S, p) is a vector space over R. Hence the addi-
tion of a pair of elements of £* (S, S, p) is another element of ch (S, S, p) (Roman, 2005). Consequently
ge LS, S, p).

We now present the compressive and the tensile regions of S as follows.

Definition 3.1.5 (Compressive and Tensile Regions). Let (S, S, p) bean RCS-space. Lett, g € L1(S, S, p)
be the reinforcements and the general stress functions respectively.

i. The compressive region of S is defined by

STi={xeS|g(x) <0}.
ii. The tensile region of S is defined by
St:={zeS|g(x)>0}.

The first property of compressive and tensile regions is given on the following theorem.

Theorem 3.1.1 (The Compressive and Tensile Regions as Nonpartition). Let (S, S, p) be an RCS-space.
Let g : S — R be the general stress function (definition 3.1.4). Let S~ and ST be the compressive and
tensile regions of S (definition 3.1.5). Suppose

dxe S, g(x)=0.
Then (i) S~ N ST = @, but (ii) {S~, S*} is not a partition of S.

Proof. (i) Let us recall that
Ve e S, g(x) =b(x) + t(z)

as described by definition 3.1.4. And by axiom S2, note that
Vo e ST, g(z) = t(z).
Then we obtain

S NST={xeS|glx)<0}n{xzes|tx) >0}
={z e S|bx)+t(x) <0}n{recS|tx) >0}
={zx e S|bzx)+t(x) <OAt(x)>0}.

Now let us observe the formula within the set builder notation on the latest expression above, that is
b(z) +t(z) <OAt(z) >0. (2)
Supposing b(x) = 0, then we will have

b(z)+t(x) =0+t(x) =t(z) <0 A t(z) >0,



which cannot exist. Then the solution to the expression (2) must be the empty set. Hence we obtain
STNSt={zeS|bx)+tlx)<0At(z)>0}=0a,
which proves statement i of the theorem.

(if) Since there are some x € X such that g(z) = 0, then

g ({0} £ 2.
From definition 3.1.5, we can also express
ST = g_l((_oo7 O)) ) 5t = g_l((07 OO)) .

Then we obtain

STUST =g (=00, 0)) Ug ' ((0, 0))
=g (=00, 0)) Ug™((0, 0)) UL
# g1 ((—00, 0)) Ug™H((0, 00)) Ug™'({0})
=g~ '((~00, 0) U{0} U (0, 00))
=9 '(R)
=9,
which proves statement ii of the theorem. O]

Now we may derive another property of the compressive and the tensile regions, as given on the following
theorem.

Theorem 3.1.2 (Measurability of Compressive and Tensile Regions). Let (S, S, p) be an RCS-space. Let
g : S — R be the general stress function (definition 3.1.4). Let S~ and S™ be the compressive and tensile
regions of S (definition 3.1.5). Then we have S™,S™ € S.

Proof. Follows from definition 3.1.5, we can express
S™ =g (=00, 0), S*=g""((0, 0)).

Note that both (—oco, 0) and (0, co) are Borel sets on R (Salamon, 2016) (André, 2020), which means that
they are measurable sets. Proposition 3.1.2 asserts that g € £'(S, S, p), then g is measurable. Conse-
quently, by definition 2.1.2 we have

971 (=00, 0)), g7H((0, 0)) € S,

which means S—, 5T € S. O

Follows from theorem 3.1.2 above, we may present a concept as given on the following definition.

Definition 3.1.6 (RCS™ and RCS™ Measurable Spaces). Let (S, S, p) bean RCS-space. Letg : S — R
be the general stress functions (definition 3.1.4). Let S~ and ST be the compressive and tensile regions of
S (definition 3.1.5). Theorem 3.1.2 asserts that S, ST € S.

i. We define
ST ={AeS|ACS}.
By part i theorem of 2.1.1, (S~, §7) is a measurable space which we call the RCS™ measurable
space.
ii. We define
St:={AecS|ACST}.

By part i of theorem 2.1.1, (ST, ST) is a measurable subspace which we call the RCS™ measurable
space.



3.2 Forces on the RCS-Space

Our intention in building a measure theoretic model for the RC beam is to compute the forces on the section
of the RC beam, and then with the forces we can compute the moment of resistance of the RC beam. Now
we will introduce a concept called the force map, as given on the following definition.

Definition 3.2.1 (Force Map). Let (S, S, p) be an RCS-space. Let g : S — R be the general stress function
(definition 3.1.4). We callamap F : S — R defined by

VAe S, F(A) :z/gdp
A

the force map on (5, S, p).

Form definition 3.2.1 above, we can derive several properties of the force map as given on the following
theorem.

Theorem 3.2.1 (Negative and Positive Forces). Let (S, S, p) be an RCS-space. Let g : S — R be the gen-
eral stress function (definition 3.1.4). Let F : S — R be the force map (definition 3.2.1). Let (S~, S~ ) and
(S*, S +) be the RCS™ and RCS™ measurable spaces respectively (definition 3.1.6). Then the following
statements hold:

i vVAeS ,F4) <0
i. VA€ ST, F(A) >0
Proof. Recalling definition 3.1.6, then we have S™,S™ C S. Then the Lebesgue integral of ¢ over some
element of either S~ or ST with respect to p is well defined. Let us recall the bipartite {C, R} (definition
312).Let X € S~ and Y € ST. And suppose
Xy =XnC, Xy:=XNR

and
Y, =YNnC, Y;:=YNR.

Hence { X}, X;} is a partition of X and {Y}, Y; } is a partition of Y since {C, R} is a partition of S. And let
b,t € El(S, S, p) be the concrete and the reinforcements stress functions (definition 3.1.3). Then by the
properties of Lebesgue integral (Salamon, 2016), we obtain

F(X)=/ngp

=/ gdp

XpUX,

:/ b+tdp+/ b+tdp
Xb Xt

/(b+t)><xb dp+/(b+t)><x,, dp
S S

= / bxx, dp + / txx, dp + / bxx, dp + / txx, dp
S S S S

:/bXdeP+O+O+/tXXth
s

= (/ b xx, dp — / b” X x, dﬂ) + (/ ttxx, dp— / U xx, dﬂ)
S S S S
<0 - / b” xx, dp) + (0 - / U xx, dﬂ>

S S
- </ b™xx, dp+/t’><xt dp)

S S

<0

9]



and

F(Y) = /Ygdp

= / gdp
Y,UY:

:/ b+tdp+/ b+ tdp
Ys Y;

- / (b+ t)yy, dp + / (b+ t)xy, dp
S S

:/bebdp+/tbedp+/bXY,,dp+/tXY,,dp
S S JS S

:/bXdeP+0+O+/tXYth
s s

= (/ b Xy, dp—/b‘be dp) + (/ t*xy, dp—/t_Xn dp)
S S S S
:(0—0)+</t+xytdp—0)
S

= / t*xy, dp
S

>0

which prove statements i and ii respectively. O]

We have designated for this theory that the RC beam undergoes a pure bending moment, which con-
sequently require the force resultant in the system to be zero. Now we will present this principle as a
postulate, which is very fundamental for this theory.

Postulate 3.2.1 (Force Equilibrium). Let (S, S, p) be an RCS-space. Let F : S — R be the force map
(definition 3.2.1). Then

F(S)=0
must hold.

A consequence of postulate 3.2.1is given on the following theorem.

Theorem 3.2.2 (Compressive and Tensile Regions Equilibrium). Let (S, S, p) be an RCS-space. Let S~
and ST be the compressive and tensile regions of S (definition 3.1.5). Let F : S — R be the force map
(definition 3.2.1). Then we have

F(S7) = —F(S™).

Proof. Theorem 3.1.1 asserts that {5, S*} is not a partition of S even though the sets are disjoint. Then
let us define
N:=S8\ (S ush).

Consequently, {S~,S*, N} is a partition of S. Note that by axiom A2, N € S. By definition 3.1.5 and
theorem 3.1.1 we will obtain
N={zeS|g(z)=0}.

F(N)=/Ngdp=/sg><zvdp=0-

By postulate 3.2.1 and o-additive property of Lebesgue integral (Salamon, 2016), we obtain

Hence we have

0=F(S)
=F(S"USTUN)

10



/S US*UN
/ gdp+/ gdp+/ gdp
S— N

gdp+

Il
\

gdp+0
S-

S+
F(S™ +Fw)

Theorem 3.2.1 asserts that F(S™) < 0 and F(S™) > 0, which means that both forces cannot be 0. Hence
the expression above implies

F(57) = ~F(s"),

which proves the theorem. O]

3.3 Central of Gravity of Sets and UM-Distance

One of important components in the theory of flexural bending is the distance between the centroids of
the compressive and tensile regions. By the force couple principle (Du-Bois, 1902), we require the distance
separating the forces in the couple to compute the equivalent moment by multiplying one of the absolute
value of the forces with the distance. This distance is unidirectional to the rotation of the occurring mo-
ment. We call the distance the UM-distance. We use the concept of pseudometric space (Kurepa, 1934)
to formally define the UM-distance on an RCS-space.

Definition 3.3.1 (UM-Distance). Let (S, S, p) be an RCS-space. Lett/ C S. Amap
dym U — [0, 0)
is called a UM-distance on I/ if and only if the following axioms are satisfied:
WMVYUel, dm(U,U)=0
U2 VU,V eld, dym(U, V) = dym (U, V)
U3 VU, V,W €U, dum(U,V) < dum (U, W) + dym (W, V)

Now our task is to construct a UM-distance on an RCS-space. However, we will first present a new
measure space concept on the RCS-space as given by the following theorem.

Theorem 3.3.1(7-Measure). Let (S, S, p) be an RCS-space. Let g : S — R be the general stress function
(definition 3.1.4). Let A € S. By theorem 2.1.1, a family

Sa:={BeS|BC A}

is a o-algebra on A. Hence (A, S4) is a measurable space. Amap 74 : Sa — [0, 1] defined by
VB € Sa, Ta(B) = — / gld
A, TA = gl dp
fA lgldp Jp

is a measure on (A, S4). Consequently (A, Sa, T4) is a measure space.

Proof. Obviously, & € S4. Then we obtain

1 / 1
L [ gldp= L 0=0 <00,
Salgldp Jo Lalgldp

which shows that axiom M1 is satisfied. Now let { B, }72; C S such that B; N B; = @ whenever i # j.
Then by o-additive property of Lebesgue integral (Salamon, 2016), we obtain

(U Bk) fA|9|dP/uk . gl dp

1

TA(Q) =



1 “/
:——*E lgl dp
Jalgldp = Js,
n
1
= Jim 3" [ gl
n—>ook:1 fA |g|dp B
= Jim 3 ral)

= ZTA(Bk) )
k=1

which shows that axiom M2 is satisfied. Hence 74 is a measure on (A4, S4). O

Now we introduce a function called the unidirectional function as given on the following definition.

Definition 3.3.2 (Unidirectional Function). Let (S, S, p) be an RCS-space. Let g : S — R be the general
stress function (definition 3.1.4). Let r € S be a point called a reference point. Supposeamap Y, : S — R
such that for every x € S, |Y,.(z)| is the distance between r and x unidirectional to the moment on the RC
beam, and forevery A € S, )’,.|A € L'(A, Sa, 74) holds where (A, S4, T4) is a measure space as given
on theorem 3.3.1. And we call Y, the unidirectional function. By convention, Y,. can be of either positive
or negative value. If r is closer to the extreme fibre than x then Y,.(x) is positive and vice versa, for every
x € S. And the signed distance between r and the centroid of A is given by

/YT|AdTA.
A

An important property of the unidirectional function is given on the following theorem.

Theorem 3.3.2. Let (S, S, p) be an RCS-space. Let g : S — R be the general stress function (definition
3.1.4). Let r € S be a reference point. Let Y, : S — R be the unidirectional function (definition 3.3.2). Let
A € S. By theorem 3.3.1, (A, Sa, Ta) is a measure space. The expression

1
Y, dmz—/x-gdp
A’A Jalgldp Ja 91

holds.

Proof. Definition 3.3.2 asserts that YT|A IS [II(A7 S, Ta). Hence

/

By definition, we have that Y, = Y, | A everywhere on A (Salamon, 2016). Then by the property of Lebesgue
integral (Salamon, 2016) and follows from theorem 3.3.1, we obtain

1 1
K.mz———/n d:———/nd,
A'AA Salgldp Ja [aloldp Salgldp Ja lolde

which proves the theorem. O

Vo o[ dra < o0

Now we present the UM-distance on an RCS-space on the following theorem.

Theorem 3.3.3 (UM-Distance). Let (S, S, p) be an RCS-space. Let g : S — R be the general stress
function (definition 3.1.4). Let (S, S7) and (S™, S*) be the RCS™ and RCS™ measurable spaces
(definition 3.1.6). Let r € S be a reference point and let Y, : S — R be the unidirectional function
(definition 3.3.2). Amap dy,, : S~ UST — [0, 0o) defined by

VA,B €S US", dym(A,B) := ‘/ Yr‘AdTA—/Yr’BdTB
A B

is a UM-distance on S~ U S, where (U, Sy, 1v) is a measure space with respect to theorem 3.3.1, for
everyU e ST US™.
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Proof. Let U, V,WW € S~ U S™. By the Lebesgue integral property (Salamon, 2016), we have
dum(U,U): / YT’UdTU_/ YI“’UdTU
U U

= /YT’UfyT‘UdTU
U

= /OdTU
U

:07

which shows that axiom U1 is satisfied. We also have

dum(UvV):’/UY;“’UdTU_/VY;"’VdTV

'(1) </ Yr|vd7—V/Y;"’UdTU>‘
14 U
:—1‘/ YT|VdTV—/YT|UdTU
U
'/Y’VdTV /}/r’UdTU
U

=dum(V,U),

which shows that axiom U2 is satisfied. And again, we obtain

dun(0.V) =| [ Yol dr = [ Y|, dr
U 14

= /YT|UdTU—/ Y}’WdTw-l-/ mwdTw—/mvdTv
U w w 1%

< /mUdTUf/ Yr’WdTler‘/ YT|WdTW7/YT|VdTV
U w w 174

= dum(U, W) + dum (W, V),

which shows that axiom U3 is satisfied. Hence we conclude that d,,,,, is a UM-distanceon S™ US™T. O

The formal definition of the UM-space is presented on the following definition.

Definition 3.3.3 (UM-Space). Let (S, S, p) be an RCS-space. Let g : S — R be the general stress
function (definition 3.1.4). Let (S, S7) and (ST, S*) be the RCS™ and RCS™ measurable spaces
(definition 3.1.6). Let r € S be a reference point and let Y, : S — R be the unidirectional function
(definition 3.3.2). By theorem 3.3.3, amap dy,,, : S~ US™T — [0, 00) defined by

VA, BE€S US", duym(A,B) = ‘/ YT‘AdTA_/Y;"’BdTB
A B

is a UM-distance on S~ U S™. And we call the pair (S~ US™, d,,,) the UM-space.

Proposition 3.3.1. Let (S, S, p) be an RCS-space. Let g : S — R be the general stress function (defintion
3.1.4). Let (S~ US™, dym) be the UM-space (definition 3.3.3). Follows from thoerem 3.3.2, we obtain

1 / 1
—— Yrgdp—/Yrgdp’-
fA|g|dp A 1 fB|g|dl) B 1

VA, B €S UST, dym(A,B) =

3.4 Moment of Resistance

Now we present the formal description of the moment of resistance of an RC beam undergoing a pure
bending moment as a postulate and its derivation below.

13



Postulate 3.4.1 (Moment of Resistance). Let (S, S, p) be an RCS-space. Let g : S — R be the general
stress function (definition 3.1.4). Let r € S be a reference point, and let Y, : S — R be the unidirec-
tional function (definition 3.3.2). Let (S~ U ST, dyum) be the UM-space (definition 3.3.3). The moment of
resistance of the RCS-space is given by

o
S*

M(S, S, p) =

)

1 1
i [ Wilgldp— o | Vilaldp
Js—lgldp Js- Js+ lgldp Js+
for every x € {—,+}.

Derivation. By equation (1) (as implied by the force couple principle (Du-Bois, 1902)), the moment of a
RC beam is equal to the multiplication of the absolute value of the force on either compressive or tensile
region with the distance separating the compressive and tensile regions. Then by our axiomatic theory, we
have

M(S, S, p) = |F(S*)| - dum(S~,ST),

such that F : S — R is the force map (definition 3.2.1), and (S~ US™, d,,,) is the UM-space (definition
3.3.3). Follows from definition 3.2.1 and proposition 3.3.1, we obtain

M(S7 87 P) = ‘F(S*)‘ : dum(S_as+)

1 1
= gdp‘ 7/ legldp—i/ Y, |gldp
/s* Js-lgldp Js- Js+ lgldp Js+

hence the postulate. O

)

4 Validation

As a simple validation, we will present the derivation of the conventional RC beam’s nominal moment
equation via our axiomatic theory as presented on section 3. A conventional RC beam is a RC beam with
steel rebars being the sole reinforcement.

Suppose we are given a rectangular conventional RC beam undergoing some ultimate moment M, > 0.
Let b,h > 0 be the breadth and the height of the beam section respectively. Let f., fs, f, > 0 be the
magnitude of the concrete ultimate compressive stress, the steel compressive stress and the magnitude
of the steel yield stress respectively. Let A5, A’, > 0 be the magnitude of the area of the compressive and
tensile regions of the rebars respectively. Let d > 0 be the distance between the extreme compressive
fibre and the central of gravity of the tensile region of the rebars, and let d > 0 be the distance between
the extreme compressive fibre and the central of gravity of the compressive region of the rebars. Suppose
d < d.

Now suppose an RCS-space (S, S, p) (definition 3.1.1) representing the RC beam, where S is the set of
all points on the RC beam cross section. Then we have

p(S) = bh.

Let g : S — R be the general stress function (definition 3.1.4). Based on the assumptions given above
as well as equivalent rectangular stress distribution principle of the concrete (Darwin et al., 2016), we
designate

image(g) = {—0.85f;, = fs, 0, fy} .
Consequently, g is a step function by definition 2.1.3. For convenience, we define
C™:={zxeS|glx)=-085f},
R™:={zxeS|g(x)=—fs}, and
RT:={zeS|g(x)=f,}.
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The compressive and tensile regions of the RCS-space (definition 3.1.5) are given by
ST={zxeS|g(x) <0}
={z €8 |g(x) =085/, Vg(z) =—fs}
= {zeS|gla)= 085/} UfreS|gx)=—f)
=C"UR™
and
St ={zeS|g(x) >0} ={reS|g(x)=f,} =R" (4)

respectively. Then by Whitney stress block principle (Whitney, 1937), there exists some a > 0 such that
a < dand

p(C™) =ab.
And we also have

p(R7) = A,
and

p(RF) = A,.

Follows from equation (3) and by axiom R2, we have
p(S7)=p(CTURT)=p(C7)+p(R") =ab+ Aj.
And follows from equation (4), we have
p(ST) = p(RT) = A;.

Let F : S — R be the force map (definition 3.2.1). Then the force on S~ is given by

F(sw:/s_gdp

:/ g+dp—/ g~ dp
. o

= [fy-p(R*NS7)] = [0.85f.- p(C™ NS™) + fs - p(R"NS7)]
= [fy - p(2)] = [0.85f; - p(C™) + fs - p(R7)]

—0— [0.85f.-ab+ fs- A]

= —0.85f -ab— f,- AL.

And the force on S is given by

F(ST) = /S+gdp

=/ g+dp—/ g~ dp
S+ S+

= [fy - p(RTNST)] = [0.85f; - p(C™ NST) + fs- p(R™ N ST)]
= [fy - p(R)] — [0.85f.- p(@) + fs - p(2)]

= [fy-As] — [0.85f.-0+ fs-0]

=fy- A,

And by the force equilibrium postulate (postulate 3.2.1), we have
fy - As =F(ST)=-F(S7)=0.85f.-ab+ f,- A.. (5)

Now let r € S be a reference point. As a designation, suppose r is located at the extreme compressive
fibre. And let Y, : S — R be the unidirectional function (definition 3.3.2). Let (S~ U S™, d,,,) be the
UM -space as defined by definition 3.3.3. Then we have

a
Y, ,dT(;f:f,/ Y, 7dTR—:d/,/ Y| .. drgs =d. (6)
/C* ’C 2 R ’R R+ ‘R+
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Follows from theorem 3.3.2, we obtain

1
Y| Ao dro- = 7/ Y.|g|dp
/c— - dro Jo-lgldp Jo- |

/Yr|gdP:</ gldp> (/ Y;«|Cd7'c—>. (7)
Cc- Cc- c-
1
Y|, drp = ——— [ Yi|g|d
/R— o 4 fR-Igldp/- Isldp

/Rin|g\dp= (/R |gdp> (/RmR dTR) | @)

And by o-additive property of Lebesgue integral (Salamon, 2016), we obtain

1
Y, —defii/ Y |gldp
/S* s Js-l9ldp Js-

: /
=0 Ygldp
fc,uR, |g| dp Jo-Ur-
1
= Ylgldp+/ Ygldp>
Jo-lgldp+ [n- gldp( o- R

1
= d / Y, . d )
Jo-lgldp+ [4- gldp[(/c o p) ( o lo- dre
+ (/ lg| dp) (/ YT’R— dTR>] (from equations (7) and (8))
R-

_0.85f-ab- 4+ fo- AL d
- 0.85fL-ab+ fo- A

which implies

Likewise, we obtain

which implies

(9)

(from equation (6))

By postulate 3.4.1, the nominal moment is given by

M, = M(S, S, p)
e -
= gdp| | ——— gl dp — ——— »lgldp
s+ Js-lgldp Js- Js+ lgldp Js+
Y|, dre- — | Y.|..d
| s are = [ g drse
/S+YT|S+ dTg+ 7/7Y7’|S— drg-
/mmm drp+ —/Si Yy |g drs-

0.85f.-ab- 2 s Al d
:fyAs d* fc a 2+f S
0.85f" - ab+ f, - AL
(d_o.85f;-ab-g+fs-A;-d
fy'As

= [F(s")

(from theorem 3.3.2)

= [F(sT)

= [F(sT)

(from equation (4))

(from equation (9))

:fyAs

!
) (from equation (3.2.1))

= fy- A-d— (0857, b.9+fs.A/.d/>

= fy Ag-d— [(085f,-ab+ f - A5+ fo A, (d/_i)}
=fy-As- {(fy S) — fs - A (**d')](fromequation(3.2.1))
= fu- s d §)+fs'A's(§‘d')

which is the classical equation of the conventional RC beam nominal moment (Darwin et al., 2016).
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5 Conclusions and Future Work

This paper has presented the axiomatic theory of the RC beam undergoing a pure bending moment by mak-
ing use of measure theory in pure mathematics. We have formally defined the RCS-space, the measure
space representing the cross section of a RC beam on definition 3.1.1. The stress functions representing the
stresses of the concrete and reinforcements are unified into an £*-function called the general stress func-
tion. The properties of RCS-space are derived as theorems on section 3.1. The forces on the RCS-space
are formally defined as the Lebesgue integral of the general stress function on section 3.2. We have also
introduced new concepts called the UM-distance and the UM-space to determine the central of gravity
of sets within the RCS-space as well as to determine the distances between the sets on section 3.3. Then
the moment of resistance of a RC beam have been presented as a Lebesgue integral expression on postu-
late 3.4.1. It has also been shown that one is able to derive the classical equation for the conventional RC
beam nominal moment via this axiomatic theory on section 4. It gives a clear evidence that this axiomatic
theory serves as a general theory representing any kind of RC beam.

We are interested in deriving more equations for unconventional RC beams via this axiomatic theory as well
as demonstrating a novel approach in the computation of RC beams’ moment of resistance by treating this
axiomatic theory as the foundation of the beam computation’s algorithm.
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