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Abstract

Pentamode metamaterials are a class of extremal materials exhibiting fluid-like mechanical
behavior. The mechanical properties of pentamode metamaterials arise from their unique micro-
architecture, rather than their constituent material. In this research, we present closed-form
analytical relationships for the elastic modulus and Poisson’s ratio of pentamode lattice structures
with double-cone struts based on cubic diamond morphology. To validate our analytical solutions,
we performed numerical simulations and experimental tests, which confirmed the accuracy of the
derived relationships. Our findings indicate that increasing the smaller diameter (d) and the larger-
to-smaller diameter ratio («) of the double-cones increases the elastic modulus of pentamode
metamaterials. However, within the considered range of d and «, the Poisson's ratio is nearly
constant and lies within the range of approximately 0.5. These analytical relationships provide
valuable insight into the mechanical behavior of pentamode metamaterials, which can aid in the
design and optimization of new materials with unique properties.
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1. Introduction

Recent advances in the development of lattice structures, known as metamaterials, has expanded
the range of realizable mechanical properties [1-3]. Auxetics [4, 5], Pentamodes [6-8], acoustic
metamaterials [9, 10], smart active lattices [11, 12], and structures with negative compressibility
[13, 14] are the most common metamaterials. Pentamode metamaterials are rationally designed
man-made structures which offer shear moduli orders of magnitude smaller than their bulk moduli
[15-17]. That is why some pentamodes are also sometimes referred to meta-fluids as they can
deform in shear much easier than under normal forces [18].

Pentamode metamaterials were first suggested theoretically in 1995 by Milton and Cherkaev [19].
They proposed a cubic diamond lattice with double-cone struts as a good example of
metamaterials, and since, the majority of the works in the field of metamaterials has been dedicated
to the noted micro-architecture. However, despite the fact that the pentamode can offer exceptional
interesting properties, they were not realized experimentally until very recently in 2012 [18] due
to complexities present in their manufacturing. Additive manufacturing, also known as 3D printing
technologies, have made manufacturing of pentamode significantly more convenient, and this has
led to an exponential growth in works dedicated to pentamodes [20-27].

The increased application of pentamodes as building blocks in the making of novel structures
highlights the importance of deriving analytical relationships for these structures. Using analytical
formulas facilitates the application of pentamodes in the design process of novel engineering
designs [28, 29]. A main barrier in deriving analytical relationships for pentamodes is the fact they
are composed of struts with variable cross-sections. In a recent work [30], we presented semi-
analytical relationships for elastic modulus, Poisson's ratio, and yield strength of pentamodes. The
semi-analytical relationships were solved using the Ritz method and gave acceptable results. Our
analytical work presented in [30] had the drawback of being of open-form, requiring extensive
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computational techniques which intrinsically adds some unwanted approximations to the acquired
results. Closed-form solutions, on the other hand, do not require expensive computational solutions
and can be solved instantaneously. Additionally, due to their nature of giving the final answer
explicitly in terms of the model variable, they give the exact solution within the assumptions
considered during the derivations.

In this work, for the first time, we present analytical relationships for the elastic modulus and
Poisson's ratio of pentamode structures. As for the first step, closed-form formulas are obtained
for double-cone beams using the Timoshenko beam theory. The obtained relationships are then
implemented in deriving the analytical solutions for the pentamode lattice structure. Numerical
methods are used in both steps for verifications. Moreover, several pentamode lattice structures
are manufactured and tested mechanically to evaluate the accuracy of the analytical solutions.

2. Materials and methods

2.1. Analytical solution for double-cone beams

Here, we want to obtain closed-form analytical relationships for a cantilever beam with variable
circular cross-section. The governing equations of Timoshenko beam theory are:
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where E and G, are respectively the elastic modulus and shear modulus of the matrix material, I
and A are respectively the area moment of inertia and cross-sectional area, w and ¢ are respectively

the beam deflection and the angle of rotation of the normal to the mid-surface of the

beam, « is the shear coefficient factor, g is the function of distributed load, and x is direction
parallel to beam main axis. Combining Egs. (1) and (2) gives:
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Since the distributed load is zero, Eq. (3) simplifies to:
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Integrating from Eq. (4) gives:
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The parameters I and A depend on x since the cross-section is not constant along the x direction
(Figure 1). The radius changes along the x axis according to:
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(a) (b)
Figure 1: (a) Dimensions of a double-cone strut. (b) A pentamode unit cell structure

Similarly, I, (x) and I, (x) are the area moments of inertia for parts with radii of respectively r; (x)
and r,(x). For 0 < x < [/2, integrating from Eq. (6) gives:
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By inserting Eq. (7) into Eq. (1), w; (x) can be found:
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By repeating the procedure for /2 < x < [, we have:
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By performing the integration in Egs. (7) and (9), we have:
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By inserting ¢, (x) and ¢, (x) from Egs. (11) and (12) into Egs. (8) and (10), w, (x) and w,(x)
can be found:
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There are four boundary conditions at the root and at the end of the beam. Moreover, four
continuity conditions should be satisfied at the mid-span of the beam. We apply the boundary
conditions to each of the cases interesting to this study: displacement without rotation and rotation
without displacement.

a) Displacement without rotation at the end of the beam: The boundary conditions at x = 0 are
w; =0 and ¢, = 0. The boundary conditions at x =1 are w, = § and ¢, = 0. Finally, the
continuity conditions at the mid-spam are w; = w,, ¢; = @, Myyy = Moy, AN Q1 = Q-
The eight noted boundary conditions give eight equations with eight to-be-determined constants
C;, i = 1:8. The set of equations can be written in a matrix form as follows:

[Kif]sxs{cj}8><1 = [Fi]8><1 (15)

The coefficients C; can be found by solving the set of equations in Eq. (14). By inserting Cs and
Ce into:
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the point load F, and concentrated moment M, at the end of the cantilever can be obtained. By
setting Q,, = Fy = Cs and M,, = My, = Csl + C¢ at x = [, we have:
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b) Rotation without displacement at the end of the beam: The boundary conditions at x = 0
are w; = 0 and ¢, = 0. The boundary conditions at x = [ are w, = 0 and ¢, = 6. Finally, the
continuity conditions at the mid-span are w; = wy,, ¢1 = @2, My = Myyn, aNA Qg = Q-

By setting Q,, = Fy = Cs and M,, = M, = C5l + C4 at x = [, we have:
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The parameters F, and M, are summarized in Table S1 in Supplementary Material accompanying
the paper.

(18)

2.2. Analytical solution for penta-mode structure

Based on the procedure explained in the Supplementary Materials, the analytical relationship for
the elastic modulus of pentamode metamaterial can be obtained as:
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If the shear deformation and rotational bending effects are taken into account (i.e., for calculations
based on Timoshenko beam theory), the normalized elastic modulus is given by:
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As for the Poisson's ratio, the analytical relationship is obtained as:

N rsin @ cos 6 <G)2 — 3)

VEp = — >

* (eosto (3

(21)
+ 3sin? 9)



And the Poisson's ratio obtained based on Timoshenko beam theory is:
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2.3. Numerical modeling

Finite element (FE) models were created using the COMSOL Multiphysics package (Stockholm,
Sweden). As for the models dedicated to studying the mechanical response of double-cone beams
exclusively, double-cone beams with a length of 3.4 mm were constructed and discretized using
~8000 volumetric 10-node tetrahedron element types. A linear elastic material model with elastic
constants of titanium alloy Ti-6Al-4V (E; = 113 GPa and v = 0.33) was assigned to the matrix
material. Scripts were written to automatically vary the geometry of the beam structure and to
record the results for different ratios of a. The root of the beam structure was constrained in all
directions, while its other end was displaced laterally for 400 um without permitting any rotation.

The pentamode lattice structures were created by stacking 5x5x5 unit cells in each direction each
having a dimension of 8 mm (Figure 2). The lower face of the lattice structure was constrained in
the Z direction, while they were free to move in the X and Y directions. One node in the lower
face was constrained in all directions to avoid the rigid body motion of the whole structure. The
nodes located at the upper face of the lattice structure were displaced downward for 1010 um in a
stepwise (in 10 steps) uniform fashion, and they were allowed to move in the X and Y directions
freely. Based on the results of mesh sensitivity analysis, element sizes smaller than 20 um and 140
um at the smaller and larger diameters of each strut were used. Each lattice structure was
discretized using ~10° elements. All the FE models were solved using MUMPS static solver in
COMSOL.

2.4. Experimental tests

Structures with a = 1, 2, 3,4, and 5 were fabricated using Flashforge Foto 13.3 LCD 3D printer
(Flashforge, China), see Figure 2. eSUN eResin-PLA Pro polymer (grey color) was used for
manufacturing the body of the lattice structure, and the same resin was used to create a raft to hold
the bottom of the lattice structure. Specimens were only manufactured for d = 700 um. The
surface roughness of specimens was measured using a Sensofar S Neox 3D Optical Profiler
(Sensofar, Spain). The surface roughness of the specimens was <1.486 pm confirming good
production quality.
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Figure 2: Manufactured specimens with (a) ¢ = 1



A servo-hydraulic MTS 370 mechanical testing machine (Eden Prairie, MN, USA) with an MTS
661.20H-03 100 kN load cell was used to load the specimens under uniaxial compressive loads
with a displacement rate of 5 mm/min. The linear elastic regime of the stress-strain curves was
considered and implemented to obtain the elastic modulus and yield strength of the structures in
accordance with 1SO standard 13314:2011. The elastic modulus was normalized with respect to
that of the constituent material (E; = 1.9 GPa) for comparison purposes. To determine the
Poisson's ratio of the specimens, image processing techniques were employed to capture and
measure both lateral and axial displacements of the specimens during deformation.

3. Results

The results for force and moments of a cantilever beam for a up to 5 show exceptional agreement
between numerical and analytical results for the case of the free end being displaced with no
rotation (Figure S4 in the Supplementary Material accompanying the paper). Even for a as high
as 10, the numerical/analytical discrepancy does not exceed 20%. The difference between
numerical and analytical relationships for the case of a cantilever beam under axial loading is also
exceptionally low for a up to 3 and is acceptable for a up to 5 (<15% difference). In summary, the
three main cases of load-a curves examined, the analytical relationships of which formed the basis
of the analytical relationships for pentamodes, were found to be sufficiently accurate and suitable
for deriving the analytical relationships for mechanical properties of the lattice structure.

The numerical and analytical results are compared for different smaller diameter values from d =
125 um to d = 350 um. The analytical results are plotted for two cases. In the first case, the
vertex-to-vertex distance of the cubic diamond geometry which was the base for constructing the
pentamode lattice was considered as strut length. In the second case, the overlapping effect was
taken into account and the average struts length by neglecting the joint region was considered as
the strut length. As it can be seen in Figure 3, there was very good agreement between numerical
and analytical elastic modulus for all d values as well as for a up to ~5. The mean experimental
elastic moduli at all a values were in good agreement with both numerical and analytical results
and had <20% discrepancies (Figure 3c). In general, the experimental values were slightly smaller
than the numerical/analytical values. This can be attributed to a decrease in the effective cross-
sectional area in the struts of the fabricated specimens due to the inherent limitation of additive
manufacturing in providing well-connected material adhesion in the bulk of the structure due to
its layer-by-layer nature manufacturing process.
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Figure 3: Comparison of analytical and numerical relative stiffness for pentamodes with (a) d = 125 um, (b) d = 250 um,
and (c) d = 350 um.

The analytical relationships and numerical results predicted relatively constant Poisson's ratio (v ~
0.5) values for all d and « values. The experimental values also confirmed the noted independency
(Figure 4).
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Figure 4: Comparison of analytical and numerical Poisson’s ratio for pentamodes with (a) d = 125 um, (b) d = 250 um,
and (c) d = 350 um.

As the pentamodes are known for being able to demonstrate fluid-like behavior, the bulk modulus
and shear modulus of these structures were measured numerically (Figure 5), and their B /G ratio
(a.k.a. figures-of-merit or FOM) were calculated (Figure 6). It can be seen that as the d/I ratio
decreases, the B/G ratio increases exponentially (Figure 6). For d/l = 0.037 (i.e., d=125 um),
FOM in the range of 200 was achieved. The FOM had a high dependency on the smaller diameter
d, but a small dependency on the large diameter D. The results of this study can be used to design
optimal lattice structures with non-uniform distribution of pentamode unit cells. A few examples
of non-uniform or anisotropic designs without making use of analytical approaches in the design
stage can be found in [2, 31-34].
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5. Conclusions

This research has successfully derived closed-form analytical relationships for the elastic modulus
and Poisson's ratio of double-cone beams and pentamode metamaterials based on diamond
geometry. These analytical relationships have helped fill a significant gap in the field of
pentamodes and offer a valuable tool for designing and analyzing these materials. The accuracy of
these relationships was confirmed through comparisons with both numerical and experimental
results. The results indicate that increasing the smaller diameter (d) and the larger to smaller
diameter ratio (a) can increase the elastic modulus, while the Poisson's ratio remains almost
independent of these variables and is consistently around 0.5 within the considered range.
Additionally, the structures' figures-of-merit were highly influenced by the smaller diameter and
minimally affected by the larger diameter of the double cones.
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