
Chapter 2

Analytical Methods in Nonlinear
Dynamics

Ed Habtour

This chapter provides an overview of the various nonlinear dynamic behaviors intrinsic
to aerospace structures and systems during their operating conditions. Two analytical
methods are described, namely the Harmonic Balance and Variation of Parameters, for
solving the nonlinear equation of motion. Bothmethods are relatively simple yet efficient
mathematical tools for solving nonlinear ordinary differential equations. The harmonic
balance and variation of parameters methods are harmonic probing algorithms, which
make them attractive tools in the field of nonlinear system identification (NSI) [1, 2],
structural health monitoring (SHM) [3] and nondestructive Inspection (NDI) [4]. Key
parameters such as structural stiffness, damping and inertia can be extracted via har-
monic probing [5–8].

2.1 Characterizing Nonlinearities

Realistically, aerospace structural systems are not rigorously linear. Consequently, ap-
proximation based linear models have serious limitations because of the restrictive con-
ditions of their application, such as low external and internal excitation amplitudes [9].
Linear models apply the principles of superposition and proportionality, which may gen-
erate misleading results. For example, to simulate multiaxial vibrations for a structural
component in a helicopter, the military standard MIL-STD-810G recommends perform-
ing the vibration tests by sequentially applying uniaxial excitation to the component
along three orthogonal axes (x, y, z). The test can be accomplished by exciting the struc-
ture one axis at a time and rotating it 90o for each axis. Using the principle of superpo-
sition is an additive process. For example, the structure vibration response amplitude in
the X direction due to excitation in X , Y and Z directions can be calculated as follows
[10]:

X tot al = Xout (Xi n)+Xout (Yi n)+Xout (Zi n) (2.1)
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where, Xout (Xi n), Xout (Yi n) and Xout (Zi n) are the output responses as a function input
amplitude Xi n, Yi n and Zi n, respectively. Another important properties of linear dynamic
systems is the principle of proportionality. For example, if the input excitation amplitude
is increased by α times, the vibration response is amplified by α. Both principles assume
that the structural dynamic response is linear.

In aerospace systems, increasing the amplitude of excitation along multiple degrees of
freedom amplifies and often couples multiple nonlinearities within the system, which
exacerbate the inaccuracy linear models. To accurately estimate the dynamic response
of dynamical systems, it is important to include the nonlinear coefficients in the analysis.
Multi axial excitation [11, 12], gyroscopic effect [13], miniaturization [14, 15], complex
internal stresses [16, 17], multimodal environmental conditions [10], acoustic thermal
coupling [18], microscopic effects such as change in the microstructure [19]. Typically,

Figure 2.1: Characteristics of symmetrical and non-symmetrical restoring forces

Hooke’s law is a good approximation for linear systems exhibiting elastic resistance to
the application of external stimuli or loads in the form of restoring forces proportional
to a structural displacement, x. For example, thin aerospace structures can endure re-
versible deformations before their inherent stress-strain characteristics show significant
departure from their linear regime [20]. The common assumption is that slender thin
structures, such as blades, can encounter kinematic (or geometric) nonlinearities before
their materials’ nonlinearities are reached [14]. In fact, kinematic nonlinearity gen-
erates dynamic hardening (or stiffening from materials prospective) at the first flexural
mode, which is a restoring force proportional to a cubic structural displacement, x3 [13],
Figure 2.1. Thus, the total restoring force becomes a function of the linear and nonlinear
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stiffness coefficients, as follows:

F (x) = dP

d x
= (k1 +αk3x2)x (2.2)

where, P is the potential energy:

P = 1

2
k1x2 + 1

4
αk3x4 (2.3)

The structural stiffness, and nonlinear geometric coefficients are k1, and k3, respectively.
The system’s equivalent structural stiffness becomes:

keq = k1 +αk3x2 (2.4)

If α is positive, it can augment the linear component of the restoring force, making the

Figure 2.2: Characteristics of symmetrical and non-symmetrical restoring forces

system dynamical stiffer (hardening effect) and, subsequently, increasing the system’s
resonance [19], as shown in Figure 2.2. Unlike the case of a linear system, the max-
imum value of the amplitude response occurs at an excitation frequency higher than
the structure natural frequency [19], as shown in Figure 2.2. A negative α, on the
other hand, opposes the linear restoring force, thus, a structure may appear dynami-
cally softer (softening effect) with reduced natural frequency. Consequently, the linear
equation of motion with nonlinear restoring force resembles a damped Duffing oscilla-
tor, which contains an additional nonlinear geometric term [19]. The general form of
equation of motion is give as:

ẍ + c1ẋ +mn(xẍ + ẋx2)+k1x +αk3x3 = F sin(ωt ) (2.5)

The over-dots denote derivatives with respect to time, t . The system’s distributive mass
and displacement are ms and x, respectively. The forcing amplitude and frequency are
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F and ω, respectively. The structure damping coefficient is c1. The nonlinear inertia is
mn.

The geometric nonlinearity appears in engineering structure where large deformations
activates the nonlinear relation between strain and curvature, thus modifying the ef-
fective inertia and equivalent stiffness of the system [13]. The inertial nonlinearities,
on the other hand, augment the effect of structural mass [5, 21]. Rarely do dynamics
engineers take into account fatigue development due to high cycle vibrations as a pa-
rameter that could influence the change in the restoring force. Thus, integrating SHM
into the aircraft control-system can ameliorate significant engineering challenges such
as aeroelastic instability, and fatigue due to vibratory and thermal loads. The basic idea
is to correct an aircraft operational drift due to the development of precursors to fatigue
by adapting the control laws to operate below high stress regimes based on the aircraft
new health state, thus, prolonging the aircraft service life [21].

2.2 Nondimensional Analysis
When analyzing physical systems, it is key to identify the important parameters that
govern the physical behaviors of the systems. Thus, it is necessary to identify a com-
plete set of independent quantities in order to simplify and parameterize the physical
models that require measured units. Nondimensional procedures are effective in identi-
fying the intrinsic physical attributes of a dynamical system while removing their units.
This allows us to scale dynamic problems without compromising the physics. Making
the variables dimensionless allows for a meaningful comparative analysis and insightful
system identification. Developing dimensionless models can be accomplished by estab-
lishing mathematical scaling with an appropriate order of magnitude parameters [22].
The units of physical quantities can be removed from the governing equations by using
characteristic units to scale those quantities.

2.2.1 Linear Systems
The equation of motion for free vibration in a SDoF system takes the following form:

mẍ + cẋ +kx = 0 (2.6)

The initial position and velocity of the system are x(t = 0) = L, and ẋ(t = 0) = 0. The
system’s characteristic length, L can be the initial displacement of a reference geometric
parameter. Time, t , can be transformed into a dimensionless variable by utilizing the
inverse of the system’s natural frequency, as follows:

τ=ωn t ,
dτ

d t
=ωn (2.7)

where, τ is the characteristic time. The nondimensional displacement, η, is related to
the characteristic length, L, as follows:

η= x

L

dη

d x
= 1

L
(2.8)
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Thus, the nondimensional velocity and acceleration are transformed through the follow-
ing steps:

ẋ = d x

d t
= d x

dτ

dτ

d t
= Lωn

dη

dτ
= Lωnη

′ (2.9)

ẍ = d 2x

d t 2
= d 2x

dτ

dτ2

d t 2
= Lω2

n
d 2η

dτ2
= Lω2

nη
′′ (2.10)

Upon substituting the dimensionless variables in Eqs (5)-(8) into Eq (4) yields the fol-
lowing:

mLω2
nη̈+2ζmLω2

nη̇+kLη= 0 (2.11)

Dividing the equation above by the coefficient of the highest ordered term, mLω2
n, results

in the final dimensionless equation of motion:

η′′+2ζη′′+η= 0 (2.12)

where,
η(τ= 0) = 1, η̇(τ= 0) = 0 (2.13)

The damping ratio, ζ, is related to the damping coefficient c in the following manner:

2ζ= c

mωn
(2.14)

This system depends only on the parameter, 2ζ, which is the ratio of the damping force
to both the inertial and restoring forces. The oscillatory motion in a SDoF system due
to forced excitation has the following mathematical form:

mẍ + cẋ +kx = F sin(ωt −φ) (2.15)

The time-periodic force function has a forcing amplitude, F , and phase angle φ. The
frequency of the periodic oscillation of the forcing function is ω. Knowing that:

τ= tωn = t
p

k/m
dτ

d t
=ωn (2.16)

The forcing function dimensionless frequency and amplitude become:

Ω= ω

ωn
F̂ = F

mLω2
n

(2.17)

The dimensionless displacement, velocity, and acceleration are:

η= x

L

dη

d x
= 1

L
(2.18)

ẋ = d x

d t
= d x

dτ

dτ

d t
= Lωn

dη

dτ
= Lωnη

′ (2.19)

ẍ = d 2x

d t 2
= d 2x

dτ

dτ2

d t 2
= Lω2

n
d 2η

dτ2
= Lω2

nη
′′ (2.20)

Substitution into the equation of motion yields:

mLω2
nη

′′+2ζmLω2
nη

′+kLη= F̂ mLω2
n sin(Ωτ−φ) (2.21)
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Dividing by mLω2
n results in the dimensionless equation of motion.

η′′+2ζη′+η= F̂ sin(Ωτ−φ) (2.22)

The final dimensionless parameters or coefficients are:

2ζ= c

mωn
, F̂ = F

mLω2
n

(2.23)

Imposing a periodic force on the system, produces only two dimensionless parameters,
but all of them are related to the system’s resonance frequency, ωn.

2.3 Nonlinear Systems

2.3.1 Natural Decay
The equation of motion for free vibration single DoF system with cubic nonlinear coef-
ficient is:

mẍ + cẋ +k1x +k2x2 +k3x3 = 0 (2.24)

Performing the same dimensionless steps in Section 2.3, the cubic equation of motion
becomes:

mLω2
nη

′′+2ζmLω2
nη

′+k1Lη+k2(Lη)2 +k3(Lη)3 = 0 (2.25)

Dividing by mLω2
n generates in following dimensionless nonlinear equation of motion:

η′′+2ζη′+η+κ2η
2 +κ3η

3 = 0 (2.26)

The system now depends on the following three dimensionless parameters:

2ζ= c

mωn
, κ2 = k2L

k1
, κ3 = k3L2

mω2
n
= k3L2

k1
(2.27)

2.3.2 Nonlinear Response Due to a Forcing Function
The oscillatory response of a single DoF system with quadratic and cubic stiffness coef-
ficients due to the application of a periodic force is expressed as follows:

mẍ + cẋ +k1x +k2x2 +k3x3 = F sin(ωt −φ) (2.28)

Following the same process in the previous section, the dimensionless equation of motion
becomes:

η′′+2ζη′+η+κ2η
2 +κ3η

3 = F̂ sin(Ωτ−φ) (2.29)

The final dimensionless parameters expressed below are related to the system linear
restoring force (or its resonance):

2ζ= c

mωn
= c

k1
ωn , κ2 = k2

k1
L, κ3 = k3L2

k1
, F̂ = F

mLω2
n

(2.30)
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The oscillatory response of a single DoF systemwith cubic stiffness due to the application
of a periodic acceleration is expressed as follows:

mẍ + cẋ +k1x +k2x2 +k3x3 =−mÿ (2.31)

Following the same process in the previous section:

mLω2
nη̈+2ζmLω2

nη̇+k1Lη+k2(Lη)2 +k3(Lη)3 =−mLω2
nY ′′ (2.32)

After dividing by mLω2
n dimensionless equation of motion becomes:

η′′+2ζη′+η+κ2η
2 +κ3η

3 =−Y ′′ (2.33)

The final dimensionless parameters expressed below are related to the system linear
restoring force (or its resonance):

2ζ= c

mωn
= c

k1
ωn , κ2 = k2

k1
L, κ3 = k3

k1
L2, Y = y

L
, Y ′′ = d 2Y

dτ2
= ÿ

Lω2
n

(2.34)

2.4 Harmonic Balance
The Harmonic Balance Method (HBM) is one of the most widely methods for approx-
imating periodic solutions for oscillatory systems in many applications [21, 23]. The
method can be applied to both linear and nonlinear dynamical systems with periodic
forcing function. Unlike time-marching numerical techniques, HBC can provide direct
steady-state periodic solution of the nonlinear dynamic behavior due to a periodic forc-
ing function. This can be achieved by expressing the solution in the Fourier space via
a specified number of terms (harmonics) in the series. When solving oscillatory sys-
tems, HBM can be an attractive and efficient alternative to the expensive time-domain
methods, if transient is not present. Thus, the response and forcing function have the
same minimal period. However, Nyfeh and Mook described the harmonic method as an
analytical approach that equivalent to performing stepped-sine testing [24].

2.4.1 Cubic Nonlinear System Under External Force
η′′+2ζη′+η+κ3η

3 = F̂ sin(Ωτ−φ) (2.35)

Using a trial solution η= Y sin(Ωτ) yields:

−Ω2Y sin(Ωτ)+2ζΩY cos(Ωτ)+Y sin(Ωτ)+κ3Y 3 sin3(Ωτ) = F̂ sin(Ωτ−φ) (2.36)

After applying the following trigonometry identities: (sin3θ = 3sinθ−4sin3θ) & (sin(A−
B) = sin A cosB −cos A sinB) to Eq. 2.36, the equation of motion becomes:

−Ω2Y sin(Ωτ)+2ζΩY cos(Ωτ)+Y sin(Ωτ)+κ3Y 3
(

3
4 sin(Ωτ)− 1

4 sin(3Ωτ)
)

= F̂ sin(Ωτ)cosφ− F̂ cos(Ωτ)sinφ
(2.37)

Equating the coefficients of sin(Ωτ) and cos(Ωτ) yields the following equations:

−Ω2Y +Y + 3
4κ3Y 3 = F̂ cosφ (2.38)
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2ζΩY =−F̂ sinφ (2.39)

Squaring and adding Eqs 2.38 and 2.39 yield:

F̂ 2 = Y 2
[(−Ω2 +1+ 3

4κ3Y 2)2 +4ζ2Ω2
]

(2.40)

F̂ 2

Y 2
=Ω4 +2

(
2ζ2 −1− 3

4κ3Y 2)Ω2 + 3
2κ3Y 2 + 9

16κ
2
3Y 4 +1 (2.41)

The frequency response for the nonlinear system can be expressed in a form that resem-
ble the linear FRF, but has a nonlinear geometric term:

Ŷ 2

F 2
= 1(−Ω2 +1+ 3

4κ3Y 2
)2 +4ζ2Ω2

(2.42)

An expression for Ω is achieved by obtaining the roots of Eq 2.41:

Ω2
1,2 =

(
1−2ζ2 + 3

4
κ3Y 2

)
±

√
−4ζ2

(
1−ζ2 + 3

4
κ3Y 2

)
+ F̂ 2

Y 2
(2.43)

The backbone or the system nonlinear resonance is:

Ω2
b = 1−2ζ2 + 3

4
κ3Y 2 (2.44)

2.4.2 Cubic Nonlinear Systems Exposed to Based Excitation
η′′+2ζη′+η+κ2η

2 +κ3η
3 =−Y ′′ (2.45)

We set Y ′′ = Ya sin(Ωτ), where Ya is dimensionless acceleration amplitude. Using a trial
solution η= ηo sin(Ωτ):

−Ω2ηo sin(Ωτ)+2ζΩηo cos(Ωτ)+ηo sin(Ωτ)+κ3η
3
o sin3(Ωτ) =−Ya sin(Ωτ−φ) (2.46)

After applying some trigonometry: (sin3θ = 3sinθ−4sin3θ) & (sin(A−B) = sin A cosB −
cos A sinB), the following is obtained:

−Ω2ηo sin(Ωτ)+2ζΩηo cos(Ωτ)+ηo sin(Ωτ)+κ3η
3
o

(
3
4 sin(Ωτ)− 1

4 sin(3Ωτ)
)

=−Ya sin(Ωτ)cosφ+Ya cos(Ωτ)sinφ
(2.47)

Equating the coefficients of sin(Ωτ) and cos(Ωτ) yields the following equations:

−Ω2ηo +ηo + 3
4κ3η

3
o =−Ya cosφ (2.48)

2ζΩηo = Ya sinφ (2.49)

Squaring and adding the equations results in:

Y 2
a = η2

o

[(−Ω2 +1+ 3
4κ3η

2
o

)2 +4ζ2Ω2
]

(2.50)

Y 2
a

η2
o
=Ω4 +2

(
2ζ2 −1− 3

4κ3η
2
o

)
Ω2 + 3

2κ3η
2
o + 9

16κ
2
3η

4
o +1 (2.51)
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The frequency response for the nonlinear system can be expressed in a form that resem-
ble the FRF:

η2
o

Y 2
a
= 1(−Ω2 +1+ 3

4κ3η
2
o
)2 +4ζ2Ω2

(2.52)

The frequency response for the nonlinear system can be expressed in a form that resem-
ble the FRF:

η2
o

Y 2
o
= 1(−Ω2 +1+ 3

4κ3η
2
o
)2 +4ζ2Ω2

(2.53)

Upon applying the quadratic formula, the roots of the equation are obtained, which
yields the following expression for Ω:

Ω2
1,2 =

(
1−2ζ2 + 3

4
κ3η

2
o

)
±

√
−4ζ2

(
1−ζ2 + 3

4
κ3η

2
o

)
+ Y 2

o

η2
o

(2.54)

The backbone is:
Ω2

b = 1−2ζ2 + 3

4
κ3η

2
o (2.55)

The frequency response for the Harmonic Balance and numerical methods for the dy-

Figure 2.3: Frequency response of a cubic system using the harmonic balance and nu-
merical methods in red and blue curves, respectively. The backbone is the black curve.

namic hardening case are shown in Figure 2.3. The backbone is plotted as well. Notice
the sudden drop in the amplitude at the bifurcation point in the numerical solution. The
Harmonic balance does not take bifurcation effect into account.
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2.4.3 Nonlinear System with Quadratic Restoring Force

η̈+2ζη̇+η+κ2η
2 = F̂ sin(Ωτ−φ) (2.56)

The trial solution for the quadratic system is η = Yo +Y1 sin(Ωτ), because η = Y sin(Ωτ)
would give incomplete results. Therefore,

η2 = Y 2
o +2YoY1 sin(Ωτ)+Y 2

1 sin2(Ωτ) = Y 2
o +2YoY1 sin(Ωτ)+ 1

2 Y 2
1 − 1

2 Y 2
1 cos(Ωτ) (2.57)

Substituting the trial solution into the equation of motion, yields:

−Ω2Y1 sin(Ωτ)+2ζΩY1 cos(Ωτ)+Y0 +Y1 sin(Ωτ)

+κ2Y 2
0 +2κ2Y0Y1 sin(Ωτ)+ 1

2κ2Y 2
1 − 1

2κ2Y 2
1 cos(2Ωτ)

= F̂ sin(Ωτ)cosφ− F̂ cos(Ωτ)sinφ

(2.58)

Equating the coefficients of sin(Ωτ) and cos(Ωτ) yields the following equations:

−Ω2Y1 sin(Ωτ)+Y1 sin(Ωτ)+2κ2Y0Y1 sin(Ωτ) = F̂ sin(Ωτ)cosφ

2ζΩY1 cos(Ωτ) = F̂ cos(Ωτ)sinφ
(2.59)

Squaring and adding the equations results in:

F̂ 2 = Y 2
1

[(−Ω2 +1+2κ2Y0
)2 +4ζ2Ω2

]
(2.60)

The interpret this result is not straight forward due to the presence of the two variables
Y0, and Y1 in the final equation (Fourier Series).

F̂ 2 = Y 2
[(

−Ω2 +1+ 8κ2Y
3π

)2 +4ζ2Ω2
]

(2.61)

F̂ 2

Y 2
=Ω4 + (

4ζ2 −2− 16κ2Y
3π

)
Ω2 + 64κ2

2Y 2

9π2 + 6
4κ3Y 2 +1 (2.62)

Upon applying the quadratic formula, the roots of the equation are obtained, which
yields the following expression for Ω:

Ω2
1,2 =

(
1−2ζ2 + 8κ2Y

3π

)
±

√
−4ζ2

(
1−ζ2 + 8κ2Y

3π

)
+ F̂ 2

Y 2
(2.63)

B ackbone :Ω2
b = 1−2ζ2 + 8κ2Y

3π (2.64)

The frequency response for the Harmonic Balance for the linear, nonlinear inertia, cubic
and quadratic cases with their prospective backbones are shown in Figure 2.4.
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Figure 2.4: Frequency response of linear, cubic, quadratic, nonlinear inertia systems
using the harmonic balance and numerical methods with their prospective backbone
curves.

2.4.4 Applying Fourier Series
In general, periodic solutions can be estimated using truncated Fourier series, where
coefficients are determined by constructing series that satisfy the deferential equations
[25]. The solutions accuracy can be improved by increasing the number of terms ob-
tained from the Fourier series into trial solutions. Theoretically, the complete matching
can be reached if the solution is represented by a complete Fourier series. For practical
reasons, solutions can be approximated using finite sums Fourier series with reasonable
accuracy. When dynamic response is represented with a of Fourier series for all time,
t , the various variables such as acceleration, velocity and cubic response will have their
own Fourier series. Upon assembling the contribution of every terms into the equation
of motion, matching of the harmonics (or balancing the harmonics) is performed, which
leads to an autoperiodic response to an angular frequency, ω.

Starting with a quadratic damping system:

η̈+k1η+ c1η̇
2 + c2ηη̇

2 = 0 (2.65)

Assuming: η= η1 sin(Ωτ) = η1 sin(φ)

−φ2η1 sinφ+k1η1 sinφ+ c1φ
2η2

1 cos2φ+ c2φ
2η3

1 sinφcos2φ= F sin(φ−θ) (2.66)

−φ2η1 sinφ+k1η1 sinφ+ 1
2 c1φ

2η2
1 + 1

2 c1φ
2η2

1 cos2φ

+1
4 c2φ

2η3
1 sinφ+ 1

4 c2φ
2η3

1 sin3φ= F sin(φ)−F cos(θ)
(2.67)

Balancing the harmonics yields:

η1

F
= 1

k1 −Ω2 + 1
4 c2Ω2η2

1

(2.68)

Ω2 =
( F

η1
−k1

) 1
1
4 c2η

2
1 −1

(2.69)
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To improve the estimation of the response, an additional term is included in the assume
solution:

η= ηo +η1 sinφ (2.70)
When substituting into the ODE:

k1ηo + 1
2 c1φ

2η2
1 + 1

2 c1φ
2ηoη

2
1

+
(
k1η1 −φ2η1 + 1

4 c2φ
2η3

1 −F
)

sinφ

+1
2 c1φ

2ηoη
2
1 cos2φ

+1
4 c2φ

2η3
1 sin3φ=−F cos(θ)

(2.71)

k1ηo + 1
2 c1φ

2η2
1 + 1

2 c1φ
2ηoη

2
1 = 0

k1η1 −φ2η1 + 1
4 c2φ

2η3
1 = F

(2.72)

Thus,

ηo =−k1 + 1
2 c1φ

2η2
1

1
2 c1φ2η2

1

Ω2 =
( F

η1
−k1

) 1
1
4 c2η

2
1 −1

(2.73)

The response estimate can be improved further by adding a third term to the assumed
solution, thus, the output becomes:

η= ηo +η1 sinφ+η2 sin2φ (2.74)

The equation of motion describing the vibrations of a slender inextensible cantilever
beam carrying a lumpedmass with a rotational inertia can be expressed by the nonlinear
second order differential equation as follows:

ẍ +2ζωn ẋ +mi (x2ẍ +xẋ2)+ω2
n x +αk3x3 =−ÿ (2.75)

The over-dots denote derivatives with respect time, t . The combined distributive mass
and rotational inertia of the structure is m. The beam tip relative displacement, and
the steady state excitation amplitude are x, and F , respectively. The coefficient ζ is
the system damping ratio, which causes exponential dissipation of the system’s natural
dynamics over time. The structural stiffness is k1 = mω2

n. The dimensionless nonlinear
equation of motion can be expressed as follows:

η′′+2ζη′+mn(η2η′′+ηη′2)+η+knη
3 =−Y ′′ (2.76)

The dimensionless equation of motion in 2.76 can be normalized by the linear and non-
linear inertia of the system, as follows:

η′′+ mn(
1+mnη2

)ηη′2 + 2ζ(
1+mnη2

)η′+ 1(
1+mnη2

)η+ kn(
1+mnη2

)η3 = −1(
1+mnη2

)Y ′′ (2.77)

The dimensionless variables and parameters are:

η= x

L
, τ=ωn t , Ω= ω

ωn

2ζ= c

mωn
, mn = mi

m
L2, kn =αk3

k1
L2,

(2.78)
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Therefore, a potential approximated periodic solution can be expressed in the form trun-
cated Fourier series using two terms:

η= A cosφ+B sinφ (2.79)

where, φ=Ωτ. Expanding each variable yields:

η′ =−Aφsinφ+Bφcosφ (2.80a)
η′′ =−Aφ2 cosφ−Bφ2 sinφ (2.80b)
η2 = A2 cos2φ+2AB cosφsinφ+B 2 sin2φ (2.80c)
η′2 = A2φ2 sin2φ−2ABφ2 cosφsinφ+B 2φ2 cos2φ (2.80d)

η3 = A3 cos3φ+3A2B cos2φsinφ+3AB 2 cosφsin2φ+B 3 sin3φ

η3 = 3
4 A3 cosφ+ 1

4 A3 cos(3φ)+ 3
4 A2B sinφ+ 3

4 A2B sin(3φ)

+ 3
4 AB 2 cosφ− 3

4 AB 2 cos(3φ)+ 3
4 B 3 sinφ− 1

4 B 3 sin(3φ)

η3 =
(

3
4 A3 + 3

4 AB 2
)

cosφ+
(

3
4 A2B + 3

4 B 3
)

sinφ

+
(

1
4 A3 − 3

4 AB 2
)

cos(3φ)+
(

3
4 A2B − 1

4 B 3
)

sin(3φ)

(2.80e)

η2η′′ =−A3φ2 cos3φ−3A2Bφ2 cos2φsinφ−3AB 2φ2 cosφsin2φ−B 3φ2 sin3φ

η2η′′ =−
(

3
4 A3 cosφ+ 1

4 A3 cos(3φ)
)
φ2 −

(
3
4 A2B sinφ+ 3

4 A2B sin(3φ)
)
φ2

−
(

3
4 AB 2 cosφ− 3

4 AB 2 cos(3φ)
)
φ2 −

(
3
4 B 3 sinφ− 1

4 B 3 sin(3φ)
)
φ2

η2η′′ =
(
− 3

4 A3φ2 − 3
4 AB 2φ2

)
cosφ+

(
− 3

4 A2Bφ2 − 3
4 B 3φ2

)
sinφ

+
(
− 1

4 A3φ2 + 3
4 AB 2φ2

)
cos(3φ)+

(
− 3

4 A2Bφ2 + 1
4 B 3φ2

)
sin(3φ)

(2.80f)

ηη′2 = AB 2φ2 cos3φ+ (B 3φ2 −2A2Bφ2)cos2φsinφ+ (A3φ2 −2AB 2φ2)cosφsin2φ+ A2Bφ2 sin3φ

ηη′2 =
(

3
4 AB 2φ2 cosφ+ 1

4 AB 2φ2 cos(3φ)
)

+
(

3
4 (B 3φ2 −2A2Bφ2)sinφ+ 3

4 (B 3φ2 −2A2Bφ2)sin(3φ)
)

+
(

3
4 (A3φ2 −2AB 2φ2)cosφ− 3

4 (A3φ2 −2AB 2φ2)cos(3φ)
)

+
(

3
4 A2Bφ2 sinφ− 1

4 A2Bφ2 sin(3φ)
)

ηη′2 =
(

3
4 A3φ2 − 3

4 AB 2φ2
)

cosφ+
(

3
4 A2Bφ2 − 3

4 B 3φ2
)

sinφ

+
(
− 3

4 A3φ2 + 7
4 AB 2φ2

)
cos(3φ)+

(
3
4 B 3φ2 − 7

2 A2Bφ2
)

sin(3φ)

(2.80g)

Add the nonlinear inertial variables:

η2η′′+ηη′2 =
(
− 3

2 AB 2φ2
)

cosφ+
(
− 3

2 A2Bφ2
)

sinφ

+
(
− A3φ2 + 5

2 AB 2φ2
)

cos(3φ)+
(
B 3φ2 − 5

2 A2Bφ2
)

sin(3φ)
(2.81)
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Next, the periodic solution and its contributions are assembled into the equation of mo-
tion. The forcing function is also assumed to be periodic, Y ′′ = Ω2Yo cosφ. Harmonic
matching is performed by splitting cosφ, sinφ, cos(3φ), and sin(3φ). Thus,

Fc :=−AΩ2 +2ζBΩ− 3
2 mn AB 2Ω2 + A+ 3

4 kn

(
A3 + AB 2

)
+Ω2Yo = 0 (2.82a)

Fs :=−BΩ2 −2ζAΩ− 3
2 mn A2BΩ2 +B + 3

4 kn

(
B 3 + A2B

)
= 0 (2.82b)

Fc3 := mn

(
− A3 + 5

2 AB 2
)
Ω2 +kn

(
1
4 A3 − 3

4 AB 2
)
= 0 (2.82c)

Fs3 := mn

(
B 3 − 3

2 A2B
)
Ω2 +kn

(
1
4 A3 − 3

4 AB 2
)
= 0 (2.82d)

Equations Fc , Fs are the nonlinear governing equations for the periodic force response of
the beam for a set of fixed parameters: Yo, ζ, mn, and kn. The base excitation frequency,
Ω, can be varied in order to determine the force response amplitudes, A, and B , which
are unknowns. To this end, the amplitudes A, and B are transformed to the polar co-
ordinate system by setting A = r cosφ, and B = r sinφ. The polar transformation allows
for estimating only one variable instead of two. Upon substitution the polar amplitudes
into Fc and Fs:

Fc :=
(
1−Ω2

)
r cosφ+2ζΩr sinφ− 3

2 mnΩ
2r 3 cosφsin2φ

+ 3
4 knr 3

(
cos3φ+cosφsin2φ

)
+Ω2Yo = 0

(2.83a)

Fs :=
(
1−Ω2

)
r sinφ−2ζΩr cosφ− 3

2 mnΩ
2r 3 cos2φsinφ

+ 3
4 knr 3

(
sin3φ+cos2φsinφ

)
= 0

(2.83b)

The above equations can be further simplified by applying trigonometric identities:(
1−Ω2

)
r cosφ+2ζΩr sinφ− 3

2 mnΩ
2r 3

(
3
4 cosφ− 1

4 cos(3φ)
)
+ 3

4 knr 3 cosφ=−Ω2Yo

(2.84a)(
1−Ω2

)
r sinφ−2ζΩr cosφ− 3

2 mnΩ
2r 3

(
3
4 sinφ+ 1

4 sin(3φ)
)
+ 3

4 knr 3 sinφ= 0 (2.84b)

Multiplying Fc by sinφ and Fs by cosφ, yields the following:(
1−Ω2

)
r cosφsinφ+2ζΩr sin2φ− 3

2 mnΩ
2r 3

(
3
4 cosφsinφ− 1

4 cos(3φ)sinφ
)

+ 3
4 knr 3 cosφsinφ=−Ω2Yo sinφ

(2.85a)

(
1−Ω2

)
r cosφsinφ−2ζΩr cos2φ− 3

2 mnΩ
2r 3

(
3
4 cosφsinφ+ 1

4 cosφsin(3φ)
)

+ 3
4 knr 3 cosφsinφ= 0

(2.85b)

Subtracting equation 2.85b from 2.85a, and balancing the harmonics, provide the fol-
lowing equation:

2ζΩr =−Ω2Yo sinφ (2.86)

Repeating the same process, but multiplying Fc by cosφ and Fs by sinφ, yields the fol-
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lowing:(
1−Ω2

)
r cos2φ+2ζΩr cosφsinφ− 3

2 mnΩ
2r 3

(
3
4 cos2φ− 1

4 cosφcos(3φ)
)

+ 3
4 knr 3 cos2φ+Ω2Yo cosφ= 0

(2.87a)

(
1−Ω2

)
r sin2φ−2ζΩr cosφsinφ− 3

2 mnΩ
2r 3

(
3
4 sin2φ+ 1

4 sinφsin(3φ)
)

+ 3
4 knr 3 sin2φ= 0

(2.87b)

Adding equations 2.87a and 2.87b, and matching the harmonics, yields:[
1−Ω2 − 9

8 mnΩ
2r 2 + 3

4 knr 2
]

r =−Ω2Yo cosφ (2.88)

Equations 2.86 and 2.88 are squared then added to provide a relationship between the
inputs and outputs that resembles an FRF:(

Yo

X

)2

Ω4 =
[

1+ 3
4 kn X 2 −

(
1+ 9

8 mn X 2
)
Ω2

]2

+4ζ2Ω2 (2.89)

Or:
me X

Yo
= Ω2√(

ke −Ω2
)2 +4µ2Ω2

(2.90)

where,

ke = 1

me

(
1+ 3

4 kn X 2
)
, µ2 = ζ2

m2
e

, me = 1+ 9
8 mn X 2 (2.91)

The nonlinear frequency response equation 2.89 are expanded and parameterized in or-
der to find the roots of Ω by simultaneously varying the input force and output response,
as follows: (

1− Y 2
o

m2
e r 2

)
Ω4 +

(
4µ2 −2ke

)
Ω2 +k2

e = 0 (2.92)

While the above equation is fourth order, it is treated as a quadratic equation with two
roots, Ω2

1,2, which can be obtained using the quadratic formula. Setting:

α= 1− Y 2
o

m2
e r 2

, β= 4µ2 −2ke (2.93)

provides the following solution for the system frequency in terms of its natural reso-
nance:

Ω2
1,2 =

1

2α

(
−β±

√
β2 +4αk2

e

)
(2.94)

Ω2
1,2 =

1

α

((
ke −2µ2

)
±

√
4µ2

(
µ2 −4µ2ke

)
+ Y 2

o

m2
e r 2

k2
e

)
, (2.95)

and the backbone response is:

Ωb =
√√√√ke −2µ2

1− Y 2
o

m2
e r 2

(2.96)
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To evaluate in terms of constant amplitude input acceleration:(
G

r

)2

=
[

1+ 3
4 knr 2 −

(
1+ 9

8 mnr 2
)
Ω2

]2

+4ζ2Ω2 (2.97)

Or:
me r

G
= 1√(

ke −Ω2
)2 +4µ2Ω2

(2.98)

The nonlinear frequency response equation 2.89 are expanded and parameterized in or-
der to find the roots of Ω by simultaneously varying the input force and output response,
as follows:

Ω4 +
(
4µ2 −2ke

)
Ω2 +k2

e −
G2

m2
e r 2

= 0 (2.99)

While the above equation is fourth order, it is treated as a quadratic equation with two
roots, Ω2

1,2, which can be obtained using the quadratic formula. Setting:

α= 1, β= 4µ2 −2ke , c = k2
e −

G2

m2
e r 2

(2.100)

provides the following solution for the system frequency in terms of its natural reso-
nance:

Ω2
1,2 =

1

2α

(
−β±

√
β2 +4αc

)
(2.101)

Ω2
1,2 =

(
ke −2µ2

)
±

√
4µ2

(
µ2 −4µ2ke

)
+ G2

m2
e X 2

, (2.102)

and the backbone response is:

Ωb =
√

ke −2µ2 (2.103)

2.5 Variation of Parameters Techniques

The method of averaging is an analytical approximation technique for solving nonlinear
systems, which is based on variation of parameters method for solving linear ODEs. The
method of averaging can be utilized to obtain a first-order uniform expansion of the
solution of the nonlinear system. However, it is necessary to transform a second-order
system into two first-order equations, which can be realized by applying the method of
variation of parameters. The analytical approximation can be achieved by introducing
trail harmonic functions, and minimizing the approximation error.

There are many variation of parameters techniques such as method of averaging, van
der Pol’s technique, Krylov-Bogoliubov, the generalized method of averaging, the Krylov-
Bogoliubov-Mitropolsky technique Additional details can be found in study of this method
can be found in [24].
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2.5.1 Method of Averaging
Systems with Nonlinear Stiffness

A nonlinear dynamic system with linear damping, and cubic stiffness can be expressed
as follows:

ẍ +2ζωn ẋ +ω2
n x +k3x3 = 0 (2.104)

If k3 = 0, the system is linear with the following solution:

x(t ) = X cos(ωn t +φ) = X cos(γ) (2.105)

where, the amplitude X , and phase φ are constants. The first temporal derivative be-
comes:

ẋ =−Xωn sinγ (2.106)

When the cubic stiffness is not zero, the solution provided in Eq 2.105 can be used,
however, X , and φ are no longer not constants. To apply the method of averaging to
equation of motion, X (t ), and φ(t ) will be time-varying parameters in the assume solu-
tion as follows:

x(t ) = X (t )cos(ωn t +φ(t )) = X (t )cos(γ(t )) (2.107)

The amplitude X (t ), and phase φ(t ) are slowly varying functions of the characteristic
time, t . The solution contains three unknowns, namely, x(t ), X (t ), and φ. For notational
convenience set:

γ=ωn t +φ(t ) (2.108)

The first temporal derivative is:

ẋ =−Xωn sinγ+ Ẋ cosγ− φ̇X sinγ (2.109)

When comparing the first Equating derivatives of x in Eq. 2.109 to Eq. 2.106, the
following can be extracted:

Ẋ cosγ− φ̇X sinγ= 0 (2.110)

Subsequently, the first derivative is reduced to:

ẋ =−Xωn sinγ (2.111)

The velocity derivative with respect to time becomes:

ẍ =−Xω2
n cosγ− Ẋωn sinγ− φ̇Xωn cosγ (2.112)

Substituting x, ẋ, and ẍ into 2.104 yields:

−Xω2
n cosγ− Ẋωn sinγ− φ̇Xω2

n cosγ−2ζXωn sinγ+ω2
n X cosγ+k3X 3 cos3γ= 0 (2.113)

Rearrange:
φ̇Xωn cosγ+ (2ζX + Ẋ )ωn si nγ= k3X 3cos3γ (2.114)

Equations 2.110, and 2.114 are two first-order ODEs for the amplitude and phase. Mul-
tiplying 2.110 by cosγ, and 2.110 by sinγ yields the following:

Ẋ cos2γ− φ̇X cosγsinγ= 0, (2.115a)
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− φ̇Xωn cosγsinγ− (2β1X + Ẋ )ωn sin2γ+k3X 3 sinγcos3(γ) = 0 (2.115b)

Adding equations 2.115:

Ẋ =−2ζX sin2γ+ k3

ωn
X 3 sinγcos3(γ), (2.116a)

φ̇=−2ζcosγsinγ+ k3

ωn
X 2 cos4(γ) (2.116b)

While the nonlinearities in the transformed first-order ODEs appear to be higher than
the second-order ODE system, the transformation can be advantageous if X , and φ vary
slower than x. From a numerical computation prospective, unlike the second-order sys-
tems, the transformed equations allows for using larger step size in the numerical inte-
gration. Thus, when dealing with complex systems, it is reasonable gain insights into
the influence of important parameters by utilizing the variation of parameters method
to obtain the governing equations that describe the system’s parameters.

Averaging by integrating over one period [0,2π] for the following functions:∫ 2π

0
X dγ= 2πX ,

∫ 2π

0
X cos2γdγ=πX ,∫ 2π

0
X cos2γsin2γdγ= 1

4
πX ,

∫ 2π

0
X 2 cos4γdγ= 3

4
πX 2,∫ 2π

0
X 3φ̇cos4γdγ= 3

4
πX 3ϕ̇,

∫ 2π

0
sin3γcosγdγ= 0

(2.117)

Applying the van der Pol method by substituting the averages into equations 2.116
yields:

Ẋ =−2ζX , (2.118a)

φ̇= 3

8

k3

ωn
πX 2 (2.118b)

Systems with Nonlinear Damping

ẍ +2ζωn(1+ζ2x2)ẋ +ω2
n x +k3x3 = 0 (2.119)

Damping causes oscillations to decay due to the dissipation of nonconservative energy in
the system. For mildly nonlinear dynamical system with light damping, the oscillations
decay is relatively slow to appreciably reduce their amplitudes. The linear damping can
be expressed in terms of the inverse time scale that governs the decay in a free vibration
system:

β1 = ζωn , β2 = ζ2 (2.120)

After scaling the equation of motion becomes:

ẍ +2β1(1+β2x2)ẋ +x +k3x3 = 0 (2.121)
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To apply the method of averaging to equation of motion an assume solution that retains
the same displacement, x, is required:

x = X (t )cos(ωn t +φ) = X (t )cos(γ) (2.122)

Equating the first derivatives of x, produces:

Ẋωn cosγ− φ̇Xωn sinγ= 0, and Ẋωn cosγsinγ− φ̇Xωn sin2γ= 0 (2.123)

The first derivative is reduced to:

ẋ =−Xωn sinγ (2.124)

The second derivative becomes:

ẍ =−Xω2
n cosγ− Ẋωn sinγ− φ̇Xωn cosγ (2.125)

Substituting x, ẋ, and ẍ into 2.121 yields:

−Xω2
n cosγ−Ẋωn sinγ−φ̇Xω2

n cosγ−2β1(1+β2X 2 cos2γ)Xω2
n sinγ+ωn X cosγ+k3X 3 cos3γ= 0

(2.126)
Rearrange:

− φ̇Xωn cosγ+k3X 3cos3γ− (2β1X + Ẋ )ωn si nγ−2β1β2X 3ωn sinγcos2γ= 0 (2.127)

Multiply 2.127 by cosγ:

− φ̇Xωn cos2γ+k3X 3 cos4γ

− (2β1X + Ẋ )ωn cosγsinγ−2β1β2X 3ωn sinγcos3γ= 0
(2.128)

Multiply 2.127 by sinγ:

− φ̇Xωn cosγsinγ+k3X 3 sinγcos3(γ)

− (2β1X + Ẋ )ωn sin2γ−2β1β2X 3ωn sin2γcos2(γ) = 0
(2.129)

Adding equation 2.123 to 2.128:

− φ̇Xωn +k3X 3 cos4γ−
2β1Xωn cosγsinγ−2β1β2X 3ωn sinγcos3γ= 0

(2.130)

Adding equation 2.123 to 2.129:

− Ẋωn +k3X 3 sinγcos3γ

−2β1Xωn sin2γ−2β1β2X 3ωn sin2γcos2γ= 0
(2.131)

Averaging by integrating over one period:∫ 2π

0
X dγ= 2πχ,

∫ 2π

0
X cos2γdγ=πχ,∫ 2π

0
X cos2γsi n2γdγ= 1

4
πχ,

∫ 2π

0
X 3 cos4γdγ= 3

4
πχ3,∫ 2π

0
X 3φ̇cos4γdγ= 3

4
πχ3ϕ̇,

∫ 2π

0
sin3γcosγdγ= 0

(2.132)
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Substituting the averages into equations 2.130 and 2.131 yields:

−2ϕ̇χωn + 3

4
k3χ

3 = 0 (2.133a)

2χ̇+2β1χ+ 1

2
β1β2χ

3 = 0 (2.133b)

Finally the rate of change in the amplitude and phase are:

φ̇= 3

8

k3

ωn
X 2 (2.134a)

Ẋ =−2ζωn

(
1+ 1

4
β2X 2

)
X (2.134b)

Integrating over time:

φ(t ) = 3

8

k3

ωn
X 2t +C1 (2.135a)

X − 1

2
β2X 2(t ) =C2e−2ζωn t (2.135b)

The initial velocity is zero, which implies that C1 = 0, and C2 = (1− 1
2β2Xo)Xo.

φ= 3

8

k3

ωn
X 2t (2.136a)

X − β2

2
X 2 = Xoe−2ζωn t − 1

2
β2X 2

o e−2ζωn t (2.136b)

When the damping is linear, the amplitude rate of change is:

X (t ) = Xoe−β1t (2.137)

x(t ) = X cos(ωn t +φ),

x(t ) = Xoe−2ζωn t cos
[(
ωn + 3

8

k3

ωn
X 2

)
t
] (2.138)

The system frequency is:

ω=ωn + 3

8ωn
k3X 2

o , or Ω = 1+ 3

8
k3

( Xo

ωn

)2
(2.139)

The time history amplitude decay envelopes using the method of averaging are shown in
Figure 2.5 for dynamic system with viscous, quadratic and combined viscous-quadratic.

2.5.2 Forced System
Consider a dynamic systemwith nonlinear stiffness and damping undergoing a harmonic
driving force with oscillations of frequency ω, and strength magnitude F . The governing
equation can be expressed as follows:

mẍ + c1(1+β2x2)ẋ +ω2
n x +K3x3 = Fo cos(ωt ) (2.140)
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Figure 2.5: The decay envelopes using the method for dynamic systems with viscous,
quadratic and combined viscous-quadratic

Normalizing the equation of motion by the system’s mass, and introducing a dimension-
less time quantity, τ=ωn t , the ODE becomes:

x ′′+2β1(1+β2x2)x ′+x +k3x3 = F cos(Ωτ) (2.141)

where,
2β1 = c

mωn
, k3 = K3

mω2
n

, F = Fo

mω2
n

, Ω= ω

ωn
(2.142)

The assumed solution is:

x = X (τ)cos(τ+φ(τ)) = X (τ)cos(γ) (2.143)

The first and second derivatives of x are:

x ′ =−X sinγ (2.144a)
x ′′ =−X cosγ−X ′ sinγ−φ′X cosγ (2.144b)

Substituting x, x ′, and x ′′ into 2.141 yields:

−X ′ sinγ−φ′X cosγ−2β1(1+β2X 2 cos2γ)X sinγ+k3X 3 cos3γ= F cos(Ωτ) (2.145)

Multiply 2.145 by cosγ, and sinγ separately, yields the following:

−φ′X cos2γ+k3X 3 cos4γ− (2β1X +X ′)cosγsinγ

2β1β2X 3 sinγcos3γ= F cos(Ωτ)cosγ
(2.146a)

−φ′X cosγsinγ+k3X 3 sinγcos3(γ)− (2β1X +X ′)sin2γ

−2β1β2X 3 sin2γcos2(γ) = F cos(Ωτ)sinγ
(2.146b)
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Adding equation 2.128 to 2.146a and 2.146b separately, yields the following:

−φ′X +k3X 3 cos4γ−2β1X cosγsinγ−2β1β2X 3 sinγcos3γ= F cos(Ωτ)cosγ (2.147a)
−X ′+k3X 3 sinγcos3(γ)−2β1X sin2γ−2β1β2X 3 sin2γcos2(γ) = F cos(Ωτ)sinγ (2.147b)

Averaging by integrating over one period, 2.147a and 2.147b become the first order
system of equations for expressing the motion near the primary resonance. Thus, the
phase and amplitude are:

φ′X = 3

8
k3X 3 − 1

4
F cos

(
(1−Ω)τ+φ

)
− 1

4
F cos

(
(1+Ω)τ+φ

)
(2.148a)

X ′ =−β1

(
1+ 1

4
β2X 2

)
X − 1

4
F sin

(
(1−Ω)τ+φ

)
− 1

4
F sin

(
(1+Ω)τ+φ

)
(2.148b)

Maintaining the slowly time varying terms, rates of change in the amplitude and phase
are:

φ′X = 3

8
k3X 3 − 1

4
F cos

(
(1−Ω)τ+φ

)
(2.149a)

X ′ =−2ζ
(
1+ 1

4
β2X 2

)
X − 1

4
F sin

(
(1−Ω)τ+φ

)
(2.149b)

Integrating over time:

φ(t ) = 3

8

k3

ωn
X 2t +C1 (2.150a)

X − 1

2
β2X 2(t ) =C2e−2ζωn t (2.150b)

The first order system of equations for the amplitude and phase are:

−2ϕ̇Xωn + 3

4
k3X 3 = F cos(ωt )cosγ (2.151a)

2Ẋωn +2β1ωn X + 1

2
β1β2ωn X 3 = F cos(ωt )sinγ (2.151b)

Finally the rate of change in the amplitude and phase are:

Ẋ = F

2ωn
cos(ωt )sinγ− 1

2
β1

(
1+ 1

4
β2X 2

)
X (2.152a)

φ̇= 3

8

k3

ω
X 2 − F

2X
cos(ωt )cosγ (2.152b)

The equation of motion in the frequency domain is:

F 2

X 2
= 9

16
k2

3 X 4 + 1

16
β2

2ω
2X 4 +ωnζβ2ω

2X 2 +4ω2
nζ

2ω2 −3ωnk3X 2 +4ω2
n (2.153)

Rearrange:( F

2X

)2 =
(3

8
k3X 2

)2 +
(1

8
β2X 2

)2
ω2 + 1

4
ωnζβ2ω

2X 2 −2
3

8
k3ωn X 2 +ω2

n +ω2
nζ

2ω2 (2.154)
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Normalize by the system’s natural resonance

( F

2ωn X

)2 =
(3

8

k3

ωn
X 2

)2 +
(1

8

β2

ωn
X 2

)2
ω2 + 1

4

ζβ2

ωn
ω2X 2 −2

3

8

k3

ωn
X 2 +1+ ζ2

ω2
n
ω2 (2.155)

The backbone, ωb can be calculated by setting kinetic, and non-conservative energy
parameters equal to zero. We solve for ωn as follows:(3

8

k3

ωn
X 2

)2 −2
3

8

k3

ωn
X 2 +1 = 0 (2.156)

After calculating the roots:
ωb = 1+ωn = 1+ 3

8
k3X 2 (2.157)

ω= 1+ 3

8
k3X 2 ±

√( F

2X

)2 −
(1

8
β2

)2
X 4 − 1

8
ζβ2X 2 − 1

4
ζ2 (2.158)
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