In-plane mechanical properties of demi-regular lattice materials
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Abstract

We investigated the potential of demi-regular tessellations to outperform existing prismatic
lattice materials, such as the triangular topology. The in-plane mechanical properties of
three demi-regular tessellations were derived analytically, and then corroborated by both
finite element simulations and experiments. Our analysis showed that these three topologies
are elastically isotropic and have a stretching-dominated behaviour. The elastic modulus of
these three demi-regular topologies was 5-20% lower than that of a triangular lattice. Demi-
regular lattices, however, had a high elastic buckling strength, up to 42% higher than their
triangular counterpart. This characteristic makes them ideal topologies for ultra-lightweight
applications, where failure is usually governed by elastic buckling.

Keywords: Lattice material, Demi-regular tessellation, Cellular solid, Elastic buckling,

Analytical modelling, Finite element analysis

1. Introduction

Prismatic (2D) lattices are particularly attractive for multi-functional applications where
both structural efficiency and heat transfer capabilities are required [1, 2]. The most common
prismatic lattices are the triangular, hexagonal and square lattices, see Fig. 1. Their elastic
modulus and compressive strength have been documented using analytical and numerical
methods [3-7] and then, corroborated by experiments [3, 8-11]. This work showed that

lattices have either a bending- or a stretching-dominated behaviour depending upon the
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Figure 1: The eleven l-uniform tessellations include three regular and eight semi-regular lattices. Regular
lattices are made from a single regular polygon, whereas semi-regular tessellations are assembled from
multiple regular polygons while maintaining a unique vertex configuration.

connectivity of the joints [12]. With three bars per joint, the hexagonal lattice is bending-
dominated and consequently, its elastic modulus and yield strength scale as p® and p2,
respectively, where p is the relative density of the lattice [3]. In contrast, the triangular
lattice, with six bars per joints, has a stretching-dominated behaviour. Its elastic modulus
and yield strength both scale linearly with p, which makes it significantly stiffer and stronger
than a hexagonal lattice [5]. At low relative densities, however, the collapse mode of the
triangular lattice switches from yielding to elastic buckling, and this is associated with a
significant reduction in compressive strength since the buckling resistance scales with p
(3, 5, 11]. The development of light, stiff and strong lattice materials would therefore benefit
from discovering new topologies that have a stiffness comparable to the triangular lattice,
but a higher resistance to elastic buckling. This is the motivation behind this study.

It is insightful to introduce notions of Euclidean tilings to guide the search for new
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Figure 2: The twenty 2-uniform or demi-regular tessellations. These are assembled from regular polygons

and have two different vertex configurations, which are marked in blue.

topologies. Triangular, hexagonal and square topologies are the only three regular lattices,
defined as tessellations made from a single regular and convex polygon [13]. In contrast,
semi-regular lattices are assembled from at least two different regular polygons, while main-
taining a unique vertex configuration (the sequence of polygons meeting at each joint).
There are eight semi-regular lattices [13] and these are shown in Fig. 1. Since both regular
and semi-regular lattices have a single vertex configuration, they form a category known as
I-uniform tilings [14]. Tessellations with two different vertex configurations can also be cre-

ated from regular polygons, and these are called 2-uniform or demi-reqular lattices. There

are 20 demi-regular tessellations [14], and they are given in Fig. 2.

The properties of semi-regular lattices have been reported using analytical and numerical
methods [15-21], and two topologies were found to be stretching-dominated: the Kagome

and snub-trihexagonal lattices. Even though both tessellations have a higher resistance to
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elastic buckling than a triangular lattice, their practical use remains limited because (i) the
kagome lattice is highly sensitive to imperfections [22, 23], and (ii) the snub-trihexagonal
lattice is significantly more compliant than a triangular lattice [21]. These reasons explain
why the triangular lattice remains the optimal prismatic topology for high stiffness and
strength.

While the properties of semi-regular lattices have been documented, those of demi-regular
tessellations remain unknown. Therefore, this study aims to quantify their properties and
determine if they can outperform a regular triangular lattice. The scope of this study is
limited to three topologies that we will refer to as demi-regular lattices A, B, and C, see
Fig.2. These three tessellations were selected for two reasons. First, they have a six-fold
rotational symmetry and therefore, their in-plane elastic properties will be isotropic [24].
Second, they have a high nodal connectivity (4, 5 or 6 bars per joint) and consequently, we
expect their behaviour to be stretching-dominated [12]. We will use analytical, numerical,
and experimental methods to show that these three demi-regular lattices have a comparable
stiffness but a higher resistance to elastic buckling than a triangular lattice.

This article is structured as follows. Analytical equations for the elastic modulus and
compressive strength of each demi-regular lattice are derived in Section 2. To validate these
analytical expressions, Finite Element (FE) simulations and experiments are developed and
described in Section 3. Finally, analytical, numerical, and experimental results are presented
in Section 4, where the performances of demi-regular tessellations are compared to those of

a regular triangular lattice.
2. Analytical modelling

In this section, analytical expressions are derived for the in-plane elastic modulus, Pois-
son’s ratio and compressive strength of demi-regular lattices A, B, and C, see Fig.2. Our
analysis assumes that all lattices are made from a linear elastic, perfectly plastic material,
characterised by a Young’s modulus E; and a yield strength o,,. All cell walls are consid-
ered to have a length /¢, thickness ¢, and out-of-plane width b. The cell walls are assumed to

behave as trusses since all four lattices are anticipated to be stretching-dominated.
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Two collapse mechanisms are considered when deriving the compressive strength of a
lattice: yielding and elastic buckling. Yielding occurs when the (tensile or compressive)
stress in a cell wall reaches the yield strength o,,. Otherwise, elastic buckling takes place

when the compressive load in a cell wall reaches the Euler buckling load [25]:

n’mlE,I
Tcr = 6—2’ (1)

where I = bt3/12 is the second moment of area and n is the end constraint factor (for
example, n = 1 for pinned joints, whereas n = 2 when both ends are fixed). The compressive
strength of a lattice is governed by the collapse mechanism that has the lowest failure load.
Finally, we emphasise that the assumptions detailed above are identical to those used in
previous studies [3, 5, 11, 21|, which will enable a fair comparison between the properties of

these three demi-regular lattices and other tessellations.

2.1. Demi-regular lattice A

Demi-regular lattice A is a tessellation composed of triangles and hexagons, see the unit

cell in Fig. 3. Its relative density p is given by:

= % G) _ 2,604 (%) . (2)

2.1.1. Loading in xy direction
Consider demi-regular lattice A loaded in the x; direction by a uniform compressive
stress o1. Because of symmetry, there are only five independent bars and these are labelled

on the unit cell shown in Fig. 3. Equilibrium equations for joint A give:

T, —To+ T3+ 2(Ty —T5) =0, (3)

T+ Ty — Ty =0, (4)

where T; is the internal force in bar i. Otherwise, the macroscopic stress field is 011 = o3

and o9o = 0, and this implies:

T1 + 2(T2 + T4 + T5) == 3\/50'1[)6, (5)
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Figure 3: Periodic unit cell of demi-regular lattice A.

T2 + T3 - O, (6)

respectively. This indeterminate truss can be solved using the principle of minimum strain
energy as follows. First, we use (3) to (6) to express T, T3, Ty and T5 as functions of 73.
Second, we use these expressions to write the strain energy U as a function of T} only. Third,
the minimum strain energy is found by setting OU/JT; = 0, and this allows to solve for T7.

These steps are detailed in Appendix A.1.1, and return the following internal forces:

V3 (7a)

T1 = 1—00'1[?67
V3
T2 = —%Ulb& (7b)
V3
T3 = 2—00'1b€7 (7(3)
T4 = 7—\/§Ulb£, <7d)
10
4
Ty = galbé, (7e)



where a negative sign (-) indicates tension, whereas a positive value corresponds to com-

pression. Next, the nominal compressive strain in x; is given by:

204+ A5 11\/§2€ (8)
N 3¢ 15 E,t’

€1

where A; = T;¢/(E,bt) is the extension/shortening of bar i. Therefore, the elastic modulus

E = 01/€; becomes:

E  5/3 [t _

Otherwise, we can find the nominal strain in x5 using the principle of virtual work, which

gives:
22 4 3oyl
= T+ 12T + —T5 — 4T, — =15 | = ———- 10
“ 15Esbt<1+ IR 35) 15 Byt (10)
and therefore, the Poisson’s ratio is:
€9 4
= ——= = — =0.364. 1
g €1 11 ( )

Since this tessellation is isotropic, the shear modulus G = E/(2(1 + v)) and this yields:

G _ V3 (%) — 0.107p. (12)

E, 6

Next, we turn our attention to the compressive strength of demi-regular lattice A. For

compression in x1, bar 5 carries the highest compressive force, see (7). The elastic buckling
strength is obtained by equating T5 to the Euler buckling load in (1), which returns:

O1.el 5\/3 2 9 t 3 _3
2 = — — = U. ]_ 1
B, g 0.081p°, (13)

where the end constraint factor n; = 1.633 is derived analytically in Appendix B.1. The
collapse mode is anticipated to change from elastic buckling to yielding as the relative
density increases. The yield strength of the lattice is obtained by setting 75 = bto,s, which
gives:

Ul,pl o 5\/§ (t

Yys



2.1.2. Loading in x4 direction
Now, consider demi-regular lattice A loaded in the x5 direction by uniform compressive
stress o9. Expressions (3) and (4) remain valid since they represent the equilibrium of joint

A, see Fig. 3. Otherwise, enforcing the macroscopic stress field o995 = 09 and oy; = 0 yields:

T2 + T3 = \/gcrgbé, (15)
Ty +2(Ty + Ty + T5) = 0, (16)

respectively. The additional equation needed to solve the system is obtained with the princi-

ple of minimum strain energy, see Appendix A.1.2, and we find the following internal forces:

T1 = 1—00266, (17&)
9v3
T2 = 2—002b€, (17b)
11v3
Tg = 20 O'ng, (17(3)
T = 33, (17d)
10
3
T5 = —%0’2[)6. (176)

For compression in x5, bar 3 carries the highest compressive force. The elastic buckling
strength of the lattice is obtained by setting T3 equal to the Euler buckling load in (1), and
this yields:

— = — -] =0.094 18
Es 99 nom /¢ P ( )

where the end constraint factor ny = 1.455 is derived in Appendix B.1. Otherwise, the yield
strength of the lattice is obtained by setting T3 = bto,s, which gives:

oop 2013 [t _
=2 Z X2 (2 = 0.390p. 19
o 33 \U P (19)
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Figure 4: Periodic unit cell of demi-regular lattice B.

2.2. Demi-regular lattice B

Demi-regular lattice B is made from triangles and squares as shown on the unit cell in

Fig. 4. The relative density of this tessellation is given by:

18 t t
p=——=|-|=278(-]. 20
SRENTV <€) (f ) 20)
2.2.1. Loading in xy direction
First, consider demi-regular lattice B loaded in the x; direction by a compressive stress

o1. This tessellation has six independent bars, which are labelled in Fig.4. Equilibrium

equations for joints A and B give:

Ty + T — /3T, = 0, (21)
Ty — Ts — /3T, + 2T5 = 0, (22)
V3(Ty + Ty) — Ty — 2T = 0. (23)

Otherwise, the macroscopic stress field is ;7 = 07 and 095 = 0 and this implies:

Ty + Ty + 2T5 = (1 + V/3)o, b, (24)

V3(Ty + Ts) + Ty + 2T = 0, (25)

respectively. Again, demi-regular lattice B is an indeterminate truss and we can use the

principle of minimum strain energy to solve the system. Intermediate steps are included in
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Appendix A.2.1 and lead to the following internal forces:

(1+3)

T1 = _To-lb& (26&)
11(1 3
T2 = (;\/_)Ulbé, (26b)
24
1+V3
T3 = 24 O'lbg, (266)
T,=2 +6\/§alb£, (264)
7(1 3
T5 = (_'_—\/_)O'lbg, (266)
24
T, = —(Bﬁ—ﬁalbﬁ (26f)

The nominal compressive strain €, is obtained by equating the work done by external loads
to the internal strain energy and this gives:

_ 2V3-3
- 6E,0t0b?

ATV/3 0y ¢
(8T2 + AT2 + 8T2 + 8T? + 4T2 + 4T7) = ATV 0 L (27)

“ 72 E.t

Therefore, the elastic modulus, E = 01/€;, of demi-regular lattice B becomes:

E _24V3 (f> — 0.318p. (28)

E, 47 \/

Otherwise, the nominal strain in x5, can be calculated using the principle of virtual work,

which gives:

3—3 5 1 17V3 0y ¢
= T, — =T Ts — =T, T | = ———- 2
2T 8B (71 5 T2+ 5T = 515+ 3V3 6) 72 Bt (29)
and the Poisson’s ratio is:
€9 17
=——"=_"—=0.362.
v T 0.36 (30)

Since this tessellation is isotropic, its shear modulus is G = E//(2(1 + v)) and this yields:

G _3v3 (f) — 0.117p. (31)

E, 16 \/

Next, we turn our attention to the compressive strength of demi-regular lattice B. For

compression in z7, the highest compressive force is in bar 2, see (26). Therefore, the elastic

10



buckling strength is obtained by equating T3 to the Euler critical load in (1), which returns:

O1,el (\/g - 1) 2 9 t ’ —3
= - = 0. 2
E. TV 0.083p°, (32)

where the end constraint factor ny = 1.650 is derived analytically in Appendix B.2. On the
other hand, the yield strength of the lattice is obtained by setting T, = bto,,, which gives:

O1,pl 24 <t> _
= — ] =0.287p. 33
oys  11(14++/3) \/ P (33)

2.2.2. Loading in x4 direction

Now, consider demi-regular lattice B loaded in the x5 direction by a compressive stress
0y. Equations (21), (22) and (23) remain valid since they represent the equilibrium of joints
A and B, see Fig.4. On the other hand, enforcing the macroscopic stress field o995 = 05 and

o1 = 0 yields:

V(T + Ts) + Ty + 2T = (3 + V3)oubl, (34)
Ty 4+ Ty + 2T5 = 0, (35)

respectively. The additional equation needed to solve the system is obtained with the princi-

ple of minimum strain energy, see Appendix A.2.2, and we find the following internal forces:

7(1+/3)

T1 = T02b€’ (36&)
1
T, = —5(;—4\@025& (36D)
1
7= 20tV (36¢)
24
Ty =0, (36d)
|
T - ;4‘/3) oabl, (36¢)

11
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Figure 5: Periodic unit cell of demi-regular lattice C.

Here, bar 6 carries the highest compressive load. Equating Tg to the Euler critical load in

(1) returns the elastic buckling strength of the lattice:

3
02,el 1 2 2<t> 3
= n2r? (=) =0.0895°, 37
E,  33+v3) 0 \/ P (37)

where the end constraint factor no = 1.659 is derived in Appendix B.2. Otherwise, the yield
strength is obtained by setting T = btoys, which gives:

02.pl 4 (t) _
_ ) — 0.304p. 38
oy (34 v3) \/ P (38)

2.3. Demi-regular lattice C

Demi-regular lattice C is made from three regular polygons: triangles, squares and

hexagons, see its unit cell in Fig. 5. Its relative density is given by:

D) "

2.83.1. Loading in xy direction

Consider demi-regular lattice C loaded in the x; direction by a uniform compressive
stress o1. This tessellation has nine independent bars that are labelled in Fig. 5. Equilibrium

equations for joints A, B, C' and D give:

Ty + Ty, — V315 = 0, (40)
12



V3T, — Ty — 2T = 0, (41)
Ty + V3T — 2Ty = 0, (42)
V3T + Ty — 2T — Ty = 0, (43)
—T5 + V3(Ts + Ty) — 217 = 0, (44)
V3T, — T, = 0. (45)
Otherwise, the macroscopic stress field is 011 = 07 and 099 = 0, which implies that:
Ty +To + V3Ty = (2 + V3)a b, (46)
V3T, 4+ Ty + 2(Ty + Tpy) = 0. (47)

Again, the additional equation needed to solve the system is obtained using the principle of
minimum strain energy. Intermediate steps are included in Appendix A.3.1 and lead to the

following internal forces:

T = 11(22——2\/3)016& (48a)
T, 13(29—2\/‘3’)0155, (48b)
Ty — 19(33—62@0155, (48¢)
qleﬁgglamM, (48d)
T — —11(29—;*/5)011)5, (48e)
Ty — 3§£2§;;353201be, (48f)
T = —17(3;——62\/3)01%, (48g)
Ty = —(22—4\/_3)0162, (48h)
T, — %albﬁ. (481)

The nominal compressive strain ¢; is obtained by equating the work done by external loads

to the internal strain energy, which gives:

73— 12

SRR (IT+8(T5+T5 + Ty + T2+ T3) +4(T7 + T5 + T7))
sU1

13

€1



~ 143V3 oyl
144 E,t’

Therefore, the elastic modulus E = 01 /€; becomes:

E  48V3 [t _

Otherwise, the nominal strain along x5 can be calculated using the principle of virtual work,

which gives:

23 ([ 5/3 5 V3
= 6B (_ g (= To) =5 (Ts = T) + == (2975 — TT)

31 V3 17 65v/3 oy {
AR a zTg) =i e Y
and the Poisson’s ratio is:
€9 65
= = = — =0.455. 52
YT T 143 (52)

Since this tessellation is isotropic, the shear modulus is G = E/(2(1 + v)) and this yields:

G _3v3 (f) — 0.089p. (53)

E, 26 \/

Next, we turn our attention to the compressive strength of demi-regular lattice C. For
compression in xy, the maximum compressive load is in bar 1, see (48). Equating 77 to the

Euler buckling load in (1) gives us the elastic buckling strength of the lattice:

a0 2(2—3 t\*
1 _ 2 \/—)nfﬂ (Z) = 0.1057°, (54)

E, 11
where the end constraint factor ny = 1.567 is derived analytically in AppendixB.3. In
contrast, the yield strength is obtained by setting T = bto,s, which gives:

o1 2423 (f) — 0.2615. (55)

Oys 11 14

14



2.3.2. Loading in x4 direction

Now, consider demi-regular lattice C loaded in the x5 direction by a uniform compressive
stress oo. Expressions (40) to (45) remain valid since they represent the equilibrium of joints
A, B, C and D, see Fig.5. Otherwise, enforcing the macroscopic stress field g9 = 09 and

o1 = 0, yields:

V3BT + Ty + 2(Tr + Ty) = (3 + 2V/3)0b, (56)
T+ T, + \/§T4 =0, (57)

respectively. The additional equation needed to solve the system is obtained with the princi-

ple of minimum strain energy, see Appendix A.3.2, and we find the following internal forces:

T, — —5(2;—4‘/3)02()5, (584)
T, — 5(2;—6@@% (58D)
T3 = —5(32—62\/3)02175, (58¢)
T, — 5(32—;\/‘5’)@54, (584)
T — 29(29—2\/‘3’)@@, (58¢)
Ty — —7(2;—6‘@@% (58f)
T — 31(3;—62‘/3)02175, (58)
Ty — 7(2;—4@0—2196, (58h)
T, — 17(3;—62‘/5)02%. (581)

Here, the highest compressive force is in bar 7. Therefore, the elastic buckling strength

is obtained by equating 7% to the Euler buckling load in (1), which gives:

ooe 8(2v3—3) £\* )
;S i nim? (=) =0.0987°, (59)

14
15



where the end constraint factor no = 1.667 is derived analytically in Appendix B.3. Oth-
erwise, the yield strength of the lattice is obtained by setting 77 = bto,s, which yields:

o2 _ 32(2V/3 —3) @) 02145, (60)

Oys 31
3. Materials and methods

Both Finite Element (FE) simulations and experiments were conducted to verify the
analytical expressions derived in Section 2. Below, our FE modelling approach is presented

first, followed by a description of our experimental protocol.

3.1. Finite element modelling

All simulations were done with the commercial software Abaqus and using the standard
solver (Static, Implicit step). Periodic unit cells, identical to those in Fig.3 to 5, were used
for each topology. In all cases, the bar length was kept fixed to ¢/ = 10 mm, but the bar
thickness ¢ was varied to cover a range of relative densities p from 0.01 to 0.3. Each bar was
discretised using at least 70 Timoshenko beam elements (B21 in Abaqus notation) based
on a mesh convergence study (not shown here). It was necessary to include a geometric
imperfection in all simulations to trigger buckling. This imperfection had the shape of the
first non-swaying eigenmode and its amplitude was set to 5% of the bar thickness, as used
in previous studies on prismatic lattices [11, 21].

The parent material was modelled as an elastic perfectly plastic solid. The elastic regime
was linear and isotropic, characterised by a Young’s modulus Es; = 200 GPa and a Poisson’s
ratio vs = 0.26, up to a yield strength o,s = 250 MPa. These material properties, repre-
sentative of steel, were selected to ensure that both collapse modes (elastic buckling and
yielding) occur over the range of relative densities considered (0.01 < p < 0.3).

Periodic boundary conditions were imposed on each unit cell using the following con-

straint equations [7, 11, 21]:

Aui = GijAl'j and A¢ = 0, (61)

16



where Au; and A¢ are the difference in displacement and rotation, respectively, between
corresponding points of the unit cell; ¢; is the macroscopic nominal strain tensor; and
Azx; is the displacement vector connecting two corresponding points of the unit cell. The
compressive response of the lattice along x; was obtained by prescribing €1, and letting
Abaqus calculate oy; assuming o9 = 0. Likewise, the compressive response in xy was
obtained by imposing €55, and computing o9y provided o;; = 0. Finally, the response in

shear was obtained by prescribing €;5 and computing o1, while keeping 017 = 099 = 0.

3.2. Specimen manufacture and compression tests

Experiments were designed to (i) corroborate the analytical expressions derived in Sec-
tion 2 and (ii) compare the performances of demi-regular tessellations to those of a regular
triangular lattice. All samples were produced by additive manufacturing using a Formlabs
Form 3 machine, which relies on stereolithography to cure a photo-polymerising resin. The
overall dimensions of each lattice are given in Fig.6. All samples had a relative density
p = 0.17, and this was achieved by keeping the bar length fixed at £ = 10 mm and adjusting
the strut thickness ¢ as indicated in Table1. In all cases, the specimens had a depth of
25mm in the prismatic direction. The samples were compressed only in the x5 direction
since they are elastically isotropic and this is the strongest orientation for all topologies
(except tessellation C where the elastic buckling strength is 7% higher in z;, see Section 2).

The specimens were fabricated as follows. First, the geometry of the sample was created
in Abaqus and a stl file was exported to the Form 3 printer. Second, the specimen was
printed with a layer thickness of 0.05 mm and using Formlabs Clear resin. All samples were
printed with their prismatic axis perpendicular to the printing bed. Finally, when the print
was completed, the lattice was washed in an isopropyl alcohol (IPA) solution and post-cured
under UV light at a temperature of 60°C for 30 min, as recommended in the Formlabs
documentation. The printed lattices had no visible imperfections, such as broken or wavy
bars. All samples were compressed at rate of 0.05 mm/s using a MTS electromechanical
testing machine with a capacity of 30 kN. Both the compressive force and displacement were

recorded by the testing machine.

17
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Figure 6: Dimensions, in mm, of the tested samples: demi-regular tessellations (a) A, (b) B, and (¢) C
as well as (d) a triangular lattice. All samples had a bar length ¢ = 10mm and a depth of 25 mm in the
prismatic direction.

Table 1: Values of relative density p, bar thickness ¢, and bar length ¢ used in the experiments.

Topology p  tmm] ¢[mm] t/¢

A 0.17  0.63 10 0.063
B 0.17  0.61 10 0.061
C 0.17  0.76 10 0.076

Triangular 0.17  0.49 10 0.049

18
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Figure 7: Responses of three tensile tests done on the polymer used to manufacture all lattices.

Tensile tests were conducted to characterise the behaviour of the Clear resin used to
manufacture all lattices. Following the procedure detailed above, three tensile specimens
were printed with a thickness of 0.6 mm and a gauge length of 15 mm (dimensions comparable
to those of a cell wall inside the lattice samples). The tensile responses, measured at a strain
rate of 5-107%s7!, are shown in Fig.7. The measurements have a small scatter with an

average Young’s modulus Ey = 2.1 GPa and a mean ultimate tensile strength of 54 MPa.
4. Results and discussion

Our results are presented below in three parts. First, numerical and analytical results
are compared to validate the expressions derived in Section 2. Second, we use our analytical
results to compare the properties of demi-regular tessellations to those of a triangular lattice.
Third, we present our experimental results to corroborate the performances of demi-regular

tessellations.

4.1. Comparison between analytical and finite element results

Finite Element (FE) simulations are compared to analytical predictions in Fig. 8a for the
elastic modulus E and in Fig. 8b for the shear modulus G. Both moduli are normalised by

the Young’s modulus of the solid E; hence, the results in Fig. 8 are insensitive to the choice
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Figure 8: Comparison between analytical and FE results: (a) elastic modulus E and (b) shear modulus
G, both plotted as a function of relative density p and normalised by the Young’s modulus of the parent
material F; = 200 GPa. Results for demi-regular tessellations A, B, and C are compared to those of a
triangular lattice.

of parent material. Results are given for all three demi-regular lattices. In all cases, there
is an excellent agreement between FE and analytical results for both £ and G. This is true
over the entire range of relative density considered here (0.01 < p < 0.3).

Next, FE predictions of the compressive strength are compared to analytical results in
Fig.9a and b for compression in x; and x5, respectively. Here, the compressive strength is
normalised by the yield strength o, = 250 MPa of the parent material. In all cases, the
collapse mode changes from elastic buckling (at low relative densities) to yielding (at high
values of p) and this transition is noticeable in Fig.9 by the change in slope. For both
collapse modes, there is an excellent agreement between FE and analytical results. This
holds true for both loading directions, and for all three demi-regular lattices.

Even though analytical and FE models share similar assumptions (both rely on periodic
unit cells and consider an elastic, perfectly plastic parent material), there is an important
difference. The simulations are done using Timoshenko beam elements, which account for

axial, bending and shear deformations. In contrast, our analytical model assumes that
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Figure 9: Comparison between analytical and FE results for the normalised compressive strength in (a)
and (b) x4 directions, both plotted as a function of relative density p. Results for demi-regular tessellations
A, B, and C are compared to those of a triangular lattice. The properties of the parent material are
E; =200GPa and o, = 250 MPa.

each bar behaves as a pin-jointed truss, neglecting bending and shear deformations. This
assumption is justified based on the excellent agreement between FE and analytical results
in Fig.8 and 9. Therefore, we conclude that the analytical expressions derived in Section 2
are validated by FE simulations.
4.2. Comparison between demi-regular and triangular lattices
4.2.1. Analytical results

Now that our analytical equations are verified, we can use them to compare the perfor-
mances of demi-regular tessellations to those of a triangular lattice. This is a fair comparison
since these four topologies are stretching-dominated and in-plane elastically isotropic. The
mechanical properties of demi-regular tessellations A, B, and C are compared to those of a
triangular lattice in Fig. 8 and 9, as well as in Table 2, where all analytical expressions are
summarised. Here, the properties of a triangular lattice are collected from previous studies
[3-6, 11] and its orientation is defined in Fig. 6d.

Demi-regular lattices have a comparable, yet slightly lower elastic modulus E than a
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Table 2: The mechanical properties of demi-regular tessellations A, B, and C are compared to those of a
triangular lattice. The properties of a triangular lattice are collected from [3-6, 11].

TOpOlOgy ﬁ E/Es 4 G/Es Ul,el/Es UZ,el/Es Ul,pl/ays 02,pl/0ys
A 2.604¢/C 0.292p 0.364 0.107p 0.0815° 0.0945° 0.268p  0.390p
B 2.785¢/¢ 03185 0.362 0.1175 0.0835° 0.0895° 0.287p  0.304p
C 2.238¢/¢ 0.260p 0.455 0.0895 0.1055° 0.0985° 0.261p  0.214p

Triangular 3.464¢/¢ 0.333p 0.333 0.1255 0.0615° 0.0695° 0.3335  0.500p

triangular lattice, see Table2 and Fig.8a. Tessellation B has the highest elastic modulus,
being only 5% more compliant than a triangular lattice, followed by topologies A and then
C. These observations also hold true for the shear modulus G.

The triangular lattice has a higher yield strength than any of the three demi-regular
lattices, see Table 2 and Fig. 9. For compression in z1, all three demi-regular topologies have
a similar yield strength, which is 15-20% lower than a triangular lattice, see Fig.9a. When
compressed in x5, demi-regular lattice A has the highest yield strength, yet it remains 20%
lower than a triangular lattice.

The main advantage of demi-regular lattices is their high resistance to elastic buckling,
see Table2 and Fig.9. All demi-regular lattices have a significantly higher elastic buckling
strength than a triangular lattice, and this holds true for both compression in x; and x,.
The elastic buckling strength in x5 is greater than that in z;, except for tessellation C.
Nonetheless, demi-regular lattice C offers the highest elastic buckling strength in x5, being
42% stronger than a triangular lattice. Amongst demi-regular lattices, tessellation B has the
lowest elastic buckling strength og ., yet it remains about 30% stronger than a triangular
lattice.

In summary, our analytical results show that demi-regular tessellations are slightly more
compliant but significantly stronger than a triangular lattice when failure is governed by

elastic buckling. In the next section, experiments are presented to corroborate these findings.

4.2.2. Ezxperimental results
The measured compressive responses are plotted in Fig. 10 for demi-regular tessellations
A, B, and C as well as for a triangular lattice. All tests have a linear elastic regime up to a

peak stress, followed by a gradual softening response. All lattices failed by elastic buckling
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Figure 10: The measured compressive responses of demi-regular tessellations A, B, and C are compared to
that of a triangular lattice. All samples have a relative density p = 0.17.

and their deformation is shown in Fig. 11. Buckling took place in the diagonal bars for
tessellation A and the triangular lattice (see Fig. 11a,d), whereas the vertical struts buckled
in demi-regular lattices B and C (see Fig. 11b,c). These deformation modes are in good
agreement with the periodic buckling patterns considered in our analytical model, which are
included in Fig. 11 for comparison.

Two tests were done for each topology and the elastic modulus and compressive strength
measured are summarised in Fig. 12a and b, respectively. Here, the elastic modulus F is nor-
malised by Fy = 2.1 GPa, whereas the compressive strength is normalised by o,s = 54 MPa
(see the tensile response of the parent material in Fig. 7). The experiments have a good
repeatability, with variations inferior to 10%, except for tessellation A which shows a larger
disparity between tests. Taking the average of both tests, the experimental results indicate
that demi-regular lattice B is 5% more compliant than a triangular lattice, whereas this
value increases to 13% for tessellation C. The tests also show that demi-regular lattice C is
47% stronger than a triangular lattice. These differences in elastic modulus and compressive

strength are in-line with with our analytical predictions, see Table 2.
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Figure 11: Photographs showing the deformation modes of demi-regular tessellations (a) A, (b) B, and (c)
C, as well as (d) a triangular lattice. All lattices have a relative density p = 0.17 and fail by elastic buckling.
The instant when each photograph was taken is indicated on the responses in Fig. 10 with a circular symbol.
For scale, all bars have a length of 10 mm. For each topology, the period buckling shape considered in our

analytical model is also included for comparison.
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Figure 12: Comparison between experimental and analytical results: (a) normalised elastic modulus and (b)
normalised compressive strength in z5. Results are given for demi-regular tessellations A, B, and C, as well
as a triangular lattice. In all cases, the relative density is p = 0.17 and the properties of the parent material

are B, = 2.1 GPa and oy, = 54 MPa.
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Our analytical predictions are also included in Fig. 12 for comparison. Considering the
average of both tests, the largest difference between experimental and analytical values is
9% for the elastic modulus and 8% for the compressive strength. Therefore, the measured
properties are in good agreement with our analytical results and confirm that demi-regular
lattices are slightly more compliant than a triangular lattice, but have a higher elastic

buckling strength.

5. Conclusion

This study explored the potential of three demi-regular tessellations as stiff and strong
lattice materials. Their in-plane mechanical properties were first derived analytically, then
validated using Finite Element simulations, and corroborated by experiments performed on
polymer lattices produced by additive manufacturing.

All three demi-regular tessellations had an in-plane isotropic and stretching-dominated
behaviour. Consequently, their properties were compared to those of a triangular lattice,
which exhibits the same characteristics. This comparison showed that demi-regular topolo-
gies are 5-20% more compliant, but up to 42% stronger than a triangular lattice when the
failure mode is elastic buckling. With such combination of properties, demi-regular tessella-
tions are attractive topologies for ultra-light and/or polymer lattices, which usually fail by
elastic buckling of the constituent members.

There is growing evidence that prismatic lattices are not only stiff and strong, but also
have a high fracture toughness [26-30]. Work is currently underway to evaluate if these

three demi-regular tessellations are tougher than regular and semi-regular lattices.
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A. Principle of minimum strain energy

A.1. Demi-reqular lattice A
A.1.1. Loading in x,

Using (3) to (6), we express Ty, T3, Ty, and T5 as functions of T3, which yields:

T

Ty = 5 (A.1la)
T
Ty = ?1 (A.1b)
Ty 3V3
T, = —?1 + j(albe, (A.1c)
Ty 3V3
Ty =+ \/—albé. (A.1d)
2 4
Next, the strain energy for the unit cell shown in Fig. 3 is:
U= (677 + 1615 + 8T + 8T; + 4T7] , (A.2)
2E,bt
and substituting (A.1) in (A.2) returns:
U= b 1572 — 3v/3Ty0, bl + g(0 bl)? (A.3)
2Bbt | S '

The minimum strain energy is obtained by setting the derivative of U, with respect to 77,

equal to zero, which gives:

oU V3

Finally, substituting (A.4) in (A.1) returns the internal forces in bars 2 to 5, and these are
listed in (7).
A.1.2. Loading in xo

First, we use (3), (4), (15) and (16) to express T», T3, Ty, and T5 as functions of Tj,

which gives:

T
T2 = —?1 + \/750'21)& (A5a)
T 3
Ty=-+ gagbf, (A.5D)
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T
T4 = —?1 — \/Tga'gbf, (A5C)

Second, we substitute these expressions in (A.2) to obtain the strain energy:

14 9 81 9
= QESbe 15T1 - 3\/§T102()€ + Z<O_2b€) . (AG)
Third, differentiating U with respect to 77 to find the minimum strain energy yields:
oU V3
— =0 = Ty} = —a,bl. AT
T, T 07 (A7)

Finally, substituting (A.7) in (A.5) returns the internal forces, which are given in (17).

A.2. Demi-reqular lattice B
A.2.1. Loading in

First, we express Ty, T3, Ty, Ts and Ty as functions of 77 using (22) to (25), which gives:

=1+ LEV3) +2‘/§) o1b, (A.8a)
Ty = —T), (A.8b)
T, — (3+—6‘/§>albe, (A.8¢)
=1+ +4ﬁ) o1be, (A.8d)
T = —%Ulbé. (A.8e)

The strain energy for the unit cell illustrated in Fig. 4 is:

U=557 [8TT + 4T3 + 8T5 + 8T + 4T7 + 4T3 |, (A.9)
and substituting (A.8) into (A.9) yields:
(
U=gop [24T12 +2(1 + V3)Tyobl + 4(2 + \/3)(01176)2] . (A.10)

Differentiating U with respect to T} and setting it equal to zero to find the minimum strain

energy returns:
U (1++/3)
— = T, = ———0,bl. A1l
or, 0= 1 o (A1)
Finally, substituting this result in (A.8) gives the internal forces in bars 2 to 6, see (26).
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A.2.2. Loading in
Here, we use (21) to (23), (34) and (35) to express Ty, T3, Ty, T5, and Ty as functions of
Ty, which yields:

(1+V3)

Ty =T — 3 ol (A.12a)
Ty = T, + (1+T\/§)02b£, (A.12D)
T, =0, (A.12¢)
Ty =T + @0’2()& (A.12d)
T = (i))—i_T\/g)agbﬁ. (A.12e)

Substituting these in (A.9) returns the strain energy:

14

U= 2E. bt

[24T12 — 14(1 + V3) Tio9bl + 8(2 + \/§)(Ugb€)2] . (A.13)

Next, we differentiate this with respect to T to find the minimum strain energy, and this

gives:

ou 71+ V3)
a_Tl =0 = T, = ——r oyl (A.14)

Finally, substituting 7} into (A.12) returns the internal forces given in (36).

A.3. Demi-reqular lattice C
A.3.1. Loading in x

Using (40) to (47), we write T, ..., Ty as functions of T}, which gives:

T = —iTl + wglbﬁ, (A.15a)
T, — \/Tng 4 (3+1—2\/‘5’)01b£, (A.15b)
T, = —?Tl + wglb& (A.15¢)
T — —iTl, (A.15d)
T, — —ETI 4 3(2%@0—&@, (A.15¢)
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V3. T(3+2V3)

T7 = TTI — Talbé, (A].5f)
2
Ty =T — ﬂalbe, (A.15g)
2
Ty = —gn + wmbﬁ. (A.15h)

Next, the strain energy for the unit cell in Fig. 5 is given by:

12
U= g (210 +8(13 + T3 + T+ T3 + T) + 4T3 + T3 + 1)) (A.16)

and substituting (A.15) in (A.16) yields:

L
- 2E.bt

11(7 + 4+/3)

U 1272 — 11(2 + V3)Tyo1 bl + —— (@l (A.17)

Differentiating U with respect to T} and setting it equal to zero to find the minimum strain

energy returns:
ou 11(2 4+ V/3)
—— =0 = Ty = —""""5/bl. Al
8T1 0 1 o4 01 12 ( 8)

Finally, substituting this result in (A.15) returns the internal forces given in (48).

A.83.2. Loading in
Here, we use (40) to (45), (56) and (57) to express T, ..., Ty as functions of 77, which

yields:
T, = —iTl, (A.19a)
Ty = \/Tng, (A.19b)
T, = —?Th (A.19c¢)
Ty = —ETI + (“4—‘/5)021)6, (A.19d)
T, — —iTl _@ +8¢§) oabl, (A.19¢)
T, = ?Tl + 3<3+T2\/§)02b€, (A.19f)
Ts =T+ wggbﬁ, (A.19g)
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Figure B.1: (a) A bar of length ¢ subjected to a compressive load P. (b) The end rotations 6, and 6,
generate bending moments M, and My, respectively, and the transverse displacement A causes the shear
force V.

2
Ty = —§T1 + w@bﬂ. (A.19h)

Next, we substitute (A.19) in (A.16), which gives:

0 7(7T+ 43
U= gz (1277 +5(2 + V3)oublT + %ﬂ(@b@? . (A.20)

The minimum strain energy U allows us to find 77, and this yields:

U O 5(2+3)

Substituting this back in (A.19) returns the internal forces given in (58).

B. End constraint factor

Lattices with low relative densities usually fail by elastic buckling, and analytical pre-
dictions for this failure mode are sensitive to the end constraint factor n, see (1). The
end constraint factor has been derived analytically for regular [6, 11] and semi-regular [21]
lattices, and here, we extend this work to demi-regular lattices A, B, and C.

The method used to calculate the end constraint factor relies on the stiffness matrix
of a single bar. Consider a bar of length ¢ loaded by an axial compressive force P, as
shown in Fig.B.1a. Next, assume that small rotations 6, and 6, are imposed at ends a
and b, respectively, and a small transverse displacement A is applied, see Fig.B.1b. The

corresponding bending moments M, and M,, and shear force V' are given by [31]:
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M, s sc §/t 0,

E T
M, ¢ = 7| sc s s/ O ¢ (B.1)

1% /0 s/t st/ | A

where Fj is the elastic modulus and [ is the second moment of area of the bar. In addition,
s and s* are defined as:

P2

s _ 1 d * _—95_
s=s(l4+c¢) and s 5 BT

(B.2)

in which parameters s and ¢ vary depending on the axial load P. When the bar is loaded

in compression (P > 0), s and ¢ are given by:

A(sin A — Acos \)

p— B-
ST 0 T 0cos A — Asin A’ (B-3)
and
A —sin A
= —-— B.4
T SnA— Acos A (B-4)
where
P
A= L. B.5
E,I (B.5)
Otherwise, when the bar is in tension (P < 0), s and ¢ have the form:
A1(A1 cosh A; — sinh Aq)
p— pu— B.
ST 9 T o cosh A+ Aysinh A\’ (B.6)
sinh )\1 — )\1
p— pr— B.7
cTa Aj cosh \; —sinh \;’ (B.7)
P
A= ESI& (B.8)

where the subscript 1 is used simply to differentiate these expressions from those in (B.3)

to (B.5). Finally, when the bar carries no axial load (P = 0), the parameters s and ¢ are:

s=4 and c¢=0.5. (B.9)
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The approach to find the end constraint factor n is as follows. First, the periodic buck-
ling shape with the longest wavelength is identified for each topology and for each loading
direction. Then, equilibrium conditions and (B.1) are combined to form a constitutive equa-
tion from which A can be solved. Once A is known, it is straightforward to compute the end

constraint factor n since \ = mn.

B.1. Demi-reqular lattice A

First, consider demi-regular lattice A compressed in the x; direction. For this loading
scenario, the periodic buckling shape illustrated in Fig. B.2a is the one associated with the
lowest load. This pattern has two rotations, denoted as 6; and 65, whereas there are no
rotations at vertices b and d. By equilibrium, the bending moments at vertices a and f are

zero, and this gives:

My, + My + Myg + My + My, = 0, (B.10a)

2be+2Mfc-|—Mfg =0, (BlOb)

respectively. Here, the notation M;; denotes the bending moment in bar ¢j at end 7. Each

term in (B.10) is expressed as a function of #; and , using (B.1), and this returns:

Moy = EZ[ (51ab02) , (B.11a)
M = % (Sacl2 — SacCacta) , (B.11b)
M, = EZ[ (Sadb2) 5 (B.11c)
Mge = % (Sacla — SacCacla) , (B.11d)
Mgy, = EZI (Sakbz — SakCarb1) (B.11e)
My = EEI (s170h) (B.11f)
My, = EZ[ (501 — Speceta), (B.11g)
My, = % (Srgbh — SpgCrgbi) (B.11h)
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Figure B.2: Periodic buckling modes of demi-regular lattice A compressed in (a) x; and (b) zs.
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where s;; and ¢;; are functions of \;; as defined in relations (B.3) to (B.9). Each \;; is

proportional to the axial force in bar ij (see (B.5)); therefore, with the internal loads in (7),

we find that:
Aag = 0.9354\ g, (B.12a)
Aac = Apg = 0.3536Aqe, (B.12b)
)\1ab = )\lfb = 025)\@@7 (BlQC)
Aok = Ape = 0.25\ge. (B.12d)

Above, each );; is expressed as a function of A, since bar ae is the most loaded strut and the
one expected to buckle. Substituting (B.11) in (B.10) returns a linear system of equations:
Alfy,0,]" = 0, where the determinant of A should be zero for a non-trivial solution to exists.
With the expressions in (B.12), setting det(A) = 0 returns a lengthy expression where A, is
the only unknown. Solving numerically yields A,. = 5.131 and therefore, the end constraint

factor for compression in z; is:

)\(16

(e

ny = 2% = 1.633. (B.13)

Next, consider demi-regular lattice A compressed in the z5 direction. In this case, the
lattice collapses according to the periodic buckling shape shown in Fig. B.2b. Equation

(B.10) remain valid, but the bending moments are now given by:

Moy, = % (Sapta) , (B.14a)
My = % (8qcb2 = SacCact2) (B.14b)
Moa = % (81aa02) , (B.14c)
My = % (S1aeb2 = S1aeCiqaela) , (B.14d)
Mok = % (Sakb2 — SakCarth) (B.14e)
My, = b (spp01) (B.14f)
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Eq I

Mfc - 7 (Sfcel - SfccchQ) ) (B14g)
E.0
Myy = A (81401 — SpqCtg01) (B.14h)

where the parameters s;; and ¢;; are again functions of A;;. Next, we use the internal loads
in (17) to express each \;; as a function of As. since this is the bar sustaining the highest

force and expected to buckle. This gives:

Aak = Afes (B.15a)
e = Mgy = 0.4264) s, (B.15b)
Ay = Agp = 0.9045) ., (B.15¢)
Aad = 0.7385A ¢, (B.15d)
Mae = 0.6030) .. (B.15¢)

Similarly to the analysis in x;, substituting (B.14) in (B.10) returns a linear system of
equations: A[f;,0,]7 = 0, where the determinant of A should be zero for a non-trivial solu-
tion to exists. Setting det(A) = 0, and using the relations in (B.15), returns an expression
where Ag. is the only unknown. Solving numerically gives Ay, = 4.5697 and therefore, the

end constraint factor in o is:

ny — ¢ _ 14546, (B.16)
m

B.2. Demi-reqular lattice B

When compressed in x;, demi-regular lattice B buckles according to the periodic pattern
shown in Fig. B.3a. This mode is characterised by three rotations denoted #;, 65 and 05.

Equilibrium of moments at vertices a, b and k gives:

Mab + Mac + Mad + Mae + Maf - O, (Bl?a)
Mo + My + My + Mpg + Myp, = 0, (B.17Db)
My + Myg + Myn = 0, (B.17c)
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Figure B.3: Periodic buckling modes of demi-regular lattice B compressed in (a) z1 and (b) .

respectively, where each bending moment is expressed as a function of 6, , and 03 using

(B.1), which yields:

Moy, = EZI (=53 + SavCapta) , (B.18a)
My = EZI (—51acl3 — S1acC1acl3) , (B.18b)
Moa = EZI (—Saall3 — SadCadba) , (B.18c)
Mo = 22 (bl — succacty), (B.184)
M, = EEI (—S1a103 + S1afC1arbi) (B.18e)
Mo = E;I (8bal2 — SbaCball3) , (B.18f)
My = EZI (8bet2 — Specell3) (B.18g)
My, = E;] (sprtl2 — sekcorth) (B.18h)
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B

Mbg = 7 (Sbggg + 85965903) s (B.18i)
E. 1 .

My, = / (SohB2 + Spnconbs) (B.18j)
E.

My, = 7 (—skpbr + Skpcrpba) , (B.18k)
E. 1

My = 7 (—51kgbh + SikgCirgls) , (B.181)
E.JT

My, = 7(—81kh91 + s1pnC1n8s3). (B.18m)

Above, the parameters s;; and ¢;; are functions of \;; as defined in (B.3) to (B.9). Each \;;

is proportional to the axial force in bar ij and, with the internal loads in (26), we find that:

Aog = Aoh = Aaa = 0.3015\4, (B.19a)
Aab = e = 0.7936 A, (B.19b)
Aae = 0.797TTAp, (B.19¢)
Atae = 0.5612\p, (B.19d)
Maf = Atkg = Atgn = 0.3015Ap, (B.19)

where all );; are expressed as functions of Ay, since this is the most loaded strut and the
one expected to buckle. To find Ay, we first substitute (B.18) in (B.17) to form a system
of equations: A[f,60,05]7 = 0. Next, we set det(A) = 0 and use (B.19) to obtain an
expression as a function of Ay, only. Solving this expression numerically returns Ay, = 5.1839

and consequently, the end constraint factor in x; is:

ny = 22 1 650, (B.20)
T

Next, consider demi-regular lattice B compressed in the x5 direction. In this case, the
lattice is expected to deform according to the periodic buckling shape shown in Fig. B.3b.

Equilibrium of vertex a gives:
Mab + Mac + Mad + Mae + Maf = 07 (B21)
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where each bending moment is:

My, = EZI (—swf), (B.22a)
Moo = 22 (508 + e, (B.22D)
Moa = E;I (—5aaf) , (B.22c)
Mo = 25 (510 4 S1mecrn). (B.224
Mg = 2ol (—sugf). (B.22e)

Note that s,, = 4 because bar ab carries no load, see (36) and (B.9). Otherwise, each \;;
is expressed as a function \,. (since this is the most loaded bar and the one expected to

buckle) using the internal loads in (36), which gives:

Aad = 0.6936 )\, (B.23a)
Aae = 0.3102)g., (B.23b)
Aas = 0.8207Age. (B.23¢)

Substituting (B.22) in (B.21), and then making use of (B.23), returns a lengthy expression
where A, is the only unknown. Solving numerically returns A,. = 5.2149 and therefore, the

end constraint factor in x, is:

)\GC

™

No =

= 1.659. (B.24)

B.3. Demi-regular lattice C

When compressed in the z; direction, demi-regular lattice C buckles in the periodic
pattern shown in Fig. B.4a. This deformation mode is characterised by two rotations (6;
and 65), whereas there is no rotation at vertices d and h. Equilibrium of vertices a and ¢

gives:

2Mad + 2Mae + Maf = O, (B25a)

Meg + Mo + Moy, + My + M, = 0, (B.25D)
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Figure B.4: Periodic buckling modes of demi-regular lattice C compressed in (a) z; and (b) s.

respectively, where the bending moments are:

Moa = E;I (8aath) (B.26a)
My = % (8qeb — SaeCact2) (B.26D)
M,; = % (Safbh — Sagcarth), (B.26¢)
M., = % (—51cg02 — S1cgC1cg02) (B.26d)
My, = EZI (=5enta) (B.26¢)
My, = % (—Sekba + Sercerbh) , (B.26f)
My = E;] (—s1062) (B.26g)
Mem = % (=S1emb2 — S1emCremba) - (B.26h)
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Again, substituting (B.26) in (B.25), then setting the determinant of the coefficient matrix

to zero, and making use of the following relations:

Aaa = 0.5436),, (B.27a)
Aae = Aep = 0.8648),, (B.27b)
Aleg = 0.8180A,, (B.27¢)
Ao = 0.7538)q 7, (B.27d)
At = 0.5X;, (B.27¢)
Atem = 0.3015\,, (B.27f)

returns an expression where \,¢ is the only unknown. Solving numerically, we find A\, =

4.922 and hence, the end constraint factor in x; is:

ny = 290 _ 1 567, (B.28)
m

Finally, consider demi-regular lattice C compressed in the x5 direction. In this case, the
lattice collapses according to the periodic buckling shape shown in Fig. B.4b. Equilibrium

of vertices b and ¢ implies:

Myq + Mye + Myg + My, = 0, (B.29a)

MCg + Mch + Mck: + Mcl + Mcm — 0, (B29b)

respectively, where the bending moments are:

My = EZI (spaf2) , (B.30a)
Mye = EZI (8bell2 — SbeCoelr) (B.30Db)
My, = EZI (S16g02 + S16gC10961) (B.30c)
My, = EEI (spn02 — spnconba) , (B.30d)
M., = % (—Segth + SegCegbh) (B.30e)
My, = Egl (—s1ch01 — S1encienth) , (B.30f)
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E 1

Mck - / (_Slckel) ; (B?)Og)
B0
Mcl = € (_Sclel + SClcCIQQ) ) (BBOh)
E.T .
Mcm - T <_Scm01 + Scmccmel) 3 <B301)

where s;; and ¢;; are defined in (B.3) to (B.9). Substituting (B.30) in (B.29) gives a system

of equations: Alf,0,]7 = 0. Next, setting det(A) = 0 and making use of the following

relations:

Avd = Aok = 0.4016), (B.31a)
Ape = Aa = 0.7349),,, (B.31b)
Alyg = Aten = 0.3611),, (B.31c)
Ao = 0.7405) g, (B.31d)
Aem = 07221\, (B.31e)

returns an expression where A, is the only unknown. Solving numerically gives ., = 5.237

and we find that the end constraint factor for compression in x5 is:

A;g = 1.667. (B.32)

No =
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