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A nonlocal particle-based computational platform based

on the coupling of peridynamics and discrete element
method (PeriDEM) is introduced for the simulation of
a vehicle wheel rolling over gravel beds, where vari-
ous gravel particle geometry, topology, deformablity, and
fracture toughness are accommodated. Comparison of
dynamic vehicle mobility measures including longitudi-
nal displacement, velocity, and slip for transit over par-
ticle beds consisting of different gravel geometries and
topologies are carried out. The effect of gravel shape
on the horizontal displacement, velocity, and slip of the
wheel is investigated through numerical simulation. The
effect of gravel particle geometry on the overall energy
needed to travel a prescribed distance is investigated.
Particle geometry and topology affects particle damage,
and consequently influences macroscopic transport prop-
erties. Our simulations show that the driving torque ex-
hibits a monotonically increasing trend with increasing
slip and follows the trend seen in experiments.

1 INTRODUCTION

Despite poor driving conditions and strength relative
to other surfaces, gravel roads remain a go to choice for
constructing roadways and pavements, due to low con-
struction cost [1, 2]. Road quality factors such as wa-
ter absorption, abrasion, [3] washboard formation [4],
as well as dynamic vehicle mobility response including
comfort, handling, and degradation of vehicle machinery
[5] are affected by the choice of gravel [6]. Recent studies
have shown that [7, 8, 9] gravel geometry plays an impor-
tant role in compression and shear strength, and the sta-
bility of gravel aggregates. Interlocking behavior, which
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is more prominent in angular particles, is shown to corre-
late with higher shear strength [10]. Gravel form, angu-
larity, and surface textures are found to affect the crushing
in aggregates via jaw and cone crushing experiments [3].
Therefore, gravel lithology, geometry, size distribution,
and arrangement play an important role in vehicle mobil-
ity on gravel roads. Improved understanding of the de-
pendence of vehicle mobility on gravel properties can aid
advanced geotechnical exploration techniques such as the
mobility of Mars Exploration Rover on martian regolith
[11].

Traditional approaches to study vehicle mobility on
gravel aggregates rely on the discrete element method
(DEM) simulations, where each gravel particle boundary
is considered to be rigid [12]. While traditional DEM-
based approaches capture the rigid motion of the bound-
ary of each gravel particle, but they do not account for the
deformation of individual gravel particles. In addition,
traditional DEM does not fully capture complex damage
propagation based on each particle’s geometry, nor the
effects of notched or pre-cracked particles. Hence any ca-
pability of capturing elastic and inelastic deformation of
individual particle will lead to improved models for gran-
ular media. More recent work accounts for particle shapes
and particle fracture using new enhanced DEM methods,
see [13, 14].

In this treatment we depart from DEM and model
elastic as well as extreme intra-particle deformation using
a nonlocal continuum formulation. We follow a peridy-
namic modelng approach developed in [15]. In this mod-
eling approach both elastic deformation and fracture are
coupled implicitly and evolve autonomously. Using this
model the intra-particle deformation can exhibit extreme
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deformation resulting in fracture. Peridyamic models
have been used recently for mesoscale modeling of gran-
ular media, especially for capturing elastic and inelas-
tic deformation and intra-granular force within individual
grains. Behzadinasab et. al. [16] studied shockwave de-
cay in particle beds of circular particles. Zhu and Zhao
[17, 18] used a Weibull statistics-peridynamics approach
to investigate crushing piles of sand. In recent joint work
the authors combined the direct element method (DEM)
with peridynamics (PeriDEM) to the study of granular
flows, Jha et. al. [19].

Earlier studies have shown that particle geometry
plays an important role in determining the mechanical
response of the aggregate. Studies on force chains and
interlocking particle columns [20] have demonstrated the
strength of aggregates with relatively relatively high inter-
stitial volume fraction. Since vehicle mobility is directly
affected by the mechanical response of the gravel bed,
high-fidelity grain-scale simulations of gravel aggregates
plays an important role in the study of off-road mobil-
ity of wheeled vehicles. While Finite Element Method
(FEM) and DEM-based approaches were used to model
the deformation of the wheel [21] and plasticity of the
terrain [22], the macroscopic effect of individual grain
shape, deformability, and damage have not been inves-
tigated in the literature. The goal of this paper is to apply
a high-fidelity simulation platform [23] to link the geo-
metric effects of individual particle grains to the vehicle
mobility over gravel pavement. Our method is quite gen-
eral and even allows us to explore the effect of hollow
grains. These grains can comminute when the weight of
the wheel is put on the aggregate, leading to significant
sinkage, see Section 4.

The paper proceeds with a description of the dynamic
model given in section 2. This is followed by a descrip-
tion of the main points of the numerical implementation
provided in section 3. The core of the paper consists of
the numerical experiments and the identification of the
macroscopic effect of gravel particle shapes and topol-
ogy on roadbed performance carried out in section 4. The
conclusions are summarized in section 5.

2 MODELING

Our nonlocal modeling approach tracks both elastic
and inelastic deformation inside a particle as a field theory
that is nonlocal both in space and time. In the reference
configuration, each gravel particle as well as the wheel is
denoted by a domain in R?. The intraparticle force acting
on a point x inside the i*" particle domain D; € R? is

given by the integro-differential equation

Fiml(x,u;t) = / f(u(x',t),u(x,t),x',x,t)dVy,
H.(x)ND;

ey

where f is the pairwise force density function. The length
scale e over which lonlocal interaction is possible is called
the horizon. The neighborhood of a point x is the set
H.(x) = {x' € R? : |x' — x| < ¢}. For a material
point x’ € H.(x) N D, Vi denotes the volume element
associated with x’. Here the force density has the unit of
force per area squared. Next, we describe the constitutive
law relating force density to strain. Here the force density
is given for two-point interactions. This is called bond-
based peridynamics [15]. Given x € D and x’ € H.(x),
the vector £ = x’ — x is referred to as a bond. Defining
n = u(x/,t) — u(x,t), the stretch s associated with a
bond £ is defined as s = s(u(x/,t),u(x,t),x’,x) :=
\EH)&H&I.

€]
We consider the microelastic model introduced in

[24], where the pairwise force density function f is given
by

£+n ;
f_)Cw w(lg]) s =] if (€] < € @)
0 otherwise,

where the micromodulus function w(r) is a non-negative
scalar function that is non-increasing in r. The peridy-
namic spring constant c,, is chosen such that the integral
operator agrees with the Cauchy-Navier operator up to the
second order. We list the value of the peridynamic spring
constant and two micromodulus functions in Table 1.

2.1 Irreversible damage and memory

In the prototype microelastic brittle (PMB) material
model [25], the bond £ between x and x’ are broken
at time ¢ if the stretch s(u(x’,t),u(x,t),x’,x) exceeds
the critical stretch sq in the absolute value, i.e. when
|s| > |so|. The value of s is determined by equating
the critical energy release rate GG, with the total energy
required to sever all bonds across a crack surface of unit
area. In table 1, we list the value of the critical stretch
for both “constant” and “conic” micromodulus functions
[26]. Once a bond is broken at time ¢t = ¢g, it remains bro-
ken for all time ¢ > tg. The damage of a material point x
is defined as the ratio of the number of intact bonds con-
nected to x at time ¢ to the number of bonds connected to
x in the reference configuration (i.e. at t = 0).



Table 1: Peridynamic spring constant for various choices
the micromolulus function in eq. (2).

Type cww([€]) 50
Constant % \/ 49”EG€ <
Conic | iy (e — [€]) \/ N

Because bond-based peridynamics is a two-point in-
teraction model the Poisson ratio is % in 2D and % in 3D
[27]. While this limitation can be easily overcome by us-
ing a state-based model [28], but we do not pursue that
here.

In the following section we introduce the different in-
terparticle forces and wall forces then combine them with
Equation (1) to get the equation of evolution for every

particle in the aggregate given in Section 2.2.6.

2.2 Contact model

To capture the inter grain interactions we apply the
short-range contact force model used by [25], [16], and
[23]. In the short-range contact model, two material
points belonging to two different peridynamic domains
are said to be in contact if they are within a certain dis-
tance R., called the contact radius. Let D, and Dy be
two particles and with x € D; andy € D,. Define the
positions p(x,t) = x+u(x,t) and p(y,t) = y+u(y,t).
We define the normal direction e(y, x, t) by the unit vec-
tor e(y,x,t) = % the denotes the direction
fromx toy.

2.2.1 Repulsive contact force
The short-range repulsive force f,.(y, x, t) exerted on
x € Dy byy € Dy (see [25, 16, 19]) is given by

F.(y,x,t)

—Kn(Re — |p(y. t) — p(x, 1)) VxVye(y, x, 1),
= if [p(y,t) — p(x, 1) < Rc
0, otherwise
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where the normal contact stiffness is K,, = %, where

k is the bulk modulus, Vi and V,, are volume elements
associated with x and y, respectively [16, 19]. When the
participating peridynamic bodies have bulk moduli k; #
ko, an effective bulk modulus is used and given by the

harmonic mean k£ = 131]1]222 [19]. Although the repulsive

force is chosen to be linear in the distance between the
points in contact, one can consider a nonlinear relation,
but over short distances they are comparable [29].

2.2.2 Tangential friction force

In addition to exchanges of momentum, peridy-
namic domains also slide against each other. There-
fore, dissipation of energy via friction forces is an es-
sential component of interparticle interaction. Inter-
particle friction is incorporated using Coulomb’s law.
The friction force f;(y,x,¢) acts in the direction per-
pendicular to e(y,x,t). Let the relative velocity of
y € D, with respect to x € D; be denoted by
v(y,x,t) :=u(y,t) —u(x,t). The component of v per-
pendicular to e is given by v, (y,x,t) = v(y,x,t) —
(v(y,x,t) - e(y,x,t)) e(y,x,t). Now, define the tan-
gential direction e (y,x,t) by e, (y,x,t) = %
Note thate; € {u € R?: e-u = 0} and e lies on the
plane spanned by the vectors e and v.

To capture the stick/slip transition between the static
and kinetic regimes, we use the regularized friction model
[30, 31]. Therefore, the tangential friction force is given
by

Fi(y,x,t) = “)

—H ‘FT (y7 X, t)l € (Y7 X, t)7
if |VJ_ (X7 Yy, t)| > Ulhr(xa Y, ta At)

o)
_é |VL(X7 Yy, t)| €l (Y7 X, t)a
if0 < ‘VJ- (Xa Y, t)‘ < Ufhr(xv vt At)v
where ¢ is a regularization parameter given by ey = ’JATt,

where At is the numerical time step. Here, € ¢ is chosen
so that once 0 < |vi(x,y,t)] < vm(x,y,t, At), the
relative velocity of p(x, t) reduces to zero in the next it-
eration.

2.2.3 Normal damping force

Normal damping is incorporated to allow energy dis-
sipation of the system upon normal contact. The damping
force results in shortened relaxation times and therefore
lowers computational costs for simulations approaching
mechanical equilibrium. The damping force is given by

*ﬂd (% : e(ya X, t)) e(Ya X, t)VxVya
if |p(yvt) - p(X7t)| < RC
0, otherwise

Fd(yv I,C) =

(6)



where [, is the damping coefficient given by §; =
2144 /% and r4 € [0, 1] is the damping ratio.

2.2.4 Self-contact

The presence of a peridynamic bond between two
material points from the same parent particle provides the
necessary repulsive force to ensure that the points do not
overlap numerically. However, such repulsive forces are
absent when the peridynamic bond between the points is
broken. Therefore, we specify a self-contact law between
nodes of the same parent particle which are not connected
by a peridynamic bond but are close to each other due to
large deformations. This is especially important for pre-
venting the numerical inter-penetration of different parts
of nonconvex particle shapes, and for modeling the con-
tact between various broken segments of a parent particle
where a peridynamic force is absent.

Our self-contact law depends on the distance be-
tween nodes in the reference (undeformed) configuration.
If there is no peridynamic bond between two nodes x
and y from the same parent particle D; at time ¢ and
the current distance between them is within R, (i.e. if
|€ +n| < R.), the normal repulsive force on x due to y
is given by

€4l €] £+
Co e T XAEnl<El}

if €] < R,
|€+n|—R. &+
Cw ™R, \g+Z|X{Ié+m<Rc}’

if R. < [€],

B (x,y, 1) =

where xg is the characteristic function of the set S.
Damping and friction forces between nodes from the
same parent particle in the absence of peridynamic bonds
can be defined similar to Equation (4) and Equation (6),
respectively.

Note that in the small reference length scale || <
R, < e, the repulsive contact force is modeled using a
repulsive-only peridynamic bond force. This ensures that
two nodes with reference distance |£| < R, do not ex-
perience any repulsive force from each other unless they
come closer than their reference distance |£|. In large ref-
erence length scale || > R, the contact force between
nodes from the same parent particle is same as the con-
tact force between nodes from different parent particles if
7= K.

c

2.2.5 Wall forces
The wall containing particle aggregates is consid-
ered to be rigid (i.e., not deformable) and of thickness at

least F;“ . The inner boundary of the container wall is as-

sumed to be rectangular, consisting of straight lines. The
point p(x,t) inside the particle Dy (t) experiences con-
tact force due the wall if the perpendicular distance from
p(x,t) to any wall inner boundary [ is smaller than the
contact radius R,. In this case, the repulsive force due to
the wall on p(x, t) is given by

Fl(x,t) =
7K7E(RC - |CZ(X, t) - p(X, t)‘)vx |SZ(X7 t)| el(xv t)a
ifdj(x,t) < R,
0 otherwise

)

where |Sj(x,t)| is the volume of the circular seg-
ment S;(x,t) of the ball Br_(p(x,t) intersected with [,
ci(x,t) is the centroid of S;(x,t), and d;(x,t) is the dis-
tance from p(x,t) to [ (see Figure 1a). Here, e;(x,1) is
the unit vector in the direction ¢;(x, t) from p(x, t) given
by eulx£) = =t
of repulsive wall force on p(x, t).

In case the point p(x,t) experiences contact from
two different inner wall boundary segments [; and [;
(e.g. when p(x,t) is sufficiently close the a corner of a
rectangular container, see Figure 1b), the repulsive force
on p(x,t) due to the wall is given by the inclusion-
exclusion principle F& " (x,t) = Fli(x,t)+ FY (x,t)—

Fif’lj (x,t), where

and determines the direction

Pl (1)

= _Kn(Rc - |cli,lj (Xv t) - p(X, t)|)vx |Sli,l_7‘ (Xv t)| €1,.1; (Xv t)v

where S, ;. = Si, NSy, ¢,,1;(x,t) is the centroid of
ey (xt)—p(x,t)
o |cli,lj(x,t)—p(x,t)|
a rectangular wall boundary with straight line segments
{1;}%_,, the repulsive contact force due to the wall bound-
ary is given by

S0, and ey, g, (x,t) . Therefore, for

4
F;ﬁ’a"(x?t) — ZFEJ (X,t) _ ZF?F@JJ' (X,t). (8)
=1

i<j

The total friction and damping forces F}*(x,t) and
FY(x,¢) due to the wall boundary can be computed
accordingly from Equation (4) and Equation (6), respec-
tively, by replacing e(y, x, t) by e!(x, ), Vi by |Si(x,t)|,
and p(y, t) by ¢;(x, t).
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Fig. 1: Computation of wall contact volume and the
centroid of wall volume responsible for exerting contact
forces for contact with (a) single and (b) double wall
boundaries. The contact radius is exaggerated to show
the quantities of interest.

2.2.6 Combined model

The equation of motion for the particle aggregate can
now be given explicitly. Summing all forces acting on
x, the equation of motion of the points p(x,t) € D;(t),

t=1,..., N is given by
p(x)u(x,t) = F(x,t) + b(x,t) where,
F(t,x) =

(f + fﬁelf + fselt

H.(x)ND;(0)

+
I#1D,(0) {y:Ip(y)—p(x)|<R.}
—&—Fﬁ’all (x,t) + F‘gan (x,t) + F‘}’a“ (x,1)

f;elf) (Xl, X, t)de/

forxGD(O)izl , N, where f, v fa =

24, and fy = T are the repulswe damping, and friction
force density functlons respectively, and they all have the
unit of force/volume?. Here the wall forces are expressed
as the body forces Fy(x, ), Fy*(x, t), and F}!(x, )
with units of force/volume. This equation of motion is
adequate for particle settling problems. In the next section
we introduce a complete and time-discretized dynamics
to describe the vehicle transport problem. To do this we
add the wheel to the dynamics where a prescribed angular
velocity or slip is imposed on the wheel.

3 NUMERICAL IMPLEMENTATION
Here, we treat the wheel as a peridynamic domain
where the motion is restricted. In this section we outline

(fr +f; + ff) (y, X, t)dVy

the main features of the numerical implementation of the
vehicle transport problem.

3.1 Time-integration

To perform the time-integration, we use the Velocity-
Verlet scheme [32] given by

2

u(t + At) = u(t) + Atu(t) + %ﬁ(t) o
u(t + At) = u(t) + %( u(t) + u(t + At))

where u, 1, and 11 are the displacement, velocity and the
acceleration vectors of the particle nodes and At > 0 is
the time step. For the simulations, we have taken At = 2

1S.

3.2 Applying velocity constraints and rigidity

Here, we describe the method of prescribing the an-
gular velocity and the slip ratio of the wheel consistent
with the velocity-Verlet scheme. We cancel out the ra-
dial deformation of the wheel in both cases to prevent the
wheel from expanding in the radial direction due to its
inertia.

We allow the wheel W to rotate about its centroid,
which is ¢ (t) = ﬁ [y P(x,t)dx. For any point X in
W att = 0 then p(x,t) = x + u(x,t) gives its position
at time t. The linear velocity v"V (¢) of the wheel is ob-
tained by averaging the velocities of each spatial node on
the wheel and is given by v" (t) = ﬁ Jop u(x, t)dx.
For any x € W define the radial vector in the frame of
reference centered at ' (t) as

r(x,t) = p(x,t) — cW(t)

Let t(x, t) be the tangential unit vector perpendicular to
r(x,t). Therefore, with respect to the centroid, the rela-
tive velocity v(x,t) := u(x,t) — vV (¢) forall x € W
can be decomposed in the radial and tangential directions
as

v(x,t) = v(x, 1) t(x, 1) 4+ v.(x, 1) T(x, 1) (10)
where

vp(x,t) := |v(x,t)|cos§ = (v(x,1),T(x,1))

vi(x, 1) = [v(x,t)|sind = <v(x,t),t(x, t)>



where 6 is the angle between v(x,t) and T(x, t) and (-, -)
denotes the standard inner product. Alternatively,

ve(x,t) = v(x,t) — (v(x,1),r(x,t)) (%, ).

The angular velocity w(x,t) of all x € W is therefore
v (x,1)

Ir(x,t)]"
ity wP™* on the wheel is prescribed by setting w(x,t) =
wP'¢ for all time ¢ for all x € W. For this case, the linear

wheel velocity vV (¢) is free.

given by w(x,t) = A constant angular veloc-

presc

In the peridynamic treatment, the wheel W is de-
formable, i.e. u(x,t) is allowed to be non-rigid. In this
case, imposing the angular velocity via vy on all x € W
implies centrifugal force due to the wheel inertia deforms
the wheel in the radial direction. In this article we pre-
vent this, and impose v,.(x,¢) = 0 for all x € . This
constraint, together with the prescribed angular velocity
constraint, makes the wheel a rigid body, i.e. it undergoes
rotations and translations only.

The radius of the wheel is R and the instantaneous
longitudinal slip at time ¢ of the wheel is defined as

’UW (t) — Ropresc

S(t) = —-= w0 (11)

where vV () is the z-component of the linear velocity

vW(t) of the wheel. A positive value of S implies that the
wheel is slipping whereas a negative value implies skid-
ding. In the fixed slip simulations, both horizontal and
angular velocities are fixed, i.e. v} (x,t) = v§ and
w(x,t) = wP for all ¢ for all x € W. This implies S(t)
is constant for all £ and v, (¢) is free. The sinkage is de-
fined as the difference in y-displacement between initial

and current position of the wheel.

3.3 Driving force and torque

Let f¥(x,t) be the force density acting on x €
W to maintain the prescribed velocity condition on the
wheel. This force imposes a constraint on the deforma-
tion u(x,t) in the W and is derived below. The driving
torque density on x € W therefore is given by

T (x, 1) = r(x,t) x £(x,1).

The total driving force and the total driving torque of the
wheel at time ¢ is therefore given by

FU(t) = / £ (x, t)d V4, 12)
w

TI(t) = / 79 (x,t)dVy, respectively.  (13)
w

Here we denote 79 (¢) = |79 (t)|.

We now introduce the driving velocity u®(x,¢) on
the wheel. For an imposed angular velocity wP™° the
driving velocity is given by

u¥(x, 1) = vV () + WP r(x, )| t(x, 1) (14)

Alternatively for an imposition of slip specified by wP™

and v5° it is given by

% (x, 1) = o0 + o)V (18 + W™ fe(x, )| T, 1),
(15)

From the velocity-update equation of the velocity-Verlet
scheme (see Equation (9)), the driving force density on
x € W to maintain the prescribed angular velocity or
prescribed slip on the wheel is therefore given by

£ (x,t + At)

— pé(ﬂdr(x,t + At) —u(x,t + At)) — pi(x,t + At).
(16)

The time discrete dynamical system of gravel bed and
wheel is now described by Equation (16) and

pii(x,t) = F(x,t) — F7(x,t) + b(x, 1), (17)

forx € Wandx € D;(0), i =1,..., N and the compo-
nents of v (¢) can be extracted from the dynamics. The
combined algorithm is given in Algorithm 1.

4 SIMULATIONS

In this section, we employ numerical experiments to
understand how the dynamics of individual grains effect
the global dynamics of the gravel bed subject to a wheel
rolling over the top of it. We study the dynamics of road
beds made with similarly shaped particles.



Algorithm 1 Time integration wall interior. Each disk would then act as a security disk

I: Define u(x), u(x), ii(x), b(x) for x € Dy at time for individual particle shape. Next, gravel particle shapes
t = 0 for k :’ 1.2 7. - J\} are scaled to fit within the disk boundaries to avoid over-

2: Compute intra-particle neighbors S™(x) = {x’ € lap. The gravel particles are also randomly rotated about
Di:|x—x/|<e}forallx € Dy, k=1,2,...,N their centroids. The particles sizes are further reduced by

3. while t < T do an amount of % so that contact forces are not activated

4 fork=1,2,...,Nandx € Dy do at the initial time step of the simulation. The distribution

5: u(x) « u(x)+Atu(x)+ Ltzﬁ(x) forx € Dy of the security disks in the jammed packing and their cen-

2 troids are generated from an irregular triangular mesh of

6: Compute current position p(x) = x + u(x) the wall interior to introduce polydispersity in the gravel

7 end for size distribution as well as to avoid crystallization when

. fork=1,2,...,Nandx e Dy do settling. .Here., we Foqsidgr a grav§1 bed of 3796 particles.

o Compute inter-particle neighbors S‘?br(x) _ T he particle size dlstrlbutlon considered here ranges frorp

{y € D; : |p(x)—py)| < R} j = 5 mm to 23 mm with mean 16.3 mm and standard devi-

19 N ation 1 mm and follows a skew normal distribution with

0 C’or;lput’e peridynamic force density £71(x) — pegatin‘: sk'ewgess.. The packing ratio of the security disks

S (K, x) Vi in the distribution is ¢ = 0.45.

x/ €57 (x) Once the initial gravel aggregate configuration has

11: Compute self-contact force density been generated on top the rigid surface the particles are al-

fself(x) = 3 (f:elf(x’) x) lowed to settle under a gravitational acceleration of —10

x/ €SP m/s? for 20000 time steps, during which the gravel ar-

+f;elf(xl7 x) + f]scelf(xx7 x)) Vi rangement comes to an e?quilibrium. Onge the particle

12: Compute neighboring-particle force density bed Se.t tles, a wheel of rad%us R= 0'.3 55 mis p la'lced atan

br R, height above the maximum particle bed height. The

(%) = 205 an, (£:(y, %) initial wheel position is chosen to be away from the left

Vs . ; . wallby 3R+ R, ie, atz = ~1.923 m. The wheel is

- Compute wall-contacJtrfgr(g;’ ()i(eszsrit ; (v,x)) Vy then allow'efi to settle un'der gravity on the particle bed

fwall (x) = £rall(y, x) + 3l (y, x) + £290(y, x) for an additional 20000 time steps before a constant an-

r Y d Y oY gular velocity of —b rad/s is prescribed. The horizontal

14: Back up acceleration from previous time step: d.isplacement apd.the slip Of the wheel is recorded for par-

01 -— fi(x) tlgle bed§ C(zir}slistmg Of. vgrlogsds.hgcll)esi The. alrran.ger;kent

N ; of security disks containing individual particles is taken

15: t(x) « % (fpm(x) + £0() + 77 () + £ (x) to be the s};me across all shipes. The nuf)nerical time step
6 i D W the wheel then +b(x,1)) length is taken to be At = 107° s.

: k=W,
17: Enforce prescribed velocity via driving force
i(x) < u(x) — %fdr(x) 4.2 Gravel particle shapes
18: ‘fnd if ) At foold @ We consider aggregates consisting of gravel parti-
19: u(x) - a(x) + 5 (6% + i(x)) cle shapes that are ring-shaped, plus-shaped, and square-

20:  end for
21 t+t+ AL
22: end while

shaped (see Figure 2). The particle shapes are chosen to
study the effect of nonconvexity, symmetry, and particle
topology. The ring-shaped particles are rotationally sym-
metric, the square-shaped and plus-shaped particles have
dihedral symmetry. On the other hand, the plus-shaped
4.1 Simulation setup and initial condition particles are nonconvex, whereas the ring-shaped parti-

We consider a rectangular container of dimension 6 cles are nonconvex with a convex outer boundary. These
m X 3 m, see Figure 3a. The inner wall boundaries of the  shapes provide a range of geometric and topological prop-
container are considered to be rigid. We numerically con- erties that influence the bulk behavior [33, 34, 20]. The
struct a dry gravel bed in the bottom of the container by surface area of individual particles in terms of their ge-
first generating a close packing of granular particles over ~ometric parameters are given in table 2. The roundness
a rigid substrate. We begin by numerically generating a  of the plus-shaped particle is denoted by ¢ = r/R and
jammed packing of disks within the bottom half of the the thinness of the ring-shaped particle is denoted by




Fig. 2: Gravel shapes considered: (a) annular or ring-
shaped (b) plus-shaped and (c) square-shaped. All shapes
are inscribed in security disks.

~v = r/R (see fig. 2). For the plus-shaped particles, the
roundness is taken to be ¢ = 0.4 and the thinness of the
ring-shaped particles is taken to be v = 0.6.

Table 2: Surface area of individual particles and the bulk
volume fraction at equilibrium.

most amount of slip. While road beds made with ring-
shaped gravel particles show the least amount of slip.
More generally, for any particle shape the simulations
show that wheel slip is caused by the displacement of
gravel particles at the contact point of the wheel with the
gravel bed, and by the collapse of particle columns that
carry the weight of the wheel.

The nonzero angular velocity is prescribed on the
wheel only after it settles to an equilibrium height on the
road bed. An initial jump in the slip ratio is observed near
this time (0.2 - 0.4 us) as the linear velocity of wheel is
small (see Figure 4c). For ¢ > 0.5 us the wheel mo-
tion stabilizes and the slip ratio is the highest for the
square-shaped gravel particles and is the lowest for the
ring-shaped gravel particles. Snapshots of simulations are
shown in Figures 6 and 7. Compared to simulations with-
out fracture (on the left panel), we see less sinkage in the
simulations with fracture. This is especially notable for
the square-shaped particles (see Figures 6¢ and 7c).

4.3 R¥Effect of gravel inertia

Shape Annulus Plus Square
Particle volume | 7R?(1 —+?) | 2R?(1 + 4\/%2 -1)
1.07 7§ m
#0355 m
1.5 m Gravel bed
6m

(a)

(b)

Fig. 3: (a) Schematics of the simulation setup (b) An ex-
ample of a jammed disk configuration generated from a
triangular mesh of a given particle bulk boundary.

4.2.1 Effect of gravel shape on mobility

In this section, the angular velocity is fixed and the
gravel does not damage. The effect of gravel shape on the
horizontal displacement, velocity, and slip of the wheel is
shown in Figures 4 and 5. We observe that the fastest
horizontal transit speed over the road bed is achieved
with gravel shapes that give the least slip. Among the
shapes considered, the gravel bed consisting of square-
shaped particles give the slowest transit speed with the

Due to the frictional contact between the wheel and
the surface of the gravel aggregate, the gravel particles
near the contact region are displaced, leading to wheel
slip. Simulations show that the inertia of the gravel par-
ticles play an important role in top-layer gravel displace-
ment. To study the effect of gravel inertia, we consider
ring-shaped particles with annuli of different thinness.
Maintaining a constant outer radius R, the inner radius is
taken to be YR, where v = 0.4, 0.5, 0.6, and 0.7. Increas-
ing the inner ratio implies that for a fixed outer radius, the
mass of the ring decreases. The mean horizontal velocity
of the wheel (see Figure 8) is observed to be a decreasing
function of . Also, the slip of the wheel is increases with
.

Now we calculate the total energy E(L) consumed
by the wheel to travel a fixed horizontal distance L. To
do this let 7(t) be the driving torque, 6(t) be the angular
displacement of the wheel at time ¢, and w = % be the
angular velocity of the wheel. Starting at time %, let ¢;
be the time when the wheel reaches a horizontal distance
of L. When the angular velocity is held constant and pre-
scribed, the energy required to move the wheel a distance
L is given by

t

B(L) = / " dae) + / (L) - du(t)

to to

_ / " e + / " FE (00,0 + FE O, ()t

to tO
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Fig. 4: Wheel mobility on gravel without fracture: (a)
horizontal displacement (b) horizontal velocity and (c)
slip of the wheel on particle beds consisting of different
shapes in the fixed angular velocity simulations.

where F¥ and 79" are given by (12). The total energy
E(L) consumed by the wheel to travel a horizontal dis-
tance of L = 3 m is compared for different particle shapes
in Figure 9. For gravel particles of all shapes, the energy
required to travel the same distance is higher when parti-
cles can fracture. Due to low mobility of wheels moving
over gravel made up of square shaped particles, the re-
quired energy is the highest, both with and without frac-
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Time (s)
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Fig. 5: Wheel mobility on gravel with fracture: (a)
horizontal displacement, (b) horizontal velocity, and (c)
slip of the wheel on particle beds consisting of different
shapes in the fixed angular velocity simulations.

ture. The energy required for the ring-shaped and the
plus-shaped particles is reversed when fracture is possi-
ble, this is also reflected in the velocity plots of Figures 4b
and 5b.
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Fig. 6: Snapshots of simulations showing a vehicle wheel
moving on gravel beds consisting of (a) ring-shaped,
(b) plus-shaped, and (c) square-shaped particles, where
gravel damage is turned off.

4.3.1 Bulk damage due to wheel weight

Here, we consider brittle gravel particles with critical
energy release rate G. = 135 J/m?2. The gravel particles
fracture using the model described in Section 2.1.

The damage of each gravel particle is defined as the
mean damage value of each node (see Section 2.1) in the
particle. The bulk damage is defined as the mean damage
of all particles present in the aggregate.

When the aggregate settles under its own weight,
some damage occurs within the aggregate. Higher dam-
age values are seen toward the bottom of the settled ag-
gregate due to the weight of the particle columns (Fig-
ure 7). At the site of the first contact between the wheel

0.0 0.2 0.4 0.6 0.8 1.0
Damage (d)

(d

Fig. 7: Snapshots of simulations where gravels are al-
lowed to undergo fracture. Here, gravel beds consist of
(a) ring-shaped, (b) plus-shaped, and (c) square-shaped
particles. The damage value of each node of each particle
is shown in color. The initial contact point between the
wheel and the gravel bed (x = -1.9 m) shows significant
damage.

and the gravel bed (i.e. at z = —1.923 m), a larger value
of damage is seen. This is due to increased momentum
the impact of the wheel falling from the height R.. When
the wheel rolls on the gravel surface, wheel weight and
gravel-to-gravel frictional contact causes additional dam-
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Fig. 9: Energy required to drive the wheel to a horizontal
distance of 3 m at a constant angular velocity

age near the surface of the gravel bed.

The bulk damage for aggregates consisting of vari-
ous shapes is shown in Figure 10. After setting, the plus-
shaped particles go through the most amount of initial
damage due to the weight of the particle columns, but af-
ter doing so become more resistant to the weight of the
wheel. As the wheel starts rolling on the gravel bed, the
rate of bulk damage is the highest for the ring-shaped par-
ticles, whereas it is the lowest for the square-shaped par-
ticles.

4.4 Fixed slip simulations

In the following simulations we will prescribe a fixed
slip ratio for the wheel. This is achieved by prescrib-
ing both the angular and the horizontal velocity of wheel
at each time step of the simulation as described in Sec-
tion 3.2. Such constraints are easy to impose in a lab-
oratory setup, where the longitudinal and angular veloc-
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Fig. 10: Bulk damage of the gravel aggregate with respect
to time.

ities are controlled using a carriage moving on parallel
rails or a DC motor, respectively [35]. For the wheel ra-
dius R = 0.355 and fixed angular velocity w = 5 rad/s,
we consider horizontal velocities such that the slip (as de-
fined by (11))is .S = 0,0.3,0.5, and 0.7. The correspond-
ing horizontal velocities are computed using the formula
vy = |w|R(1 — S). To produce multiple simulation re-
sults in a reasonable time, we have reduced the number of
gravel particles in the simulation by increasing the mean
particle size of the distribution. As a result, all simula-
tions in this section consists of 859 particles with mean
radius 40 mm and standard deviation 4 mm.

4.4.1 Shape-effect of driving torque in fixed-slip simu-
lations

The plot for driving torque versus the slip on aggre-
gates consisting of ring-shaped, plus-shaped, and square-
shaped particles are shown in Figure 11. For these simu-
lations the thinness of the rings is taken to be v = 0.7.
The driving torque follows a monotonically increasing
trend in slip and follows the characteristic of the exper-
imentally observed simulations for all particle shapes as
in [35]. For nonnegative slip, the driving torque on ag-
gregates made of square-shaped, plus-shaped, and ring-
shaped gravel particles are in the increasing order, which
is similar to the energy consumption without fracture Fig-
ure 9.

5 CONCLUSION

In this work, we provide a computational platform
with stable implementation for simulations of a vehi-
cle wheel rolling over gravel beds, where the differ-
ent gravel particle geometry, topology, deformablity, and
fracture toughness are accommodated. Comparison of
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Fig. 11: Driving torque vs slip in fixed-slip simulations
for gravel shapes (a) ring (b) plus (c) square

dynamic vehicle mobility measures including longitudi-
nal displacement, velocity, and slip for transit over par-
ticle beds consisting of different gravel geometries and
topologies are carried out. We conclude by summarizing
our findings below.

The effect of gravel shape on the horizontal dis-
placement, velocity, and slip of the wheel is investigated
through numerical simulation. The fastest horizontal tran-
sit speed over the gravel bed is achieved with gravel

shapes that give the least slip. The gravel bed consisting
of square-shaped particles give the slowest transit speed
with the most amount of slip, while gravel beds made
with ring-shaped gravel particles show the least amount
of slip. More generally, for any particle shape the simula-
tions show that wheel slip is caused by the displacement
of gravel particles at the contact point of the wheel with
the gravel bed, and by the collapse of particle columns
that carry the weight of the wheel. When compared to
simulations without fracture, one sees less sinkage across
all shapes in the simulations with fracture. This is es-
pecially notable for the square-shaped particles (see Fig-
ures 6¢ and 7¢).

The effect of gravel particle geometry on the over-
all energy needed to travel a prescribed distance is in-
vestigated. Due to low mobility of wheels moving over
gravel made up of square shaped particles, the required
energy is the highest, both with and without fracture. It
is found that the energy required to travel the same dis-
tance is higher when particles can fracture. This is in line
with the fact that energy is absorbed by the fracture pro-
cess. Interestingly the energy required for the ring-shaped
and the plus-shaped particles is reversed when fracture is
possible.

Particle geometry and topology effects particle
damage consequently influencing macroscopic transport
properties. Here, simulations show the plus-shaped par-
ticles go through the most amount of initial damage due
to the weight of the particle columns, but after doing so
become more resistant to the weight of the wheel. This is
due to broken shards filling the interstitial space between
intact particles. As the wheel starts rolling on the gravel
bed, the rate of bulk damage is the highest for the ring-
shaped particles, whereas it is the lowest for the square-
shaped particles.

Last, our simulations show that the driving torque ex-
hibits a monotonically increasing trend with increasing
slip and follows the trend seen in experimentally observed
simulations [35].

Work currently under development aims to simulate
the full three dimensional gravel bed problem.
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