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Abstract

Within the framework of plane strain nonlinear elasticity, we present a discussion on the stability prop-
erties of various Enhanced Assumed Strain (EAS) finite element formulations with respect to physical and
artificial (hourglassing) instabilities. By means of a linearized buckling analysis we analyze the influence of
element formulations on the geometric stiffness and provide new mechanical insights into the hourglassing
phenomenon. Based on these findings, a simple strategy to avoid hourglassing for compression problems
is proposed. It is based on a modification of the discrete Green-Lagrange strain, simple to implement and
generally applicable. The stabilization concept is tested for various popular element formulations (namely
EAS elements and the assumed stress element by Pian and Sumihara). A further aspect of the present
contribution is a discussion on proper benchmarking of finite elements in the context of hourglassing. We
propose a simple bifurcation problem for which analytical solutions are readily available in the literature. It
is tailored for an in-depth stability analysis of finite elements and allows a reliable assessment of its stability
properties.

1 Introduction

The incentive for the present work emanates from the unsolved problem of artificial instabilities encountered in
large strain nonlinear finite element analyses in the field of solid and structural mechanics. The problem that
is addressed is briefly summarized in the following.

Standard Galerkin finite elements may suffer from locking and perform too stiff in certain situations. One
of the first ideas to remove locking was to use reduced integration but it was soon detected that this may lead
to artificial instabilities [1, 2]. Such artificial instabilities are often denoted as hourglassing, because in the
pattern of the artificial buckling modes, pairs of elements resemble the shape of an hourglass. Later, hourglass
stabilization has been developed to alleviate this problem, see e.g. [3, 4]. In the meantime, numerous alternative
“unlocking” schemes have been developed, which are mostly stable in the linear case. For the important class
of mixed finite elements in the linear regime, numerical stability can be guaranteed by the celebrated inf-sup-
condition [5].

In the context of nonlinear problems, however, the flexibility introduced by unlocking schemes may give rise
to unphysical unstable configurations, even if full integration is used and the elements are stable in the linear
case. This was first described by Wriggers & Reese [6] and De Souza Neto et al. [7]. The problem appears to be
intrinsic to many typical approaches that are taken to remove locking and is not an exclusive quality of only a
few particular strategies in finite element technology. To the authors’ best knowledge, in contrast to the linear
case, there is no mathematical theory for numerical stability for general nonlinear problems. One of the reasons
is that the exact solution may contain physical instabilities, such that naively requiring the finite element model
to be stable, over all ranges of deformation, is not appropriate. Accordingly, finite element models should be
able to capture physical instabilities, without presenting extra unphysical instabilities associated to numerical



pathologies. The delicate distinction of pathological numerical instabilities and physical instabilities is one of
the key challenges tackled in this paper.

Similar to physical instabilities, artificial, unphysical instabilities can be induced by geometric or material
nonlinearity, see Reese et al. [8, 9]. When trying to analyze the underlying effects, it is crucial to separate these
two classes of nonlinear problems. In the following, we will therefore refer to geometric hourglassing for the
former and material hourglassing for the latter case.

Despite the considerable amount of literature, the development of nonlinear finite elements has not reached
the same level of maturity as it is the case in the linear regime. The following literature review is restricted to
some selected works and we refer to the recent overview by Pfefferkorn & Betsch [10] as well as Chapter 10 of
Wriggers [11] for further references.

In analogy to geometric (structural) instabilities we introduce the term geometric hourglassing and relate
it to artificial instabilities that occur under compressive stress states, triggered by negative geometric stiffness.
First investigations by Simo & Armero [12] and Wriggers & Reese [6] showed that this type of hourglassing
occurs for Enhanced Assumed Strain elements (EAS) [13] in the presence of large compressive strain and may
be identified by negative eigenvalues of the element stiffness matrix. For rectangular elements it can be shown
that the strain enhancement that eliminates shear locking is responsible for this pathology.

From an engineering viewpoint, this type of instability can be associated with “buckling on element-level”,
where the negative geometric stiffness triggers geometric hourglassing, see e.g. Reese et al. [8] and Wall et
al. [14]. In [14] it is shown that the well-known hourglass patterns can be explained by the violation of inter-
element continuity, along with the equivalence of EAS elements and the method of incompatible modes. As the
denomination “geometric hourglassing” suggests, this type of instabilities is strongly influenced by the element’s
geometric properties. Thus, for elements with a large aspect ratio, geometric hourglassing can already occur in
small strain regimes, as descriptively shown in Sussmann & Bathe [15], see also the aspect ratio dependent modal
analysis in Armero [16]. Geometric hourglassing is not only restricted to EAS elements, but is also observed
for other element formulations such as assumed stress elements [17] and reduced integrated elements [18]. As
shown for the compression problem in Auricchio et al. [19] (Section 6.1.2), some displacement-pressure type
formulations may also suffer from geometric hourglassing, although less pronounced compared to standard EAS
elements.

Many remedies against geometric hourglassing are, explicitly or implicitly, based on a modification of the
geometric tangent. For the classical EAS formulation [12], Korelc & Wriggers [20] proposed a simple modification
of the enhanced shear strain, such that the geometric stiffness parts that trigger hourglassing are eliminated
(cf. Section 2 in this work). The element shows no geometric hourglassing, but further technical modifications
are required to ensure objectivity, see e.g. [21, 10]. With the same outcome, Wall et al. [14] constructed a
variational, deformation dependent stabilization procedure that eliminates the critical parts of the geometric
stiffness for a special two-dimensional case. A similar philosophy was pursued by Reese et al. [8] in the context of
reduced integrated elements, combined with physical stabilization. They proposed to neglect the (destabilizing)
geometric part of the hourglass “stabilization”. Other elements that are free from geometric hourglassing
are the Cosserat point element by Nadler et al. [22] and the EAS formulation by Mueller-Hoeppe et al. [23],
both incorporating linear elasticity theory for the construction of the higher order stiffness. However, in the
present study we propose a more generally applicable concept with improved performance for nonlinear bending
dominated problems.

Since the remedy of shear locking is critical with respect to geometric hourglassing, an obvious way to
alleviate it is to simply accept shear locking and rely on formulations that exclusively deal with volumetric
locking, e.g. displacement-pressure type formulations [24] or reduced EAS or mixed formulations [25, 17].

Apart from EAS related literature, other recent contributions to element technology for large strain problems
are available. The authors want to highlight in particular the triangular element formulations with edge degrees
of freedom of Neunteufel et al. [26], the nonconforming formulations of Bayat et al. [27] as well as formulations
based on a polyconvex structure of the strain energy functions [28, 29]. Each of the contributions showed a
good performance for the considered set of large strain problems. However, these discretization concepts are
out of the scope herein.

The term material hourglassing will be used to describe artificial instabilities which arise due to material
nonlinearities, usually accompanied by strain softening, i.e. horizontal tangents in the stress strain relation.



These phenomena are closely related to (global) physical instabilities as well as material instability of the
underlying constitutive model, see e.g. Petryk [30] or the descriptive discussion in Chen & Baker [31].

Material hourglassing, as opposed to geometric hourglassing, is driven by a negative material stiffness. In the
context of EAS elements it was shown by Armero [16] that the strain enhancement that eliminates volumetric
locking is responsible for this type of numerical instability. Typical cases in which material hourglassing is
observed for EAS elements are inelastic problems, such as the necking simulations of stretched specimens [32, 33].
However, also elastic simulations under certain tensile stress conditions can exhibit material hourglassing, as
shown in Reese et al. [8] (Section 4.5.2). Besides EAS elements, displacement-pressure type formulations (e.g.
Q1/P0) may also suffer from material hourglassing, although less pronounced, see e.g. [12, 34] or Auricchio et
al. [35, 19]. In this context it was shown by Schréder et al. [24] that numerical stability of two-field formulations,
with an independent pressure field as additional unknown, can depend on the choice of the penalty function
that weakly enforces the volume constraint, whereas the classical three-field formulation of Simo et al. [36] is
more robust. Interestingly, the combined formulation of Q1/P0 and EAS of [16] shows promising results for 2D
problems but fails in 3D simulations, as recently shown by Hille et al. [37].

Resolving the issue of material hourglassing remains rather laborious and many approaches involve a reintro-
duction of locking. In order to alleviate material hourglassing, Simo et al. [32] proposed higher order integration.
This, however, appears to be a pyrrhic victory, because the higher order integration introduces certain locking
effects that only appear in nonlinear problems. These higher order, nonlinear locking phenomena have been
detected only recently by Willmann et al. [38]. In fact, it is this nonlinear locking phenomenon that produces
the stabilizing effect.

With a similar motivation Glaser & Armero [21] proposed to stabilize EAS elements via a variational control
term, penalizing the EAS-induced volumetric energy, see also [39, 40]. This typically requires a proper choice
for the penalty factor, i.e. a balance between the numerical model being too stiff (reintroducing locking) and
too flexible (hourglassing). An ad hoc stabilization was proposed by Reese [41] by enforcing a positive definite
tangent and thus ensuring a positive hourglass (stabilization) stiffness. Typical drawbacks of this approach are
its parameter dependency as well as loss of accuracy in bending dominated problems. Similar to the case of
geometric hourglassing in Reference [23] material hourglassing is avoided via a linear elastic description of the
higher order stiffness.

Ongoing research activities in the field indicate that, despite the presence of individual solutions, a general
solution or understanding is still lacking. This point of view is strengthened by the authors’ observation that the
aforementioned formulations have barely entered commercial finite element codes. Therefore, an improvement
of existing established formulations is a primary motivation in the present contribution.

A further essential difficulty in the analysis of numerical instabilities coming along with geometric and
material hourglassing is that they are inevitably connected to deformation states which are also potentially
prone to physical instabilities. Thus, getting a clear view on whether or not hourglassing is present, one always
has to cope with the physical instability problem, see Auricchio et al. [35]. It is therefore essential to consider
both effects in a proper analysis of nonlinear finite elements. The requirements on proper element design are
twofold: (i) physical instabilities should be captured accurately, i.e. good convergence towards the correct
critical points with mesh refinement, which is achieved by a consistent finite element formulations as well as
a locking-free response; (ii) artificial instabilities should be excluded, i.e. a singular stiffness matrix should
exclusively be related to a physical instability.

The remainder of the paper is structured as follows: Section 2 aims to show, in a simplified manner, how
locking-free element formulations influence the geometric stiffness and how this triggers numerical instabilities.
Section 3 reviews some popular element formulations from literature. Closely related to the work of Armero [16],
the modal analysis in Section. 3.4 provides some additional insights in terms of geometric and material hour-
glassing. The core contribution of this work consists in the stabilization concept to avoid geometric hourglassing
in Section 4 as well as the in-depth analysis of the benchmark setup proposed in Section 5. Finally, a collection
of elements is tested for some standard benchmarks in Section 6.



2 Physical and artificial buckling: some simple considerations

2.1 Element stability

With the aim of explaining how unlocking schemes have an influence on the geometric stiffness and trigger
artificial buckling, we focus on the stability properties of a two-dimensional L§ x L§ rectangular incompatible
mode element! from Wilson et al. [42]. The element is under plane strain conditions with out-of-plane unit
thickness, furthermore kinematic constraints are enforced such that the displacements are zero at the element
centroid. A homogeneous uniaxial stress state o292 = —7p is applied, see Fig. 1 (a), where p is a reference (unit)
load and 7 is a load parameter, indicating the load magnitude.

To gain some mechanical insights on the element’s stability properties, we consider a classical pre-buckling
analysis [43]

(Ke +7KyN)® =0  with & # 0. (1)

Here K., is the linear elastic stiffness matrix and KEIN is the linearized geometric stiffness matrix, defined as
KIgJIN = %thzo, where K, is the fully nonlinear geometric stiffness matrix. The smallest positive eigenvalue
of this generalized eigenvalue problem provides an estimate for the critical load factor 7. and the corresponding
eigenvector ® indicates the buckling mode.

With natural element coordinates (£,1) € Qe = [—1, 1]2 and taking into account the aforementioned
geometric constraints, a general displacement field within the element can be expressed as

c ~ 1 Cl£+C37]+05€7] 1 07(772 — 1)
u=uwtu=g T , 2
2 [cm +cs€ +eefn| 4 |es(€2 - 1) (2)

compatible incompatible

where parameters cy_g represent the compatible displacement modes and c;_g are the incompatible modes,
introduced to eliminate shear locking.

In the following, we study the properties of stiffness matrices referring to c;_g as generalized degrees of
freedom. Using a standard isoparametric mapping Q.. — €2, the linear elastic stiffness matrix for an isotropic
elastic material with Young’s modulus E, shear modulus G = E/2 (implying that Poisson’s ratio is zero) and
element aspect ratio ro = L$/L$ is given as

K 0
AB e
K= (K27 = ' )] )
with
E 0 o0 o0 £ 1 ar. 0 0 G
o |0 Ere 0 0 1 0 Ere+% G 0
K, = 0 0 Gr. G and K, = 3 0 G Gr. 0 (4)
o o & £ G 0 0o £

Here, the upper indices A, B refer to the modal degrees of freedom c4 and cg. The first part KO contains the
three constant strain modes, required for consistency, and a rigid body rotation. The second part K} represents
the stiffness related to the non-constant strain modes c5_g. The issue of in-plane shear locking is reflected by
the shear terms in K2® = E/(3r.) + Gr/3 and K% = Er./3 + G/(3r.), which become infinite for the limit
cases r, — o0 and r, — 0, respectively. However, thanks to the incompatible modes this pathology is removed.
For more details we refer to Appendix A. We focus now on the implications of ansatz (2) on the geometric
stiffness matrix, which turns out to be a diagonal matrix

K, = 7K™ =7 diag (O, —pro. —pre, 0.~ 555, ~ —?,0) (5)

1For undistorted elements this is equivalent to the EAS formulation of Simo and Armero [12]. See also the Q1/H4 element in
Section 3.3.
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Figure 1: (a) Model problem and (b) infinitesimal line segment dX; x L§ and load dP = ypdX;. (c)-(e) Modes
where the P-A-effect contributes to the geometric stiffness via integration of (9¢/0A)2dP over the element
domain.

Here, the essential trigger mechanism for geometric instabilities are the three underlined terms. They are related
to a phenomenon denoted as “P-A-effect” in structural mechanics.? It is a destabilizing stiffness that emanates
from a change of lever arms of axial forces due to lateral displacements in axially compressed structures. To
specify this further, computation of the entries of the geometric stiffness matrix can be boiled down to (no
summation)

KAA — il(HTH)'UdA: 8721(]{2 +H2)'0' dA (6)
g o 0c% 2 ' 0 0cy 20 12 22) 7722

with the displacement gradient H = Grad u. Herein, the stiffness contributions due to

H2 — <3U1 )2 _ (c3 + c5€ + ern)?
20X, (Ls)

(7)

are associated with the P-A-terms. A geometric illustration of the involved element strain modes 3, 5 and 7
is given in Fig. 1 (b)-(e). Next, the degrees of freedom c¢; and cg, associated with the incompatible modes, are
eliminated on element level via static condensation. This provides a reduced stiffness matrix, which is given in
Appendix A. For small ratios of o5/ F the reduced stiffness matrix can be approximated as

E Te
= 0 =099 0
Kl ~ | 3re 3 8
red [ 0 E;e:| + [ 0 'r§;|;10_22‘| ( )

and we will work with this approximation in the following.

With these preliminary considerations we now focus on critical load factors . that are solutions of the
eigenvalue problem (1). For the part of the stiffness matrix associated with the constant strain modes, the only
instability on element level is the rigid body rotation with 7, = 0. The geometric term K, §3 = —pr, is crucial
for consistency, i.e. providing the correct (physical) stability behaviour with mesh refinement. The stability
properties of the higher modes are directly linked to two different geometric hourglass phenomena:

1. For a large aspect ratio r, > 1 geometric hourglassing is likely to occur in the shape of mode 5. It is
triggered by the negative geometric stiffness Kg55 = —vpr./3 associated with this mode. With the shear
locking free reduced stiffness (after static condensation) we obtain

E  yepre E
o — =0 — ¢
3. 3 7

55 __
Krcd -

(9)

=2
pre

This value represents an approximation of the critical load factor that yields the “classical” geometric
hourglassing of mode 5.

2Mostly associated with the lateral geometric stiffness —P/L of an axially loaded column of length L and compression load P.



2. On the other side, for small aspect ratios re < 1 (L§ < L$), the geometric term Kg = —7pre/3, related
to the incompatible mode 7 triggers an instability of mode 6. With the approximated reduced stiffness
(after static condensation, cf. Appendix A.1) we obtain

Ee C e C. E2 E
66 n o JPle TPy — %:7%2 ~—rp (10)
p(l+72) p

This represents the value that triggers hourglassing of mode 6 and resembles a (quadratic) Ritz approx-
imation of the Euler buckling load pFue" = 72Er2/12 ~ 0.82Fr2 of a beam pinned at both ends. In
literature it is frequently concluded that this mode is “physically correct”. However, this is refuted within
the next subsection.

A similar analysis, based on small strain theory, can also be found in the work of Sussman & Bathe [15]. It is
shown in the next section that both element instabilities (mode 5 and 6) can spoil the real, physical instability
properties and yield undesired hourglass patterns.

An alternative formulation, denoted as Q1/HT4 (cf. Sec. 3.3.3), relies on the “transposed Wilson modes”
proposed in [20, 21]. This enhancement cannot be derived from an incompatible displacement field. It can be
incorporated within the EAS framework via the strain enhancement H = Gradu”. By a similar analysis as
above (cf. Appendix A.2) it can be shown that the reduced hourglass stiffness then reads

E  ypre YPre E Ere  vpre
K5 = — — = d K85 = — 11
e 3, MG fred T 75 3 (11)
——"
EAS term

effectively excluding all critical geometric stiffness terms and thus avoiding geometric hourglassing, while main-
taining the favorable locking-free response. It provides a clear mechanical explanation why the element is free
of geometric hourglassing. However, this approach is not applicable to other element formulations, such as the
Q1/E4 based on an enhancement of the Green-Lagrange strain (cf. Section 3.3.2).

2.2 Patch Stability

Besides the deformation state, whether or not geometric hourglassing occurs within a patch of elements depends
mainly on r, as well as on the displacement boundary conditions. To exclude any influence of the latter,
we consider again the minimally constrained problem sketched in Fig. 1 (a) but with an assembled patch of
elements. Now, we have to differentiate between the element’s aspect ratio r. and the block’s aspect ratio
denoted as r = Ly/Ls, with L; being the length of the block in direction X;. Next, we compare the results of
a fully nonlinear finite element analysis with a compressible Neo-Hookean material (F = 1000, v = 0) with the
estimates of the preceding section.

Fig. 2 shows the undeformed reference mesh (grey) as well as the first three buckling modes ®0U) super-
imposed on the deformed configuration for various discretizations of a short block, (a)—(c), and a tall block,
(d)—(f). Each buckling mode corresponds to the eigenvector associated with a zero eigenvalue® of the stiffness
matrix emanating from the primary path (uniaxial homogeneous compression). Furthermore, the load values
mgj ), related to the critical points in increasing order, as well as the hourglass estimates (9) and (10) are listed
in Table 1.

Geometric hourglassing occurs when the critical load of a single element is reached. Depending on the
global (physical) stability behaviour, this can occur for the first critical point (e.g. r = 10, r. = 20 or
r =1/10, r. = 1/20 in Table 1) or for higher ones (e.g. Fig. 2 (b,c,e,f)), in case physical buckling is initially
dominant.

The estimates (9) and (10) are only reasonable for stiff structures, for which the pre-buckling behavior is
approximately linear. Thus, for r. =~ 1, these predictions become a poor approximation and a large strain
analysis is required. Nevertheless, the principal mechanism that triggers hourglassing remains the same.

3The rigid body rotations are discarded.



re =1/5

Figure 2: Physical or artificial buckling modes for a discretized uniaxial prestressed block, compare Fig. 1 (a),
with aspect ratio of 7 = 10 (top) and r = 1/10 (bottom). The first three modes are shown for each configuration.

2.3 Summary

The presented results can be summarized as follows:

e Geometric hourglassing of mode 5 is triggered by the geometric stiffness originating from the same com-

patible mode 5, i.e. Kg55 in Eq. (5). This is especially pronounced for large element aspect ratios r, > 1,
see Eq. (9).

e Geometric hourglassing of mode 6 is triggered by the geometric stiffness originating from the incompatible

mode 7, i.e. Kg in Eq. (5). This is especially pronounced for small element aspect ratios r. < 1, see
Eq. (10).

e Both estimates (9) and (10) are a good approximation of the critical load associated with the artificial
buckling modes in the small strain regime, i.e. for the limit cases of .

short block r = 10 tall block r = 1/10

mesh r=r, 7 751) %(2) 'yc(?’) mesh 7r=r, Ye 'yél) 'y§2) 753)

1x1 10 10 9.9 - - 1x1 1/10 9.9 9.61 -
2x2 10 10 9.9 9.9*  38.37* 2x2 1/10 9.9 9.61  9.61* 34.42*
4 x4 10 10  8.56 9.9 14.92% 4 x4 1/10 9.9 8.34  9.61* 14.28*
2x4 20 25 2497 -3.97° -9.86 2x4 1/5 38.46 8.37 34.42*  34.42
4x2 5 40 858  38.4* 38.4 4x2 1/20 249 248  3.73* 9.58

40 x 4 1 - -8.14 -31.55 -67.05 4x40 1 - -7.95 -28.85 -56.12

Table 1: Critical load factor v, based on the minimum of estimate (9) and (10) and the j*" critical load factor

~9) of the fully nonlinear finite clement analysis with different structured nil x ni?

with x are afflicted with geometric hourglassing.

meshes. Values marked



B material configuration »(B) spatial configuration

XeB material points x = p(X) spatial points / deformation
map
F = Grad e deformation gradient u displacement field
J =detF Jacobian (volume change) H = Gradu displacement gradient
C=F'F right Cauchy-Green strain E=3(C-1) Green-Lagrange strain
W(E), W(F) strain energy functions A1, Ao principle stretches
S=0gW 2nd Pipla-Kirchhoff stress P = 87FI7V 15¢ Piola-Kirchhoff stress
C=0geW elasticity tensor related to con- A = 8,FFV_V elasticity tensor related to con-
jugate pair (S, E) jugate pair (P, F)
Q (material) element area d nodal element disp. vector
Kkt element stiffness matrix r’ element residual vector
related to DOFs b and 4 related to DOF b

Table 2: Basic variables and notation.

e The strain enhancement of the Q1/HT4, based on the “transposed Wilson modes”, modifies the geometric
stiffness such that the destabilizing geometric terms cancel and consequently geometric hourglassing is
avoided.

In view of the remainder of the work we point out that a straightforward solution to avoid geometric hourglassing
is to skip the responsible geometric stiffness terms. A novel and economic way to achieve this is the core of
Section 4.

3 A family of quadrilateral finite elements

3.1 Continuum mechanics

Let us briefly recall some basic notation and equations that are a prerequisite for the finite elasticity problems
in the subsequent sections. The main kinematic and constitutive relations are summarized in Table 2, see
textbooks [11, 44]. Throughout the remainder of this work, only elasto-static plane strain problems are studied.

We consider a problem with displacement-controlled loading, governed by the balance of linear momentum

DivP=0 in B, (12)
with prescribed displacements u = 1 on the respective boundary. This implies a stationary elastic potential
IM[u] = /BW(E) dA = /BW(F) dA = stat., (13)
giving rise to the weak form
0ll[u, du] :=du-1I , = /B(SE(u, du) : S(u) dA = /B(SF(éu) :P(u) dA =0, (14)

with admissible variations Ju. The comma denotes a partial derivative with respect to u. Linearization of (14)
provides the incremental expression

ASTI[u, 1, At = 61 - T yuAu = / (0E(u) : C(u) : AE(u) + ASE : S(u)} dA

’ (15)

= / OF : A(u) : AF dA,
B



required for definition of the tangent stiffness matrix. Here Au denotes the incremental displacement field. The
strain variations and increments are given by

0H = Graddu, AH = GradAu, J0E =sym(FT6H), AJ/E =sym(AHTSH). (16)

These equations are the variational basis for the subsequent finite element formulations. For standard displace-
ment based finite elements corresponding formulations described within a total Lagrangian setting (S,E) or a
two-point setting (P, F) are identical. However, for EAS formulations it has various implications, which will be
discussed in the following.

3.2 Displacement formulation (Qp-elements)

Let us consider a standard finite element procedure with isoparametric plane quadrilateral Qp-elements with
bilinear shape functions for p = 1, biquadratic shape functions for p = 2, etc. The geometry and displacement
approximation for a generic element e are given as

xXh = Z NAXA and  {u,du, Au}" = Z NA{d*,5d", Ad*}, (17)
A=1 A=1

where n,,, denotes the number of element nodes, N4 (¢, ) is the Lagrangian shape function of node A defined on
the reference element Q,t = [—1,1]? and {d#,dd*, Ad“4} are the actual, virtual and incremental nodal displace-
ments. The basis of an incremental-iterative finite element procedure is the linearized discrete representation
of the weak form (14)

Nele
KAD = -R  with (K,R,B") = | J (ki rd,Q), (18)
e=1

where standard assembly procedures of the element stiffness matrix and residual vector are used. Here ngp
denotes the total number of elements and AD the global displacement vector. For ease of readability, we will
skip the indices e and h in the following. If not otherwise stated, the expressions always refer to the discretized
variables of one generic element. Tensor and matrix notation are not further distinguished and should become
clear from the context.

In view of the following developments we introduce the compatible Green-Lagrange strain of a generic element
as

1
E(d) = 5 (HCT FHC 4 HCTHC) , (19)

with element displacement vector d, based on the compatible displacement gradient H® = Grad u derived from
(17)2. Related to (14) and (15) we obtain the internal force vector

rd =14 = / ¢ :SdA (20)
Q
and the element stiffness matrix
ki =Tl 44 = / ES:C:E5 dA+/ Eq:SdA. (21)
Q Q
kgd kgd

Here, we employ a split of the stiffness matrix into a material part k¢ and a geometric part kgd. In view of
what comes next, we emphasize that the geometric stiffness depends only on the nonlinear (quadratic in d) part
H¢ HC of the strain expression (19), see also the incremental expression (16)4.

For the actual implementation it is practical to represent (20) and (21) in Voigt notation as

rd:/BTSdA and kdd:/BTC(EC)BdA+/Gdd(EC,S) dA, (22)
Q Q Q



with the incremental strain-displacement operator

T
B:= [Efl ES, 2E§2]7d (23)
and the geometric operator
Gdd(EC, S) _ [(Gdd(Sjk)AB] = (HZ‘]HZ‘J)7dedkBSIJ = N’?SI‘]NgajAkB' (24)
Here, upper indices A, B refer to the element nodes and lower indices 4,j,.. and I,J,... to the spatial and

material coordinates, respectively.

3.3 Enhanced assumed strain formulations
3.3.1 General concept

A well established class of finite elements for nonlinear problems are enhanced assumed strain (EAS) elements,
proposed by Simo’s landmark contributions [13, 12]. The EAS method is a variationally consistent version of
the method of incompatible modes, developed earlier to avoid various locking phenomena. The principal idea is
to enrich the compatible displacement based strain by an enhanced assumed strain field defined through internal
(element-wise defined) parameters a.. Starting point is a three-field functional, which, after enforcing a certain
orthogonality condition, yields a discrete representation of a two-field elastic potential,

M[d,a] = | W[E(d,a)]dA. (25)
Q
The appealing features are its simplicity as well as the strain driven format, which enables a broad scope of
applications concerning the material model. The chosen ansatz functions for the enhanced strain crucially
influence the (locking-)behaviour of the element. Moreover, for the geometrically nonlinear case the type of
strain measure that is subject to enhancement is important, particularly with respect to hourglassing. This
point will be further highlighted in the next sections.
Based on (25) the discrete system of incremental element equations reads

kdd kda rd
o |

kad koo
where rd and k99 are obtained by replacing IT with II in (20) and (21) respectively. The remaining contributions
are

Ad
Aa

r® =1, = / Eo:SdA=0, (27)
Q
K =Tl qo = /QE,Q :C:E, clAjL/QE,,m .S dA, (28)
koo kg
ko = 1T qq = /QE,Q ‘C:Eq dA+/QE,ad :SdA = (k4)". (29)
Kad kod

Since the enhanced strain parameters are defined on element level they are usually eliminated via static con-
densation

(k¢ — k' (k") k) Ad = — (- k() ' Aa), (30)

Kred Tred

with Kpeq and rpeq being the reduced element stiffness matrix and element residual vector.
A representation in matrix notation is obtained in analogy to the preceding section, with incremental strain-
enhancement operator B = E7, and, similar to (24), geometric operators G**(E, S) and G*!(E, S).

10



3.3.2 Enhancement of Green-Lagrange strain (Qp/En)

The first class of EAS elements considered here is based on an additive enhancement of the compatible Green-
Lagrange strain tensor (19) R
E(d,a) = E°(d) + E(a), (31)

where E = (:f(:t((‘{]“)).]a T]:]ref.]a 1 denotes the enhanced strain? and E*f is a linear function of . Elements

based on this concept are particularly popular for the membrane part of shell elements [45, 46] as well as for
three-dimensional brick elements [47].

The variational basis may be derived by inserting (31) into a total Lagrangian three-field Hu-Washizu type
functional

HSE[d, a, S*] = /

(W(EC +E)- S E) dA (32)
Q
and exploiting the orthogonality condition (cf. [13, 45]) between the independent stress S* and the enhanced
strain field E, which removes the underlined term in (32) and thus recovers (25).

An interpretation of the strain enhancement (31) via an incompatible displacement ansatz is only possible
for the geometrically linear case and from (28) and (29) it becomes clear that the geometric part of the stiffness
matrix is not influenced, since E go = 0 and E oo = 0. Thus, geometric hourglassing is fully driven by the
geometric stiffness in Eq. (21), i.e. by the compatible displacement degrees of freedom.

A popular formulation is the Q1/E4 element, defined by the enhancement

Sref §an §az + nay
BT = §as +nay na ' (33)

For undistorted elements, volumetric locking and shear locking are fully removed by this ansatz. Alternative
formulations that only handle one of the two locking issues are denoted as Q1/E2n (using only ai,as) and
Q1/E2s (using only as, ) in this paper. Another element that will be considered in the subsequent analysis is
the Q2/E11 element proposed by Bischoff and Ramm [46]. This element formulation avoids volumetric locking
and shear locking, present in the displacement based nine-noded Q2 with the strain enhancement

B = a1(1 = 38%) + az(n — 3¢%n) + as(n® — 36%77),
E5 = aa(1 - 30) + as (€ — 36n%) + ag(€2 — 3%n%), (34)
Ei = ar(1 - 362) + as(1 — 30%) + ag(n — 36%n) + a10(€ — 36n%) + anr (1 — 3(62 +n%) + 96%%),

see also Section 3.3 in [46].

3.3.3 Enhancement of displacement gradient (Q1/H4 and Q1/HT4)

The second element class that we consider is the classical nonlinear EAS formulation by Simo and Armero [12].
It can be formulated via an additive enhancement of the compatible displacement gradient as

H(d, o) = H°(d) + H(ev), (35)
where H = (ﬁt((‘{]“)).] 0 THrety 0 !'is defined on element level. Again, a three-field functional of the form
pnd, o, P*] = / (W(H° +H) - P~ H) dA (36)
Q

can be used as a variational basis. This time, orthogonality is required between the first Piola-Kirchhoff stress
P* and the enhanced displacement gradient field H to remove the underlined term and reduce the formulation

4The indicated manipulation with Jo (the element’s Jacobia J = X /0¢ at the element center) is necessary to pass the patch
test.
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to a two-field principle. To compare this formulation with the one from Section 3.3.2 we compute the Green-
Lagrange strain based on (35) as

1/~ S N N

E(d, o) = E° + 5 (HT YH+HTH+HH ¢ HCHT) : (37)
which is obviously more involved in terms of geometrical nonlinearity than the enhanced strain in Eq. (31). One
important consequence of this difference is the fact that also the geometric stiffness is affected by the enhanced
part. The classical enhancement based on the Wilson modes [42] is presented in [12] as

ryref 5041 nas
el — {m WJ. (38)

The corresponding element will be denoted as Q1/H4 in the following,.
An alternative enhancement of the displacement gradient are the “transposed Wilson modes” as proposed
in [21], given by B
H(d,a) = H°(d) + F5(d)H" (). (39)

Here F§ denotes the compatible deformation gradient evaluated at the element centroid. The specific construc-
tion is a prerequisite for frame-invariance of the element. The corresponding element is denoted as Q1/HT4.

3.3.4 Further possible enhancements

Since a multitude of definitions of nonlinear strain measures is possible, each one is a potential candidate for
an improved EAS formulation. Two contributions with a particular focus on hourglassing are mentioned in the
following. Crisfield et al. [48] proposed an enhancement of the right stretch tensor and thus avoided geometric
hourglassing for a large strain compression problem. There is, however, no specific discussion or explanation of
the mechanism that avoids hourglassing. Within a Petrov-Galekin approach, Pfefferkorn & Betsch [49] proposed
an interesting enhancement of the spatial deformation gradient. Numerical examples indicate that the element
is free from geometric and material hourglassing. However, this comes at the cost of a more complex formulation
as well as an unsymmetric stiffness matrix.

3.4 Element analysis based on eigenvalues and eigenmodes
3.4.1 Problem setup

Insight into element behaviour can be gained by monitoring the eigenvalues of the hourglass modes of the
element tangent stiffness matrices under homogeneous deformation states. We consider a rectangular element
with aspect ratio r, = L§/L§ under plane strain condition and a prescribed (homogeneous) stretch state
F = diag (A1, A2). The hourglass eigenvalues are given as

W' = Tk eq(A, M) ®; =12, (40)

with the reduced stiffness matrix defined in (30) and the normalized hourglass eigenvector ®;. A zero or negative
hourglass eigenvalue is an indicator that geometric or material hourglassing is likely to occur. However, as shown
in [40], artificial instabilities can also be observed for small positive hourglass eigenvalues.

Extending the work of Armero [16] we compute closed form expressions of the hourglass eigenvalues. The
results are summarized in Tab. 3. The required coefficients of the tangents C and A (or C and A in matrix
notation) are defined via the incremental stress-strain relations

APy AyoAn, 00 0] [AR,
APy | _|AY, A%, 0 0 | |AF
AP, | TARF= 10T 07 4y 4| AR, (41)
APy 0 0 A3, A3 |AFy
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(a) (b)

3 I 1 | T T T
det Ay, =0 —
9 detC, =0 — [|
ellipticity = -

stress

Figure 3: (a) Isolines of various quantities in the A;-Ag-plane. The thick dashed lines indicate the boundaries
where ellipticity is lost, see Eq. (44); (b) various stress quantities for a uniaxial stress state with S; = 0.

and
AS11 cy ¢y, 0 AFq;
ASy5| = CAE = o C3% 0 AEy |, (42)
ASi2 0 0 C5y| [2AE.

with sub-matrices A™, A® and C" defined by the respective blocks. Further details are given in Appendix B.
For the constitutive response we consider the so called special Blatz-Ko rubber,® which is characterized by
the remarkably simple strain-energy function

Wi, Ae) = g <>\12+)\12+2)\1)\2—4), (43)
1 2

with the shear modulus i as only material parameter. Besides its simplicity, the main motif to use this model

is its strain softening response under tension, relevant for the analysis of material hourglassing. For the plane

strain case it was shown by Knowles & Sternberg [51] (see also Horgan [52]) that material stability, i.e. ellipticity

of the underlying equilibrium equations, is bounded by

A
2_‘/§<T1<2+\/§' (44)
2

Figure 3 (a) shows the boundary of ellipticity condition (44), the relation between the stretches for a uniaxial
and biaxial stress state as well as the contour lines where the determinant of the sub-matrices vanishes, i.e. the
respective tangent loses its positive definiteness. For the case of uniaxial tension in 2-direction (S11 = 0, So2 # 0)
these lines indicate the onset of strain softening in the respective stress strain relation, see Figure 3 (b). Here,
strain softening occurs slightly before ellipticity is lost. This becomes particularly interesting in Section 5.4
where physical instabilities as well as material hourglassing occurs although the governing equations are still
fully elliptic.

5A special variant of the constitutive relation proposed by Blatz & Ko [50], implying v = 1/4 and f = 0, suitable to model e.g.
foamed polyurethane elastomers.
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s b e
Wi Wy =

1 n 2 As 1 2 An s
Q1 3o (A +7245,) 3o (1o A3y + A3y)
A (CP+r2C5,) | (r282481) _A3(r203,4C35,) | (r2S2+51)
- 37re + 37e - 37re + 37T
Q1/E4 A2 det C™ (r2S2+51) reA2 det C® (r2S2+51)
3r.Chy 3re 30y 3re
A2er | (r282+84) red2e® | (r2Sa+51)
Q1/E2s Sre T 3re s T 3re
Q1/E2 M detC" | reAOY, | (r28:451) 1 AZdetC® 4 N0 (r285+51)
n 3r.CL, 3 3re 3CT, 37 3re
det A" ro det A° ro det A" det A®
Q1/H4 BrAL, T 34, 3AT, 3roAs,
det A" rodet A"
Q1/HT4 3r. AL, 3AT,

Table 3: Hourglass eigenvalues.

3.4.2 Example I: uniaxial stress state

First, we consider a homogeneous uniaxial stress state governed by the principal stress

_ 1 AY3 1
5120 é)\1:3)\2 1/3, 52:71/[/:)\2 :/J,M.

(45)
Thus, all following quantities can be expressed as a function of \o. In particular, Fig. 4 shows both hourglass
eigenvalues for the elements described in Section 3.3.2 and Section 3.3.3 as functions of Ay. Also the newly
proposed elements Q1/ME4, Q1/MH4-1 and Q1/MH4-II (discussed in Section 4) are included. Due to the
compressible material as well as 7, = 1, locking is not very pronounced in this case and the eigenvalues for the
undeformed case Ay = 1 are only slightly larger for Q1 than for the EAS elements.

For compressive deformations, A2 < 1, both standard EAS formulations Q1/E4 (a) and Q1/H4 (b) suffer
from geometric hourglassing, which is reflected by the zero eigenvalue w?g = 0 at Ay = 0.73. This defect is
obviously not present for Q1/E2n. The element is “stabilized” by shear locking. Also Q1/HT4 as well as the
newly proposed Q1/ME4 are stable in this case due to the implicit elimination of the geometric stiffness for
the hourglass modes. For Q1/H4 the destabilizing geometric terms arise from the shear contributions. Their
extrapolation around the reference state provide
detA® 1

redet AS 1
Fe QA Teps d ~
343, 307 M 5 T

ASs, (46)

for w]fg and wgg, respectively (cf. Table 3). For AS; = ~.p, these expressions formally resemble the critical

geometric terms in estimates (9) and (10). However, due to the moderate aspect ratio, as well as an increase in
axial stiffness C%, (due to compression in X5 direction), a softening of wy is not observed for this example.

For the case of tensile deformation, Ay > 1, some eigenvalues pass through zero, which is an indication for
material hourglassing. Let us first focus on Fig. 4 (a). The Q1/E4 element has a zero eigenvalue w?g right after
a horizontal tangent occurs in the So-As-relation (Fig. 3 (b)) at Ay = 3%/8 &~ 1.51. With further stretching, w!®
tends quickly to minus infinity when the axial stiffness becomes C3, = 0 at Ay = 23/% ~ 1.68. The cause for
that can be illustrated by the limit value of the first hourglass eigenvalue of Q1/E4:

)\ZCm )\2 on 2 25
lim ( 1911 1(C1y) +Te 2
C5,—+0

e e 99 e
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0 +
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Figure 4: Uniaxial stress state (51 = 0), r. = 1, both hourglass eigenvalues as a function of As.

Here, the underlined part corresponds to the volumetric EAS terms which, on the one hand eliminates volumetric
locking (reflected by C}; — oo in the incompressible limit) and on the other hand, is responsible for triggering
material hourglassing due to the large negative stiffness when C%, approaches zero (e.g. due to strain softening).
Similar considerations explain why the second hourglass eigenvalue wgg becomes negative.

The results for Q1/H4 and Q1/HT4 are depicted in Fig. 4 (b) and they qualitatively confirm the results
reported in [16]. For these elements, a zero eigenvalue wlfg is related to an horizontal tangent in the Ps-Ao-
relation at A\, = 3%/%. However, no singularity is obtained, since A3, in contrast to C%,, does not approach
zero but remains positive due to the geometric terms involved. For Q1/HT4 the zero eigenvalue arises slightly
earlier than for Q1/H4 due to the absence of the geometric hourglass stiffness. The situation is different for wgg .
It becomes negative for Q1/HT4, while it remains positive for Q1/H4. This can be explained by the stabilizing

effect of the EAS induced geometric stiffness, present only for the Q1/H4 (cf. Eq. (46)2).
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Figure 5: Biaxial stress state, 7. = 1, the colored lines indicate a zero eigenvalue w}fg (A1, A2) = 0. They envelope
the filled regions, in which the corresponding eigenvalue is negative.

3.4.3 Example II: biaxial stress state

Next, we consider a biaxial stress state

uxpz ~1 M)é’)\l ~1

Sl = /\% ) SQ = /\421 ) (48)

with independently prescribed stretches A; and As. The objective is to cover a broader range of (still homoge-
neous) strain states.

Figs. 5 (a) and (b) visualize the roots of various eigenvalues w?g. The filled regions, enveloped by the
corresponding root, represent domains with negative eigenvalues, whereas everywhere else the corresponding
eigenvalue is positive. Uniaxial stress states are represented by dashed lines and its intersections with the lines
of zero eigenvalues coincide with the zero eigenvalues in Fig. 4.

Geometric hourglassing does not occur for Q1/ME4, Q1/MH4-1 and Q1/HT4 and, similar to the uniaxial
case in Example I, no negative eigenvalue occurs for the compression case (S2 < 0 and S; < 0). For Q1/H4
and Q1/E4, however, w?g becomes zero in the compressive domain. Interestingly, the root of Q1/H4 falls below
the one of Q1/E4, indicating that the corresponding eigenvalue of Q1/H4, and thus the hourglass stiffness, is
smaller. The reason for this phenomenon is the contribution of the EAS terms to the (negative) geometric
stiffness. Material hourglassing shows up for all considered EAS elements. The branches of Q1/ME4 and
Q1/HT4 in Fig. 5 (a,b) are identical to the ones of det C, = 0 and det A,, = 0, respectively, in Fig. 3 (a).
Furthermore, Fig. 5 (a) shows that both “E”-enhanced elements share the same envelope, which also corresponds
to C%, = 0. Here, the eigenvalue becomes infinite, compare Eq. (47), and subsequently a further sign change
occurs.

4 Stabilization concept to avoid geometric hourglassing

4.1 Principal idea

Let us consider an additive split of a generic (possibly enhanced) displacement gradient H = H, + Hj,, where
H,, denotes the part that is responsible for hourglassing and has yet to be identified and H, the remaining part.
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With this definition, the geometric part of the element stiffness matrix reads
1
k= [ = (HTHr +H'H, + HIH, + HEHh) 1S dA4, (49)
g Q 2 r T “oh ,dd

where d represents a generic element vector of degrees of freedom (e.g. [d a]T). The underlined term is
the one which can trigger geometric hourglassing. An obvious option to avoid geometric hourglassing is to
remove this term from the definition of the geometric tangent, as proposed by Reese et al. [8] in the context of
a reduced integration concept with physical stabilization. This, however, requires the stabilization procedure to
be constant, at least within each increment, to preserve quadratic convergence in the nonlinear solution process.

The stabilization concept proposed herein is more general (see the various element formulations below),
quadratic convergence is automatically preserved and, most importantly, only minor changes in existing element
routines are required. The idea is to drop precisely this destabilizing part H' Hy, in the definition of a modified
(discrete) Green-Lagrange strain

, 1
B =B + 5 (H'H, + H/H,, + H] H,) (50)

with Ej, = sym(H) being the unmodified (possibly enhanced) geometrically linear part of the strain tensor.
The definition of Hy, depends on the finite element formulation and may be obtained by an investigation of the
element stiffness matrix. Since hourglassing is related to higher order terms only, the modification does not
affect the constant strain modes, which are always included in H, and thus consistency of the finite element
formulation is not affected. This also guarantees convergence towards physically correct instabilities with mesh
refinement.

The technical implications on the framework of a finite element procedure are fairly simple. For consistent
linearization, the definition in Eq. (50) requires the modified operators

SE=Bdd and AJE:S=4dd"GY(E,S)Ad (51)

for computation of the residual vector as well as the material and geometric stiffness matrix. In this process,
the stress and elastic tangent are computed as a function of the modified strain measure, i.e. S(E) and C(E).
Further implementation aspects are discussed in Appendix C.

4.2 Examples
4.2.1 Stabilized element Q1/ME4

As shown in the preceding sections, geometric hourglassing of the Q1/E4 element is triggered by the geometric
stiffness coming from the compatible bilinear hourglass modes. Employing a split of the compatible part of the
displacement gradient into a constant and linear part

HC(¢,n) = Hf + HS (¢, 1) with Hf = H| P (52)
we can define
H, :=H; and H,;, :=HS (53)
and obtain a modified expression for the compatible part of the Green-Lagrange strain in (31) as
, 1
E¢ = 5[H3+H5T +HS + HS +HS HS + Hy HS + HS HY . (54)
2Ef, 2EC 4

Within the EAS framework, the modified strain (31) is adapted as E = E¢ + E and the resulting element is
denoted as Q1/ME4. In view of the modal analysis of Section 3.4, the corresponding hourglass eigenvalues
hg _ A detC® 27, det C*
1 = T3r.Ch, 3CT,
terms in Tab. 3. Fig. 4 and 5 show that, similar to Q1/HT4, the element’s eigenvalues remain positive under
compression.

reduce to w and wgg = . These are identical to the ones of Q1/E4 without geometric
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4.2.2 Stabilized element Q2/ME11

Like its bilinear counterpart, the biquadric element Q2/E11 suffers from geometric hourglassing, which is trig-
gered by the geometric stiffness of certain compatible displacement modes. However, the order of locking is
shifted to quadratic displacement modes.® Similar as before, we consider a Taylor expansion of the compatible
displacement gradient of the form

H° = Hf + H{(§,n) + H5(6%, 0%, &n) + H5(En, &0%, ). (55)

For the uniaxial compression test, numerical investigations indicate that the last two terms trigger “higher
order” geometric hourglassing. Thus we define

H,:=H;+H] and Hy :=HS+ Hf (56)

and proceed as before. As not necessarily all geometric stiffness contributions from (56) are responsible for
geometric hourglassing, alternative definitions of Hy are possible. The corresponding element is denoted as
Q2/MEL11.

4.2.3 Stabilized element Q1/MH4-I and Q1/MH4-II

Also Q1/H4 suffers from geometric hourglassing and the remedy described in Section 4.2.1 can also be applied
to this element formulation. The element is denoted as Q1/MH4-I with H, = Hf + H and Hy, = HS. The
eigenvalue is then modified according to

det A™ TeA? A3 A3 ro(A3,)?
hg _ S e/M\l 220 22 Te\fr12) 57
YT g Ay, T2 ( 3 3re) 3re 343, (57)
ng _ Te det A" cs reA] A3 Credl; (432)? 58
“2 san 1\ T3 T 3 3roAn, (58)

However, in contrast to Q1/E4, the shear strain enhancement of Q1/H4 contains also a quadratic part I:ITfI,
which causes an additional geometric hourglassing phenomenon, see Section 2. In order to avoid it, we redefine
the strain enhancement of Q1/H4 from Eq. (37) as

. . 1/~ - . ~

E=E 4 (HT+H+HCTH+H°HT). (59)
The element is denoted as Q1/MH4-II. For undistorted elements and homogeneous strain states, where the
mixed terms are not activated, it provides the same results as Q1/MEA4.

4.2.4 Stabilization of assumed stress element Q1/S5

The proposed stabilization procedure can also be applied to the assumed stress elements by Pian & Sumihara
[63]. Within this work we consider a total Lagrangian formulation based on an independent second Piola-
Kirchhoff stress field. The required inverse stress-strain relation of the Neo-Hookean material is adopted from
[54]. We refer to the work of Viebahn et al. [17] for further details. The stabilized version, denoted as Q1/MS5,
is based on the modified Green-Lagrange strain (54).

4.3 Discussion

By design, the proposed stabilization concept modifies element stiffness such that geometric hourglassing, occur-
ing under compressive states of stress, is effectively removed. The same modifications, however, apparently have
a detrimental, destabilizing effect in the context of material hourglassing for states of tensile stress. However,

6Q1 cannot represent constant in-plane bending modes, Q2 is unable to represent linear in-plane bending without artificial
strain.
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as material hourglassing emanates from artefacts in the material stiffness, not from the geometric stiffness, this
is not an issue in the authors’ opinion. Stabilizing the elements in the tensile regime by adding (not removing,
respectively) artificial geometric stiffness would substantiate a strategy of balancing one error with another one.
For material hourglassing (as for any parasitic or unphysical behavior) removing the source of the problem
instead of fighting its symptoms is the way to go. Moreover, a broad class of problems do not involve material
hourglassing anyway.

The nature of material hourglassing is quite different from the one of geometric hourglassing. The modal
analysis in Section 3.4 and the benchmark in Section 5.4 imply that whether or not geometric terms are involved
might be of little relevance.

The proposed methodology can be viewed as a self-adaptive stabilization approach in the sense that the
element’s linear response is not affected and only the onset of geometric nonlinearity will activate the strain
modification.

Here, the definition of Hj, is based on a stability analysis of an undistorted element and we do not claim
that hourglassing is fully avoided for distorted mesh configurations. Numerical experiments, however, indicate
an hourglassing-free performance also for severely distorted meshes.

Throughout this work, the concept of “stiffness” is used to analyse the elements. Nevertheless, for explicit
computations, which are solely based on residual quantities, this approach is straightforwardly applicable via
the modified operator (51);.

A further aspect is the fact that the proposed modification of the strain tensor (50) implies that det C < 0
(self-penetration of matter) is possible. Exemplified for a pure bending deformation u; = c5&n of a square
Q1/ME4 element, it can be shown that at location n = 7y (e.g. an integration point), det C becomes zero
for ¢5 = 1/(2n9). As this corresponds to very large in-plane bending deformations it is of minor relevance for
practical computations. More importantly, with mesh refinement this defect vanishes.

5 Physical vs. artificial instabilities: some analytical and numerical
results

5.1 Motivation

Availability of mathematical tools to analyze finite element solutions of nonlinear problems is limited, which
underlines the importance of numerical benchmarks. Design of feasible benchmarks is not trivial, since a unique
solution does not always exist and critical points, such as limit points or bifurcation points can occur and
exhaustive analytical solutions are rarely available.

In this section we propose a simple bifurcation problem, for which analytical solutions can be obtained, as
a benchmark tailored to study stability properties of finite elements in large strain nonlinear analysis. The
comparison with numerical results provides insight on the stability properties of the elements discussed in the
preceding sections.

5.2 Problem setup: bifurcation of a hyperelastic rectangular block

Let us consider a rectangular block with dimensions 2L; X 2L5, made of an isotropic, compressible, hyperelastic
material. The reference configuration B is assumed to be stress-free and plane strain conditions apply, i.e.
A3 = 1. The block is constrained at Xy = +Ly by a prescribed vertical displacement us (X7, £Ls) = £viip with
zero shear tractions (roller support), whereas the lateral edges at X; = +L; remain completely traction-free,
see Fig. 6. Horizontal rigid body modes are assumed to be restricted. With these boundary conditions at hand,
the solution of the displacement-controlled problem is governed by the weak equilibrium equation

II y[u,v]éu = / OF : P(u,7)dA =0, (60)
B

with admissible virtual displacement du. For a sufficiently small load factor v a unique solution (the minimizer
of II) is given by the deformed configuration 2L1A; x 2LaA2, with a homogeneous uniaxial stress state and
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Figure 6: Problem description exemplified for a compression test.

biaxial stretching
P =diag (0, P2) and F =diag(A1(A2),A2), with A2(y) =1+ i/ Lo. (61)

The corresponding displacement field up(X,y) marks the primary path of the solution. In the subsequent
analysis we focus on critical points on the primary path at which bifurcation into secondary equilibrium paths
may be triggered. They are associated with critical stretches Ay =: )\gj ), Here, integer j denotes the j'P
bifurcation point and Au®) is the corresponding incremental bifurcation mode (buckling mode). The criterion

for a critical point is given by the incremental eigenvalue problem

(IT you) yAu") = / OF : A(ug, \Y)) : GradAu"”) dA =0, (62)
B
AP

subjected to the incremental boundary conditions
APY(£Ly, X5) =0, APY(£L1, Xo) =0, APY(Xy, +Ly) =0, AuY(Xy, +L,)=0.  (63)

This bifurcation problem is well studied in the literature, including analytical solutions for criterion (62), and
we refer to Appendix D for further details and references. The exact location of the bifurcation point in the
numerical solution of (62) along with the corresponding bifurcation mode can be found with the method of
extended systems as a direct approach, see [55] and, in the context of displacement-controlled loading, [56].

5.3 Geometric instabilities — compression test
5.3.1 Setup and reference solution

We first consider a block with Neo-Hookean material under compression, such that 4y < 0, P, < 0 and Ao < 1.
The corresponding strain energy function is given by

- B _ A
W (A, o) = g()\l 24057 = 2) = pln (Audo) + 5 In (aka)®, (64)
Similar to Eq. 45, the stress-free condition S; = 0 allows to eliminate one stretch component

2p exp (2u/A)
I G )

_ A A (Ade) —p 1
N A 2 Ao

A

S1 =0 =) =exp
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Figure 7: Left: geometric stability spectrum with analytical solution of the first four bifurcation points, Neo-
Hooke with E = 1000, v = 0.45 (A ~ 3103.448, u ~ 344.827), corresponding numerical data are provided in
Table 7 in Appendix D; right: contour plot of various buckling modes, superimposed on the undeformed geom-
etry, exemplified for three aspect ratios. Here, the detailed surface buckling patterns for r = 10 are exemplified
for mode numbers n = {1,1,8,20} (from left to right) and S/ A" designate symmetric/antisymmetric modes
w.r.t the X, axis.

Here, Wy, is the Lambert W function. Next, we study the stability properties of the block in dependence of its
aspect ratio r = L1 /Lo in the undeformed configuration. The stability spectrum in Fig. 7 shows the first four
critical stretches )\gj ) that appear along the primary path as a function of r. As expected, high sensitivity with
respect to the aspect ratio r is observed. Tall, skinny blocks r» — 0 buckle in accordance with Euler’s solution
for buckling of beams, whereas for the “thick” limit » — oo all critical branches converge towards the same
value, which physically characterises surface buckling of an infinite half-space.

These results are the basis for the subsequent assessment of the various finite element formulations w.r.t.
geometric hourglassing. As well known from linear problems, displacement based finite element formulations
perform too stiff, i.e. for a loading by prescribed external forces, displacements are underestimated and converge
towards the correct solution from below (cf. “best approximation property”, [57] Chapter 4.1). Although not
generally supported by mathematical proofs, the same phenomenon is observed in nonlinear problems. For the
present case of prescribed displacements this means that the resulting reaction forces converge from above. This
implies that critical loads are overestimated. From this assertion, the following can be derived:

e (i) An approximation of the j*® branch should not appear above the analytical solution of that branch
(note that the vertical axis depicts the stretch in vertical direction, not the load factor).

e (ii) Consequently, none of the displacement based finite element approximations of a bifurcation branch
in Fig. 7 should appear in the stable region above the analytic curves.

As shown in [58, 59], the convergence properties of EAS elements are similar for linear problems, i.e. displace-
ments converge from below for load cases with prescribed forces and reaction forces converge from above for
load cases with prescribed displacements. In the nonlinear regime, however, we observe violations of (i) and
(ii), associated with an hourglass instability. Therefore, in the subsequent analysis we use conditions (i) and
(ii) as criteria to detect hourglassing without visual inspection of the corresponding buckling modes.  This
work focus only on the incremental bifurcation problem itself and post-bifurcation states (e.g. triggered via
perturbation methods) are not further considered. Here, the block’s aspect ratio plays a crucial role. As known
from structural models, small aspect ratios yield stable bifurcated equilibrium branches whereas thicker blocks
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exhibit unstable ones (generating a limit point). For the present example, this change occurs at r ~ 0.7. For a
corresponding theoretical analysis the interest reader is referred Triantafyllidis et al. [60].

5.3.2 Influence of the aspect ratio

For the first test we consider a mesh with the same number of elements in both directions and only vary the
block’s aspect ratio, such that always r = 7, with r, being the aspect ratio of an individual finite element. As
a consequence, highly distorted elements are obtained in the limit cases. For r — 0 we recover the thin beam
limit, which would require only one single layer of (locking-free) elements across the thickness (X; direction)
and a number of elements in X5 direction to resolve the Euler buckling modes, i.e. a 1 x n-mesh would be
optimal in terms of computational efficiency. Interestingly, the naive idea of using an n x 1-mesh instead for the
opposite limiting case r — oo is not feasible, because a single element along the lateral boundaries X7 = +14
is unable to properly resolve the surface buckling modes. In this case, depending on the number of modes to
be resolved, a locally refined mesh at the boundary would be “optimal”. This, however, is only a sideremark,
because this benchmark is tailored to detect hourglass instabilities of specific finite element formulations and
not to assess their efficiency (coarse mesh accuracy) in solving the problem at hand.

The graphs in Fig. 8 show the critical stretches computed with Q1 and Q2 elements as well as various EAS
formulations. The results obtained with a mesh with 8 x 8 elements are compared with the ones of a single
element (dashed) as well as the analytical solution (thick grey). As expected, the results of the displacement
based elements (a) fulfill condition (i) and (ii), whereas all standard EAS formulations (b)—(d) surpass some
critical reference branches for certain aspect ratios.

For large r. artificial instabilities occur for both meshes which is the “classical hourglassing”, driven by the
geometric stiffness of higher order compatible strain modes. On the other hand, small values of r, only cause
problems for Q1/H4 and Q1/H4-I (not shown), which is the “Euler buckling” on element level, driven by the
geometric contributions of the enhanced strain part (cf. curvature-related P-A-effect in Fig. 1 (d)).

Since the boundary conditions hinder a constraint-free development of this hourglass pattern this effect is
less pronounced for this example than the former hourglass effect. Typical examples of both hourglass patterns
are sketched in Fig. 9 (b).

In contrast to this, the modified element formulation Q1/ME4 (for this problem equivalent to Q1/MH4-
II), as well as Q1/HT4 (not shown), fully avoid both hourglass effects and, importantly, no loss of accuracy
is observed in regions where also the standard elements perform well. Some buckling modes are exemplarily
sketched in Fig. 9 (a). Bifurcation points are characterized by a zero-crossing eigenvalue of the stiffness matrix.
This information can then be used as a criterion to start a more accurate computation of the critical points via
extended systems. For this problem, one usually observes that physical instabilities are reflected by a smooth
propagation of the critical eigenvalues, whereas the onset of hourglass instabilities appear abruptly. From a
numerical point of view this often causes difficulties in the computation of (artificial) critical points via extended
systems and bisection algorithms may alternatively be used.

5.3.3 Convergence study

For the second test we consider a tall block with r = 1/2 and a uniform m x 2m mesh such that the element’s
aspect ratio is 7 = 1. Fig. 10 shows the normalized value )\gj})?E / /\((:J ) for the first three critical points versus m.

Q1 and Q1/ME4 are able to capture the critical points properly with mesh refinement without showing any
sign of hourglassing. The small difference between both is due to mild locking of Q1. For j = 1, the Q1/E4
shows a slightly better convergence than the Q1/ME4 which can be explained by the absence of the geometric
hourglass stiffness. However, the higher critical points j = 2,3 are overestimated due to hourglassing. Similar
results (not shown) are obtained for the Q1/H4 (cf. Q1/E4) and the Q1/MH4-I (cf. Q1/HT4), see also the
numerical values in Tab. 4.

5.3.4 Mesh Distortion

The analysis up to now was restricted to rectangular-shaped elements and the purpose of this test is to cover
the case when the mesh is distorted. Fig. 11 sketches one of the distorted meshes together with some buckling

22



(b)

Hourglassing

<
Q1/H4
Q1/MH4-1T —
N T
-1 -0.5 0 0.5 1 -1 -0.5 0 0.5 1
logor logo 7
(c) (d)
1 1
Hourglassing Higher-Order
0.9 0.9 Hourglassing
0.8 0.8
0.7 0.7
< <
0.6 0.6
0.5 0.5 ‘
04 | Ql/E4 — 04 - | Q2/E11 —
Q1/ME4 — Q2/ME11l —
0.3 | A\ I 0.3 | \ | 1 1
-1 -0.5 0 0.5 1 -1 -0.5 0 0.5 1
logor logo 7

Figure 8: Geometric stability spectrum, analytical solution vs. various FE formulations, mesh: 8 x 8 and 1 x 1
(dashed), Neo-Hooke E = 1000, v = 0.45. Due to numerical difficulties, some higher order hourglassing-related
branches are not fully displayed.
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Figure 9: Geometric instabilities; buckling modes superimposed on the undeformed mesh configuration.
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ref. mesh Q1 Ql1/E4 Q1/ME4 Ql1/H4 Q1/MH4-1 Q1/HT4

A\ 0.805 4/8  0.759  0.742 0.786 0.793 0.790 0.790
¢ ' 32/64 0.804 0.805 0.805 0.805 0.805 0.805
@ 0.582 4/8  0.276  0.656* 0.257 0.675* 0.374 0.374
¢ ' 32/64 0.578 0.656* 0.579 0.675* 0.580 0.580
A3 0544 4/8  0.245 0.597* - 0.653* 0.293 0.293
¢ ’ 32/64 0.532 0.654* 0.536 0.669* 0.526 0.538

Table 4: Convergence study (cf. Fig. 10); critical stretches for two selected uniform meshes.

Initial Mesh Q1/H4, 2™ Q1/H4, > Q1/ME4, ® Q1/E4, @

Figure 11: Buckling modes superimposed on the undeformed mesh configuration.

modes. In contrast to the previous examples, the onset of artificial instabilities are now determined by the
individual element, that is most prone to become unstable. For the selected cases, no artificial instabilities are
observed for the newly proposed elements.

5.4 Material induced instabilities — tension test
5.4.1 Setup and reference solution

Inspired by Triantafyllidis et al. [60], we consider the special Blatz-Ko rubber for the tension test, such that
g >0, P, > 0 and A > 1. The analytical solutions for the first four critical stretches are shown in Fig. 12 as
functions of the block’s aspect ratio. For r — 0 all critical stretches converge towards the value where the Po — Ay
relation reaches an asymptote (dashed line). For more bulky blocks, the critical stretches are larger. The kinks
in the branches result from intersections of solution branches, i.e. when the sequence of certain buckling modes,
when sorted according to the magnitude of the critical Ao, changes. Interestingly, the underlying differential
equation remains fully in the elliptic regime, see also Section 3.4.

ref.  nae Q1 QI/E4 QI/ME4 Ql/H4 Q1/MH4-1 QI/HT4

D 0.805 54 0.757  0.799 0.793 0.801 0.792 0.792
¢ ' 24 0709  0.782 0.766 0.782 0.765 0.766
\@ 0582 54 0.193 0.636* 0.490 0.771* 0.447 0.394
¢ ’ 24 0177 0.682* 0.517 0.647* 0.477 0.449
A3 0544 54  0.146 0.635* 0.485 0.733* 0.431 0.388
¢ ) 24 0.142  0.655* 0.491 0.467 0.467 0.449

Table 5: Mesh distortion test: critical stretches for j = 1,2, 3.
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Figure 12: Left: material stability spectrum with analytical solution of the first four bifurcation points, special
Blatz-Ko, E = 1000, numerical data are provided in Table 7 in Appendix D; right: contour plot of the first four
buckling modes, superimposed on the undeformed geometry.

5.4.2 Material hourglassing

All enhanced assumed strain elements fail to reproduce the correct (physical) buckling loads for this simple
tension test, The reason for this pathological behavior is material hourglassing.

Tab. 6 shows analytical and numerical results of the critical stretches for a square block (r = 1). In accordance
with the results of the modal analysis in Section 3.4, we observe a principally different behaviour of the “E”
and “H” enhanced formulations. The first ones fail around the stretch state Ay = 1.509 and the latter ones at
around Ap = 2.279. These values can be related to the horizontal tangents of the Sy — Ao- and P, — Ag-curves
in Fig. 3. However, within each of the two classes, minor differences between the individual formulations can
be observed, which emanate from different treatment of the geometric stiffness. While Q1/MH4 and Q1/HT4
fail exactly at the stretch value with the horizontal tangent, Q1/E4 as well as Q1/H4 are slightly delayed due
to the stabilizing geometric hourglass stiffness.

For the displacement based Q2 element, the upper row of Fig. 13 shows the first four critical buckling modes
superimposed onto the initial mesh. The lower row of Fig. 13 sketches typical (material) hourglass patterns for
various formulations. Interestingly, the first buckling mode of Q1/H4 (not shown) is a good approximation to
the reference solution, the second buckling mode of the Q1/H4 is repeated version of the first mode spoiled with
some hourglass patterns. This shows that it is important to consider also higher order buckling modes for the
stability analysis of finite elements.

In summary, we can conclude that, at least for this example, the elements proposed in Section 4, e.g.
Q1/MEA4, as well as the Q1/HT4 perform worse w.r.t material hourglassing. The reason is the absence of the
stabilizing geometric hourglass stiffness. In addition, the “nonlinear enhanced” Q1/H4 is superior to the “linear
enhanced” Q1/E4 and, although not free of material hourglassing, seems to be more suitable when strong
material nonlinearities are involved.

6 Further Numerical Experiments

This section analyses possible consequences of the modification of the Green-Lagrange strain proposed in Sec-
tion 4. In particular, convergence and stability of the novel elements in comparison with established EAS
elements is studied. For this purpose we consider three large strain bending problems. For the sake of brevity,
we primarily focus on Q1/ME4. For all simulations the compressible Neo-Hookean strain energy function (64)
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Figure 13: Buckling modes superimposed onto the initial mesh configuration; (upper row) approximation with
Q2 of the first four buckling modes (the actually curved element edges are not plotted); (lower row) typical
hourglass patterns of various EAS formulations.

ref. mesh Q2 JE11  /ME1l Q1 /E4 /ME4 /H4  /HT4

1/1 2307 1.519* 1.495* - 1.519* 1.510* 2.306  2.279
8/8 2302 1.519* 1.316* 2.313 1.519* 1.509* 2.302 2.279*

A 2302

)\EQ) 2.363 8/8 2.364 1.520* 1.326* 2414 1.521* 1.511* 2.306* 2.283*

)\EB) 2.447  8/8 2450 1.522* 1.354* 2577 1.526* 1.517* 2.310* 2.295*

Table 6: Material hourglassing: critical stretches for j = 1,2, 3.
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Figure 14: Cook’s membrane; problem description and two deformed 2m x m (m = 12) mesh configurations.

is used. Furthermore, standard Gauss quadrature, i.e. 2 x 2 for bilinear elements and 3 x 3 for biquadratic
elements, is used.

6.1 Cook’s membrane

This is a well-known benchmark to test element performance in in-plane bending situations. The initial geometry
as well as two deformed configurations are depicted in Fig. 14. We follow [21] and use a quasi incompressible
Neo-Hookean model with Lamé parameters A = 400942 and p = 80.1938 (Young’s modulus E = 240.5654 and
Poisson’s ratio v = 0.4999). The quantity of interest is the absolute nodal tip displacement ||d || of the upper
right corner for two different scenarios.

First, we consider an m X m mesh and a vertical loading with a resultant force P, = 100 (P, = 0). Fig. 15 (a)
shows the convergence plot for various EAS elements. Due to in-plane shear locking, Q1/E2n is stiffer than all
other elements. Interestingly, the novel Q1/ME4 element performs slightly more flexible for coarse meshes than
the Q1/E4. However, this effect decreases with mesh refinement and all elements converge properly.

For the second scenario we consider a 2m X m mesh in combination with a higher load of P, = P, = 300,
which makes it more challenging with respect to geometric hourglassing. Fig. 15 (b) shows that Q1/E4 and
Q1/H4 are too flexible for coarse meshes. Moreover, the results become unstable for m > 10. In contrast
to that, the other elements apparently converge towards the same value. The stress singularity at the top
left corner produces potential numerical issues with mesh refinement, but this aspect is not further discussed
herein. Fig. 14 depicts the deformed meshes for Q1/ME4 as well as Q1/E4. For the latter, the iterations failed
to converge after reaching approximately 87% of the target load. The local hourglassing at the upper left corner
for Q1/E4 is clearly visible.

6.2 Pure bending deformations

We next consider the coiling of an initially flat beam-like structure with length L = 10 and thickness T'= 2. A
Neo-Hookean material with £ = 100 and varying Poisson’s ratio is considered. The block is clamped at the left
end and subjected to two different loading scenarios at the right edge: (i) force control via follower loads and
(ii) prescribed rotation angle «, see Fig. 16.

We first consider a scenario that uses a 1 x m mesh and v = 0.3. The structure is subjected to pair of follower
loads Py invoking a bending moment M = Py -t = E/15. Fig. 17 (a) shows the absolute tip displacement
of point A for an increasing number of elements in length direction (X;-direction). Shear locking for Q1/E2n
and in addition (mild) volumetric locking for Q1 yields a stiffer response than the remaining fully locking-free
elements. They perform similar, with a slightly stiffer response of Q1/ME4. The reason for this difference is the
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Figure 15: Cook’s membrane; convergence plot for (a) P, = 100, P, = 0, uniform m x m mesh and (b)
P, = By, = 300, 2m x m mesh.

loading- loading-scenario (i)
scenario *_

Py

N

Figure 16: Pure bending problem; problem description and deformed 3 x 15 mesh.
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Figure 17: Pure bending problem with prescribed M = E/15; (a) tip displacement versus number of elements
and (b) load-displacement curve for a 1 x 5 mesh.

modification of the hourglass stiffness in combination with the fact that there is no mesh refinement in transverse
direction (Xs-direction). Fig. 17 (b) shows the load-displacement curve for a 1 x 5 mesh, with the load scaled
by load factor 7. The results of Q1/ME4 an Q1/E4 coincide at the beginning of the deformation process but
deviate when the load is increased and the nonlinear hourglass contributions become more influential. For a
similar problem, the slightly stiffer response was also observed by Schwarze and Reese [61] (cf. Section 7.4) in
the context of a shell formulation where the quadratic Green-Lagrange strain component in thickness direction
is neglected.

For the second scenario we consider an m x 5m mesh, such that the element shapes remain square. A
rotation angle o« = 7 is prescribed at the right edge along with the constraint of the edge remaining straight.
The aim of this second scenario is to show that the novel elements perform well for large bending problems and
that the slight deviations from the previous scenario diminishes with mesh refinement in transverse direction.
For the incompressible case (v = 0.5) it is possible to derive an analytical solution for this problem, see
Destrade et. al [62]. As a reference we use the variation of the second Piola-Kirchhoff stress component in
transverse direction.

157.07963 X35 + 217.6835X5 — 114.29004 X5 — 162.05561

S =
1 5X2 4+ 8.79635X + 3.868795

(66)
It is homogeneous in length direction (X;-direction), i.e. independent of X;. The numerical results for Si;
in cross sections passing through the Gauss quadrature points, using a quasi incompressible material with
v = 0.4999, is compared to this reference solution. Fig. 18 shows the convergence behaviour of the relative error

— foT(Sll — 5{11)2 dXo

Jo (S11)2 dXs (o7

6(811)

versus the number of elements m in Xs-direction. The integrals in (67) are evaluated with the same Gauss
quadrature rule as the element stiffness matrices.

For coarse meshes Q1/E4 performs slightly better than Q1/ME4 and, interestingly, Q1/HT4 performs
slightly better than Q1/H4. With mesh refinement these differences diminish. Almost identical results are
observed for Q1/S5 and Q1/MS5 (not shown for the sake of brevity). Qualitatively similar results are also
observed for the biquadratic counterparts Q2/E11 and Q2/ME11. The differences are much smaller, though,
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Figure 18: Pure bending problem with prescribed o« = m; convergence behaviour of various elements. It is
remarked that the quasi incompressible simulation does obviously not converge towards the isochoric reference
solution with further mesh refinement (the error becomes dominant at around e ~ 10~ for v = 0.4999).

since the bending problem is dominated by the bilinear (hourglass) strain mode, which is not modified for
Q2/ME11.

6.3 Inhomogeneous compression of a rubber block

For the last benchmark we consider the problem setup shown in Fig. 19, see also References [63, 64]. It consists of
a Neo-Hookean block (E = 1000, v = 0.49) subjected to a asymmetrically placed line load ¢. A load controlled
nonlinear analysis is performed with the aim of studying stability of the equilibrium points. Critical points are
computed with a combination of accompanying eigenvalue analyses and a bisection algorithm.

The right side of Fig. 19 depicts a deformed configuration for a load level at which a (physical) limit point
is reached when using Q2 elements. A locally non-smooth deformation pattern near the point marked with
A in Fig. 19, left, is faintly visible, but it turns out that a finer mesh would be needed to further resolve it.
Eventually, the deformation localizes near the point A. For a refined mesh with 1602 elements a limit point is
reached with a load factor of 4. = 1.0215. This value is considered as a numerical reference solution in the
following, without claiming that it is a converged solution.

First, we focus on the coarse mesh accuracy of some selected elements. Fig. 20 shows the corresponding
load-displacement curves for a uniform 6 x 3 mesh as well as some deformed mesh configurations. Each of them
correspond to the respective final point of the load-displacement curves shown on the left. All simulations with
standard EAS elements reach a limit point at around -, =~ 1 (coincidentally, this value is close to the numerical
reference value), but the corresponding buckling modes are obviously dominated by hourglassing, i.e. this is
not the physically correct critical load. Q1/HT4 is free from hourglassing but fails the reproduce the physical
instability. Also Q1/ME4 is free from artificial instabilities but it runs into a stable bifurcation near v = 2.1.
The fact that both elements fail to reproduce the correct physical instability can be explained by the extremely
coarse mesh. Only the quadratic elements Q1/ME11 and Q2 are capable of reproducing an approximation of
the physical instability mode for this coarse mesh.

We finally consider some refined meshes (nq. = {57,198,432,732,1125,1602}). The diagram in Fig. 21
shows the numerical results for the critical loads plotted versus the number of elements. These computations
reveal the difficulties that are often encountered in the distinction between physical and artificial instabilities.
As an example, Q1/E4 exhibits geometric hourglassing for the first three meshes and then, coincidentally,
accomplishes to capture the limit point, at least visually (not shown). In contrast to that, Q1/H4 fails throughout
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Figure 20: Inhomogeneous compression problem; left: load-displacement curves for 3 x 6 mesh; right: deformed
mesh configurations of the final state of the corresponding load-displacement curves.

32



—_
(1

1.4
Fli
513 Ql —e—
2 Q1/ME4 —&—
& 11 Q1/H4 ——
= Q1/MH4-T ——
° Q1/HT4
Q2/E1L -a--
09 I | | QZ/MEII A

Figure 21: Inhomogeneous compression problem; top: critical load factor vs. number of elements; bottom:
post-critical deformed configurations for nee. = 198 (second data-set in graph).

all simulations in form of local hourglassing, see the enlarged detail. The newly proposed elements as well as
Q1/HT4 are free from hourglassing and reproduce a buckling mode that can be considered as likely physical.

7 Conclusions

The present study provides new insights into the origin of numerical instabilities observed for various locking free
finite element formulations for nonlinear elasticity, with a focus on Enhanced Assumed Strain (EAS) elements.
In particular, the numerical phenomena can be traced back to phenomena that are explainable with classical
concepts of stability analysis in structural mechanics. With the help of tailor-made benchmark problems, for
which analytical solutions are available, the relationship between element aspect ratio, element formulation and
stability properties are systematically described. The results imply a classification of nonlinear hourglassing
phenomena into geometric and material hourglassing. Both of them apparently require different strategies to
avoid them.

With respect to geometric hourglassing, numerical evidence reported in this paper implies that a newly
proposed method based on a modification of the computation of the Green Lagrange strain on element level
is able to avoid numerical instabilities, while representing physical ones. Analysis of material hourglassing
— prominent in problems involving large tensile strains — and corresponding remedies are subject to ongoing
research. In this context, both regarding the important distinction between physical and numerical instabilities
and the problem of material hourglassing, which strongly depends on the material law, further research is needed
to define feasible benchmarks. This does not only apply for stability analysis of finite elements in nonlinear
problems but for nonlinear finite element technology in general.
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A Linearized stiffness matrix

A.1 Based on the “Wilson modes” (Q1/H4)

In compact matrix notation the stiffness matrices derived in Section 2.1 can be computed via
K. = / BiABp dA and K, = / BjjA By dA (68)
Q Q

with modal strain-displacement operator

1YL, 0 0 0 g/Li 0 0
0 1/, 0 0 0 &L 0
0 0 1/L, 0 /Ly 0 n/L
o 0 0 1/L, 0 g/Li 0

By =

"
Eooo
A

associated with displacement gradient (Hy1, Haa, H12, H21)T and displacement ansatz (2). The general material
matrix and stress matrix read

A+2G A 0 0 o11 0 0 0

. A A+2G 0 O B 0 099 0 0
A, = 0 0 a G and A, = 0 0 om 0] (70)

0 0 G G 0 0 0 011

respectively, with elastic constants A = G(E — 2G)/(3G — E). This yields, with A = v = 0, E = 2G and stress
state o = diag (0, —yp) the elastic stiffness (3) as well as the geometric stiffness matrix (5).
Static condensation of parameters c;_g from K' = K! + K} (cf. Eq. (3) and (5)) provides the stiffness

matrix
P R . ]—r & ] ()
0 el e O A (e
EAS contribution
Here, the second diagonal term can be written as a power series in o992 as
2 o0 n
Krﬁfd = E;e + %Ter‘: 1022 + SLTQ 2 (_E2") (022)n+1, (72)

where for small ratios o3/ F, the last term may be neglected and approximation (10) is recovered, making it
more accessible for a physical interpretation.

A.2 Based on the “transposed Wilson modes” (Q1/HT4)

The corresponding stiffness matrix is obtained by a modified By-operator which is obtained by switching the
terms in the last two rows of Eq. (69). Static condensation of c7_g yields

E Gre e Gre e
K= [ 5  aT U (73)
Te Te 023T¢
0 35 T3, T 78 0 Bre

EAS contribution

and recovers Eq. (11).
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B Modal Analysis

Relation between A and C is given by

Ay A%, 00 NOY +S1 MO 0 0
A |Al A% 0 0| | MGl NG+ S 0 0 (74)
10 0 A3 AS,| T 0 0 MG+ 82 MG,y |-
0 0 A3 A5 0 0 MAC5, NG5, + S

For the strain energy function (43) of the Blatz-Ko rubber, the corresponding coefficients of the elastic moduli
C are given as

4 A 4 A
Chy =Cun=up )\?—é), O3 =Cop=1p )é‘_)é)’

Ct, =Cyia

+

75)
1 1 (
Ci, =Cior=p > .

S e ea Tz

C Implementation

At element node A, the shape function N4 and its material gradient VN4 = Grad N4 is used to express the
compatible displacement gradient and variation of the Green-Lagrange strain as

H=> d*®VN* and SE=)» B”sd". (76)
A A
Here, the “standard” nodal B-operator reads
FllNé FQIN:?
B# = B,, (F,VN*) = FiaN3 FyN% : (77)

F12Nj‘ + Fan;‘ leNé + FQQNﬁ1
Furthermore, we obtain the “standard” geometric operator (24) for node A and B via
(G491 .= Gad(S, VN4, VNP) = (VN4 TSYNE . 1, (78)

with S = S(E).

A possible way to implement the principle idea of Section 4 is to subtract the undesired terms from ezisting
(“standard”) quantities. The modified strain expression in Eq. (50) can then be expressed as E = E — JH{ H,,.
In correspondence with the split of the displacement gradient we introduce N = N, + Nj. Assumimg that

d =d (e.g. EAS parts are not altered), the modified operators in (51) read

B4 := B4 - B,, (H;,Crad V') and [Gdd =[G — Gl(S, VNA, VNE), (79)

with S = S(E). Exemplified for the modified strain expression (54) of the Q1/ME4, the terms which have to
be subtracted read

H1\11N{471 H1\12N{471
Bno (Hh, Grad Nﬁq) = H1\12N1"2 H1\22N1‘,2 (80)
H1|12Nf|‘71 + H1|11Nf|x72 H1|21Nf|‘,2 + H1|22Nf?,1
and ,
G (S, VN, VNP = (VN{)TS(E)VNF - 1. (81)
Here N{* = N4 — Ngt, with N§' = N A’ =0’ denotes the non-constant part of the standard bilinear shape
functions and S = S(EC + E).
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D Analytical solution of the bifurcation problem

The theoretical analyses is based on the pioneering work of Biot [65]. A more general treatment can be found
in Hill and Hutchinson [66] and Young [67], for the tension case and compression case, respectively, see also
Chapter 6.3 of Ogden [68]. In the following we provide a short sketch of the solution. The notation is adopted
from the readable paper of Triantafyllidis et al. [60].

Starting point for the analytical solution is the Euler-Lagrange equation of bifurcation criterion (62)

| Div (A(up, \) : GradAu) =0 (82)

This yields the characteristic equation
aAu; 1111 + bAY; 1122 + cAu; 2220 = 0, (83)
with ¢ = 1,2 and coefficients (related to the elasticity tensor A)
a:=Ap1Aio, 20 := A1 4o + A2 A1 — (An12240112)°, €= Aoz Az (84)

Eq. (83) and the corresponding incremental boundary conditions (cf. Section 5.2) can be satisfied by the ansatz

Auy = v1(p1X1) cos (p2X2) Auy = v1(p1X1) sin (p2 X2)
81 A’U,Q = —vg(ple) sin (pQXQ) or Al AUQ = —’Ug(ple) COS (pQXQ) (85)
p2 =nm/Ls p2 = (n—3)7/Ly

with positive integers n. Here S1/A' and (later) S?/A? designate the symmetric/antisymmetric modes w.r.t
the X; and X, axis. Inserting ansatz (85) in (83) yields the characteristic equation

4 2
a(pl) +b<p1> te=0, (86)
b2 D2

(pl>2 _ —bEVb —ac
b2 a

where ¢ = /—1 denotes the imaginary unit. We are only interested in the elliptic domain, i.e. where ellipticity
of Eq. (82) holds. This implies ¢ > 0,¢ > 0,b > —\/ac (cf. Section 6.2.7 in [68]) and yields the distinction
between two different cases:

with the four solutions

= p1 = pa {+ia, Lif}, (87)

e Elliptic-imaginary (EI) solutions with b > /ac and real o, 8 (cf. Case 1 in [68], p. 417).

e Elliptic-complex (EC) solutions with b < y/ac and complex conjugates o« = y+id and 8 = y—1id (cf. Case
3 in [68], p. 418).

This requires a Xi-dependent ansatz of the form

Vg = AQCQ -+ BQCIB

82 (% :A15a+315[3
Vg = CQSQ + DQSﬁ

.A2 { v = C’lca + chﬂ

for the EI case and

S2 { v = Alsv cos (5p2X1) + B1C,y S%Il (5p2X1) or .A2 { v = C’lcfy cos (5p2X1) + Dlsfy s%n (5p2X1)
vy = Agcy cos (6p2X1) + Basy sin (0p2X1) vy = Ca8y 08 (6p2X1) + Dacy sin (6p2X1)

(89)
for the EC case. Here, (A, B,C, D); are real constants and s,y = sinh ({b} poX1) and c,y = cosh ({b} p2 X1).
Incremental equilibrium (82) together with the incremental boundary conditions (63) provide solutions in form
of the critical stretch Ay = )\.(f ) and corresponding buckling mode Au = Aul). For further technical details
we refer to [68]. For the two bifurcation problems considered in this work the numerical values for the critical
stretches are provided in Table 7.
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Neo-Hooke — compression Special Blatz-Ko — tension

r A A B W O D VR R VD VS D Vo

0.1000 | 0.9917 0.9672 0.9268 0.8718 0.1 | 2.2797 2.2804 2.2815 2.2831
0.1258 | 0.9869 0.9482 0.8852 0.8031 0.5 | 2.2852 2.3020 2.3287 2.3633
0.1584 | 0.9794 0.9185 0.8225 0.7149 1.0 | 2.3020 2.3633 2.4479 24775
0.1995 | 0.9674 0.8724 0.7376 0.6338 1.5 | 2.3287 24479 24833 2.4864
0.2511 | 0.9485 0.8039 0.6516 0.5820 2.0 | 2.3633 24864 2.5037 2.5116
0.3162 | 0.9189 0.7158 0.5922 0.5546 2.5 | 24038 24775 2.5116  2.5162
0.3981 | 0.8730 0.6345 0.5598 0.5419 3.0 | 2.4479 24864 2.5082 2.5168
0.5011 | 0.8048 0.5824 0.5442 0.5370 3.5 | 24932 25070 2.5143 25173
0.6309 | 0.7167 0.5548 0.5378  0.5356 4.0 | 2.5037 2.5126 2.5168 2.5182

0.7943 | 0.6352 0.5420 0.5358 0.5352
1.0000 | 0.5828 0.5371 0.5353 0.5352
1.2589 | 0.5550 0.5356 0.5352  0.5352
1.5848 | 0.5421 0.5353 0.5352 0.5352
1.9952 | 0.5371 0.5352 0.5352 0.5352
2.5118 | 0.5356 0.5352 0.5352 0.5352
3.1622 | 0.5353 0.5352 0.5352 0.5352
3.9810 | 0.5352 0.5352 0.5352 0.5352
5.0118 | 0.5352 0.5352 0.5352 0.5352
6.3095 | 0.5352 0.5352 0.5352 0.5352
7.9432 | 0.5352 0.5352 0.5352 0.5352
10.000 | 0.5352 0.5352 0.5352 0.5352

Table 7: Critical stretches Ay = /\£j ); left: compression problem of a Neo-Hookean block with v = 0.45 and
strain energy function 64; right: tension problem of a Blatz-Ko block, with strain energy function (43).
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