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Abstract

Reduced density significantly compromises the mechanical properties of ordinary materials as their structural compo-
nents undergo bending when subjected to shear loading. In this paper, we present an emerging class of cubically sym-
metric mechanical metamaterial, based on 3-space geometrical shadows of 4" dimensional geometries (4-polytopes)
that are optimised for high shear resistance and minimised weight. We show that by employing a genetic algorithm-
based optimisation framework, the mechanical metamaterials can achieve an increase of more than 40-fold in their
specific shear properties. Experimental results reveal that the metamaterial structure with the highest specific shear
resistance, the 5-cell (pentatope), exhibits specific shear stiffness that is almost 2-fold higher than that of a gyroid,
while the 8-cell (tesseract) structure exhibits the highest specific shear yield strength that is 2.4 times higher than that
of a hexagonal honeycomb tested in the out-of-plane direction.

Keywords: Shear loading, Genetic Algorithm, Mechanical Metamaterial, Cellular Solids, 3D printing, Parametric
Optimisation

1. Introduction

Mechanical metamaterials have received significant attention in recent years since their, often extraordinary, prop-
erties and behaviours can be engineered by varying the geometries of their architectures. Recent advancements in
additive manufacturing technologies have enabled higher levels of manufacturing complexity in cellular solids, and
as such, there is an increase in the potential for their application in diverse areas such as aerospace, automotive and
biomedical [1]. The ability to alter the architecture alongside the constituent material properties and relative densities
of cellular solids enables the engineering of enhanced mechanical responses, which in some cases surpasses the natu-
ral behaviour of the bulk constituent [2]. A few examples that can be used to demonstrate the breadth of potential in
designing novel mechanical metamaterials include lightweightness [3, 4, 5], variable stiffness [6, 7, 8] and structures
with near-zero or even negative Poisson’s ratio [9, 10, 11].

While the majority of research to date concerns the axial loading of mechanical metamaterials, there have been far
fewer efforts that have considered shear loading. Yet, shear loading is ubiquitous in engineered structures and an aim
should be to more commonly factor shear into the design process of novel mechanical metamaterials. From amongst
the papers that have considered shear loading, pentamode structures are interesting [12] as they exhibit a vanishing
shear modulus, i.e. these are solids that behave like fluids in that they are difficult to compress yet easy to deform
[13,2, 14, 15]. As such, the ‘highly rubbery’ behaviour of pentamode structures has been found to be useful in a wide
range of applications varying from 3D-printed shoes [2] to seismic isolation devices [16]. Other unusual metamaterial
properties in shear include inducing coupling effects between normal strain and shear [17, 18, 19, 20], which can
usually be achieved through chiral architectures [21], or structures that absorb [22, 23] and dissipate energy in shear
[24, 25]. There are only a limited number of papers that focus on enhancing the shear properties of metamaterials, with
some demonstrating high shear stiffness of lattices [26, 27, 28] and thin-wall-based structures [29, 27, 30]. A common
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practice is to incorporate computational design with finite element analyses [3, 4, 6, 9, 10, 11, 13, 31] to accelerate the
development of new metamaterials. These methods are also often accompanied by various optimisation frameworks
employing machine learning [28, 32] or meta-heuristic search algorithms such as gradient-descent [33, 34, 35], nature-
inspired algorithms [13, 36, 37], Bayesian methods [38, 39, 40] and neural networks [11, 41, 42, 43, 44]. Recent
publications suggest that new breakthroughs in machine learning have potential in effectively solving complex design
problems, which were previously not possible [41, 45]. These techniques are usually employed to perform parametric
[15, 17, 42] or topology optimisation [14, 13] as well as multiscale optimisation [46, 47, 48], as a part of surrogate
models [44, 47] or inverse design frameworks [11, 41, 42, 43].

Building on our previous work [49, 50], the work presented here further investigates 3D projected ‘shadows’ of
4™ dimensional polytopes (4-polytopes), which in our previous work have been shown to possess excellent specific
mechanical properties as the projected shadows comprise quasi-fractal structural hierarchies [4, 51, 52, 42, 53]. 4-
polytope projected 3D mechanical metamaterials comprise self-repeating geometries, taking advantage of numerous
symmetry planes within the projected 4-polytope unit cell. Consequently, these structures hold significant promise in
applications where there is a demand for both high stiffness and lightweightness. In this paper, we employ Schlegel
wire-frame diagrams to generate 3D metamaterials based on regular 4-polytopes (4" dimensional geometries), namely
5-cell (pentatope), 8-cell (tesseract), 16-cell (orthoplex) and 24-cell (octaplex). We investigate their resistance to shear
loading and use meta-heuristic optimisation approaches to maximise their specific shear stiffness properties. Finally,
we investigate how optimising the shear stiffness affects other mechanical properties, providing a more in-depth
understanding of this new class of mechanical metamaterial.

2. Methodology

2.1. Design of 4-polytope-based unit cells

Four varieties of 4-polytopes namely, 5-cell (pentatope), 8-cell (tesseract), 16-cell (orthoplex) and 24-cell (octa-
plex), were considered as base structures for metamaterial design. As shown in Figure 1 (a), these 4" dimensional
structures can be represented as ‘shadows’ in 3-space using Schlegel diagrams. Fundamentally, the Schelgel method
creates a central projection to to elucidate the symmetries of the 4-polytope structure in 3-space. Thus the structure
is reduced from a 4D to a 3D geometry via a single perspective of the 4-polytope, and we render this as an initial
wire-frame structure. These 3D projections were then used to develop the metamaterial unit cells by considering
the edges and vertices of the wire-frames as contours for thin-walled unit cell structures illustrated in Figure 1 (b).
The wire-frames represent spatial coordinates in 3-space rather than actual solid structures. The thin-walled unit cell
structures were designed as extensions from these wire-frames, which defined the boundaries of the 3D projected
4-polytopes. The 4-polytope-based unit cells were built up using the wireframe as silhouettes. This was to guarantee
that the thin-walled structures maintain the same symmetry planes as the 4-polytopes projections, thereby ensuring
all unit cells were cubically symmetrical (i.e. with same geometrical arrangement along three orthogonal principal
axes). Using this approach allowed for the adjustment of solid features within each unit cell, whilst maintaining the
core geometrical aspects of a 3D projected 4-polytope. This therfore additionally allowed for the parametrisation of
the unit cell structures as presented in Figure 2 and which are also listed as design parameters in Table 1. Introducing
thin-walled features that can be modified thus allowed for the generation of multiple unit cell geometries that origi-
nate from the same 4-polytope projection and hence, the same symmetry planes could be maintained throughout the
optimisation process. For example, the perspective depth of each 4-polytope-based unit cell can be adjusted by en-
larging or shrinking the internal geometrical features, such as the inner cube in the 8-cell structure, while maintaining
a geometrical definition of a 3D projected 4-polytope. As such, changes to the structure in this way will affect the
mechanical properties of the unit cell, which enables tailoring of metamaterial properties to suit a specific mechanical
objective.

As a part of this design process, certain features were incorporated in the unit cell structures to account for
the manufacturing requirements and limitations (further described in Section 2.4). These features were included
to allow circulation of 3D printing resin within the structure. The design parameter limits were set to ensure the
manufacturability of the structures while the exterior dimensions of the unit cells were set to constant by using a
cubical bounding volume with an edge length of 15 mm. Defining the unit cell structures in this way ensured that the
design process could be iterated and automated to generate numerous geometrical arrangements most suited to respond
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5-cell 8-cell 16-cell 24-cell
(Pentatope) (Tesseract) (Orthoplex) (Octaplex)

Figure 1: (a) Schlegel wire-frame diagrams of 4-dimensional regular convex polytopes (4-polytopes) and (b) 3D projected 4-polytope thin-walled
unit cells based on the wire-frame diagrams.

to the external loading while also stacking the unit cells together to form manufacturable mechanical metamaterial
arrays.

5-cell 8-cell 16-cell 24-cell

Figure 2: Parametric design approach to 4-polytope projected metamaterial design. Adjustable parameters are marked in letters for each structure.
Figure adapted from [49]

2.2. Modelling of unit cells

Computational modelling work was carried out to characterise the mechanical response of the 4-polytope projec-
tions as unit cells under shear loading. Commercially available finite element analysis software (Abaqus by Dassault
Systémes) was used to build elasto-plastic shear deformation models. Material properties were set up to mimic the
mechanical properties of the fully cured 3D printing resin (Clear V4 by Formlabs) with Young’s modulus value of
2.03GPa, Poisson’s ratio of 0.38 and density of 1.164g/cm>. The yield stress (r,) value was set to 72.28 MPa and
the strain softening behaviour in the plastic part of the stress-strain curve was approximated using a power trendline
defining shear stress and strain (e,) relationship as 7, = 44.99 x €142,

The metamaterial unit cells were discretised using a free meshing approach which is more suitable and reliable
for automated remeshing of the structures when compared with swept and structured discretisation techniques. Tetra-
hedral mesh elements (C3D10) were used. A mesh convergence study was carried out to determine the most optimal



Table 1: Parametric design variables for 5, 8, 16 and 24-cell designs as illustrated in Figure 2. Table adapted from [49].

5-cell 8-cell 16-cell 24-cell

A Drain hole distance A Drain hole round radius A Drain hole distance | A  Drain hole distance
B Drain hole radius B Drain hole radius B Drain hole radius B Drain hole radius

C  Corner distance C Inner edge round radius C Inner triangle size C Inner triangle size

D Inner wall thickness D Inner cube size D Inner wall thickness | D  Inner triangle round
E  Corner wall thickness | E  Outer wall thickness E  Outer shell width E  Projection angle

F  Outer corner round F  Inner cube wall thickness | F  Outer shell round F  Outer shell round

G Inner triangle size G Outer edge round radius | G Outer shell width G Inner wall thickness
H Outer shell thickness H Middle wall thickness
I Outer shell width I Outer wall thickness
J  Outer shell round

meshing density for each 4-polytope-based unit cell. A meshing rule was incorporated into the discretisation pro-
cedure such that there would be a minimum of three elements across the thinnest feature of the structure, with the
number of elements increasing from this as the feature thickens. To ensure even sizing of the elements throughout the
discretised geometry, a mesh growth rate value was set to 1.05. The discretisation approach described here ensures
that the mesh is fine enough to capture the through-thickness behaviour of the thin-walled structures, while generating
a minimum number of mesh elements required for an accurate computational solution.

(Orthoplex)

I

X

8-cell
(Tesseract)

24-cell
(Octaplex)

Figure 3: Summary of the boundary conditions applied to the unit cells developed for the shear set loading conditions. A full unit cell was simulated
with the two X planes (marked in yellow dashed line) representing the periodic boundary conditions, while the bottom and the top of the cell are
prescribed an encastre and a shear loading condition respectively. The diagram shows the top view of each unit cell on the left and a perspective
view on the right.

Full unit cell geometries were simulated for each 4-polytope projection to capture the response to shear loading
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conditions. An Encastre boundary condition was applied to the bottom of each unit cell, while a shear displacement
in the direction parallel to the outermost surface was applied at the top of the unit cell. The displacement value was
set to result in an overall unit cell shear strain of 0.10. As shown in Figure 3, symmetric boundary conditions were
applied to the outermost unit cell surfaces which are perpendicular to the x-axis, marked in yellow. Periodic boundary
conditions, marked in dark blue, were applied to the outermost surfaces perpendicular to the z-axis. Periodic boundary
conditions captured the forces and deformation that an adjacent unit cell could impose on the simulated unit cell.
Symmetric instead of periodic boundary conditions were implemented on the surfaces marked in yellow dashed lines
as applying them to the surfaces parallel to the shear loading direction (1) did not alter simulation outputs and (2)
reduced computational time. These boundary conditions are representative of a unit cell located inside a metamaterial
array and surrounded by adjacent cells of the same type. The Newton-Raphson method implemented within the
Abaqus Implicit solver was used to analyse the structures as it was found to be well suited to the problem. This
approach enabled the use of variable time increments whilst maintaining high simulation accuracy and significantly
reducing computational time.

2.3. Parametric optimisation approach

The 4-polytope projected unit cells presented thus far were designed without any insight into how these structures
behave under shear loading. To address this and to enhance the performance of the existing designs, we employed a
parametric optimisation method. Parametric design variables defining the geometrical features of the unit cells (Table
1) were set as inputs to the optimisation algorithm, which in an automated fashion iteratively adjusted the variables
and generated a set new unit cell designs. These were then analysed using the finite element model described in
Section 2.2. The results from each simulation were then post-processed and fed to the optimisation algorithm to
be ranked against other designs and hence provided machine training for parameter selection in consecutive design
iterations. Additionally, manufacturing constraints were incorporated into this computational design task to avoid
exploring structures that could not be fabricated. The two implemented constraints stem from the limitations of the
low force stereolitography (LFS) process, further discussed in Section 2.4, and are namely: (1) lower wall thickness
limit and (2) lower limit for a drain hole diameter. The former is dictated by the minimum force required to peel the
printed part from the resin tank while the latter is limited by the viscosity of the resin and must be incorporated to
ensure a sufficient flow rate while draining the hollow chambers within the unit cell structure. As a result, the features
that are too small to produce or the ones that would result in suction cups (concave geometrical features preventing
the free flow of resin) were not evaluated during the process of optimisation. Specified ranges of design variables and
the final values for optimised structures are provided as Electronic Supplementary Table 1.

The objective function aimed to maximise the specific shear stiffness, S where G is the shear modulus of the
unit cell and p is the apparent density of the unit cell. The optimisation framework was built by combining the finite
element simulation set-up with a meta-heuristic evolutionary algorithm using FE results to explore the performance of
metamaterial unit cells with different parametric design variable inputs (Table 1). At each iteration, a single metama-
terial unit cell was generated and analysed using the FE method to obtain the total elastic strain energy, U, resultant
from shear loading, and the unit cell mass, m, values as performance-indicating measures. The optimisation algorithm
then uses this information to find the structure exhibiting the highest specific shear stiffness, which is formulated in
Equation 1, where V is the total volume of the unit cell, 7, is the total shear stress from shear loading of the complete

unit cell.
G _ thotalv (m)_l (1)
e\ 20, J\v
n 1 Vij
UgZZVe'Eﬁ T,‘jd’)/,'j-l-O','jdé',‘j (2)

e=1

To avoid using brute force searching methods, a single objective genetic algorithm (GA) was tasked to search
for correlation between the input design parameters and the performance measures. This approach allowed for the
exploration of a multi-dimensional design space in an efficient manner and to arrive at a near-optimum design solution
while minimising the computational expenses. The objective function formulated for the optimisation process (shown
in Equation 1) was based on the total elastic strain energy resulting from shear forces, U,, as demonstrated by Equation
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2, where V, is the volume of a single mesh element, 7 is the number of mesh elements, 7;; and ;; are the elastic shear
stress and elastic shear strain tensors of a mesh element, respectively, and o7j; and €; are the elastic normal stress and
elastic normal strain tensors of a mesh element, respectively. As the algorithm proceeds, it generates structures which
with each iteration have a higher specific shear stiffness (%) as they are based on the previous search knowledge.
This is achieved by selecting the best-performing unit cells from the previous runs and using mutation and crossover
actions to generate a new population of structures. The new designs are evaluated using the finite element model
and the outputs are fed back into the genetic algorithm. The procedure is repeated multiple times until the stopping
criterion is met and then the best existing unit cell design is chosen as the near-optimum solution. A schematic
representation of the algorithm is shown in Figure 4.
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Figure 4: Schematic representation of genetic algorithm used in the optimisation framework.

New population

The genetic algorithm uses a population size of 16, the choice of which was based on the finite element simulation
size for a shear loading scenario and the available computing resources that allowed 16 simulations to be executed
in parallel. The maximum number of generations was not limited in this optimisation problem, however, a stopping
criteria was built in to terminate the process when the performance results of the newly generated structures showed no
improvement over the following 20% of the total executed generations (counting from the best existing solution). Such
a criterion was chosen to not only stop the optimisation process but to also reduce the design time and the associated
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computational costs when a suitable unit cell design is found. It should also be noted that all of the four 3D projected
4-polytope unit cells reached the stopping criteria in under 704 iterations. Crossover and mutation probabilities were
set to 0.9 and 1/g respectively, where ¢ is the number of design variables, summarised in Table 2. Crossover and
mutation indices were chosen as 10 and 20, respectively, while the GA parameter tuning was not performed as it
was deemed to be beyond the scope of this study. The values listed here were selected based on previously available
knowledge for a similar mechanical metamaterial design optimisation problem reported in [49].

Table 2: Summary of the parameters used in genetic algorithm set-up, [49].
GA parameters:

Population size 28
Crossover probability 0.9
Mutation probability* 1/q

Crossover distribution index 10

Mutation distribution index 20

Stopping criteria no improvement in last 20% of gen.
*q is the number of design variables

2.4. Manufacturing methods

The specimens were designed using the unit cells optimised to exhibit high specific stiffness under shear loading
(boundary conditions presented in Section 2.2). The experimental shear samples were manufactured using Form 3
desktop 3D printers by Formlabs which employ low force stereolithography (LFS) additive manufacturing technology.
Photoreactive thermosetting Clear V4 resin compatible with this 3D printing method was used for prototyping and the
samples were printed using a layer height of 25um. Following this process, isopropyl alcohol was used to wash the
specimens and remove excess resin within the internal cavities of the metamaterial structures. The samples were then
further post-processed using a Form Cure UV light chamber for the duration of 30 min to fully cure the 3D printed
resin and hence increase the stiffness and strength of the material. The unit cell arrangement was chosen as 2 X2 X 8 to
provide a sample with the size required for the mechanical testing procedure while fitting the maximum size specimen
within the build volume of the 3D printer. This resulted in a set of samples with 32 unit cells and external dimensions
of 30x30x 120 mm. The linear dimensional accuracy was evaluated by comparing the experimental samples with the
CAD models and the specimens were found to have high dimensional accuracy with a deviation of less than 0.38%.
The specimen mass was found to be consistent among the 3D-printed samples of the same metamaterial structure,
however, the mass variation, Aw, between the computationally designed models and experimental samples was found
to be 5.34%, 7.90%, 5.06% and 9.10% for the 5-cell, 8-cell, 16-cell and 24-cell samples, respectively. The mass
variation was calculated as Aw = (w—’” - ) where Wgnple is the measured mass of a 3D printed and post-cured
metamaterial sample and wcap is the mass of the same sample calculated using the volume of the structure’s CAD
model and the density of the fully cured 3D printing resin. The main reason for this mass variation is due to the excess
resin remaining within the internal geometry of the specimen after the washing procedure is completed. During the
post-curing process, excess resin polymerises partially and forms semi-solid parts of the structure at random locations
within the metamaterial. This not only increases the overall mass of the experimental samples, but also negatively
affects the mechanical performance by altering the internal geometry of the structure and causing stress concentration
points. To reduce the effects of this problem, the washing procedure was adjusted for each sample type ensuring that
the volume of excess resin was minimised.

As can be seen in Figure 5 where representative shear samples from each of the types of 3D projected 4-polytopes
are shown; gyroid and honeycomb specimens were also manufactured for the purpose of comparison. The gyroid
structure was chosen since there is a common research interest in the mechanical properties of this structure [54, 55]
and the hexagonal honeycomb geometry was used for comparison, since it is used ubiquitously in industrial materials
such as lightweight sandwich panels [56, 57]. The geometrical parameters of the gyroid shape had a sinusoidal wave
amplitude of 2.5mm and a period of 20 mm with a wall thickness of 0.5mm. The structure had an apparent density of
143.44 kg/m? and a relative density of 12.32%. The honeycomb sample was made from hexagonal cells that closely
mimic industrially available honeycomb core (CEL Components - PP8.120T30) [58] with a cell diameter of 8mm
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Honeycomb  10mm
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Figure 5: Representative shear test specimens with a 2 X 2 X 8 3D projected 4-polytope unit cell array. From left to right, 5-cell, 8-cell, 16-cell and
24-cell, and additional structures used as ‘comparative experimental controls’ - gyroid and hexagonal honeycomb.

and a wall thickness of 0.55mm, while the apparent and the relative densities for the sample were found to be 179.07
kg/m? and 15.38% respectively.

2.5. Mechanical testing procedure

Samples shown in Figure 5 (a total of 5 for each sample series) were mechanically tested using an Instron 3369
mechanical test machine using a load cell of SOkN. 3-point bend tests were conducted using an effective span-to-depth
ratio of 2 to ensure that the specimens were loaded in shear [30]. Surface strains were measured with a 2D digital
image correlation equipment (Imetrum DIC system with 1400 x 1000 resolution at 17.8fps). The strain measurements
were taken to track the deflection in the middle of the sample caused by the downward crosshead movement with
respect to the stationary support pins located at the bottom of the sample. Five specimens were tested for each of the
four 4-polytope projections, as well as for the gyroid and honeycomb (out-of-plane orientation) structures, each using
identical test set-ups. A ramp loading rate of 10mm/min was used to ensure Hookean behaviour of the bulk material
under shear loading.

3. Results and Discussion

3.1. Simulation results

The 4-polytope projected metamaterial structures in shear were developed using the optimisation framework dis-
cussed in Section 2.3. The objective function focussed on maximising specific shear stiffness. The unit cell designs
were generated in an iterative manner and their performance was evaluated and ranked according to the objective
function. Figure 6 shows the results of incremental performance advancements for each 3D projected 4-polytope unit
cell in shear. The stacked column chart shows the specific stiffness values of these metamaterial unit cells evaluated at
several progression levels during the optimisation process, namely at 0% (unoptimised), 25%, 50%, 75% and 100%
(fully optimised) of total optimisation.

The incremental specific shear stiffness improvements shown here, represent design space exploration that was
carried out by the optimisation algorithm with higher performance enhancements during the intermediate itera-
tions (optimisation levels 25%-75%) and smaller improvements as the near-optimum solution (fully optimised) is
approached. The specific stiffness improvements between the unoptimised and fully optimised structures were found
to be 4151.53%, 1279.84%, 275.15% and 281.63% for 5, 8, 16 and 24-cell structures respectively. The percentage

8



24-cell

0%
8-cell 259,
16-cell m50%
m75%
5-cell /] 100%
/
0.0 20.0 40.0 60.0 80.0

Specific Shear Stiffness, (kNm/kg)

Figure 6: Specific shear stiffness comparison for the 5, 8, 16 and 24-cell polytopes in shear as the optimisation advances from unoptimised (0%) to
fully-optimised (100%) state in 25% progression increments.

improvement values are highly dependent on the performance of the initial (unoptimised) structure which was de-
signed without any insight from computer simulations, nevertheless, the results demonstrate the capabilities and the
significance of using a simulation-based approach to optimising the structures. The lowest performance improvement
was observed in the 24-cell unit cell, which was 2.75 times higher than that of its original design. The structure with
the overall best specific shear stiffness properties was found to be the 5-cell structure with a value of 64.46 kNm/kg at
the end of the optimisation cycle. It is also the design that benefited the most from the optimisation framework out of
the four metamaterial unit cells analysed.

Figure 7 illustrates the total elastic strain energy density distribution (ESEDEN) resulting from shear loading, for
each of the 4-polytope projected unit cells at the following optimisation levels: 0% (unoptimised), 25%, 50%, 75%
and 100% (fully optimised). The colour distributions in each unit cell indicate geometrical regions that contribute
the most towards load bearing under shear, and which are most involved in elastic strain energy storage. The strain
energy density is noticeably more evenly distributed within the solid continuum of a structure as the optimisation
progresses from 0-100%. As a result, more geometrically optimised structures have an increased overall capacity to
store elastic strain energy resulting from loading in shear, which is in turn related to the overall stiffness of the unit
cell. Consequently, when the apparent density of the unit cells is factored in, the fully optimised unit cells have the
highest specific shear stiffness values as previously illustrated in Figure 6.

Due to the direction and the nature of the applied shear loading (discussed in Section 2.2), it can also be seen that
the geometrical features at the corners of each unit cell are the regions with higher strain energy densities and these
regions hence have a significant contribution towards the overall stiffness of the metamaterial structure, as visible
in the right column of Figure 6 where fully optimised unit cell structures are shown. This is particularly evident in
5-cell and 16-cell structures, which also benefit from the geometrical features within the unit cells, which acting as
cross-bracing, joining and stabilising the corners of the unit cell. The geometrical features inside the unit cells help
share the load more effectively and provide additional stiffness to the structure. These are critical factors in 5-cell
and 16-cell structures, which exhibit the highest specific shear properties. Between the two mentioned structures,
the strain energy can be seen to be more evenly distributed within the 5-cell, while the 16-cell has a comparatively
higher strain energy density concentration at the unit cell corners but lower strain energy density values within the
internal cross-bracing structure, resulting in a lower overall capacity for strain energy storage. The 8-cell structure
has a comparatively more even distribution of strain energy density within the structure, however, its geometry does
not contain any cross-bracing geometrical features within the unit cell and as a consequence, 8-cell structures have a
lower specific shear stiffness than the 5-cell and the 16-cell. The 24-cell structure has strain energy concentrated to
some of the outer edges and also some inner geometrical regions that do not contribute to the overall strain energy
storage capacity. This is partially due to the 24-cell having higher levels of geometrical complexity in comparison to
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Figure 7: Colour maps for each of the 4-polytopes with each column illustrating optimisation progression at a different level: (i) 0% (unoptimised),
(ii) 25%, (iii) 50%, (iv) 75% and (v) 100% of total optimisation (fully-optimised) metamaterial unit cells. The colour legend represents a range of
elastic strain energy density (ESEDEN) values in J/cm? when the cells are loaded in shear to 0.10 strain.

other projected 4-polytope metamaterials resulting in more slender edges and sharper corner features within the unit
cell. Such an uneven arrangement results in the lowest specific shear stiffness values out of the four unit cell structures
discussed here.

3.2. Experimental testing results

Experimentally obtained specific shear stiffness and specific shear yield strength values are shown in Figure 8
for the 3D projected 4-polytope structures. The arithmetic mean values of each specific property are shown based
on five specimens (n = 5) in each sample set, and the vertical and horizontal error bars represent the total range of
experimental values obtained for each property. For comparison purposes, the data for cubically symmetrical gyroid
structures and hexagonal honeycomb structure tested in shear in an out-of-plane direction are also included in the plot.
Both of these structures were manufactured in the same manner as the 3D projected 4-polytope metamaterials, with
the further details in Section 2.4.

The experimental specific shear stiffness results shown in Figure 8 closely follow the simulation predictions (Fig-
ure 6) with the 5-cell geometry having the highest specific stiffness value of 57.55 kNm/kg and a percentage difference
of 10.71% when compared to the simulation output. In descending order, the mean experimental specific shear stiff-
ness values are 52.73, 43.52, 29.58 kNm/kg for the 16-cell, 8-cell and 24-cell structures, respectively. The difference
between the simulation and experimental results were found to be 6.54%, 0.97% and 10.93% for 16-cell, 8-cell and
24-cell structures, respectively. As previously shown by the modelling results (Section 3.1), the metamaterial struc-
tures with 1) geometrical features acting as stiffeners at the corner of each unit cell and 2) cross-bracing geometries
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joining the opposite corners of a unit cell contribute significantly towards increasing the shear resistance. This is ev-
ident in 5-cell and 16-cell geometries which outperform the remaining structures investigated, when comparing both
experimental and simulation results. The specific shear stiffness results are comparatively lower for the metamaterials
with geometrical features that are less in line with the shear forces, namely 8-cell and 24-cell structures. This corrob-
orates the simulation results summarised in Figure 7 and demonstrates that the unit cell geometries with less evenly
distributed strain energy densities tend to have a reduced capacity for strain energy storage, and therefore also have
lower specific stiffness values.

The experimental results of gyroid and hexagonal honeycomb structures are also compared in Figure 8. Similarly
to 8 and 24-cell unit cells, these structures do not possess geometrical features that could act as cross-bracing or
corner-stiffening elements and therefore the specific shear stiffness values are low, being 30.02 and 22.82 kNm/kg
for gyroid and honeycomb, respectively. When compared to the best-performing 4-polytope-based structure, the 5-
cell specific shear stiffness surpasses that of the gyroid and hexagonal honeycomb structures by 1.9 and 2.5 times,
respectively.

In addition to high specific shear stiffness values, all of the metamaterials based on 3D projected 4-polytopes,
namely 5, 8, 16 and 24-cell, also outperform the gyroid and hexagonal honeycomb structures in terms of specific
shear yield strength. As shown in Figure 8, 8-cell has the highest specific shear yield strength, followed by the 5-
cell, 16-cell and 24-cell geometries with the values of 2.03, 1.66, 1.18 and 0.98 kNm/kg respectively. The yield
strength values for the gyroid and hexagonal honeycomb were found to be 0.46 and 0.84 kNm/kg respectively. The
experimental values obtained for the 8-cell, the best-performing structure in terms of the specific shear yield strength,
are 4.41 and 2.41 times higher than those of the gyroid and hexagonal honeycomb structures respectively. These
results indicate that although the 8-cell has lower specific shear stiffness than the 5 and 16-cell structures, its cubical
geometry with thin walls aligned along the diagonal directions of a unit cell offers great strength when loaded in shear.
The lack of cross-bracing elements in the unit cell geometry affects the overall stiffness of the structure, however, the
interconnected thin walls and a well-balanced selection of feature sizes minimising internal stress concentrations are
the two factors most plausibly contributing towards the high specific shear yield strength of the unit cell.

All of the 3D projected 4-polytope metamaterials developed and analysed in this work, benefit from the cubically
symmetrical unit cells, which have identical mechanical properties along their three orthogonal axes. This is unlike
the honeycomb structures which show superior out-of-plane than in-plane mechanical stiffness and strength [51].
The results presented here demonstrate that 4-polytope projected metamaterials can not only outperform commer-
cially available honeycomb structures, but also outperform other commonly researched metamaterials with cubically
symmetric unit cells, such as gyroid structures.

The simulation and experimental results discussed in the preceding paragraphs are also presented in Tables 3
and 4, summarising specific shear stiffness and specific shear yield strength results respectively. Statistical details
such as experimental range, median, standard deviation and the coefficient of variance (CoV) are included for the

experimental results. The tables also present a comparison between experimental and simulation results with the
G_G

percentage difference values quoted for each sample set, and a Z-score (Z) value calculated as Z = +c* for the
Ty Ty

specific shear stiffness case and as Z = £ for the specific shear yield strength case, where S is the standard
deviation of each sample set.

As shown in Table 3, the simulation results for specific shear stiffness are 0.97%, 6.54%, 10.71% and 10.93%
higher than the experimentally obtained values for the 16, 8, 5 and 24-cell structures. Similar tendencies between the
simulation outputs and experimental results are demonstrated by the low Z-score values which are in the range of 0.03
to 1.22 for the specific shear stiffness results. While the modelling outputs tend to overestimate performance of the
metamaterials, these results also indicate that the simulation accuracy for predicting the specific shear stiffness values
are high, and the simulation and experimental results are in good agreement. The specific shear stiffness values are
most accurately predicted for the 16-cell structure.

However, a different trend is evident when analysing specific shear yield strength results summarised in Table 4.
The percentage difference values comparing simulation against experimention are in the range of 10.85% and 36.34%,
with the most accurate prediction of the 5-cell performance and the least accurate outputs for the 24-cell. The Z-scores
also indicate higher levels of discrepancy with values of 1.30, 1.95, 2.79 and 4.89 in increasing order for the 5, 16, 24
and 8-cell, respectively.

The results are also visualised in Figure 9 with the simulation-predicted shear stress - shear strain curves plotted
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Figure 8: Specific shear properties plot for experimental 4-polytope-based metamaterial samples together with gyroid and honeycomb structures.

in dashed lines and the upper and lower experimental testing bounds plotted with solid lines. The specific shear
stiffness show high predictive accuracy, especially at low strains, while the simulation results closely follow the upper
experimental curves for each of the 3D projected 4-polytope metamaterials. This trend is especially evident at the
low shear strains where the shear stress - shear strain curves start diverging, and the experimental samples reach an
onset of plasticity at lower shear strain values than as predicted by modelling. As a result, the 4-polytope projected
metamaterials enter the plastic deformation stage earlier, and the experimental specific shear yield strengths are lower
than as predicted by the simulations.

The main reasons for the differences between the simulated and experimentally obtained specific shear yield
strength values are 1) manufacturing limitations, 2) shear test limitations and 3) a low number of neighbouring unit
cells in the shear specimens. Firstly, the manufacturing limitations stem from the limitations of SLA 3D printing
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Table 3: Mean specific shear stiffness ( ) results for experimental samples: 5, 8, 16 and 24-cell metamaterials, as well as gyroid and honeycomb

structures and specific shear stiffness values (%) for simulated models: 5, 8, 16 and 24-cell metamaterials.

Experimental 5-cell 8-cell 16-cell  24-cell Gyroid Hex
honeycomb

Mean shear specific
stiffness (£), 5755 4352 5273 2958 3002  22.82
(kNm/kg)
Upper value 65.05 51.24 63.32 34.71 32.15 27.13
Lower value 50.40 37.81 17.60 20.98 26.56 18.11
Median 56.78 41.40 46.54 25.58 30.02 23.13
Standard deviation  5.66 5.36 16.07 5.50 2.14 2.86
CoV 9.83% 12.32% 3047% 18.59% 7.13%  12.55%
Simulation
Specific shear
stiffness (g) 6446 4656 5325 3321  NJ/A N/A
(kNm/kg)
Percentage diff.

. 10.71% 6.54%  0.97% 10.93% N/A N/A
(sim. vs exp.)
Z-score 1.22 0.57 0.03 0.66 N/A N/A

N
P

Table 4: Mean specific shear yield strength (%) results for experimental samples: 5, 8, 16 and 24-cell metamaterials, as well as gyroid and

honeycomb structures, and specific shear strength values (L) for simulated models: 5, 8, 16 and 24-cell metamaterials.

Experimental 5-cell 8-cell 16-cell  24-cell Gyroid Hex
honeycomb

Mean specific shear

yield strength (), 1.66 2.03 1.18 0.98 046  0.84

(kNmy/kg)

Upper value 1.90 2.19 1.88 1.29 0.52 1.00

Lower value 1.46 1.70 1.10 0.70 0.41 0.66

Median 1.67 2.13 1.12 0.87 0.46 0.83

Standard deviation  0.15 0.18 0.30 0.20 0.04 0.11

CoV 934%  8.73%  2541% 2047% 8.72% 13.44%

Simulation

Specific shear

yield strength (7) 1.86 2.90 1.77 1.54 N/A N/A

(kNm/kg)

Percentage dif. 10.85% 29.90% 33.18% 36.34% N/A  N/A

(sim. vs exp.)

Z-score 1.30 4.89 1.95 2.79 N/A N/A

methodology, and our aim to manufacture geometrically complex structures. As discussed in Section 2.4, the 3D
projected 4-polytope metamaterials contain geometrical pockets where resin can accumulate, and this is not fully
removed when the samples are post-processed. The leftover resin then solidifies during the post-curing process and
creates stress concentration points, leading to an early onset of plasticity. This also results in a higher sample weight,
which in turn negatively affects the specific properties of experimentally tested metamaterials. Secondly, the lim-
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itations of a 2D DIC system used for measuring the surface strains in a 3-point bend test contribute to potential
inaccuracies in the experimental results. The 2D system neither captures the out-of-plane nor the internal unit cell
deformations and therefore contributes to measurement-related inaccuracies. Thirdly, the maximum size of the spec-
imens is limited by the build volume of the 3D printer, the samples have a low number of neighbouring unit cells
and therefore suffer from boundary effects which are not accounted for in the simulations. The 2 X 2 arrangement of
the unit cells in a cross-section of a specimen is considered as low as for a unit-cell-based structure. Computational
modelling work published by [59] suggests that the specimen cross-section to unit size ratio should exceed 10 to
appropriately homogenise the mechanical metamaterial. It should also be noted that the modelling work presented
here does not account for any manufacturing-related imperfections, assumes periodic boundary conditions, and hence
idealises the metamaterial performance. Therefore, at low shear strains when the stress levels within the material are
low and material imperfections are not the key factors affecting the metamaterial response and therefore the specific
shear stiffness predictions are of high accuracy.

S-cell 8-cell 16-cell 24-cell
0.25 —-Simulation 0.40 Simulation 020 —-Simulation 030 ——Simulation
—Experimental (upper) 035 Experimental (upper) 0.18 —Experimental (upper) —Experimental (upper)
0.20 —Experimental (lower) : Experimental (lower) Experimental (lower) 0.25 ——Experimental (lower)
. - 0.16 > .
. _0.30 . —
o] [¢] .
o o go-14 £0.20
20.15 2025 20.12 =
o ©0.20 $0.10 $0.15
gG-IO EOJS g0.0S go]o
S 5 £0.06 s
0.05 0.10 -
' ‘ 0.05
0.05 0.02
000 = o o o o 000 0.00 0.00
g 83338 ¢ g 8388 °
Shear strain Shear strain

Figure 9: Shear stress-strain curves for 5, 8, 16 and 24-cell meta-structures. Upper and lower experimental bounds are presented in solid lines
while simulated results are shown as dashed lines.

The mechanical metamaterial properties discussed up until now were highly influenced by the computational
methods, which were aimed at maximising the metamaterial elastic strain energy capacity under shear. This enabled
the enhancement of specific shear stiffness and specific shear yield strength properties of the 4-polytope projected
metamaterials. However, to better understand the effect of the computational optimisation approach on basic me-
chanical properties (excluding the effect of lightweightness), and hence the general mechanical behaviour of these
structures, Table 5 summarises shear modulus, shear yield and shear strength as well as modulus of resilience and
toughness properties to evaluate metamaterial performance in a more generic sense. The values are presented for
all of the 3D projected 4-polytope metamaterials, gyroid and hexagonal honeycomb structures. The summary also
includes statistical details for standard deviation (SD) and coefficient of variance (CoV). The gyroid structure exhibits
the highest shear stiffness with a modulus value of 4.31 MPa, closely followed by hexagonal honeycomb and 8-cell
metamaterial structures which have a modulus value of 4.09 and 4.00 MPa respectively. The shear stiffness values for
5, 16 and 24-cell are 3.58, 2.69 and 2.95 MPa respectively. The coefficient of variance was found to be between 9.52%
and 29.58% with standard deviation values between 0.35 and 0.80. A different trend is noticed when comparing the
shear yield strength properties with the 8-cell structure having the highest value of 0.19 MPa which is 23.53% higher
than that of a hexagonal honeycomb, which is the second best-performing structure. The rest of the 3D projected
4-polytopes, namely the 5, 16 and 24-cell outperform the gyroid by 35.29%, 13.33% and 35.21% respectively, which
has the lowest stiffness among the compared metamaterials of 0.07 MPa. In terms of shear strength, the hexagonal
honeycomb performs the best followed by the gyroid and the 8-cell with shear strength values of 0.37, 0.27 and 0.26
MPa respectively while the 5, 16 and 24-cell structures have the shear strength of 0.15, 0.16 and 0.17 MPa respec-
tively. The modulus of resilience results follow a similar trend as summarised for the shear yield strength with the
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Table 5: Summary of experimentally obtained mechanical properties: shear modulus, shear yield strength and shear strength, modulus of resilience
and modulus of toughness for 4-polytope projected metamaterials, and for gyroid and hexagonal honeycomb structures.

Scell  Scell  16cell 24-cell Gyroid |
honeycomb

Shear mod., (MPa) 3.58 4.00 2.69 2.95 431 4.09
SD 0.35 0.49 0.80 0.58 0.41 0.51
CoV 9.83%  12.32% 29.58% 19.74% 9.52% 12.55%
Shear yield strength, (MPa) | 0.10 0.19 0.08 0.10 0.07 0.15
SD 0.01 0.02 0.02 0.02 0.02 0.02
CoV 9.34%  838%  22.72% 21.69% 29.52% 13.44%
Shear strength, (MPa) 0.15 0.26 0.16 0.17 0.27 0.37
SD 0.02 0.03 0.03 0.03 0.05 0.10
CoV 14.14% 11.42% 2242% 18.59% 16.62% 26.12%
Mod. of resilience, (kJ/m?) | 1754 4197 918 2260 649 2502
SD 164 606 179 373 126 335
CoV 9.34% 14.45% 19.54% 16.49% 19.47% 13.39%
Mod. of toughness, (kJ/m?) | 24406 16840 15471 7215 34200 22965
SD 13318 4826 9110 2742 15470 8990
CoV 54.57% 28.66% 58.89% 38.00% 45.23% 39.14%

8-cell showing the maximum capacity for absorbing energy before the onset of plasticity, outperforming both the
gyroid and the honeycomb structures by 146.43% and 50.60% respectively. The remaining 3D projected 4-polytope
metamaterials outperform the gyroid structure. The metamaterials with the highest modulus of toughness values, in
descending order, are the gyroid, 5-cell and honeycomb with the modulus of toughness of 34200, 24406 and 22965
kJ/m? respectively. This is followed by the 8-cell, 16-cell and 24-cell structures with respective modulus of toughness
values of 16840, 15471 and 7215 kJ/m>. Among the 3D projected 4-polytope metamaterials, the ones with the cross-
bracing structural features, namely the 5 and 16-cell structures, tend to have a longer plastic region in comparison to 8
and 24-cell structures that lack the geometrical features joining the opposite corners of a unit cell together. The high
modulus of toughness in 5-cell and 16-cell structures is mainly the result of the ability to sustain high shear strains
prior to the occurrence of catastrophic failure with 5-cell and 16-cell failing at the shear strains of 0.13 and 0.10 re-
spectively. This demonstrates the ability of the structures to absorb shear deformation energy through gradual plastic
yielding, however, it is unclear how this behaviour occurring in only two of the four investigated 4-polytope-based
structures is affected by the parametric optimisation aimed at maximising elastic strain energy storage.

Table 6: Apparent and relative densities for simulated and experimentally tested shear samples.

Simulations Experimental

Apparent Relative | Apparent Relative

density, (kg/m3) density | density, (kg/m3) density
5-cell 56.44 4.85% 62.13 5.34%
8-cell 86.71 7.45% 91.94 7.90%
16-cell 53.86 4.63% 58.89 5.06%
24-cell 96.25 8.27% 105.93 9.10%
Gyroid N/A N/A 143.44 12.32%
Honeycomb | N/A N/A 179.07 15.38%

The results presented here provide a good indication of general metamaterial performance, however, they do not
take the mass of each specimen into account. Table 6 summarises the apparent and relative densities of the simulated
and experimentally tested structures compared in this publication. It is worth noting that the gyroid and hexagonal
honeycomb structures which have the highest shear stiffness and strength properties also have the highest apparent
density values. When compared to the 3D projected 4-polytope metamaterials, the apparent densities of gyroid and
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honeycomb specimens are 79.11% and 96.97% higher than the 5-cell and 43.75% and 64.30% higher than the 8-
cell, which has the highest apparent density out of the three best-performing 4-polytope projected metamaterials.
This emphasises the importance of comparing metamaterial structures using specific properties when ranking their

performance.
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Figure 10: Experimental comparison of 4-polytope-based metamaterials with gyroid, hexagonal honeycomb samples, as well as other metamaterial
structures presented in, [26, 31], namely, Kelvin, octet, idealized foam and cubic lattices. The figure presents the results for (a) normalised
shear modulus (G/Gy), (b) normalised shear strength (7/70) and (c) shear yield strength over shear modulus (7,/Go) plotted against the relative
density. Parts (b) and (c) of the figure also include scaling law trendlines for all 4-polytope-based metamaterial structures and gyroid and hexagonal

honeycomb samples.

An alternative way of comparing the structural performance of the metamaterials is presented in Figure 10. Here,
the experimental results of 4-polytope projected metamaterials as well as gyroid and hexagonal honeycomb samples
are compared using performance indices plotted against the relative density of each experimental sample. This nor-
malisation method allows for the examining of stiffness and strength gained from the metamaterial structure, rather
than from the bulk material properties [60]. Figure 10 (a) presents normalised shear modulus (G/Gg) with additional
data included for metamaterial structures in, [26, 31], namely, Kelvin, octet, idealised foam and cubic lattices. It is
evident that all 4-polytope projected metamaterials outperform idealised foam and cubic lattice structures in terms of
their normalised shear modulus at a given relative density. The 5-cell and 16-cell structures also perform better when
compared to the Kelvin lattice structure, while only the 5-cell structure has a similar normalised shear modulus to the

octet truss.

In terms of normalised shear strength (Figure 10 (b)), 16-cell surpasses the rest of the 4-polytope metamaterials and
is closely followed by the 5-cell structure both of which have similar geometrical cross-bracing features as discussed
in Section 3.1. In the descending performance order, these two metamaterial structures are followed by the 8-cell,
24-cell, gyroid and hexagonal honeycomb structures.

The plot in 10 (c), shows the shear yield strength normalised by the shear modulus of the fully cured constituent
material while this is presented against the relative density of each structure (also shown in Table 6). The figure shows
that the 5-cell structure has the highest shear yield strength to shear modulus ratio with the lowest relative density

indicating that this geometrical arrangement is the most suitable for applications requiring a high strength-to-weight
ratio. The second best-performing geometrical arrangement is the 16-cell structure followed by the 8-cell, 24-cell,
gyroid and hexagonal honeycomb structures. The figure also presents the relative density of the aforementioned
structures with the 16-cell having the lowest value of 5.06% and the honeycomb having the highest of 15.38%. While
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Figure 10 (c) compares the shear yield strength performance of the structures, it can also be used as a visualisation
tool in future work allowing engineers to choose metamaterials most suited for the design application while taking the
performance and apparent density into account.

Parts (b) and (c) of Figure 10 also include scaling law trendlines for the experimental results of 4-polytope pro-
jected metamaterial structures, gyroid and hexagonal honeycomb structures, adapting the same methodology as pre-
sented in [61]. The scaling law for the normalised shear strength is calculated as % = (;—;)", where 7 is the shear
strength of a specimen, 7 and py are shear strength and density of the constituent material respectively, p is the den-
sity of the specimen, and n is a positive integer found empirically for each individual structure. Similarly, the scaling
law trendlines plotted in Figure 10 (c) were computed using GT—O = ([f—;))'”, where 7, is the shear yield strength of a
specimen, Gy is the shear modulus of the constituent material and m is a positive integer presenting the empirical
value found for each metamaterial geometry. In the case of normalised shear strength (b) the scaling law n values
are 1.88, 1.95, 1.82, 2.24, 2.35, 2.46 and in the case of shear yield strength over constituent material shear modulus
(c), the values for m were found to be 3.03, 3.25, 3.07, 3.72, 4.42, 4.54 for 5-cell, 8-cell, 16-cell, 24-cell, gyroid and
hexagonal honeycomb structures, respectively.

4. Conclusions

This article discusses a new class of mechanical metamaterials based on 4" dimensional shadows projected into
3-space and optimised for shear resistance. The methodology presented here demonstrates that the performance of
these structures can not only be tailored to a specific application but also enhanced more than 40 times in terms
of specific shear properties by employing an evolutionary algorithm-powered optimisation framework. The results
suggests that the cubically symmetrical 4-polytope projected metamaterials outperform other commonly researched
structures such as gyroid and hexagonal honeycombs in terms of both specific shear stiffness and specific shear yield
strength. Among the structures examined here, the 5-cell (pentatope) demonstrates a shear stiffness that is nearly
double that of a gyroid structure. This superior performance is attributed to the presence of cross-bracing within
the 5-cell, which is also present in the second-best-performing 16-cell structure. The 8-cell (tesseract) shows the
highest specific shear yield strength, surpassing the hexagonal honeycomb tested in the out-of-plane direction by 2.4
times, and hence offering the advantages where a high strength-to-weight ratio is required. The 24-cell structure
demonstrates the lowest values for both specific shear stiffness and shear yield strength out of the four investigated
4-polytope projected structures, while having almost the same specific shear stiffness as the gyroid and higher specific
shear yield strength than the hexagonal honeycomb. The normalised shear modulus results are also benchmarked
against a range of metamaterial structures investigated in the available literature, showing the potential of 3D projected
4-polytope metamaterials. The cubically symmetrical 4-polytope projected designs, lightweightness and high shear
resistance provide significant benefits in maintaining structural stiffness when subjected to multi-axial loading, which
is advantageous in many real-life applications.
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