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Abstract 

Designing new materials that are both lightweight, damage-tolerant, and sustainable is a primary requirement for 

the advancement of many technological fields. To date, lattice materials appear to be ideal candidates for achieving 

such multifunctionality at the material scale and leveraging the structural hierarchy can pave the way to amplify 

their performance. Nature teaches us that, by designing multiscale architectures through a “bottom-up” logic, it is 

possible to improve and fine-tune the properties of biological building blocks to get robust and multifunctional 

materials. Yet, we are still far from achieving such a level of perfection that Nature has. In an attempt to narrow 

this gap and understand the role of hierarchical strategies in lattice structures, we studied, by finite element 

modeling, 3D hierarchical lattice structures formed by “beam-based” elementary units. Specifically, we selected 

two types of unit cells with different mechanical behaviors, we combined them into different topological 

configurations – through hierarchy and engineering approach – and we studied their mechanical behavior under 

four-point bending loading. The results of this study are twofold: introducing structural heterogeneity by mixing 

different unit cell types can be beneficial in terms of mechanical properties, while introducing structural hierarchy 

does not lead to significant improvements in the deformation behavior of the lattice structures analyzed. The latter, 

however, significantly changes the surface-to-volume ratios of the lattice structures and thus extends their 

functionality. The evidence found may open new horizons for applications such as heat exchangers, mechanical 

filters, tissue regeneration scaffolds, energy storage systems, and packaging. 
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1. Introduction 

Synthesizing advanced materials with tailored combinations of physical properties that 

outperform those of conventional materials is a primary goal of materials science research. 

Indeed, the design of innovative lightweight, damage tolerant, multifunctional, and sustainable 

materials is a primary need for the development of many sectors such as aerospace, energy, 

infrastructure, sports, and biomedicine. Lattice materials, thanks to the development of additive 

manufacturing techniques and new design software, seem to be ideal candidates to address this 

challenge [1]–[7]. Unlike other engineering materials, lattice structures are characterized by 

building blocks formed by spatially repeated elementary units that are interposed between the 

atomic structure and the “bulk” material. This leads them to behave as structures on the micro-

to-meso scale and as homogeneous materials on the macro scale [8]–[10] (see figure 1). By 

changing the geometrical parameters of the unit cells (u.c.), while keeping the base material 

unchanged, it is possible to range among a wide gamut of properties such as lightness, stiffness, 

thermal conductivity, and energy absorption. It is also possible to obtain properties not present 

in conventional materials, such as negative Poisson ratios and negative thermal expansion 

coefficients (i.e., meta-properties) [11], [12]. In addition, by introducing heterogeneities in the 

material that constitutes the u.c., the design degrees of freedom are further expanded [13]–[15]. 

The versatility and advantages of lattice materials are becoming increasingly evident. Yet, many 

challenges for their optimal implementation in the functional parts of products remain. One of 

these is to understand how to exploit structural hierarchy to improve their performances [14], 

[16]–[18]. Nature, indeed, teaches us that, through bottom-up fabrication of sophisticated 

multiscale architectures, it is possible to amplify the properties of the building blocks of 

biological materials and to combine them to achieve robust and multifunctional structures. 

Bone, wood, nacre, and algae are some remarkable examples of how the physical properties of 

materials can benefit from hierarchical microstructures [19]–[23]. Over the years, we have been 

able to effectively apply these concepts to the design of large architectural constructions. The 

Eiffel Tower is a leading example for all [24]. However, we are still far from achieving such 

“perfection” at the material level, due to the complexity of the processing-structure-property-

performance relationship [25]–[27]. 

 

Figure 1 - (a) Material behavior scaling (MBS) scheme for lattice materials. Exploiting a 

conventional material, by structuring it at the micro/meso scale in the form of a unit cell, allows 

one to make architected materials that overcome the limitations of conventional materials. 

Predicting the macroscale performance of lattice materials requires the knowledge of the 

material properties at each length scale. 

In an attempt to reduce this gap and better understand the present relationship between structure 

and mechanical properties of hierarchical lattice materials, most research has been focused on 

the analysis of self-similar (or fractal) two-dimensional and three-dimensional strut-based 
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lattice structures [8], [16], [28]–[33]. The apparent mechanical behavior of strut-based lattices 

can be conventionally described as a function of: i) the properties of the base material, ii) the 

connectivity of the u.c. (i.e., the number of struts connected at each node), and iii) the relative 

density (defined as the ratio of the volume of the lattice core to the solid core with identical 

volume) [9]. Depending on the u.c. connectivity, they have also been classified into two macro-

families characterized by distinct mechanical behaviors: bending-dominated and stretching-

dominated structures. The former typically deform through bending of their interconnected 

members, while the latter deform through compression or uniaxial tension of their members 

[9], [34]. Their mechanical properties are influenced by their density and by the deformation 

mode, through the connectivity, and are described by scaling laws. In particular, in terms of 

elastic modulus, notably, bending-dominated lattices show a quadratic dependence on relative 

density, while stretching-dominated lattices show a linear one. This means that a bending-

dominated lattice material in which the solid parts of the u.c. occupy 10% of the volume is less 

rigid by a factor of 10 than a stretching-dominated lattice of the same relative density. However, 

research on the hierarchy effect of the mechanical behavior of such materials has shown that 

this parameter is not sufficient to fully describe the performance of hierarchical strut-based 

lattice materials [16], [28]–[34]. 

To date, we know that by customizing the structural organization of self-similar hierarchical 

2D lattice materials, a relatively wide range of elastic properties can be achieved and that some 

of them can benefit from hierarchical design [28]–[30]. In addition to elastic properties, through 

multiscale design, crack propagation resistance can also be improved [35]. Similar results have 

also been found for three-dimensional lattice materials. Specifically, in terms of stiffness, it was 

observed that bending-dominated lattices benefit from the hierarchy to a greater extent than 

stretching-dominated ones, while in terms of strength, the presence of more hierarchical levels 

produces higher stress concentrations that globally reduce the yield strength of the material 

[31]. Moreover, beyond two levels of hierarchy no appreciable increase in strength or stiffness 

has been observed, suggesting the idea of an optimal degree for the hierarchy [32]. The 

mechanical behavior of hierarchical self-similar lattice materials, unlike non-hierarchical ones, 

was also found to be dependent on the slenderness ratios (s.r.) of the struts of the different 

hierarchical levels and no longer on the relative density [33]. 

By combining bending-dominated u.c. and stretching-dominated u.c. in hierarchical lattice 

structures of hybrid type unique properties can also be obtained. In particular, it has been 

observed that the stiffness and elastic buckling resistance of multiscale bending-bending lattices 

progressively improve with hierarchy, while for stretching-stretching lattices the increase in 

buckling resistance is accompanied by a reduction in stiffness. In contrast, bending-stretching 

lattices showed significant improvement in both stiffness and buckling with hierarchy, while 

stretching-bending lattices were found to be more flexible but less strong [16]. The behavior of 

hybrid structures can be further modified by combining together u.c. made of different base 

materials [32]. 

In light of previous research results and to extend the current knowledge on the processing-

structure-property-performance relationship of multiscale lattice materials, in this work we 

analyze the specific mechanical performance of 3D hierarchical lattice structures. To evaluate 

the benefits achievable from exploiting substructures with different behaviors, here we model 

twelve topologies, by combining two different types of elementary u.c.: bending-dominated and 

stretching-dominated. Then, through numerical finite element (FE) simulations, we analyze 

their mechanical behavior as a function of the s.r. of the u.c. struts. As a loading scenario we 

consider the case of a beam subjected to four-point bending (4PB). The bending loading 

scenario, allows us to work on a simple geometry design space with a gradient stress 

distribution, guiding the design of lattice structural topologies with the aim of optimal material 
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usage. Furthermore, since in the four-point bending configuration a larger portion of the solid 

beam is affected by a constant moment, any discontinuities, inherent in lattice structures, are 

mediated by the larger loaded volume. With our approach we aim to define new mechanical 

design guidelines for hierarchical lattice structures. 

 

2. Materials and Methods 

2.1 Topological design 

We consider a 3D 4PB beam as a case study. The design space has a square cross section (H=48 

mm) and a length L=192 mm. The pin distances were set to 144 mm and 48 mm for the supports 

and for the pushing pins, respectively. The design space is voxelized into cubes having 12 mm 

edge length (figure 2b) that are subsequently populated with different combinations of lattice 

u.c.: a bending-dominated, the simple cubic (SC), and a stretching-dominated one, the face-

centered cubic (FCC). These u.c. are chosen for both their different mechanical behaviors and 

the excellent geometric compatibility in order to reach a structural heterogeneity in the design 

space (figure 2a). Starting with the bulk beam, specifically, we model up to three different levels 

of hierarchy: 

i) Level 0, the solid beam (B-beam); 

ii) Level 1, the non-hierarchical lattice structure (NHL-structure); 

iii) Level 2, the hierarchical lattice structure (HL-structure). 

 

Figure 2 - Representation of the modeling process of lattice structures. (a) Selection of u.c. 

according to their mechanical behavior and geometric compatibility. (b)Voxelization of the 

design space consisting of a four-point bending beam (symmetrical with respect to the 

midplane). The design space has square cross section and nominal dimensions L = 192 mm 

and H = 48 mm and is subjected to a 4PB load. F represents the reaction force, u the imposed 
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displacement, and δ the maximum specimen deflection. (c) Representation of the design process 

of hierarchical lattice u.c.. The edge length dimensions used for this study are equal to 12 mm 

and to 3 mm for the NH-u.c. and the H-u.c. respectively. (d) Schematization of the building 

rationale used to generate the hierarchical (or level 2) u.c.. 

The NHL-structure is obtained by replacing the bulk beam material with the selected u.c., voxel 

by voxel. In the HL-structure, each voxel is made by hierarchical u.c. (i.e., level 2), as shown 

in figure 2c. figure 2d shows the H-u.c. that are obtained from all the possible combinations of 

FCCs and SCs on a smaller length scale. 

As a convention, the names of the H-u.c. are defined through acronyms consisting of two parts 

“x-y”: the first one, “x”, describing the level 1 u.c., the second one, “y”, describing the level 2 

u.c. (figure 2d). The minimum dimensions of the struts of the lattice u.c. are chosen in 

compliance with the technological constraints associated with a Prusa i3 MK3S Original kit 3D 

printer mounting a 0.4 mm nozzle that emerged while printing with PLA several models as 

proof-of-concept. The u.c. edges length are fixed at 12 and 3 mm for level 1 and 2, respectively 

(figure 2c). To study the combined effect of hierarchy and structural heterogeneity, different 

topologies are exploited as population strategies for the design space. Four different NHL-

structures are studied: i) SC-structure, made of only SC u.c., ii) FCC-structure, made of only 

FCC u.c., iii) a “sandwich” like architecture, called SAND-structure, and iv) a topologically 

optimized one, named TOPO-structure. The i)-ii) structures are homogenous lattice structures 

consisting of a unique type of u.c., whereas the iii)-iv) structures are obtained by combining the 

SC and FCC u.c. into heterogeneous architectures. The SAND- and TOPO-structure 

configurations are designed according to the optimization strategies commonly used to achieve 

optimal mechanical response of structures under bending loading conditions. In particular, the 

SAND-model is designed to emulate the structure of well-known sandwich panels, where rigid 

skins and lightweight core are combined to increase the flexural stiffness-to-weight ratio. The 

TOPO-, on the other hand, is made from the results of a topological optimization on a 4PB 

beam that maximizes flexural stiffness, replacing areas where bulk material is left with FCC 

u.c., well-known for their structural efficiency, while areas where bulk material is removed, 

filled with SC cells, well-known for their lightweight. The NHL-structures schematization is 

reported in figure 3a. The combination of these four topologies with the hierarchy (i.e., H-u.c.) 

led to the definition of twelve HL-structures. A schematic representation of the TOPO HL-

beams is provided in figure 3b. All the structure analyzed in this study are included in 

Supporting Information (figure S1-S2). The structure names are composed by two parts: the 

first describes the level-1 population strategy, while the second describes the level-2 population 

strategy. 
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Figure 3 - (a) Representation of the four different design space population strategies. (b) 

Example of the lattice structures derived from a specific population strategy: TOPO-structures. 

(c) 3D representation of a hierarchical lattice structure and u.c. strut diameter, d, and length, 

l definition. 

 

2.2 Numerical simulations 

To study the mechanical behavior of the architected lattice structures, numerical simulations 

are performed using ANSYS Mechanical APDL. This is essential for the formulation of 

customized calculation routines (i.e., macros) capable of correctly defining u.c. and different 

hierarchical lattice topologies, and analyzing their structural behavior in an automated manner. 

Indeed, by programming the FE analysis input file, the geometries of the lattice models are built 

parametrically, using 3D FE beam-type (BEAM 188 with KEYOPT(3)=0 in the Ansys MAPDL 

element library). An iterative cycle is set up to automatically compute the solution of the 

different designs. The use of beam elements, despite allowing only a simplified representation 

of the real phenomena to be studied, allows for the evaluation of more than 80 different 

geometric configurations in a reasonable time frame and with limited computational effort. The 

exploitation of geometrical symmetry, material properties, and boundary conditions, present in 

all the designed lattice models, allow us to further speed up the analyses. Simulations are 

performed in displacement control, assigning a negative deflection of 0.3 mm to the nodes of 

the finite element models located at the required bending pins for a four-point experimental 

test. The minimum size of the finite element mesh is defined according to a convergence 

analysis. Specifically, in the NHL-structures each strut is discretized into ten beam elements, 

while for the HL-structures each strut of the smallest u.c. is constructed by exploiting two FEs. 

A homogeneous and isotropic linear elastic model, calibrated on the base of experimentally 

determined properties of a commercial 3D printing PLA, is used for the material model. 
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2.3 Data analyses 

The architected lattice structures are analyzed by varying the s.r. and, consequently, the relative 

density (𝜌𝑟𝑒𝑙), respectively defined as follows: 

 𝑠. 𝑟. =
𝑑

𝑙
 (1) 

 𝜌𝑟𝑒𝑙 =
𝜌∗

𝜌𝑏𝑢𝑙𝑘
= 𝑓 (

𝐷

𝐿
) (2) 

where 𝑑 is the diameter of the struts of the smallest u.c., 𝑙 is the side length of the smallest u.c. 

(see figure 3c), 𝜌∗ is the density of the lattice material considering the apparent volume, and 

𝜌𝑏𝑢𝑙𝑘 is the bulk density of the base material. Once fixed the u.c. edge length, we set the s.r. 

range from 0.15 to 0.45, then the strut diameters are calculated accordingly. The same s.r. are 

used for both the H-u.c. and the NH-u.c.. This strategy for defining the s.r. is consistent with 

previous studies [33]. The performance of the structures is measured through the relative 

modulus (Erel) and the stiffness-to-weight ratio (s.t.w.), that are among the most used 

parameters for characterizing lattice materials according to literature [36]. Relative modulus of 

elasticity is defined as: 

 𝐸𝑟𝑒𝑙 =
𝐸∗

𝐸𝑏𝑢𝑙𝑘
 (3) 

where 𝐸∗ is the apparent modulus of the lattice material and 𝐸𝑏𝑢𝑙𝑘 is the Young's modulus of 

the bulk material. The s.t.w. ratio, on the other hand, is defined as: 

 𝑠. 𝑡. 𝑤. =
𝐹

𝛿 ∙ 𝑊
 (4) 

where, with reference to a four-point bending beam configuration, 𝐹 is the force exerted by the 

bending pins, 𝛿 is the maximum deflection experienced by the specimen, and 𝑊 is the structure 

weight. Having introduced 𝐸𝑟𝑒𝑙 and 𝜌𝑟𝑒𝑙 we can define the scaling law, characterizing the lattice 

material elastic behavior, as follows: 

 𝐸𝑟𝑒𝑙  ∝  𝜌𝑟𝑒𝑙
𝑛    (5) 

Generally, the scaling laws are represented in a log-log diagram, where the exponent, n, 

becomes the slope of the scaling laws. 

 

3. Results 

In this section, we discuss the results obtained for the NHL-structures and HL-structures, by 

comparing the flexural properties of the structures (i.e., s.t.w. and Erel) as a function of the s.r. 

and ρrel. 

3.1 Topology effects on NHL-structures 
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Figure 4a,b shows the results of the NHL-structures. In particular, SC and SAND structures 

have comparable performance in terms of numerical values, as well as FCC and TOPO. While 

the FCC and the SAND have higher s.t.w. for low s.r. with respect to the TOPO and SC, 

respectively, the trend is inverted for higher s.r.. In fact, for s.r. included in the 0.30-0.45 range 

the SC and the TOPO show higher s.t.w.. Also, comparing the performances of the FCC and 

SC we can see that for low s.r. there is a large difference in terms of s.t.w.: at s.r.=0.15 the FCC-

structure has a 5-fold s.t.w. compared to SC. This gap is dramatically reduced for higher s.r.: at 

s.r.=0.45 the FCC is about 30% higher. The scaling laws in figure 4b, instead, highlight the 

different structural performance. As expected, the homogeneous SC structure shows a more 

bending-dominated behavior (n=1.7), while the FCC and the TOPO show a stretching-

dominated behavior (n=1.1 and n=1.2, respectively). The SAND structure has an intermediate 

behavior (n=1.4). 

3.2 Topology effects on HL-structures 

For the HL-structures the results are grouped by the topology of level 1. In figure 4c,d there are 

five different curves, for each plot, while for the plots depicted in figure 4e,f there are only three 

curves. The colored curves represent the HL-structures (each color represents a different 

topology at level 2). The black curve represents the NHL-structures (at level 1) that will be used 

as benchmark. Figure 4c shows the result for the SC HL-structures. All the curves are 

approximately parallel to each other and the overall behavior is bending-dominated, with an 

average 𝑛̅ = 1.8. This means that the dominant level is the macroscopic one, level 1. More 

details are provided in Table S1 (Supporting Information). Moreover, the introduction of 

geometrical complexity in terms of hierarchy does not produce any beneficial effects in the 

material mechanical response. Only the SC-SC structure matches the performance of the SC 

NHL-structures and extends the range of ρrel to lower values. 

Looking at the result for the FCC HL-structures, figure 4d, it is possible to notice that the overall 

behavior is again driven by level 1, being 𝑛̅ = 1.20 (stretching-dominated). Also, the FCC HL-

structures shows worse performance with respect to FCC NHL-structure. On the contrary, the 

FCC HL-structures shows better performances, for the same ρrel, with respect to the SC HL-

structures. figure 4e shows the outcome of the SAND HL-structures. In this case, the trend is 

different from the previous ones: the HL-structures outperforms the NHL-structure. The trend 

changes with hierarchy, becoming more stretching-dominated (the slopes are lower). The 

SAND-SC structure has a slope similar to the SAND one but shows higher Erel for the same 

ρrel. Also, the SAND-FCC is outperforming the SAND for low values of ρrel. Then, due to the 

more stretching-dominated behavior of the NHL-structure, the latter shows better 

performances, increasing the ρrel. The result for the TOPO HL-structures in figure 4f shows 

that there is no hierarchy-induced mechanical improvement. Also in this case, the overall 

behavior is mainly stretching-dominated (𝑛̅ = 1.20). By analyzing the scaling laws the HL-

structures having homogeneous SC level 2, we can see a different behavior depending on the 

topology of level 1. More precisely, if the level 1 shows a more bending-dominated behavior 

(as for the SC and SAND structures) the introduction of the SC at level 2 makes the HL-

structures more stretching-dominated. While, if level 1 has a stretching-dominated behavior, 

the introduction of the bending-dominated unit cell at level 2 makes the HL-structures more 

bending dominated. 
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Figure 4 - Non-hierarchical lattice structures results: (a) Stiffness-to-weight ratio vs 

slenderness ratio; (b) Relative modulus vs relative density (scaling law). Hierarchical lattice 

structures results: (c)-(f) scaling laws of the hierarchical lattice structures. Panel (b)-(f) are in 

log-log scale. Each color corresponds to a different topology, according to the legend. 
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4. Discussions 

NHL-structures demonstrate significantly different mechanical behaviors: all four topologies 

show an increase in stiffness as the s.r. of the u.c. struts (and thus their diameter) increases, but 

they fall into two different clusters. FCC and TOPO structures are much more efficient–in terms 

of stiffness–than SC and SAND structures. Indeed, the former, show higher performance than 

the latter, at a given s.r.. The difference between SC and FCC structures confirms the theoretical 

scaling laws. The difference between SAND and TOPO structures, on the other hand, allows 

us to highlight the fundamental role of structural heterogeneity on the performance of NHL-

structures and paves the way for the optimization of the analyzed models. Heterogeneous 

structures, such as SAND and TOPO, show hybrid behavior compared to homogeneous models 

(i.e., those made of only stretching- or bending-dominated u.c.). Indeed, their scaling laws are 

interposed between those of the FCC and those of the SC structures. The TOPO structure, 

however, is much more efficient than the SAND structure, showing performance that–for high 

s.r. values–far exceeds that of the FCC structure. This means that, for a given number of SC 

and FCC cells combined together to build heterogeneous lattice structures, applying topological 

optimization logic at level 1 can yield hybrid lattice structures with better performance than 

homogeneous stretching-dominated ones. Also, considering the difference in the performance 

of SC and FCC structures, we can state that an optimized structure would have not only 

heterogeneous u.c. within the design space, but also varying s.r., depending on the structural 

behavior of the u.c. (e.g., bending-dominated u.c. with high s.r. and stretching-dominated u.c. 

with low s.r.). A first attempt in this direction was done by the authors, finding that variable s.r. 

structures can improve the performance with respect to constant s.r. structures. Further details 

are provided in Supporting Information, figure S4. The same s.r. differentiation strategy, 

applied to homogeneous non-hierarchical structures, would not lead to the same benefits. 

Indeed, the FCC structure performance is not affected by the s.r. and the SC structure is weaker 

than the other configurations, regardless of s.r. value. 

HL-structures are generally less efficient than the corresponding NHL-structures, in terms of 

specific mechanical performance. Regardless the adopted design space population strategy, the 

elastic behavior of HL-structures is found to be strongly dependent on the type of structural 

organization present at level 1 (Table S1 Supporting Information), and we do not observe 

significant variations induced by the type of u.c. at level 2. Only a few exceptional cases show 

hierarchy-improved mechanical performance of the non-hierarchical lattice structures (e.g., the 

hierarchical SAND structures and the FCC-FCC structure), but there is no clear evidence to 

define sharp design guidelines for effective exploitation of the multiscale modeling logic used 

in this study. What we observe runs against the trend of previous findings in the literature [16], 

[28]–[34]. Indeed, a recurring outcome in research on HL-materials is that bending-dominated 

structures can benefit from hierarchy if stretching-dominated substructures are introduced 

within them. In this study, this evidence is not clear. This may be due to the different loading 

scenario, and possible edge effects due to the low number of u.c. used to generate the various 

lattice structure models. Nevertheless, the mechanical behavior of the analyzed lattice structures 

is comparable to that of other lattice materials (figure 5). Yet, an open question is to optimize 

the structural organization at level 2, by exploiting design logics similar to those discussed 

above for NHL-structure models, and to introduce periodic boundary condition to overcome 

the edge effect limitations. 
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Figure 5 - Relative elastic modulus vs relative density bubble chart: results comparison 

between previous studies and results obtained in this research work. Data referenced by the 

asterisk (*) were taken from [37]. 

 

5. Concluding remarks and outlook 

In our work, we analyze different types of 3D lattice structures under bending loading scenario: 

four types of NHL-structures, characterized by different population strategies and twelve types 

of HL-structures. The structures are obtained by combining together two different types of 

lattice u.c., characterized by stretching- and bending-dominated behaviors. The lattice 

structures are analyzed by varying the s.r. of the smallest u.c.. The outcome of this study shows 

that introducing structural heterogeneity, by combining different u.c. types, can be beneficial in 

terms of mechanical properties and this improvement can be further extended by customizing 

the s.r. for the different type of u.c.. Conversely, structural hierarchy does not necessary lead to 

significant improvements in the deformation behavior for the lattice structures analyzed. 

Nevertheless, hierarchy allows one to extend the range of relative densities to lower values, 

while maintaining comparable mechanical properties, which is the key-point of the lightweight 

design strategy. Furthermore, for the same mechanical performance, the geometrical features 

of HL-structures differ considerably from those of NH- ones (e.g., significant changes in 

surface-to-volume ratios), paving the way for new applications of such materials in novel fields, 

from heat exchangers, to mechanical filters, and tissue regeneration scaffolds. This could be 

possible also thanks to additive manufacturing, which allows one to overcome manufacturing 

limitations of conventional fabrication techniques. This research mainly focused on the elastic 

properties of hierarchical lattice structures, while their failure modes and inelastic behaviors are 

under investigation. Future research will involve an experimental campaign, through 3D-

printing and mechanical testing of selected lattice structures, to validate the numerical models 

and provide a more comprehensive understanding of the deformation and failure mechanisms. 
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