QUATERNION DOMAIN LAPLACE TRANSFORM OF THE PULSES VECTOR
Vadim Sovetov.

Abstract - Currently, the multi-input-multi-output (MIMO) scheme using complex and hy-
percomplex signals is widely used in communication theory and technology. This scheme allows
to increase the channel capacity and their noise immunity. In the MIMO scheme, the components
of the pulse vector are interconnected by a channel matrix. In this regard, the problem arises of
obtaining the Laplace transform of such a vector.

In the presented methodology, methods of obtaining the Laplace transform of real signals
using a matrix representation of hypercomplex signals were used. Suggested a methodology of
obtaining the Laplace transform of a four-dimensional vector of pulses connected by a MIMO
scheme. To obtain the Laplace transform, the quaternion in the matrix expansion and the corre-
sponding matrix of quaternion frequencies are used as the kernel of the integral transform. It is
shown that to obtain the Laplace quaternion transformation, it is possible to use the well-known
transformation formulas, replacing the complex frequency with the quaternion frequency. Exam-
ples of the use of the method are presented.

Keywords
Quaternion, hypercomplex signals, Laplace transform, MIMO, quaternion frequency, qua-
ternion Laplace transform.

l. Introduction

Quaternion transformations, including the Laplace transform, have been studied in many
works, for example, in [1-3]. However, these studies are often of a general theoretical nature or
are used only to obtain the Fractional Quaternion Laplace Transform of two-dimensional images.

The quaternion Fourier series of a vector of 4 pulses interconnected by a multiple-input
multiple-output (MIMO) scheme is considered in [4], and the quaternion Fourier transform is con-
sidered in [5]. When finding these transformations, only the imaginary part of the quaternion was
used as the kernel. As a result, the Fourier series and integral did not converge for some functions.
The quaternion Laplace transform, the technique of which is presented below, uses both the imag-
inary and real parts of the quaternion as a kernel. Since the quaternion can be represented as an
analytic and harmonic function, the domain of its definitions is closed. As a result, by choosing
the values of the real part, it is possible to determine the kernel of the integral transformation in
such a way that the integral will converge for most of the functions considered in radio engineer-
ing. In this case, the quaternion Fourier transform of power-limited signals can be obtained from
the Laplace transform by equating the real part to zero. As is known, the Laplace transform is
widely used in radio engineering for the synthesis and analysis of signals and circuits. There are
many formulas for the Laplace transform of various real signals. It is shown that the known for-
mulas for the complex frequency can be used to obtain the quaternion transformation, replacing
the complex frequency with the quaternion frequency.

The purpose of the work is to present a technique for obtaining the Laplace transform of a
four-dimensional vector of pulses interconnected by a MIMO scheme, and examples of its use for
the most common pulses in radio engineering.

Il. Materials and methods for solving the problem, assumptions made

The quaternion refers to hypercomplex numbers and imaginary units i, j, k are used to write
the quaternion, which satisfy the following multiplication rules: ij=—ji=k, jk=-kj=i,
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ki=—ik = j, i = j> =k® =ijk =—1. The quaternion in algebraic representation has the form [4 -
9]:

q=r+ix+jy+kz. (1)

Numbers r, X, y, z take real values, and imaginary units form three orthogonal axes in space.
Therefore, taking into account the real part of r, the quaternion is located in a 4-dimensional space
(4D).

A quaternion with a module equal to one is written in polar representation, as

q(p)=€" :[cosw,fsin (o] =cosp+ising, re i =(i+j+k)/3,i2=-1. (2

As a rule, in problems of radio engineering, functions change their values according to the
time parameter, so we write such a quaternion in a parametric representation as:

q(t) = r(t) +ix(t) + Jy(t) + kz(t) . 3)
We represent the corresponding function from the parametric quaternion (3) as:
fla®)]= p[a®)]+iu[a®)]+ jv[a®)]+kw[a(t)]. (4)

As a result of applying functions to a quaternion and after grouping by the resulting imag-
inary units, we get various quaternion functions. We write (4) as the sum of time functions along
orthogonal axes, keeping the same notation:

f(t) = p(t)+iu(t) + jv(t) +kw(t). (5)
As functions p(t), u(t), v(t), w(t), in (5) one can consider any continuous functions with
limited power, for example, pulses of finite length. According to (2), parametric quaternion (3)
with a unit modulus |q| =1 and a total circular rotation frequency w has the form:

q(a,t) =’ =[coswt, I sin a)t] = Ccos ot +1sin at . (6)
We represent the quaternion (1) in 4D as a 4x4 matrix [4 - 6]:

rx y z
-X r -z y

Q= : (7)
-y Z r =X
-z -y X r
Matrix (7) is decomposed into basic matrices E, 1, J, K and written as the sum of matrices:
Q=Es+Ix+Jy+Kz,

where
1 00O 0 1 0 O 0 0 10 0O 0 0 1
0100 -1 00 O 0 0 01 0O 0 -1 0
E= = ,J= , K= )
0 010 0 0 0 -1 -1 0 0O 0 1 0 O
0 0 01 0O 01 O 0 -1 00 -1 0 0 O

Note that when a quaternion is represented as a matrix, the signs of the elements depend
on the chosen orthogonal bases. In the matrix representation, we replace the imaginary units with
an orthonormal basis. However, the relationship between the real and imaginary elements of a
quaternion is preserved in the same way as when it is represented using imaginary units. Such a
connection is provided by using the MIMO scheme, in which, when multiplying the vector of
elements by an orthogonal channel matrix, we obtain that each element of the original vector par-
ticipates in the formation of each element of the resulting vector. At the same time, the norm of
the resulting vector is preserved.

The corresponding basis matrices of the quaternion, as well as the elements i, j and k, are
related by the multiplication rules presented in the table:



x | E |1 J K

E|E | J K

11 -E K -J. (8)
J|J -K -E |

KIK J -1 -E
We write the imaginary part of the quaternion using the imaginary quaternion matrix:
i=i(|+J+K). 9)

B

The imaginary quaternion matrix (9) has the properties of the imaginary unit of a complex
number, since 11 =—E, 1" =11" =11 =E. The inverse operator in matrix notation is expressed
by the formula: Q* =QT/| q|?. According to this formula, the basis matrices are orthogonal,
since 1"=17=-1, J7=J%=-J, K" =K?=-K, and, according to table (8), IlI' =E,
JJT =E, KK =E. The unit quaternion (1) with modulus |g| =1 in matrix representation (7) is

also orthogonal (orthonormal): QQ" =Q'Q =E.

To obtain the quaternion Laplace transform (QLT), we represent the function of the qua-
ternion (5) as a vector of different pulses:

am =[p@) u®) v wo]

In this case, the pulses p(t), u(t), v(t), w(t) can have, in the general case, a different
shape, amplitude and time shift.

lll. Technique of obtaining direct quaternion Laplace transform

It was shown in [5] that the direct single-frequency quaternion Fourier transform in the 4D
domain of the quaternion in vector-matrix form has the view:

0(@)= [ @ (@.0q(vct. (10)

where ®(w,t) = e =Ecosat +1sinat is the matrix exponent.

The two-dimensional Laplace transform uses a parameter in the form of a complex fre-
quency s=o + jw, [10, 11]. In a single-frequency QLT, we will use the quaternion frequency:

s:a+%a)(i+j+k):a+fa). (11)
In the matrix representation (7), taking into account (9), the quaternion frequency (11) will
look like:
\/§O‘ w w 0]
— 3 - R
S—L| @ VO O O ki, (12)

\/§ - 0] \/§0' )
| —©0 —o 0] \/§0'_
Let's call the matrix S the matrix of quaternion frequencies, where @ =27z/T =2z f is the main
angular frequency, radian/s; T =1/ f — frequency period, s.

As the QLT kernel, we use the exponent to the power of —St, where s is the quaternion
frequency (11):

ot = exp{—(o- + %cg(l +j+ k))t} = exp{—(a + fa))t} : (13)
In the matrix representation, expression (13) takes the form:
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e =g e — P (w,t) =& (E cosat —Isin a)t) = (14)
J3cos(wt) —sin(at) —sin(wt)  —sin(at)
o 1| sin(at) \/§cos(a)t) sin(awt) —sin(ot)
B| sin(et)  —sin(et) Bcos(at) sin(at)

| sin(at) sin(et)  —sin(wt) V3cos(at)]
As you can see, expression (14) differs from the transformation kernel (10) by the presence

of a common multiplier e .
Thus, in accordance with (10) and (14), we write the QLT in the vector-matrix form in the
view of a right representation:

q(S) = fo YT (,t)q(t)dt = fo Ve Sig(t)dt. (15)

QLT (15) for a single-frequency quaternion in the vector-matrix representation associates
the 4D vector q(t) (original) in the quaternion region defined for all possible values of t with the

only 4D vector q(S) (image) in the quaternion frequency region S.
Note that in the notation for QLT (15), we consider only positive time, i.e., unilateral QLT.
With negative time, the integral kernel will be ®(,t) =e* and the image will simply change to

a mirror image, i.e. the rotation of the 4D vector will be in the opposite direction [11].
The determinant of the matrix (12) of the quaternion frequency S is calculated as

=e

2 . . .
S| =(@” + )" Accordingly, the inverse matrix is calculated by the formula:

1 1 1

St=—S"T=— —
\/ﬁ \/ﬂ (wz + 02)(

The square of the inverse matrix is calculated as
S :;Z(E(O'2 —a)z)—Zia)a). (17)
(a)2 + 02)

The quaternion frequency matrix S is a damped differential operator for the state-space
model [12]:

X(t) = Sx(t). (18)

The solution to equation (18) will be the matrix exponent (14).

Since matrix ®' (w,t) =e " s a solution of a differential equation, matrix ®(w,t) is
called the fundamental matrix, and matrix S is called the state transition matrix [12, 13]. The
fundamental matrix is orthogonal, since ®(,t)®" (w,t) = D' (w,t)D(w,t) =E.

Since matrix CI)T(a),t) is orthogonal and does not change the modulus of vector q(t), we
write the conditions for the convergence of the integral (15) as

~ _Eot I B, ™ =t
fo e q(t)dt‘_ J; Ee q(t)dt‘_ J; et q(t)dt
According to (19), the degree of growth of the vector elements q(t) must be less than the

(Ea-i-ia))T = EO'—ia)). (16)

<00, (19)

rate of decrease of the common multiplier e in the QLT (15). Consequently, QLT (15) in the
form of writing corresponds to the Laplace transform (LT) for real one-dimensional signals that
are components of the vector q(t). If each element of the vector q(t) satisfies the convergence

condition, then condition (19) will be satisfied.
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Consider the main properties of QLT. It is clear that the properties of the QLT in compar-
ison with the LT of real signals have features associated with the non-commutativity of quaternions

in the matrix representation.
The linearity property is obvious and shows that a linear combination of originals corre-

sponds to a linear combination of images and vice versa:

N N
> 2, (t) & ) "a,g,(S),

where &, are real numbers.
Property (20) is proved by interchanging integration in (15) and summation in (20).
When the time scale of the quaternion is increased by a number a >0, the scale of the
image is reduced:

(20)

g(at) 1q[ls] . (21)
a (a

Property (21) is proved by replacing the variable in (15) with 7 =at .

When the elements of the quaternion vector are delayed by the same time t, >0,

att—t) =[plt—t,) u(t—ty) v(t—t,) w(t —to)]T, property is true:

q(t—ty) <> e°°q(S) =e " ®T (0, t)q(S), (22)

where the impulses shift matrix of the quaternion vector with a delay on t; has the form:

J3¢os ot,  —sin ot —sin at, —sin ot

oS _ g%t QT (it ) — o 1 s!n oty \/§c.os oty sin ot —'sm oty
V3| sin wty —sin J3cos wty sin at,

sin o, sin ot —sin wt,  /3cos wt,

Property (22) is proved by replacing the integration variable in (15) by 7 =t —t, using the

known properties of the fundamental matrix [13].
It is obvious that when advancing the elements of the quaternion vector by the same time

t, > 0, the property is true:

q(t+1) < eq(S) =e™ ®(w,t,)q(S) (23)

The quaternion vector consists of 4 pulses that are transmitted over different (orthogonal)
channels and, in general, they can have different shapes and delays. We write such a quaternion

as: q(t—t,)=[p(t—t,) ut—t) v(t—t,) W(t—tg)]T,where index m=0,1,2,3 corresponds to

the element number in the vector representation.
QLT (15) for pulses delayed for different times will have the form:

q(S) = fo TeSig(t—t )dt = J; T DT (o, t)q(t —t)dt .

Let us represent the vector of pulses of different shapes and amplitudes q(t —t,) as

(24)

p(t—1t5) 0 0 0 8 | |aP(t-ty)
)= 0w 00 e ety

v(t-t,) 0 a, a,v(t—-t,)

0 0 0 w(t—t;) || a, a;w(t —t;)

where a= [a0 & as]T Is the vector of pulse amplitudes.
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In this case, the images of pulses q(t—t,) will be written in the form of vectors:

4,8)=19,8) 0 O 0", where m=0,12,3 is the number of the pulse. Then, using the sum
property (20), the vector of all images (24) can be written as
q(S) = agEdy(S) + a1 'a4(S) +2,370,(S) + 8K 04 (S). (25)
When selecting the corresponding columns in (25), we get that the matrix of different de-
lays will look like:

J3ecos wt, —eUsin wt, —e%sin wt, —e "8sin wt,

g 1| e70sin a J3e™Ucos o, e ““sin at, —e 78sin ot,
° ~ 3| ehsin at, —e%sin o,  3e™%cos wt, e “%sin o,

e 7vsin at, e 7sin at, —e %sin wt, ~/3e"“cos at,

Thus, using the introduced notation, we write the property of different delays of impulées
as follows:

q(t—t,) < e>nq(s). (26)
Similarly, we write the different advance property as

qt+t.) < e’ q(s). (27)
It can be shown that the differentiation property of the original has the form:

L g'(t) =sa(s)—a(0). (28)

To prove property (28), we used the integration-by-parts formula in the vector-matrix rep-
resentation: jUdv = Uv—jU’vdt :

The differentiation property can be generalized to the case of the second derivative:

L{g"(t)} =SL{d'®)}-q'(0)} =S[Sa(S) —a(0)] - a'(0) = S*q(S) - Sa(0) - q'(0) .

According to (18), S is a differentiation operator.

In general, if q(”)(t) exists and satisfies the conditions for the existence of an image, then
from q(t) < q(S) it follows that

a® (1) < S"q(S) - S"q(0) + 8" q'(0) + -+ 4"V (0) |,
where (0) is the initial state at t =0.

We write the integration property of the original as

t

j a(r)dz < S™*[q(S)+a(0)]. (29)
‘I:o(; prove propz)erty (29), we represent the integral as the sum of two integrals:

t t

I q(z)dz = I q(r)dz'+_|‘q(r)dr.
;ionce q(0) is_O; constant \falue, the first integral is calculated as

L{q(0)}= TeSt q(0)dt= ﬁeS‘ dt [q(0) =—S e q(0) =S q(0). (30)

0 0

When integrating from 0, we get that

0 0
L{q(0)} = j e St q(0)dt =( j e~Stdt |g(0) =—S*1e*5t‘2q(0) -0.
0 0

We use the differentiation property (28) and calculate the second integral in terms of the
antiderivative. As a result, we get:



Ja(z)dr = s™q(s). (31)
0

Combining results (30) and (31), we obtain (29). When integrating from 0, expression (29)
will be equal to expression (31).
The integration property (31) can be generalized for a positive integer n:

{J‘dfoj‘dfl I 7h)d7, 1}—3 "q(S).

Consider a MIMO device whose transmission function of elements h, . (t) is represented

as a square matrix H(t) . We represent the vector acting on the input of the device as a vector of
impulses q(t) defined in a certain time interval [0, t]. In general, matrix and vector will be com-
plicated functions of time. Their convolution on this segment is a new vector function f(t) defined
by the equality'

_[H 7)dz = H(t) *q(t) . (32)

Expressmn (32) is defined as a convolution in the vector-matrix representation. Note that
for matrix convolution the law of commutativity does not hold, since Hg = Qh.

Let us show that
jH r)dz < H(S)a(S) or H(t)*q(t) = H(S)q(S).

Let s take the QLT from expression (32):

{jH trdr}—j{[e& )q(t—r)dr}dt. (33)

0
Let's make a change of variables. Let'sput A=t—7,t=7+ 4, and dt =dA. Substituting
these values into (33), we obtain

Te—“ ﬁe—sf H(r)dr}q(l)dl = Te—” H(S)q(4)dA=H(S)q(s).

Thus, from the expressions obtained, it can be concluded that, in terms of the form of writ-
ing, the properties of the QLT are similar to the properties of the LT of real signals when the
complex frequency is replaced by a quaternion frequency. In this case, it is necessary to take into
account the property of non-commutativity of matrices.

IV. Examples of using the technique for calculating the direct quaternion
Laplace transform

We write the vector of real exponents with different attenuation and different amplitudes
as

fae @] [e® 0 0 0 a,

e 0 e 0 O
ex(a,,,a,,t) = % = % ey
a,e 0 0 e* 0 ||&

ECh 0 0 0 e“|%

where



o 0 0 O

A— 0O g 0 O - damping matrix, a=[a, & a, a ]T - amplitude vector.
0 0 a O ’ °
0 0 0 o

Using formula (15), we directly obtain the QLT of the matrix of real exponentials with the
damping matrix A and the amplitude vectors a in the form: ex(«,,,a,,t) <> EX(S) = (S+A)_1a.

We write the vector of lines with different slopes as

I)=L(t)a=tEa=[at at at ad].

We get the QLT of the vector of lines with different slopes: I(t) < S™a.

The QLT matrix of cosines has the form: Cs(S) =S S? +Ew? .

1
The QLT matrix of the sine vector will be: Sn(S) =w S? + Ew® .

The QLT matrix of the vector of steps is calculated as U(S) =S*.
The QLT matrix of the delta pulses vector: S(t)E < E.
The QLT matrix of rectangular pulses symmetrical to zero time has the form:

T T
R(S)=S‘1£e25—e 25].

Let us substitute formula (12) for the matrix of quaternion frequencies into the resulting
expression in brackets:

T . T " . T
E(EUH{U) _e—E(EO'-f—Ia)) EEO‘ —lw —Eo —Ela)
To obtain the spectrum matrix, we equate o to zero, as a result, we obtain that
T» T»
) —lw ~ . 1l
ez -—e? :2I3|n(w—j.
2
We multiply the resulting expression by the inverse matrix of quaternion frequencies (16):

T T
R(w) = Sl{e25 -e 25] = %i%ﬁisin(%) = Esin(a)—z-rjE =Tsinc(w—2TjE :

(0 (0

The resulting expression corresponds to the quaternion Fourier transform [5]. When mul-
tiplying the spectral matrix by the amplitude vector a, we obtain the vector of the spectra of rec-
tangular pulses of different amplitudes.

To obtain the QLT matrix of rectangular pulses with the same or different shift, we use the
properties of the same or different delays (22), (26). Similar properties (23) and (27) are used to
obtain the advance of impulses.

The QLT matrix of the vector of sawtooth pulses symmetrical with duration T has the form:

L Is s L Ts
W(S)=S“|e? —-e? |-Se?.

The QLT of the sawtooth pulse vector can be obtained from the QLT of the square wave

vector by integration, i.e. multiplying the image by S™* and then subtracting the QLT of the step
vector with a delay of T/2. We obtain the matrices of the spectrum of sawtooth pulses by substi-
tuting the values for the inverse matrices (16) and (17):

T.
W(S) :—Zi%sin(ﬂj+lie2m = EIsinc(ﬂj+i— cos(ﬂj—Tsinc(ﬂj .
0] 2 0] 2 2 @ 2 2
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The resulting expression corresponds to the quaternion Fourier transform [5] for pulses with du-
ration T=1.
The QLT matrix of triangular pulses symmetrical t =0 with duration T has the form:

Ts  Tg
T(S) =S7?|e? +e 2 —2E|.

With o =0 and normalizing the amplitude to 1 by dividing by T/2, we get the spectrum
matrix:

T(w) = 4Eism [a)Tj ET sinc (a)T j
o’T 4 2 4
The QLT matrix of meanders symmetrical to t =0 with duration T, has the form:
o T _Tg
M(S) =S| e? +e 2 —2E|.

The QLT matrix for the meander vector can be calculated from the QLT matrix for the
triangular pulses vector by taking the derivative, i.e. by multiplying the image by S. For o =0 we
get the spectrum matrix:

M(w) = —Ism (a)T j =ﬂlsmc (aﬂ-j

) 4 4 4

The QLT of pulses with different amplitudes is obtained by multiplying the QLT in the
matrix representation by the amplitude vector a. Different pulses shifts are obtained by multiplying
by matrices of different shifts (26) or (27).

Consider a method for obtaining a QLT vector consisting of various elements with different
shifts, for example, a rectangular pulse with an amplitude of a,, a sawtooth pulse with an ampli-

tude of &, a triangular pulse with an amplitude of a,, and a meander with an amplitude of a;.
First, you need to take the first column of the QLT matrix of rectangular pulses R(S)<O> , the second

- sawtooth pulses W(S)™ , the third - triangular pulses T(S)\? , the fourth - meanders M(S)®

Next, you need to multiply the resulting columns by the corresponding elements of the amplitude
vector:

q(S) =3,R(S)"” + a,W(S)¥ +a,T(S)? +a,M(S)"?
To obtain the QLT of the pulses vector with different shifts, it is necessary to multiply the
QLT matrices of the pulses by the shift matrices (26), (27). As a result, we obtain the QLT matrix

in the form (25), after multiplying it by the amplitude vector, we obtain the QLT vector consisting
of different pulses.

V. Conclusion

Thus, a technique for obtaining the quaternion Laplace transform of a four-dimensional
vector of pulses interconnected by a many-input-many output scheme is presented, and examples
of its use for the most common pulses in radio engineering. It is shown that the quaternion Laplace
transform can be obtained using the well-known one-dimensional Laplace transform of real signals
by replacing the complex frequency with the quaternion frequency. This technique will simplify
the analysis of signal vectors, the elements of which are interconnected by the MIMO scheme, that
is, hypercomplex signals, which are currently increasingly used in communication systems to in-
crease the capacity and noise immunity of channels.
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