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Abstract6

Austenitic stainless steels are commonly used as structural materials in high-field superconducting magnet systems7

because they retain high strength, ductility, and toughness at very low temperatures, and they are paramagnetic or8

antiferromagnetic under the Néel temperature in their fully austenitic state. However, they are susceptible to strain-9

induced martensitic transformation, especially at cryogenic temperatures, which modifies the material properties, induces10

volume changes and additional strain hardening, and leads to ferromagnetic behavior. Thus, accurate predictions of the11

structural performance of these materials at very low temperatures are of great interest for the conception and design12

of these cryo-magnetic systems. In this paper, we propose an adequate constitutive model for the evolving bi-phase13

material—austenite and martensite—based on a Hill-type incremental formulation. Two different versions of the model14

are proposed based on the linear mean-field homogenization scheme: Mori-Tanaka and Self-Consistent. Moreover, a rate-15

independent nonlinear mixed kinematic-isotropic hardening law is used for each phase, and the martensitic transformation16

is described by the nonlinear kinetic law proposed by Olson and Cohen (1975). The constitutive model is implemented17

in ABAQUS/Standard through a UMAT user subroutine, for which a return mapping algorithm based on the implicit18

backward Euler integration scheme is used and a closed-form expression of the consistent Jacobian tensor is provided.19

The Mori-Tanaka and Self-Consistent approaches are evaluated in terms of their ability to describe the mechanical20

behavior of the bi-phase aggregate by comparing the predictions of the homogenization schemes with unit-cell finite21

element calculations with an explicit description of the martensite inclusions and the austenite matrix. The comparison22

is carried out for different stress states with controlled triaxiality and Lode parameter under monotonic and cycling23

loading, paying special attention to the evolution of the mechanical fields in each phase. The unit-cell calculations are24

performed for both constant and evolving martensite volume fractions. In addition, numerical simulations of tensile tests25

on samples subjected to different initial temperatures are carried out for the transforming bi-phase material and the26

results are compared to experimental data for AISI 304L and AISI 316LN steels.27
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1. Introduction30

Due to the high strength, ductility, and toughness that austenitic stainless steels exhibit at low temperatures, they are31

the predominant structural material used for cryogenic applications. Since they are paramagnetic or antiferromagnetic32

under the Néel temperature in their fully austenitic state, high-field superconducting magnet systems are one of their33

main application fields of interest (Sgobba, 2006; Barabash et al., 2007). The austenitic steel collars of the standard34

Dipole magnet for the LHC at CERN, as well as those for the LHC’s more recent upgrade (the High Luminosity LHC),35

and the jacket of the ITER Cable-in-Conduit Conductors, are some examples of structural components made of austenitic36

stainless steel (Bertinelli et al., 2006; Bordini et al., 2019; Devred et al., 2014).37

Nevertheless, austenitic stainless steels are particularly prone to strain-induced martensitic transformation at cryo-38

genic temperatures (Angel, 1954). The initially undeformed γ-austenite (face-centered cubic) may be transformed into39

either ε-martensite (hexagonal close-packed) or α′-martensite (body-centered tetragonal) when submitted to plastic de-40

formation. However, since the α′-martensitic transformation is generally much more extensive than the transformation41

of ε-martensite (Mangonon and Thomas, 1970; Seetharaman, 1984; De et al., 2004), the partially transformed material42

can be reasonably considered bi-phasic: α′-martensite sites dispersed in the γ-austenite matrix. The γ-α′ transformation43

may lead to a considerable evolution of material properties (e.g., strong hardening) and to ferromagnetic behavior of44

the bi-phase material, which is problematic for the above-mentioned application (i.e., for superconducting magnet sys-45

tems). Moreover, the transformation rate increases with decreasing temperature, so a nearly fully or fully transformed46

α′-martensitic material may be obtained at low temperatures and high levels of deformation (Fernández-Pisón et al.,47

2021). For these reasons, it is necessary to formulate a specific constitutive model for cryogenic applications that covers48

the entire transformation range and resolves the inherent complexity of the evolving microstructure of austenitic steels.49

There are only a few elastoplastic constitutive models in the open literature that have been expressly developed to50

describe the mechanical behavior of austenitic steels at cryogenic temperatures. The majority of these works simply51

modify the explicit functions of common plasticity models so they can adequately predict macroscopically the additional52

strain hardening produced by the martensitic transformation at cryogenic temperatures, as in Lee et al. (2009), Ding et al.53

(2019) and Homayounfard and Ganjiani (2022). More detailed approaches considering the evolving microstructure using54

homogenization techniques for bi-phase materials are the Mori-Tanaka-based model proposed by Garion and Skoczeń55

(2002) and the Voigt-like formulation used by Kothari et al. (2019). The model proposed by Garion and Skoczeń (2002)56

is widely used in the literature, as demonstrated by Sitko et al. (2010), Ortwein et al. (2014), Kazemi et al. (2019) and57

Schmidt et al. (2022), among others (some of these works additionally include specific features to account for microdamage58

and/or discontinuous plastic flow).59

The original model proposed by Garion and Skoczeń (2002) was developed at CERN for the LHC thin-walled cor-60
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rugated shells (called bellows) made of AISI 316L. Since these bellows undergo cycles of expansion and compression at61

cryogenic temperatures, a distinctive feature of this constitutive framework was to include a mixed kinematic-isotropic62

hardening for the bi-phase material valid at low temperatures. The authors considered the austenite as elasto-plastic63

and the martensite as elastic, and they accounted for two contributions to the strain hardening of the bi-phase material:64

the strain hardening of the austenite phase and the evolution of the composite’s tangent stiffness. The austenite was65

assumed to have a linear kinematic hardening, with the hardening coefficient increasing linearly with the martensite66

volume fraction. The bi-phase material’s tangent stiffness tensor was computed via mean-field homogenization using a67

Hill-type incremental approach (Hill, 1965a) and the Mori-Tanaka scheme (Mori and Tanaka, 1973; Benveniste, 1987). A68

new formulation was employed to reduce all anisotropic tangent stiffness operators to isotropic forms. The main simpli-69

fying assumptions of the model of Garion and Skoczeń (2002) were to consider that the strain increment of the bi-phase70

material was the same as that of the austenite matrix and that this strain increment was only due to the plastic strains.71

Moreover, the model introduced a simplified (but non-differentiable) kinetic law of martensitic transformation based on a72

linearization of the law proposed by Olson and Cohen (1975). The constitutive framework of Garion and Skoczeń (2002)73

is attractive because of its simplicity, but convergence between the experimental results and model predictions is limited74

to strain values not exceeding 0.2.75

In this paper, we take the formulation of Garion and Skoczeń (2002) as the starting point to develop an improved76

constitutive model that is suitable for predicting the mechanical behavior of austenitic stainless steels at large strains77

and cryogenic temperatures for any volume fraction of transformed martensite. Unlike the model of Garion and Skoczeń78

(2002), the constitutive framework proposed in this work is based on a pure mean-field homogenization procedure: the79

hardening of the bi-phase material is not directly provided, but the effective material behavior is entirely determined by80

homogenization and the constitutive behavior of the individual phases. Both individual phases, austenite and martensite,81

are considered elastoplastic. A rate-independent nonlinear mixed kinematic-isotropic hardening model is used for each82

of the phases: the kinematic contribution follows a two-term Chaboche’s law (Chaboche et al., 1979; Lemaitre and83

Chaboche, 1994), and the isotropic contribution uses the superposition of two exponential laws. The model adopts a Hill-84

type incremental formulation (Hill, 1965a). Anisotropic algorithmic tangent operators are used everywhere except in the85

Eshelby’s tensor (Eshelby, 1957), which is computed with the isotropic form introduced by Bornert et al. (2001a,b). This86

specific selection of tangent stiffness operators and Eshelby’s tensor is the suggested combination of Pierard and Doghri87

(2006) for general loading conditions. In particular, Bornert’s isotropization method has been selected over the spectral88

decomposition method (Ponte-Castañeda, 1996; Chaboche and Kanouté, 2003) since the latter may lead to inaccurate89

results for non-proportional loadings and does not provide an isotropic operator for a Chaboche nonlinear kinematic90

hardening model (Doghri and Ouaar, 2003). Additionally, two different versions of the model are proposed based on the91
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linear homogenization approach: one using a Mori-Tanaka scheme (Mori and Tanaka, 1973; Benveniste, 1987) and another92

using a Self-Consistent scheme (Hill, 1965b). The Mori-Tanaka scheme is simpler, but its validity is questioned when93

the matrix-particle microtopology is lost for a high volume fraction of martensite, whereas the Self-Consistent implicit94

scheme has no limitation on the volume fraction of transformed martensite (Böhm, 1998; Chatzigeorgiou et al., 2018).95

Based on the linear homogenization approach, the strain and stress fields in each individual phase are provided, which96

are generally different for the two phases and for the bi-phase material. Moreover, the phase transformation is described97

by the nonlinear kinetic law proposed by Olson and Cohen (1975). Furthermore, the constitutive model is implemented98

in ABAQUS/Standard through a UMAT user subroutine that uses a return mapping algorithm based on the implicit99

backward Euler integration scheme and provides a closed-form expression of the consistent Jacobian tensor. The material100

parameters for the description of the mechanical behavior of the individual phases and of the kinetics of the martensitic101

transformation are identified using the tensile experimental data for AISI 304L and AISI 316LN presented in Fernández-102

Pisón et al. (2021). Unit-cell finite element calculations with an explicit description of the martensite inclusions and the103

austenite matrix are carried out for different stress states with controlled triaxiality and Lode parameter under monotonic104

and cycling loading. Note that, since the pioneering work of Needleman (1972), finite element unit-cell computations105

have been extensively used to provide fundamental understanding of the mechanical response of composite aggregates106

(Christman et al., 1989; Shen et al., 1994; Sørensen et al., 1995; Needleman et al., 2010). The unit-cell simulations107

presented in this paper are performed for both constant and evolving martensite volume fractions. The comparison with108

the predictions of the homogenization schemes allows us to evaluate the Mori-Tanaka and Self-Consistent approaches with109

regard to their ability to describe the mechanical behavior of the bi-phase material. Additionally, numerical simulations110

of tensile tests on samples subjected to different initial temperatures are carried out to demonstrate the capability of the111

developed constitutive model to predict cryogenic martensitic transformation in austenitic stainless steels.112

2. Constitutive framework113

Two different mean-field homogenization schemes have been used to model the mechanical behavior and marten-114

sitic transformation of austenitic stainless steels subjected to cryogenic temperatures: Mori-Tanaka and Self-Consistent115

schemes. Section 2.1 includes the constitutive description of the individual phases; Section 2.2 presents the kinetic law116

used to model the martensitic transformation; and a detailed account of the bi-phase material and the homogenization117

procedure can be found in Section 2.3. The γ-austenite plays the role of the matrix, while the α′-martensite takes the118

form of inclusions embedded in the austenite matrix. Following Stringfellow et al. (1992), Papatriantafillou (2005) and119

Msolli et al. (2016), among others, the martensite is represented by spherical inclusions isotropically dispersed in the120

material. Moreover, perfect bonding between the two constituents is assumed, as for all mean-field approaches (Böhm,121
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1998).122

2.1. Individual phases123

The constitutive description is taken to be the same for both γ-austenite and α′-martensite (hereinafter simply124

referred to as austenite and martensite), so that the different mechanical behavior of the phases comes from the different125

values of the material parameters (see Tables 1 and 2 in Section 4).126

The total rate of deformation tensor d is decomposed into elastic de and plastic dp components:127

d = de + dp (1)

where the elastic part of the rate of deformation tensor is related to the rate of stress by the incremental Hooke’s law:128

σ̇∇ = Le : de = Le : (d− dp) (2)

where ˙(•)
∇

denotes an objective time derivative (Zaremba-Jaumann rate as in ABAQUS/Standard) of the Cauchy stress129

tensor σ, and Le is the isotropic elastic stiffness tensor:130

Le = 3κIvol + 2µIdev (3)

with Ivol = 1
31⊗ 1 and Idev = I − Ivol being the fourth-order volumetric and deviatoric projection tensors, respectively,131

where 1 is the second-order identity tensor and I is the fourth-order symmetric identity tensor. Moreover, κ =
E

3(1− 2ν)
132

and µ =
E

2(1 + ν)
are the elastic bulk and shear moduli, respectively, where E is the Young’s modulus and ν is the133

Poisson’s ratio.134

The plastic part of the rate of deformation tensor is given by the associated flow rule:135

dp = λ̇
∂F

∂σ
(4)

with λ̇ being the rate of the plastic multiplier, where ˙(•) denotes differentiation with respect to time, and F is the von136

Mises yield function:137

F (σ,X, ε̄p) =

√
3

2
(s−X) : (s−X)−

(
σy0 +R (ε̄p)

)
≤ 0 (5)

where s = σ−σh1 is the deviatoric part of the Cauchy stress tensor and σh = 1
3σ : 1 is the hydrostatic stress. Moreover,138

X is the backstress tensor for the kinematic hardening, σy0 is the initial yield stress, R is the isotropic hardening function,139
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and ε̄p =

∫ t

0

˙̄εp(τ)dτ is the accumulated plastic strain, where ˙̄εp =

√
2

3
dp : dp is the accumulated plastic strain rate (which140

corresponds to the rate of the plastic multiplier for von Mises plasticity).141

A rate-independent nonlinear mixed kinematic-isotropic hardening model is assumed. The kinematic contribution is142

implemented using Chaboche’s law (Chaboche et al., 1979; Lemaitre and Chaboche, 1994), in which the backstress tensor143

is defined with two separate equations of the form proposed by Armstrong and Frederick (Armstrong et al., 1966):144

X =
2∑
j=1

Xj , Ẋ∇j = β
2

3
hjd

p − ψj ˙̄εpXj (6)

The isotropic hardening is modeled by the superposition of equivalent exponential hardening laws, so that the mixed145

hardening model provides the same response for monotonic proportional loading independently of the contributions from146

kinematic and isotropic hardening:147

R =

2∑
j=1

Rj , Rj = (1− β)
hj
ψj

(
1− e−ψj ε̄p

)
(7)

where hj and ψj are the material parameters responsible for strain hardening and dynamic recovery, respectively. The148

contribution of kinematic and isotropic hardening to the mixed model is controlled by the Bauschinger parameter β,149

which implies a purely kinematic model if β = 1, a purely isotropic model if β = 0, and a mixed model if 0 < β < 1.150

Moreover, following a Hill-type incremental formulation, the relationship between the rate of the stress tensor and151

the total rate of deformation is:152

σ̇∇ = Ltan : d (8)

where Ltan is the so-called reference modulus (see Section 6.1 in Doghri and Ouaar (2003)). In this work, the reference153

modulus is taken as the instantaneous algorithmic tangent operator (see equation (A.42) in Appendix A.1). The reader154

is referred to the works of Doghri and Ouaar (2003) and Pierard and Doghri (2006) to obtain insights into the differences155

between various reference moduli and their implications on homogenization methods.156

2.2. Kinetics of martensitic transformation157

The evolution of the martensite volume fraction fα′ is modeled with the sigmoidal-type kinetic relationship proposed158

by Olson and Cohen (1975):159

fα′ = 1− e−ξ
(

1−e−ζε̄
p
γ
)4.5

(9)
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where ζ is the rate of shear-band formation, ξ is the probability that a shear-band intersection will result in the nucleation160

of martensite, and ε̄pγ is the accumulated plastic strain in the austenite. Note that the austenite volume fraction is readily161

computed as fγ = 1 − fα′ . The kinetic relation of Olson and Cohen (1975) is only valid under isothermal conditions.162

Moreover, it does not account for the stress state and strain rate sensitivities of the martensitic transformation process.163

However, especially for cryogenic temperatures, this kinetic law is very attractive due to the small number of parameters164

that need to be identified and to the relatively simple mechanical tests that are needed for their identification (note that165

tests at cryogenic temperatures are highly time- and resource-consuming). Indeed, although the original cryogenic model166

of Garion and Skoczeń (2002) was developed for cyclic loading, it uses a linearization of the Olson and Cohen (1975)167

kinetic relation. The simplified kinetic relation of Garion and Skoczeń (2002) has not been used in this work because it168

leads to an unrealistic non-differentiable stress-strain curve when the martensite content limit is reached.169

2.3. Bi-phase material (homogenization)170

The constitutive equations for the bi-phase material and the homogenization procedure are presented next, using171

the incremental tangent linearization method (also called Hill-type incremental formulation (Hill, 1965a)) adapted to172

the case of interest for which the volume fraction of the individual phases evolves. In what follows, subscripts γ and α′173

are used to refer to austenite and martensite phases, respectively. Moreover, the subscripts γ + α′ and HM denote the174

bi-phase material and the homogenized fields derived from the homogenization average theorems, respectively.175

The total rate of deformation tensor of the bi-phase material dγ+α′ is decomposed into elastoplastic dHM and176

transformation dTR components:177

dγ+α′ = dHM + dTR (10)

where the elastoplastic component corresponds to the homogenized strain rate field (recall that the total rate of deforma-178

tion in the individual phases is composed of the corresponding elastic and plastic components, as shown in equation (1)).179

The transformation component is an additional inelastic term associated with the phase transformation, so it does not180

directly contribute to the strain-hardening of the individual phases (Stringfellow et al., 1992). This term is typically de-181

composed into volumetric and deviatoric parts, dTR(vol) and dTR(dev), respectively. The volumetric term is related to the182

volume change and the deviatoric term to the shape change, both resulting from the transformation process. Following183

Garion and Skoczeń (2002) and Homayounfard and Ganjiani (2022), among others, we only consider here the volumetric184

part:185

dTR = dTR(vol) =
1

3
ḟα′∆v1 (11)
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where ∆v = 0.05 is the relative volume change during the phase transformation (Garion et al., 2006).186

The rate of the stress tensor of the bi-phase material corresponds to the homogenized stress rate field:187

σ̇∇γ+α′ = σ̇∇HM (12)

The homogenized strain and stress fields are determined using the strain and stress average theorems: εHM =188

(1− fα′)εγ + fα′εα′ and σHM = (1− fα′)σγ + fα′σα′ , respectively (see equation (2.5) in Böhm (1998)). In this work, the189

definition of the strain tensor ε provided by ABAQUS/Standard is adopted, ε̇∇ = d, see Nguyen and Waas (2016). The190

aforementioned average theorems lead to the following homogenized strain rate and stress rate fields:191

dHM = dHM(noTR) + dHM(TR) (13)

σ̇∇HM = σ̇∇HM(noTR) + σ̇∇HM(TR) (14)

where the term denoted by the subscript HM(noTR) considers a constant volume fraction of the phases and the term192

denoted by the subscript HM(TR) accounts for the rate of martensite volume fraction:193

dHM(noTR) = (1− fα′)dγ + fα′dα′ , dHM(TR) = ḟα′ (εα′ − εγ) (15)

σ̇∇HM(noTR) = (1− fα′)σ̇∇γ + fα′σ̇
∇
α′ , σ̇∇HM(TR) = ḟα′ (σα′ − σγ) (16)

The deformation rate in each individual phase (see Section 2.1) is related to the total deformation rate in the bi-phase194

material as follows:195

dp = Atan
p : dγ+α′ (17)

where the subscript p refers to either the austenite or the martensite phase (p = γ or p = α′, respectively), and Atan
p is196

the instantaneous strain concentration tensor. This fourth-order tensor is given by:197

Atan
p = Atan

p(noTR) :

(
I +

(
(εα′ − εγ) +

1

3
∆v1

)
⊗ φ

)−1

(18)

with Atan
p(noTR) being the instantaneous strain concentration tensor for the auxiliary problem that considers a constant198

volume fraction of the phases:199
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dp = Atan
p(noTR) : dHM(noTR) (19)

where the explicit form of Atan
p(noTR) depends on the selected homogenization scheme (the expressions corresponding to200

the Mori-Tanaka and Self-Consistent approaches are provided later). The second factor in equation (18) results from the201

relationship between the total deformation rate in the bi-phase material dγ+α′ and the term of the homogenized strain202

rate field that considers a constant volume fraction of the phases dHM(noTR) (see equations (A.78) in Appendix A),203

where the second-order tensor φ is defined such that ḟα′ = φ : dHM(noTR).204

Mean-field homogenization schemes differ from each other by the selection of the concentration tensors. Namely,205

Mori-Tanaka and Self-Consistent schemes’ strain concentration tensors rely on the dilute concentration tensor, which206

is the practical outcome of Eshelby’s equivalent inclusion theory (Eshelby, 1957). This fourth-order tensor provides a207

relationship between the homogeneous uniform strain in an inclusion and the far-field strain in the parent medium208

in which the inclusion is embedded. Following the incremental tangent linearization method, the instantaneous dilute209

concentration tensor is given by:210

di = Atan
dil(i,0) : d0, Atan

dil(i,0) =
(
I + Stan-iso

0,spher :
(
Ltan0

)−1
:
(
Ltani −Ltan0

))−1
(20)

where the subscripts i and 0 refer to the inclusion and the parent medium, respectively, and Stan-iso
0,spher is the fourth-order211

instantaneous Eshelby’s tensor, which depends on the material properties of the parent medium and on the shape and212

orientation of the inclusion. The general expression of the Eshelby’s tensor is rather complex (see, for example, equation213

(2.22) in Böhm (1998)), so in this paper we use the closed-form expression for spherical inclusions in an isotropic parent214

medium:215

Stan-iso
0,spher =

1

3

1 + νtan0

1− νtan0

Ivol +
2

15

4− 5νtan0

1− νtan0

Idev (21)

where νtan0 =
3κtan0 −2µtan0

2(3κtan0 +µtan0 )
is the tangent Poisson’s ratio and κtan0 and µtan0 are the tangent bulk and tangent shear moduli216

of the isotropic parent medium, respectively. Because the algorithmic tangent operator of the parent medium (austenite217

or homogenized material depending on the homogenization scheme) is anisotropic in general, the isotropic estimate218

proposed by Bornert et al. (2001a,b) is used (as denoted by the superscript tan-iso in Eshelby’s tensor), resulting in219

κtan0 = 1
3Ivol :: Ltan0 and µtan0 = 1

10Idev :: Ltan0 . Recall that the isotropic estimates are only used to compute the Eshelby’s220

tensor, while anisotropic algorithmic tangent operators are used everywhere else.221

The instantaneous strain concentration tensors of the Mori-Tanaka and Self-Consistent schemes are presented next,222

using the incremental tangent linearization method for the auxiliary problem that considers a constant volume fraction223
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of the phases:224

� Mori-Tanaka scheme. This explicit approach assumes the matrix-type phase (austenite) as the parent medium in225

which the particle-type phase (martensite) is embedded. According to Eshelby’s theory, the two phases are related226

as follows: dα′ = Atan
dil(α′,γ) : dγ (see the equivalence with equation (20)1). Using the previous equation and the rate227

form of the strain average theorem given by equation (15)1, the instantaneous strain concentration tensor for each228

phase, austenite and martensite, is given by:229

dγ = Atan
γ(noTR) : dHM(noTR), Atan

γ(noTR) =
(

(1− fα′) I + fα′A
tan
dil(α′,γ)

)−1
(22)

dα′ = Atan
α′(noTR) : dHM(noTR), Atan

α′(noTR) = Atan
dil(α′,γ) :

(
(1− fα′) I + fα′A

tan
dil(α′,γ)

)−1
(23)

� Self-Consistent scheme. This implicit approach assumes the homogenized material as the parent medium in230

which each individual phase is treated as embedded. According to Eshelby’s theory, for each phase (austenite and231

martensite), the instantaneous strain concentration tensor corresponds to the instantaneous dilute concentration232

tensor (see the equivalence with equation (20)1):233

dγ = Atan
γ(noTR) : dHM(noTR), Atan

γ(noTR) = Atan
dil(γ,HM(noTR)) (24)

dα′ = Atan
α′(noTR) : dHM(noTR), Atan

α′(noTR) = Atan
dil(α′,HM(noTR)) (25)

where the instantaneous strain concentration tensor for each phase is dependent on the tensor LtanHM(noTR) (see equa-234

tion (20)2), which relates the homogenized strain rate and stress rate fields σ̇∇HM(noTR) = LtanHM(noTR) : dHM(noTR)235

and is itself a function of the instantaneous strain concentration tensors, as shown by the following expression (valid236

for any mean-field homogenization approach):237

LtanHM(noTR) = (1− fα′)Ltanγ : Atan
γ(noTR) + fα′L

tan
α′ : Atan

α′(noTR) (26)

which is derived from the rate form of the stress average theorem (equation (16)1), in which the rate of the stress238

tensor in each phase is expressed as a function of the corresponding rate of deformation (equation (8)), and the239
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latter is related to the homogenized strain rate field by the corresponding instantaneous strain concentration tensors240

(equation (19)).241

3. Numerical implementation242

The constitutive model has been implemented at integration point level within the finite element solver ABAQUS/243

Standard using a UMAT user material subroutine. The UMAT code is included as Supplementary Material. Note that244

the subroutine is specifically designed to handle the kinetics of martensitic transformation as described in Section 2.2245

(Olson and Cohen (1975) model).246

A sketch of the implementation procedure is shown in Fig. 1. At each time step, the total strain increment of the247

bi-phase material, ∆ε
(n+1)
γ+α′ , together with the mechanical fields of the previous step, ε

(n)
γ+α′ and σ

(n)
γ+α′ , are provided248

by ABAQUS to update the stress components, σ
(n+1)
γ+α′ , and to provide the Jacobian tensor (DDSDDE as denoted in249

ABAQUS). State variables of the problem (SDV as denoted in ABAQUS) are the two terms of the isotropic hardening250

function in the two phases: R1γ , R2γ , R1α′ , and R2α′ ; the accumulated plastic strain in the two phases: ε̄pγ and ε̄pα′ ; the251

volume fraction of martensite: fα′ ; the back stresses in the two phases: X1γ , X2γ , X1α′ , and X2α′ ; the mechanical fields in252

the two phases: εγ , σγ , εα′ , and σα′ ; the plastic strain in the two phases: εpγ and εpα′ ; and the algorithmic tangent operators253

for the two phases: Ltanγ and Ltanα′ . The update of the internal tensorial variables at each time step during a finite strain254

analysis takes into account the incremental rotation of the material basis system. Thus, the second-order tensorial internal255

variables are rotated to the current configuration using the predefined ABAQUS function ROTSIG, which performs the256

following calculation: ∆R
(n+1)
(n) (•)(n)∆R

(n+1)
(n)

T
, where ∆R

(n+1)
(n) = R(n+1)R(n)T

is the incremental rotation (DROT as257

denoted in ABAQUS). The objective increments are hence expressed as ∆(•)(n+1) = (•)(n+1)−∆R
(n+1)
(n) (•)(n)∆R

(n+1)
(n)

T
.258

For the fourth-order tensorial internal variables, Ltanγ and Ltanα′ , the operation that requires their rotations to the current259

configuration is performed as shown in equation (A.44) in Appendix A.1.260

Firstly, from the total strain increment in the bi-phase material corresponding to the current time step (n + 1),261

the contribution of each individual phase is assumed for the first (k = 1) iterative step of the global scheme: ∆ε
(n+1)
γ(k=1)262

and ∆ε
(n+1)
α′(k=1). For the first time step (n = 1) it is assumed that ∆ε

(n=1)
γ(k=1) = (1 − f (n=1)

α′(k=1))∆ε
(n=1)
γ+α′ and ∆ε

(n=1)
α′(k=1) =263

f
(n=1)
α′(k=1)∆ε

(n=1)
γ+α′ , while for the rest of the time steps ∆ε

(n+1)
γ(k=1) = ∆ε

(n)
γ

(√
∆ε

(n+1)
γ+α′ : ∆ε

(n+1)
γ+α′

/√
∆ε

(n)
γ+α′ : ∆ε

(n)
γ+α′

)
and264

∆ε
(n+1)
α′(k=1) = ∆ε

(n)
α′

(√
∆ε

(n+1)
γ+α′ : ∆ε

(n+1)
γ+α′

/√
∆ε

(n)
γ+α′ : ∆ε

(n)
γ+α′

)
. This is performed in the Initialization box represented in265

the figure. Subsequently, the constitutive equations for each individual phase (Section 2.1) are solved using the numerical266

implementation explained in Appendix A.1. In the figure, this step is represented by the Austenite phase and Martensite267

phase boxes (notice the loop, which represents the sub-iterative process required to solve the problem). Each box uses268

the strain increment of the specific k-th iteration of the global iterative scheme as input, along with the internal variables269
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of the corresponding individual phase. Once the current value of the accumulated plastic strain in the austenite phase for270

the k-th iteration of the global iterative scheme is known, the kinetics of martensitic transformation (Section 2.2) can be271

solved. This step is represented in the figure by the Kinetics of transformation box, and the corresponding implementation272

is described in Appendix A.2. Afterwards, the constitutive equations for the bi-phase material (Section 2.3) are solved,273

and the bi-phase material’s mechanical behavior is calculated for the k-th iteration of the global iterative scheme.274

In the figure, this step is represented by the Bi-phase material (homogenization) box, which uses as inputs the state275

variables together with the outputs of the Austenite phase, Martensite phase, and Kinetics of transformation boxes. The276

numerical implementation, which depends on the homogenization scheme (Mori-Tanaka or Self-Consistent), is described277

in Appendix A.3. The required iterative scheme for the implicit Self-Consistent approach is represented in the figure278

by a dashed loop, indicating that it is only needed if the Self-Consistent approach is selected. The outcome of the Bi-279

phase material (homogenization) box is the corrected strain increment for each individual phase. Then, the difference280

between the strain increment assumed at the beginning of the global iterative scheme and the corrected strain increment281

is calculated. If the difference is larger than a predefined tolerance, a new iteration is performed using the corrected value282

of the strain increment for each phase as input in the new iterative step of the global scheme: ∆ε
(n+1)
γ(k+1) and ∆ε

(n+1)
α′(k+1).283

The whole process, which includes the Austenite phase, Martensite phase, Kinetics of transformation, and Bi-phase284

material (homogenization) boxes, is recomputed until the convergence condition is met. When convergence is fulfilled,285

the converged stress components σ
(n+1)
γ+α′ and state variables are given to ABAQUS/Standard. The Jacobian tensor also286

has to be given to ABAQUS/Standard at the end of each time step. The solver uses this tensor in its global Newton287

scheme to achieve an accurate assessment of the incremental kinematics. To ensure computational efficiency with fast288

convergence, the consistent Jacobian tensor is used; its numerical implementation is given in Appendix A.4.289

Note that the same numerical implementation, based on the integration scheme explained in Appendix A.1, is290

utilized for each of the individual phases. In contrast, in the works of Stringfellow et al. (1992) and Papatriantafillou291

et al. (2006), two separate integration schemes are employed for the martensite phase, each addressing one of the two292

contributions that these works define in the hardening process of the martensite. This strategy is adopted to explicitly293

account for the assumption that a unit of martensite that forms at a given austenite plastic strain should inherit the strain-294

hardened dislocation structure of its parent austenite (Stringfellow et al., 1992). Thus, the hardening contribution from295

the fraction of new transformed martensite is solved separately from the contribution of the already existing martensite296

at the beginning of the current time step (each fraction of martensite has a different accumulated plastic strain associated297

with it). Note that this strategy is not fully consistent with a pure mean-field homogenization procedure, where only298

the average fields in the individual phases are defined; moreover, it might lead to inconsistencies with the constitutive299

equations. For this reason, an explicit implementation of this feature is neglected in the present model.300
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   Kinetics of

transformation

Martensite phase

Austenite phase

no convergence 

convergence

Bi-phase material

(homogenization)

Initialization

SOLVER

UMAT

Figure 1: Sketch of the implementation of the homogenized constitutive model (Mori-Tanaka or Self-Consistent scheme) in ABAQUS/Standard.

4. Identification of material parameters301

Two sets of material constants are to be identified: the parameters involved in the mechanical behavior of the302

individual phases—austenite and martensite—and the parameters involved in the kinetics of martensitic transformation.303

The first set of parameters consists of the Young’s modulus E and the Poisson’s ratio ν (equation (3)), the initial304

yield stress σy0 (equation (5)), and the parameters describing the mixed kinematic-isotropic hardening: β, h1, h2, ψ1,305

and ψ2 (equations (6) and (7)), all of which are specific to each individual phase. On the other hand, the parameters306

involved in the expression for the kinetics of martensitic transformation proposed by Olson and Cohen (1975) are ζ and307

ξ (equation (9)).308

The constitutive model is calibrated to describe the mechanical behavior of two different austenitic steel grades that309

are widely used in superconducting magnet system applications: AISI 304L and AISI 316LN. The experiments performed310

by Fernández-Pisón et al. (2021) are the basis for the identification of the constitutive parameters. The data set includes311

uniaxial tensile stress–strain curves and the corresponding evolution of the volume fraction of martensite with the strain312

for the two aforementioned grades at room temperature (300 K), liquid nitrogen temperature (77 K), and liquid helium313

temperature (4 K); see Figs. 4, 13, and 14 therein, where the stress and strain are referred to the bi-phase material.314

Exceptionally, the values of the Poisson’s ratio and the Bauschinger parameter, ν = 0.3 and β = 0.45, respectively,315
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are taken from Garion et al. (2006) for the same family of steels (AISI 304 and AISI 316L) at cryogenic temperatures.316

For these two material parameters, identical values for the two individual phases are assumed for the two grades over317

the whole temperature range analyzed in this work. For the rest of the parameters, an explicit temperature-evolution318

function is considered, and the coefficients of the function are determined by best-fit operation with the aforementioned319

experimental data presented in Fernández-Pisón et al. (2021). The idea is to cover the entire analyzed temperature320

range, unlike conventional approaches that independently determine the material parameters at a certain temperature.321

The temperature-evolution function selected for the material parameters involved in the mechanical behavior of the322

individual phases is shown in equation (27), which is similar to the one used by Hosseini et al. (2015) for a Chaboche323

kinematic hardening model. Moreover, the same functions proposed by Fernández-Pisón et al. (2021), which are based324

on the experimental data provided by Olson and Cohen (1975), are adopted here with regard to the material parameters325

involved in the kinetics of martensitic transformation, as shown in equation (28).326

E(T ) = x1

(
1− x2e

(T/x3)
)
, σy0(T ) = x4

(
1− x5e

(T/x6)
)
, h1(T ) = x7

(
1− x8e

(T/x9)
)
,

h2(T ) = x10

(
1− x11e

(T/x12)
)
, ψ1(T ) = x13

(
1− x14e

(T/x15)
)
, ψ2(T ) = x16

(
1− x17e

(T/x18)
) (27)

ζ(T ) =
ζ2

1 + e−ζ3(T−ζ1)
− ζ2

2
, ξ(T ) =

ξ2

1 + e−ξ3(T−ξ1)
(28)

The identification procedure is split into three parts: (i) identification of the coefficients corresponding to the material327

parameters of the austenite phase; (ii) identification of the coefficients corresponding to the material parameters of the328

martensite phase; and (iii) identification of the coefficients corresponding to the material parameters of the kinetics of329

martensite transformation. The determination of the coefficients is described as follows:330

(i) We take as reference the aforementioned experimental stress–strain curves, but we only use the data with a strain331

level corresponding to a volume fraction of martensite lower than 10% (so the effect of the martensite phase332

on the selected data is considered to be negligible). For each grade, the selected data is represented as a σx −333

ε̄p − T surface, with σx being the axial stress component corresponding to the tensile loading direction, and the334

surface is then fitted to the function σx = σy0(T ) + h1(T )
ψ1(T )

(
1− e−ψ1(T )ε̄p

)
+ h2(T )

ψ2(T )

(
1− e−ψ2(T )ε̄p

)
. This function335

is adapted from equation (5), where a pure isotropic hardening is used because it is sufficient for determining336

the parameters (monotonic loading test). The best-fitting condition using the least squares method provides the337

coefficients corresponding to the functions E(T ), σy0(T ), h1(T ), h2(T ), ψ1(T ), and ψ2(T ) for the austenite phase338

(see equation (27)).339
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AISI 304L

x1 (MPa) x2 x3 (K) x4 (MPa) x5 x6 (K)
2.06 · 105 1.52 · 10−7 2.29 · 101 6.67 · 102 4.77 · 10−1 1.00 · 103

Austenite x7 (MPa) x8 x9 (K) x10 (MPa) x11 x12 (K)
phase 1.30 · 105 6.84 · 10−1 1.00 · 103 2.14 · 103 1.61 · 10−1 1.00 · 103

x13 x14 x15 (K) x16 x17 x18 (K)
1.01 · 102 1.42 · 10−10 1.00 · 103 3.21 · 100 5.80 · 10−2 1.27 · 102

x1 (MPa) x2 x3 (K) x4 (MPa) x5 x6 (K)
2.06 · 105 1.52 · 10−7 2.29 · 101 3.27 · 103 6.64 · 10−1 1.00 · 103

Martensite x7 (MPa) x8 x9 (K) x10 (MPa) x11 x12 (K)
phase 2.91 · 103 4.05 · 10−1 1.00 · 103 1.71 · 104 5.85 · 10−1 1.00 · 103

x13 x14 x15 (K) x16 x17 x18 (K)
1.60 · 101 5.88 · 10−2 6.67 · 102 4.61 · 100 2.37 · 10−3 6.09 · 101

Kinetic ζ1 (K) ζ2 ζ3 (K−1) ξ1 (K) ξ2 ξ3 (K−1)
relation 3.36 · 102 1.31 · 101 −4.69 · 10−2 2.66 · 102 2.10 · 100 −8.80 · 10−2

AISI 316LN

x1 (MPa) x2 x3 (K) x4 (MPa) x5 x6 (K)
2.06 · 105 1.52 · 10−7 2.29 · 101 2.65 · 103 6.63 · 10−1 9.89 · 102

Austenite x7 (MPa) x8 x9 (K) x10 (MPa) x11 x12 (K)
phase 6.03 · 104 6.66 · 10−1 9.38 · 102 5.87 · 103 3.14 · 10−1 4.53 · 102

x13 x14 x15 (K) x16 x17 x18 (K)
1.10 · 102 2.40 · 10−1 1.00 · 103 2.00 · 100 6.94 · 10−5 9.99 · 102

x1 (MPa) x2 x3 (K) x4 (MPa) x5 x6 (K)
2.06 · 105 1.52 · 10−7 2.29 · 101 3.27 · 103 6.64 · 10−1 1.00 · 103

Martensite x7 (MPa) x8 x9 (K) x10 (MPa) x11 x12 (K)
phase 2.91 · 103 4.05 · 10−1 1.00 · 103 1.71 · 104 5.85 · 10−1 1.00 · 103

x13 x14 x15 (K) x16 x17 x18 (K)
1.60 · 101 5.88 · 10−2 6.67 · 102 4.61 · 100 2.37 · 10−3 6.09 · 101

Kinetic ζ1 (K) ζ2 ζ3 (K−1) ξ1 (K) ξ2 ξ3 (K−1)
relation 4.62 · 102 5.89 · 100 −4.29 · 10−3 9.00 · 101 4.84 · 100 −4.94 · 10−2

Table 1: Identification of the coefficients of the temperature-evolution parameters corresponding to the austenite and martensite phases and
to the kinetic relation of Olson and Cohen (1975), see equations (27) and (28).

(ii) Unit-cell finite element calculations with a homogenized depiction of the bi-phase aggregate are performed under340

monotonic uniaxial tensile loading (see Section 5.1, with triaxility XΣγ+α′ = 1/3 and Lode parameter Lγ+α′ = −1).341

The Self-Consistent scheme version of the UMAT user subroutine described in Section 3 is employed, but the342

subroutine includes a simplified form of the kinetic law of martensitic transformation: fα′ = 1− e−ξ
(

1−e
−ζεγ+α′x

)4.5

,343

where εγ+α′x is the axial strain component of the bi-phase material that corresponds to the tensile loading direction344
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(see Fig. 3). This simplified law reduces the coupling between the kinetics of transformation and the homogenization345

approach, thereby facilitating the parameter identification operation (note that in the original law, equation (9),346

the driving force for the transformation is the accumulated plastic strain in the austenite phase). The finite element347

calculations are performed for the AISI 304L at three different constant temperatures (300 K, 77 K, and 4 K). The348

calculations use the material parameters for the austenite phase identified as described in the previous paragraph349

as well as the material parameters for the kinetic relation proposed by Fernández-Pisón et al. (2021) (see Table 2350

therein). Note that the material parameters for the kinetic relation are taken directly from Fernández-Pisón et al.351

(2021) in this step of the calibration because this former study assumed the aforementioned simplified kinetic law352

of martensitic transformation. Moreover, in accordance with the experiments, the bi-phase material is initially353

considered 100% austenite (f
(n=1)
α′ = 0). The coefficients corresponding to the functions σy0(T ), h1(T ), h2(T ),354

ψ1(T ), and ψ2(T ) for the martensite phase are identified for the best correlation between the numerical results and355

experimental tensile stress–strain curves in the bi-phase material, now covering the full range of strain shown in the356

source figure (Fig. 4 in Fernández-Pisón et al. (2021)). The coefficients corresponding to the function E(T ) are taken357

to be identical to those obtained for the austenite phase in accordance with Msolli et al. (2016) and Perdahcıoğlu358

and Geijselaers (2011a,b), among others, who make the simplifying assumption that the elastic properties of both359

individual phases are equal.360

(iii) Unit-cell finite element calculations with a homogenized depiction of the bi-phase aggregate are performed under361

monotonic uniaxial tensile loading. The precise Self-Consistent scheme version of the UMAT user subroutine,362

as described in Section 3, is employed (including the implementation of the original kinetic law of martensitic363

transformation shown in equation (9)). The finite element calculations are performed for the two grades, AISI 304L364

and AISI 316LN, at the three different constant temperatures. The calculations use the material parameters for the365

austenite and martensite phases identified as described in the previous paragraphs. The coefficients corresponding366

to the functions ζ(T ) and ξ(T ) (see equation (28)) are identified for the best correlation between the numerical367

results and the experimental data of the evolution of the volume fraction of martensite with the strain in the368

bi-phase material reported in Fernández-Pisón et al. (2021).369

Table 1 provides the final values of the coefficients for the temperature-evolution functions (equations (27) and (28)).370

Recall that these functions and associated coefficients are meant to be valid for the three analyzed temperatures—300 K,371

77 K, and 4 K—as well as for any other temperature T in the range under consideration. Particularizing these functions372

for the analyzed temperatures provides the material parameters given in Table 2. Note that the final material parameters373

for the kinetic relation (ζ and ξ) are different from the ones proposed by Fernández-Pisón et al. (2021), which have also374
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AISI 304L AISI 316LN

T = 300 K T = 77 K T = 4 K T = 300 K T = 77 K T = 4 K

E (GPa) 191 206 206 191 206 206

σy0 (MPa) 238 323 348 272 753 888

Austenite h1 (MPa) 10020 33922 40657 5040 16721 19980

phase h2 (MPa) 1676 1769 1795 2301 3686 4011

ψ1 101 101 101 74 81 83

ψ2 1.23 2.87 3.02 2.00 2.00 2.00

E (GPa) 191 206 206 191 206 206

σy0 (MPa) 338 925 1090 338 925 1090

Martensite h1 (MPa) 1319 1638 1727 1319 1638 1727

phase h2 (MPa) 3581 6275 7034 3581 6275 7034

ψ1 14.49 14.90 15.01 14.49 14.90 15.01

ψ2 3.10 4.57 4.59 3.10 4.57 4.59

Kinetic ζ 4.47 6.53 6.53 0.98 2.00 2.22

relation ξ 0.10 2.10 2.10 0.00 3.17 4.77

Table 2: Identification of the material parameters corresponding to the austenite and martensite phases and to the kinetic relation of Olson
and Cohen (1975), see equations (27) and (28), for the three analyzed temperatures: 300 K, 77 K, and 4 K.

been used here in the second step of the calibration. It is due to the fact that in the third step of the calibration, where375

those parameters are determined, the original kinetic law of martensitic transformation is used (equation 9). Moreover,376

the material parameters for the martensite phase of the AISI 316LN are the same as those of the AISI 304L. This is377

because, unlike for AISI 304L, the experimental stress-strain curves for AISI 316LN steel do not show any significant378

change as martensite forms. Therefore, only the experimental stress-strain curves for AISI 304L are used to calibrate379

the martensite phase (as previously mentioned), and it is assumed that the flow stress and strain hardening material380

parameters for martensite are the same for an AISI 316LN steel grade.381

Section 6.2 includes a comparison between tensile test calculations using the calibrated model and experimental382

data for both steel grades at the three analyzed temperatures (see Figs. 19 and 20). Since the material is initially383

fully austenitic, this comparison gives information on the accuracy of the calibration performed for the austenite phase.384

Regarding the martensite phase, the result of an additional unit-cell finite element simulation considering a non-evolving385

martensitic material (fα′ = 100% and ḟα′ = 0) is compared with experimental stress-strain curves for martensite at386

T = 300 K taken from the literature (the authors are not aware of any experimental martensite’s stress–strain curves at387
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cryogenic temperatures). The comparison is shown in Fig. 2, where the experimental data taken from Zaera et al. (2012)388

corresponds to the mechanical behavior of the single martensite phase on AISI 304 samples tensile tested by Rodŕıguez-389

Mart́ınez et al. (2011), and the experimental data supplied by the manufacturer KVA STAINLESS corresponds to a390

martensitic stainless steel AISI 410. A good correlation between the numerical results and the experimental data is391

obtained, which indicates the careful calibration developed for the martensite phase.392

Experiments:

Numerical simulation

Figure 2: Comparison of the stress-strain curve for the martensite phase resulting from the calibration performed in this work for AISI 304L
and experimental data at T = 300 K. The results of the simulations are shown with a black solid line. The experimental data from Rodŕıguez-
Mart́ınez et al. (2011) and Zaera et al. (2012), red markers, corresponds to the mechanical behavior of the single martensite phase on AISI 304
samples. The experimental data supplied by the manufacturer KVA STAINLESS, green markers, corresponds to a martensitic stainless steel
AISI 410 (Data source: https://www.kvastainless.com).

5. Finite element models393

This section describes the main features of the finite element models created in ABAQUS/Standard to assess the Mori-394

Tanaka and Self-Consistent homogenization schemes with regard to their ability to describe the mechanical behavior and395

martensitic transformation of AISI 304L and AISI 316LN austenitic steels. Two different models have been developed:396

(i) a cubic unit-cell subjected to controlled macroscopic triaxiality and Lode parameter; and (ii) a flat tensile sample397

subjected to prescribed displacement.398

5.1. Unit-cell399

The reference configuration of the unit-cell is defined by the domains 0 ≤ x ≤ L0, 0 ≤ y ≤ L0, and 0 ≤ z ≤ L0, where400

(x, y, z) is a Cartesian coordinate system with origin located at the bottom right corner of the cell and L0 = 1 mm (see401

Fig. 3(a)). The unit-cell plots included in Figs. 8 and 17 are referred to this coordinate system. We have performed two402

different types of unit-cell calculations related to the representation of the material microstructure:403

https://www.kvastainless.com/pdf/KVA_mech_props.pdf
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Figure 3: Cubic unit-cell finite element model: (a) dimensions and Cartesian coordinate system (x, y, z), (b) loading directions for the case of
monotonic loading simulations with Σγ+α′

I
, Σγ+α′

II
, and Σγ+α′

III
being the principal values of the macroscopic stress tensor of the bi-phase

material.

� Explicit depiction of the martensite inclusions and the austenite matrix. The mechanical behavior of the404

individual phases is modeled separately using the constitutive equations of Section 2.1. The material is considered405

to initially contain martensite inclusions that are represented as spherical particles which are perfectly bonded to406

the austenite matrix (consistent with the assumptions of the homogenization schemes, see Section 2). Different407

initial volume fractions of martensite have been investigated: 25%, 45%, and 65%. We have performed calculations408

with a single central inclusion, and with multiple inclusions distributed in the unit-cell, see Figs. 4(a) and 4(b)-(e),409

respectively. Note that two distinct cases with FCC-symmetric (face-centered cubic) distributions of inclusions have410

been examined: one involves a representative volume element with particles intersecting the unit-cell boundaries,411

see Fig. 4(b), while the other features a unit-cell with multiple inclusions and a boundary layer devoid of particles,412

see Fig. 4(c). We utilize the latter case for comparison with the configurations shown in Figs. 4(d)-(e), which413

include random spatial distribution of multiple inclusions and a boundary layer devoid of particles (note that414

models 4(b)-(c) essentially produce identical results for the same volume fraction of particles, see Section 6.1.1).415

The simulations with random spatial distribution of the particles have been carried out with inclusions of the416

same size and also with inclusions of different sizes, see Fig. 4(d)-(e). The particles with the same size have radii417

of 0.04475 mm, 0.054436 mm, and 0.061534 mm for the martensite volume fractions of 25%, 45%, and 65%,418

respectively (note that these inclusion sizes are used both in microstructures with random and FCC-symmetric419

spatial distributions of particles and a boundary layer devoid of inclusions, see Figs. 4(c)-(d)). For the particles420

with different sizes, see Fig. 4(e), following Giompliakis (2014), we use three different families of particles with421

radii {Ri, Rii, Riii} = {9
4Rmin,

7
4Rmin, Rmin} and particle concentrations {Fi, Fii, Fiii} = {0.5Fα′ , 0.25Fα′ , 0.25Fα′},422
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where Fα′ is the total volume fraction of martensite in the unit-cell and Rmin is the radius used in the monodisperse423

microstructure such that Rmin = 0.04475 mm, 0.054436 mm, and 0.061534 mm for Fα′ = 25%, 45%, and 65%,424

respectively. The unit-cell has been discretized with ten-node quadratic tetrahedral elements (C3D10 in ABAQUS425

notation), see Fig. 3(b). A very fine mesh near the spherical particles is necessary to capture the initial geometry426

and shape evolution of the martensite inclusions during loading. The number of elements increases with the number427

of inclusions and the martensite volume fraction. For the calculations with a single central particle and a martensite428

volume fraction of 25%, the mesh is discretized with ≈ 34000 elements, while the mesh of the unit-cell with a FCC-429

symmetric spatial distribution of the particles, a boundary layer devoid of particles, and 65% martensite consists430

of ≈ 900000 elements. A mesh sensitivity analysis has been carried out to confirm that the quantitative results431

and general trends provided in this paper are largely independent of the discretization (the results are not shown432

for the sake of brevity). A workstation AMD Milan 7453 @ 2.75 GHz with 56 cores has been used to perform433

the calculations. The computational cost of each simulation varied from 2 hours to 4 weeks, depending on the434

microstructure considered, using simultaneously all the cores of the workstation.435

Figure 4: Unit-cell finite element model with explicit depiction of the martensite inclusions colored in red and the austenite matrix colored in
blue: (a) single central inclusion, (b) representative volume element of a FCC-symmetric spatial distribution of inclusions with the same size
and particles intersecting the boundaries, (c) FCC-symmetric spatial distribution of inclusions with the same size and a boundary layer devoid
of particles, (d) random spatial distribution of inclusions with the same size and a boundary layer devoid of particles, and (e) random spatial
distribution of inclusions with different sizes and a boundary layer devoid of particles. The finite element models correspond to the case of
Fα′ = 25%.

� Homogenized depiction of the bi-phasic aggregate. The effective mechanical behavior of the material is436

modeled using the constitutive equations of Section 2.3. Simulations are performed using both versions of the437

UMAT user subroutine (Section 3) corresponding to the Mori-Tanaka and Self-Consistent approaches. The unit-438

cell has been meshed with 12 ten-node quadratic tetrahedral elements (this is the minimum number of C3D10439

elements required to model a cubic geometry). Note that the number of elements is 3000 times less than in the440

simulations performed with a single central martensite inclusion and 75000 times less than in the calculations with a441

FCC-symmetric spatial distribution of the particles, a boundary layer devoid of particles, and 65% martensite. The442

calculations have been performed using a single core of a laptop computer with an Intel(R) Core(TM) i5− 8350U443
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CPU @ 1.70 GHz. The computational cost of a simulation varied between 5 and 40 minutes, depending on the444

homogenization scheme considered, i.e., these calculations are significantly faster than the simulations with an445

explicit depiction of the martensite inclusions and the austenite matrix.446

The macroscopic stress tensor in the unit-cell (bi-phase material) is defined as the volumetric averaging of the447

microscopic (local, i.e., defined at each integration point) Cauchy stress tensor Σγ+α′ = 1
Vcell

∫
Vcell

σdV (Vadillo et al.,448

2016; Hosseini et al., 2022), with Vcell =
∫
Vcell

dV being the total volume of the unit-cell. Moreover, the macroscopic449

strain tensor of the bi-phase material is defined as the volumetric averaging of the microscopic strain tensor εγ+α′ =450

1
Vcell

∫
Vcell

εdV , where the definition of the microscopic strain tensor provided by ABAQUS/Standard has been adopted,451

ε̇∇ = d, see Nguyen and Waas (2016). Note that for the simulations with the homogenized depiction of the bi-phasic452

aggregate, the so-called microscopic stress and strain tensors, σ and ε, are referred to the bi-phase material, σγ+α′ and453

εγ+α′ , respectively, see Fig. 1. Furthermore, the formulations of the macroscopic stress and strain tensors of the bi-phase454

material are equivalent to the stress and strain average theorems applied in homogenization procedures, see equation (4.1)455

in Chatzigeorgiou et al. (2018) and equation (1.4) in Böhm (1998). Similarly, the macroscopic stress and strain tensors456

for each individual phase are defined as Σp = 1
Vp

∫
Vcell

σpdVp and εp = 1
Vp

∫
Vcell

εpdVp, with Vp =
∫
Vcell

dVp being the total457

volume of each individual phase, where the subscript p refers to either the austenite or the martensite phase (p = γ or458

p = α′, respectively). In the simulations with explicit depiction of the martensite inclusions and the austenite matrix,459

the macroscopic fields of each individual phase only account for the elements whose material corresponds to this specific460

phase (Srivastava et al., 2015). It means that, for the martensite phase, (•)p dVp = (•) dV for elements within the particles461

and (•)p dVp = 0 for elements within the matrix, and the inverse for the austenite phase. On the other hand, for the462

simulations with the homogenized depiction of the bi-phasic aggregate, the macroscopic fields are calculated accounting463

for all the elements in the unit-cell using (•)p dVp = (•)p fpdV , with fp being the microscopic volume fraction of the464

considered phase (see Section 2.2). Note that the formulations of the macroscopic stress and strain tensors for each465

individual phase are equivalent to the phase-wise uniform stress and strain fields employed in mean-field homogenization466

approaches, see equation (1.16) in Böhm (1998). Furthermore, the macroscopic volume fraction of martensite is defined as467

Fα′ = 1
Vcell

∫
Vcell

dVα′ where, in simulations with explicit depiction of the martensite inclusions and the austenite matrix,468

dVα′ = dV for elements within the particles and dVα′ = 0 for elements within the matrix; while, for the simulations with469

homogenized depiction of the bi-phasic aggregate, dVα′ = fα′dV for all the elements. Note that the terms microscopic470

and macroscopic adopt the conventional definitions used in unit-cell finite element simulations: microscopic refers to the471

integration point level, and macroscopic refers to a volumetric average in the unit-cell. Notice the difference with literature472

dealing exclusively with homogenization notions, where the term macroscopic is reserved for the bi-phase material.473

The stress state in the unit-cell (bi-phase material) and in the individual phases is described by the corresponding474
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macroscopic stress triaxiality XΣ = Σh
Σ

and macroscopic Lode parameter L = 2ΣII−ΣI−ΣIII
ΣI−ΣIII

. Note that Σh = ΣI+ΣII+ΣIII
3475

and Σ =
√

3
2Σ′ : Σ′ are the macroscopic hydrostatic stress and the macroscopic effective stress, respectively, with ΣI ,476

ΣII , and ΣIII (ΣI ≥ ΣII ≥ ΣIII) being the principal values of the macroscopic stress tensor and Σ′ = Σ−Σh1 being the477

macroscopic deviatoric stress tensor. Moreover, for representation purposes, we also define a macroscopic effective strain478

as ε =
√

2
3ε
′ : ε′, where ε′ = ε− εh1 is the macroscopic deviatoric strain tensor and εh = εI+εII+εIII

3 is the macroscopic479

volumetric strain, with εI , εII , and εIII (εI ≥ εII ≥ εIII) being the principal values of the macroscopic strain tensor.480

Note that for the previous definitions, the subscripts (γ+α′, γ, or α′, denoting the bi-phase material, austenite phase, and481

martensite phase, respectively) have been omitted because these definitions can be applied separately to any of them by482

using the corresponding macroscopic stress and strain tensors that were previously introduced. Hereinafter, when these483

variables appear without a subscript, it means that they refer to the three of them separately: the bi-phase material, the484

austenite phase, and the martensite phase.485

In the simulations, periodic boundary conditions have been applied on the unit-cell using the equations for the nodal486

displacements reported in Appendix A of Dakshinamurthy et al. (2021). The multi-point constraint subroutine developed487

by Dakshinamurthy et al. (2021) has been employed to impose controlled values of macroscopic stress triaxiality and488

macroscopic Lode parameter in the unit-cell (bi-phase material), XΣγ+α′ and Lγ+α′ , respectively—see also Hosseini489

et al. (2022) and Vishnu et al. (2023). The loading directions are parallel to the principal directions of the macroscopic490

stress tensor of the bi-phase material, such that the major loading direction corresponds to the principal stress direction491

associated with Σγ+α′I and the minor loading direction corresponds to the principal stress direction associated with492

Σγ+α′III ; see Fig. 3(b) for the case of the monotonic loading simulations (for the cyclic loading simulations, the direction493

of Σγ+α′I and Σγ+α′III switches, see Fig. 12).494

The calculations with an explicit description of the microstructure are to be compared with the simulations performed495

with the Mori-Tanaka and Self-Consistent approaches to evaluate the ability of the homogenization schemes to describe496

the effective behavior of the bi-phase material and the individual phases. Section 6.1 includes calculations performed under497

monotonic and cyclic loading for different values of macroscopic triaxiality XΣγ+α′ = −0.5, 0.5, 1.5, and 3 and macroscopic498

Lode parameter Lγ+α′ = −1, 0, and 1 for constant and evolving martensite volume fraction. The calculations are499

performed using the material parameters corresponding to AISI 304L austenitic stainless steel at the constant temperature500

of T = 77 K (see Table 2). Additional calculations using the material parameters for AISI 304L at T = 4 K and for501

AISI 316LN at T = 77 K are presented in Appendix B and Appendix C, respectively. Note that the material parameters502

were identified against experiments based on the homogenized model predictions for the evolving bi-phase material under503

tensile loading (see Section 4). The unit-cell simulations presented in Section 6.1 do not involve any prior calibration of504

the homogenized model (no further calibrations were performed for constant martensite volume fractions or for different505
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loading conditions). Therefore, the comparison between the unit-cell simulations using the homogenization schemes506

and the calculations with an explicit description of the microstructure (Section 6.1) is independent of the calibration507

procedure. The idea is to avoid using the same set of data for both parameter identification and model evaluation.508

5.2. Tensile test509

The geometry of the tensile sample is based on a “non-proportional test piece” according to the standard ISO-6892-4510

(2015), see Fig. 5. This is the sample used by Fernández-Pisón et al. (2021) to perform the tensile experiments that are511

employed in Section 4 to calibrate the constitutive model. Material points are referred to using a Cartesian coordinate512

system with positions in the reference configuration denoted as (x, y, z), the origin of coordinates is located in the center513

of mass of the sample, see Fig. 5.514

(a) (b)
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Figure 5: Tensile sample finite element model: (a) geometry and dimensions in millimeters (thickness is 4 mm), (b) mesh and boundary
conditions.

The boundary conditions used in the finite element model are such that the right-side surface of the sample is clamped:515

Ux (−40.575, y, z, t) = Uy (−40.575, y, z, t) = Uz (−40.575, y, z, t) = 0

URx (−40.575, y, z, t) = URy (−40.575, y, z, t) = URz (−40.575, y, z, t) = 0

(29)

and a uniform displacement is prescribed in the axial direction on the left-side surface of the sample:516

Ux (40.575, y, z, t) = U0

Uy (40.575, y, z, t) = Uz (40.575, y, z, t) = 0

URx (40.575, y, z, t) = URy (40.575, y, z, t) = URz (40.575, y, z, t) = 0

(30)
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where U and UR are the displacement and rotation along a given direction (indicated by the subscript x, y, or z, see517

Fig. 5) and U0 is the magnitude of the prescribed displacement, which is taken to be between 15 mm and 20 mm,518

depending on the sample’s material (AISI 304L or AISI 316LN) and the testing temperature, in order to ensure that the519

material’s ultimate tensile strength is attained.520

Moreover, a constant temperature is imposed in the finite element simulations:521

T (x, y, z, t) = T0 (31)

where T0 is 300 K, 77 K, or 4 K. The analysis is isothermal, the sample’s temperature is uniform in space and remains522

constant over time. This assumption is based on the observation that under cryogenic conditions and low strain rates, the523

heat released during the test (generated by the deformation or phase transformation) is rapidly removed by the cryogenic524

coolant. The reader is referred to the work of Tabin et al. (2016, 2019), which shows local temperature rises in the form525

of δ-Dirac function (temperature spikes) on tensile samples during testing at 4 K.526

The effective mechanical behavior of the material is modeled using the constitutive equations of Section 2.3 (i.e., the527

homogenized depiction of the bi-phasic aggregate). Simulations are performed using the UMAT user subroutine described528

in Section 3. The material is considered to be fully austenitic in the undeformed configuration. The martensitic transfor-529

mation occurs as the loading proceeds. The sample has been meshed with 450 eight-node tri-linear brick elements (C3D8530

in ABAQUS notation). A mesh convergence study has been performed in which the time evolution of different critical531

output variables, namely stress, strain, volume fraction of martensite, and necking inception, were compared against532

different mesh sizes. While we have found some mesh sensitivity in the numerical results, we have checked that it does533

not significantly affect our results, neither qualitatively nor quantitatively. The calculations have been carried out using534

a single core of a laptop computer with an Intel(R) Core(TM) i5−8350U CPU @ 1.70 GHz. The computational cost of a535

simulation varied between 10 and 45 minutes, depending on the rate of the martensitic transformation (the calculations536

are faster for cases showing a slow or nonexistent transformation) and on the homogenization scheme considered (the537

Mori-Tanaka scheme was 10% faster than the Self-Consistent for the case with the maximum time difference between538

the two). Note that the computational cost is not significantly higher than in the unit-cell calculations using the same539

homogenized model because the unit-cell calculations include cyclic loading simulations where the accumulated macro-540

scopic effective strain of the bi-phase material is more than three times higher than in the tensile simulations. The tensile541

test calculations are to be compared with the experiments of Fernández-Pisón et al. (2021) to check the ability of the542

developed homogenized model to predict the martensitic transformation in AISI 304L and AISI 316LN steels subjected543

to cryogenic temperatures (see Figs. 19 and 20).544
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6. Results545

The calculations performed with the unit-cell model and the tensile sample are reported in Sections 6.1 and 6.2,546

respectively.547

6.1. Unit-cell calculations548

The results obtained with the explicit representation of the martensite inclusions and the austenite matrix are549

systematically compared to the calculations carried out using Mori-Tanaka and Self-Consistent homogenization schemes.550

The calculations are performed with parameters corresponding to AISI 304L steel tested at T = 77 K, see Table 2.551

Section 6.1.1 shows results for different values of stress triaxiality XΣγ+α′ = −0.5, 0.5, 1.5, and 3 and Lode parameter552

Lγ+α′ = −1, 0, and 1, for monotonic and cyclic loading, and for a constant volume fraction of martensite of Fα′ = 45%.553

Section 6.1.2 includes calculations performed with two additional values of constant martensite volume fraction, Fα′ =554

25% and 65%, for stress triaxiality XΣγ+α′ = 0.5, and Lode parameter Lγ+α′ = −1. Simulations with evolving volume555

fraction of martensite for XΣγ+α′ = 0.5 and Lγ+α′ = −1 are shown in Section 6.1.3. Note that the calculations presented556

in Sections 6.1.1 and 6.1.2 assess the predictive capacity of both homogenization models to capture the mechanical557

response of unit-cells with an explicit representation of the martensitic microstructure. The mechanical behavior of the558

individual phases in both the homogenization models and the simulations with microstructure representation is the same.559

It is important to emphasize that there has not been any prior calibration of the homogenized models to align with the560

mechanical response of the unit-cells featuring microstructure representation.561

6.1.1. Salient results562

Fig. 6 shows the evolution of the normalized macroscopic effective stress Σ̄/σy0
γ with the macroscopic effective strain563

ε̄ for calculations with different microstructures with an explicit representation of the martensite inclusions: (a) single564

central particle, (b) representative volume element of a FCC-symmetric spatial distribution of inclusions with the same565

size and particles intersecting the boundaries, (c) FCC-symmetric spatial distribution of inclusions with the same size566

and a boundary layer devoid of particles and (d) random spatial distribution of particles with different sizes. The567

volume fraction of martensite is Fα′ = 45%. The choice of this high martensite volume fraction is motivated by the568

fact that the model has been specifically developed for cryogenic temperatures, during which certain grades show large569

amount of transformed martensite. Note also that a microstructure with a random distribution of particles of the same570

size (similar to the one shown in Fig. 4(d) for Fα′ = 25%) is not possible for a martensite content of Fα′ = 45%.571

The results with explicit depiction of the microstructure are compared with the predictions of the Mori-Tanaka and572

Self-Consistent homogenization schemes for the bi-phase material, the austenite phase, and the martensite phase (for573

the homogenized model, a constant fα′ = 45% is imposed). The idea is to assess the capability of the homogenized574
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models to describe the mechanical response of unit-cell simulations with explicit microstructure representation. The575

calculations correspond to monotonic loading, with the stress triaxiality and Lode parameter being XΣγ+α′ = 0.5 and576

Lγ+α′ = −1 (axisymmetric tension), respectively. The macroscopic effective strain in the bi-phase material is imposed577

to reach ε̄γ+α′ = 0.4, and the colored markers indicate the corresponding value of the macroscopic effective strain in578

the individual phases. Recall that the behavior of the individual phases is the same in both homogenization schemes579

and in the simulations with microstructure representation, and that the behavior of the phases was determined based580

on the tensile experiments presented in Fernández-Pisón et al. (2021). Consequently, the comparison performed between581

Mori-Tanaka and Self-Consistent predictions with unit-cell simulations including explicit representation of the austenite582

and martensite microstructure does not entail any a priori calibration of the homogenization schemes.583

As can be seen in Fig. 6, the predictions of the homogenization schemes for the effective behavior of the bi-phase584

material are very close to the results obtained with the four microstructures considered (single central particle, represen-585

tative volume element of a FCC-symmetric spatial distribution of inclusions with the same size and particles intersecting586

the boundaries, FCC-symmetric spatial distribution of inclusions with the same size and a boundary layer devoid of587

particles, and random spatial distribution of particles); notably, the Self-Consistent model virtually overlaps with the588

unit-cell calculations with explicit representation of the martensite inclusions. However, the partitioning of the strain589

between the two phases calculated with the homogenization schemes shows important differences with the simulations590

with explicit representation of the microstructure since both Self-Consistent and Mori-Tanaka underestimate the strain591

in the martensite and overestimate the strain in the austenite. The largest differences are obtained with the Mori-Tanaka592

model. For instance, for the calculation with a single central particle (see Fig. 6(a)), for a macroscopic effective strain593

in the bi-phase material of ε̄γ+α′ = 0.4, the Self-Consistent and Mori-Tanaka models underestimate the strain in the594

martensite by 20% and 45%, respectively, and overestimate the strain in the austenite by 14% and 27%. Note that,595

since the martensite is the hard phase, the effective strain is significantly smaller than in the austenite (as expected). In596

fact, the larger strain in the martensite predicted by the Self-Consistent scheme explains the slightly higher stress in the597

bi-phase material obtained by this scheme compared to the Mori-Tanaka scheme (the Self-Consistent Σ̄γ+α′/σ
y0
γ − ε̄γ+α′598

curve lies above the Mori-Tanaka curve). Moreover, note that, unlike in the original model of Garion and Skoczeń (2002),599

the strain increment in the bi-phase material does not match the strain increment in the austenite matrix. Note also that600

the results shown in Figs. 6(b) and 6(c) for the representative volume element of an FCC-symmetric spatial distribution601

of inclusions with the same size and particles intersecting the boundaries (Fig. 4(b)), and for the FCC-symmetric spatial602

distribution of inclusions with the same size and a boundary layer devoid of particles (Fig. 4(c)), respectively, are virtually603

the same. These two representations of the FCC-symmetric spatial distribution of inclusions are essentially equivalent.604

Fig. 7 shows the evolution of the macroscopic effective strain in the austenite ε̄γ and the martensite ε̄α′ with the605
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(a) (b)

(c) (d)

Figure 6: Unit-cell finite element simulations. Monotonic loading. Material 304L, temperature T = 77 K, and volume fraction of martensite Fα′ =
45%. Comparison of Mori-Tanaka and Self-Consistent homogenization schemes with calculations corresponding to different microstructures:
(a) single central particle, Fig. 4(a), (b) FCC-symmetric spatial distribution of inclusions with the same size and particles intersecting the
boundaries, Fig. 4(b), (c) FCC-symmetric spatial distribution of inclusions with the same size and a boundary layer devoid of particles, Fig. 4(c),
and (d) random spatial distribution of particles with different sizes, Fig. 4(e). Evolution of the normalized macroscopic effective stress Σ̄/σy0

γ

with the macroscopic effective strain ε̄. Results corresponding to the bi-phase material, the austenite phase, and the martensite phase for a
stress triaxiality and Lode parameter in the unit-cell equal to XΣγ+α′ = 0.5 and Lγ+α′ = −1, respectively. The colored markers indicate the
value of the macroscopic effective strain in the individual phases for a macroscopic effective strain in the bi-phase material of ε̄γ+α′ = 0.4. (For
interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)

macroscopic effective strain in the bi-phase material ε̄γ+α′ for the same calculations included in Fig. 6. The strain in the606

phases increases linearly with the strain in the bi-phase material, with a higher growth rate in the austenite and a lower607

one in the martensite compared to the bi-phase material (as expected since the martensite is the hard phase). Consistent608

with Fig. 6, the predictions of the Self-Consistent model are closer to the results obtained with the explicit description609

of the microstructure than those provided by the Mori-Tanaka homogenization scheme.610

The different deformation of austenite matrix and martensite particles is further illustrated in the contour plots of611
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(a) (b)

(c) (d)

Figure 7: Unit-cell finite element simulations. Monotonic loading. Material 304L, temperature T = 77 K, and volume fraction of martensite Fα′ =
45%. Comparison of Mori-Tanaka and Self-Consistent homogenization schemes with calculations corresponding to different microstructures:
(a) single central particle, Fig. 4(a), (b) FCC-symmetric spatial distribution of inclusions with the same size and particles intersecting the
boundaries, Fig. 4(b), (c) FCC-symmetric spatial distribution of inclusions with the same size and a boundary layer devoid of particles, Fig. 4(c),
and (d) random spatial distribution of particles with different sizes, Fig. 4(e). Evolution of the macroscopic effective strain in the austenite ε̄γ
and the martensite ε̄α′ with the macroscopic effective strain in the bi-phase material ε̄γ+α′ . Results for a stress triaxiality and Lode parameter
in the unit-cell equal to XΣγ+α′ = 0.5 and Lγ+α′ = −1, respectively. The colored markers indicate the value of the macroscopic effective strain
in the individual phases for a macroscopic effective strain in the bi-phase material of ε̄γ+α′ = 0.4. (For interpretation of the references to color
in this figure legend, the reader is referred to the web version of this article.)

accumulated plastic strain ε̄p included in Fig. 8. Note that the results correspond to the same calculations presented612

in Figs. 6 and 7 with explicit representation of the microstructure. The plots correspond to two different values of the613

macroscopic effective strain: ε̄γ+α′ = 0.2 and ε̄γ+α′ = 0.4, showing matrix and inclusions separately. The cut-view of the614

matrix shows the imprint of the martensite particles, which stretch out during loading, turning into elongated spheroids615

with the semimajor axis parallel to the major loading direction. Note that, even when the inclusions lose their original616

spherical shape, the expression used for Eshelby’s tensor in the homogenized model (equation (21)) does not lead to617
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Figure 8: Unit-cell finite element simulations. Monotonic loading. Material 304L, temperature T = 77 K, and volume fraction of martensite
Fα′ = 45%. Contours of accumulated plastic strain ε̄p for calculations corresponding to different microstructures: (a) single central particle,
Fig. 4(a), (b) FCC-symmetric spatial distribution of inclusions with the same size and particles intersecting the boundaries, Fig. 4(b), (c) FCC-
symmetric spatial distribution of inclusions with the same size and a boundary layer devoid of particles, Fig. 4(c), and (d) random spatial
distribution of particles with different sizes, Fig. 4(e). Stress triaxiality and Lode parameter in the unit-cell: XΣγ+α′ = 0.5 and Lγ+α′ = −1,
respectively. (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)

inaccurate predictions of the material’s effective behavior (see Figs. 6 and 9). The color coding of the isocontours is such618

that accumulated plastic strains ranging from 0 to 0.6 correlate with a color scale that goes from blue to red. Accumulated619

plastic strains above 0.6 remain red. The color maps indicate larger plastic strains and larger plastic strain gradients620

in the austenite compared to the martensite. Notice that the accumulated plastic strain in the particles is generally621



30

smaller than the macroscopic effective strain in the bi-phase material, while the accumulated plastic strain in the matrix622

is greater (as expected since the martensite is the hard phase in the bi-phase material). Namely, for the macroscopic623

strain ε̄γ+α′ = 0.4, the maximum accumulated plastic strain for the microstructures with a single central particle, FCC-624

symmetric spatial distribution of inclusions with the same size and particles intersecting the boundaries, FCC-symmetric625

spatial distribution of inclusions with the same size and a boundary layer devoid of particles, and a random spatial626

distribution of particles is 1.27, 1.40, 2.43, and 12.5, respectively (such high values are obtained because no failure627

criterion is used). These large values of accumulated plastic strain are located near the interface between austenite and628

martensite, close to the semimajor axis of the deformed particles, so that the interaction between martensite inclusions629

promotes plastic localization in the austenite. Furthermore, in a microstructure with randomly distributed particles, the630

highest accumulated plastic strain occurs in the region between closely spaced inclusions (note that the minimum allowed631

distance between particles in the undeformed configuration is 1 µm).632

633

Fig. 9 shows the evolution of the normalized macroscopic effective stress Σ̄/σy0
γ with the macroscopic effective strain634

ε̄ for the microstructure with FCC-symmetric spatial distribution of inclusions with the same size and a boundary layer635

devoid of particles, see Fig. 4(c), for the Mori-Tanaka and Self-Consistent homogenization schemes. The difference with636

Fig. 6(c) is that the Lode parameter in the unit-cell is Lγ+α′ = 0 (generalized shear) and Lγ+α′ = 1 (axisymmetric637

compression) in Figs. 9(a) and 9(b), respectively. The results for the three values of the Lode parameter are very638

similar, with the normalized macroscopic effective stress in the bi-phase material for the FCC-symmetric distribution of639

particles slightly decreasing as the Lode parameter increases (notice that the homogenization scheme providing closer640

predictions to the Σ̄/σy0
γ − ε̄ curve obtained with the explicit representation of the microstructure is the Self-Consistent641

for Lγ+α′ = −1, and the Mori-Tanaka for Lγ+α′ = 1, compare Figs. 6(c) and 9(b)). Moreover, there is a difference in the642

strain in the individual phases for the calculations with explicit representation of the microstructure: the effective strain643

in the austenite/martensite is slightly smaller/greater for Lγ+α′ = −1 than for Lγ+α′ = 1, with Lγ+α′ = 0 representing644

an intermediate situation between the other two (see the colored markers and the numbers for ε̄γ+α′ = 0.4 in the legend645

of Figs. 6(c) and 9).646

647

Fig. 10 includes Σ̄/σy0
γ − ε̄ curves obtained with the FCC-symmetric spatial distribution of inclusions with the same648

size and a boundary layer devoid of particles, see Fig. 4(c), and with the Mori-Tanaka and Self-Consistent homogenization649

schemes. The difference with Fig. 6(c) is that the stress triaxiality in the unit-cell is greater: XΣγ+α′ = 1.5 and XΣγ+α′ = 3650

in Figs. 10(a) and 10(b), respectively. The Σ̄/σy0
γ −ε̄ curves are virtually insensitive to the triaxiality because the individual651

phases are modeled using von Mises plasticity, see Section 2.1. However, the distribution of hydrostatic stress in the phases652
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(a) (b)

Figure 9: Unit-cell finite element simulations. Monotonic loading. Material 304L, temperature T = 77 K, and volume fraction of martensite
Fα′ = 45%. Comparison of Mori-Tanaka and Self-Consistent homogenization schemes with calculations corresponding to the FCC-symmetric
spatial distribution of inclusions with the same size and a boundary layer devoid of particles, see Fig. 4(c). Evolution of the normalized
macroscopic effective stress Σ̄/σy0

γ with the macroscopic effective strain ε̄. Results corresponding to the bi-phase material, the austenite phase,
and the martensite phase for stress triaxiality in the unit-cell XΣγ+α′ = 0.5. Lode parameter in the unit-cell: (a) Lγ+α′ = 0 and (b) Lγ+α′ = 1.
The colored markers indicate the value of the macroscopic effective strain in the individual phases for a macroscopic effective strain in the
bi-phase material of ε̄γ+α′ = 0.4. (For interpretation of the references to color in this figure legend, the reader is referred to the web version of
this article.)

depends on the triaxiality. Figs. 11(a) and 11(b) show the evolution of the normalized macroscopic hydrostatic stress653

Σh/σ
y0
γ with the macroscopic effective strain ε̄ for the same calculations included in Figs. 10(a) and 10(b), respectively.654

Note that the hydrostatic stress in the bi-phase material and in the individual phases is double for XΣγ+α′ = 3 than655

for 1.5. The Self-Consistent scheme yields Σh/σ
y0
γ results that are very similar to the calculations with FCC-symmetric656

spatial distribution of particles, while the Mori-Tanaka scheme overestimates the hydrostatic stress in the martensite657

and underestimates the hydrostatic stress in the austenite and in the bi-phase material. For a given value of the effective658

strain in the individual phases, the hydrostatic stress in the martensite is higher than in the austenite (due to the higher659

flow strength in the martensite). However, under a given homogenization scheme, the macroscopic hydrostatic stress660

predicted for the bi-phase material is the same as that for the individual phases at a given value of the macroscopic661

effective strain in the bi-phase material.662

663

Fig. 12 compares cyclic loading results obtained with the explicit representation of a single central martensitic inclu-664

sion, see Fig. 4(a), with the results from the Mori-Tanaka and Self-Consistent homogenization schemes. The normalized665

macroscopic effective stress Σ̄/σy0
γ is plotted against the macroscopic effective strain ε̄ for the bi-phase material, the666

austenite phase, and the martensite phase in subfigures 12(a), 12(b), and 12(c), respectively. The simulations are per-667

formed for the macroscopic effective strain to vary in the bi-phase material ε̄γ+α′ from 0.15 to −0.15. Note that the668
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(a) (b)

Figure 10: Unit-cell finite element simulations. Monotonic loading. Material 304L, temperature T = 77 K, and volume fraction of martensite
Fα′ = 45%. Comparison of Mori-Tanaka and Self-Consistent homogenization schemes with calculations corresponding to the FCC-symmetric
spatial distribution of inclusions with the same size and a boundary layer devoid of particles, see Fig. 4(c). Evolution of the normalized
macroscopic effective stress Σ̄/σy0

γ with the macroscopic effective strain ε̄. Results corresponding to the bi-phase material, the austenite phase,
and the martensite phase for the Lode parameter in the unit-cell Lγ+α′ = −1. Stress triaxiality in the unit-cell: (a) XΣγ+α′ = 1.5 and
(b) XΣγ+α′ = 3. The colored markers indicate the value of the macroscopic effective strain in the individual phases for a macroscopic effective
strain in the bi-phase material of ε̄γ+α′ = 0.4. (For interpretation of the references to color in this figure legend, the reader is referred to the
web version of this article.)

(a) (b)

Figure 11: Unit-cell finite element simulations. Monotonic loading. Material 304L, temperature T = 77 K, and volume fraction of martensite
Fα′ = 45%. Comparison of Mori-Tanaka and Self-Consistent homogenization schemes with calculations corresponding to the FCC-symmetric
spatial distribution of inclusions with the same size and a boundary layer devoid of particles, see Fig. 4(c). Evolution of the normalized
macroscopic hydrostatic stress Σh/σ

y0
γ with the macroscopic effective strain ε̄. Results corresponding to the bi-phase material, the austenite

phase, and the martensite phase for the Lode parameter in the unit-cell Lγ+α′ = −1. Stress triaxiality in the unit-cell: (a) XΣγ+α′ = 1.5 and
(b) XΣγ+α′ = 3. The colored markers indicate the value of the macroscopic effective strain in the individual phases for a macroscopic effective
strain in the bi-phase material of ε̄γ+α′ = 0.4. (For interpretation of the references to color in this figure legend, the reader is referred to the
web version of this article.)
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(a)

(b) (c)

Figure 12: Unit-cell finite element simulations. Cyclic loading. Material 304L, temperature T = 77 K, and volume fraction of martensite
Fα′ = 45%. Varying stress triaxiality XΣγ+α′ = ±0.5 and Lode parameter Lγ+α′ = ±1 in the unit-cell. Comparison of Mori-Tanaka and
Self-Consistent homogenization schemes with calculations corresponding to a single central particle, see Fig. 4(a). Evolution of the normalized
macroscopic effective stress Σ̄/σy0

γ with the macroscopic effective strain ε̄ varying the macroscopic effective strain of the bi-phase material
between 0.15 and −0.15. Results corresponding to: (a) bi-phase material, (b) austenite phase, and (c) martensite phase. The colored arrows
and numbers indicate the loading sequence and order of cycles. (For interpretation of the references to color in this figure legend, the reader is
referred to the web version of this article.)

negative values of the macroscopic effective stress and the macroscopic effective strain are for representation purposes669

only, actually, the macroscopic effective stress and strain are always positive. The positive/negative values of the macro-670

scopic effective strain in the bi-phase material ε̄γ+α′ correspond to the positive/negative displacements of the unit-cell671

side x = 0 along the x-direction, see Fig. 3. Moreover, the positive values of the normalized macroscopic effective stress672

in the bi-phase material Σ̄γ+α′/σ
y0
γ correspond to XΣγ+α′ = 0.5 and Lγ+α′ = −1, while the negative values corresponds673

to XΣγ+α′ = −0.5 and Lγ+α′ = 1 (the sign of triaxiality and Lode parameter in the unit-cell switches during the simu-674
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lation). For the individual phases, the positive values of the normalized macroscopic effective stress Σ̄p/σ
y0
γ correspond675

to Lp = −1 and the negative values correspond to Lp = 1, where the subscript p refers to either the austenite or the676

martensite phase (p = γ or p = α′, respectively). The positive/negative values of the macroscopic effective strain ε̄p are677

deduced from the shape of the Σ̄p/σ
y0
γ − ε̄p curve. The simulations consist of two and a quarter cycles.678

The predictions of the homogenization schemes for the bi-phase material are in satisfactory agreement with the single679

particle simulation results, see Fig. 12(a), notably in the case of the Self-Consistent approach (the Mori-Tanaka model680

slightly underestimates the effective stress). Notice that the kinematic contribution to the hardening of the individual681

phases (recall that the Bauschinger parameter was taken as β = 0.45 for both austenite and martensite) makes the682

absolute effective stress in the bi-phase material drop from 1185 MPa at the beginning of the first unloading (see the683

yellow marker in Fig.12(a), Σ̄γ+α′/σ
y0
γ = 3.67) to −113 MPa (Σ̄γ+α′/σ

y0
γ = −0.35) when plastic strains start developing684

again (these values refer to the unit-cell simulation performed with the Self-Consistent homogenization scheme). However,685

the homogenization schemes provide less accurate predictions for the mechanical behavior of the individual phases (notice686

that both the scale of the abscissa and ordinate axis are different in subplots 12(a), 12(b), and 12(c)). Consistent with687

the results shown in Figs. 6, 9, and 10, Self-Consistent and Mori-Tanaka overestimate the strain in the austenite and688

underestimate the strain in the martensite, with increasing differences as the number of cycles increases. Notice that the689

Σ̄/σy0
γ − ε̄ cycles predicted by the homogenization schemes for the austenite/martensite are exterior/interior to the results690

for the single central particle, with the cycle obtained with Mori-Tanaka displaying the largest/smallest amplitude.691

6.1.2. The effect of martensite volume fraction692

Fig. 13 shows the evolution of the normalized macroscopic effective stress Σ̄/σy0
γ with the macroscopic effective strain693

ε̄ for calculations with two different microstructures: (a) single central particle, see Fig. 4(a), and (b) random spatial694

distribution of particles with the same size, see Fig. 4(d). The volume fraction of martensite is Fα′ = 25% in contrast695

to the calculations included in previous Section 6.1.1 that correspond to a larger martensite content of 45%. Note that696

for Fα′ = 25%, it is possible to create all microstructures introduced in Fig. 4. For the sake of brevity and since it does697

not significantly affect the results, neither qualitatively nor quantitatively, only the calculations corresponding to the698

two aforementioned microstructures have been included in Fig. 13 (results for the FCC-symmetric spatial distribution699

of particles are provided and discussed in a following paragraph). The results are compared with the predictions of the700

Mori-Tanaka and Self-Consistent homogenization schemes. Recall that the homogenized models have not been calibrated701

to align with the mechanical response of the unit cells with an explicit representation of the microstructure. Both702

homogenization schemes and the explicit model use the same behavior of the individual phases, which were determined703

based on experimental data (see Section 4). The calculations presented in Fig. 13 correspond to monotonic loading,704

with the stress triaxiality and Lode parameter being XΣγ+α′ = 0.5 and Lγ+α′ = −1, respectively. Similarly to the705
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(a) (b)

Figure 13: Unit-cell finite element simulations. Monotonic loading. Material 304L, temperature T = 77 K, and volume fraction of martensite
Fα′ = 25%. Comparison of Mori-Tanaka and Self-Consistent homogenization schemes with calculations corresponding to two different mi-
crostructures: (a) single central particle, see Fig. 4(a), and (b) random spatial distribution of inclusions with the same size and a boundary
layer devoid of particles, see Fig. 4(d). Evolution of the normalized macroscopic effective stress Σ̄/σy0

γ with the macroscopic effective strain ε̄.
Results corresponding to the bi-phase material, the austenite phase, and the martensite phase for a stress triaxiality and Lode parameter in
the unit-cell equal to XΣγ+α′ = 0.5 and Lγ+α′ = −1, respectively. The colored markers indicate the value of the macroscopic effective strain
in the individual phases for a macroscopic effective strain in the bi-phase material of ε̄γ+α′ = 0.4. (For interpretation of the references to color
in this figure legend, the reader is referred to the web version of this article.)

calculations performed with Fα′ = 45% in Fig. 6, the homogenization models yield results for the bi-phase material that706

are in agreement with the calculations with explicit representation of the microstructure, yet both Mori-Tanaka and707

Self-Consistent overestimate the strain in the austenite and underestimate the strain in the martensite. Moreover, note708

that in comparison with the results shown in Fig. 6, decreasing the volume fraction of martensite from 45% to 25% has709

led to a decrease in the normalized macroscopic effective stress of ≈ 30% for a macroscopic effective strain of ε̄γ+α′ = 0.4.710

711

The effect of the martensite volume fraction is further investigated in Fig. 14, which shows the evolution of the712

normalized macroscopic effective stress Σ̄/σy0
γ with the macroscopic effective strain ε̄ for calculations performed with the713

FCC-symmetric spatial distribution of inclusions with the same size and a boundary layer devoid of particles, see Fig. 4(c).714

Two different values of the volume fraction of martensite are considered, Fα′ = 25% in subplot 14(a) and Fα′ = 65%715

in subplot 14(b). Note that neither the single central inclusion nor the random spatial distribution of inclusions with a716

boundary layer devoid of particles are possible for Fα′ = 65%. The results are compared with the predictions obtained717

from Mori-Tanaka and Self-Consistent models (for the homogenized models, a constant fα′ = 25% and fα′ = 65%718

is imposed, corresponding to subplots 14(a) and 14(b), respectively). Notice that the macroscopic effective stress is719

shifted upward as the volume fraction of martensite increases. For instance, the calculations with the FCC-symmetric720

spatial distribution of particles predict that the value of Σ̄γ+α′/σ
y0
γ for ε̄γ+α′ = 0.4 is 4.06 for Fα′ = 25%, and 5.32 for721
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(a) (b)

Figure 14: Unit-cell finite element simulations. Monotonic loading. Material 304L, temperature T = 77 K. Comparison of Mori-Tanaka and
Self-Consistent homogenization schemes with calculations corresponding to the FCC-symmetric spatial distribution of inclusions with the same
size and a boundary layer devoid of particles, see Fig. 4(c), for two volume fractions of martensite: (a) Fα′ = 25% and (b) Fα′ = 65%. Evolution
of the normalized macroscopic effective stress Σ̄/σy0

γ with the macroscopic effective strain ε̄. Results corresponding to the bi-phase material, the
austenite phase, and the martensite phase for a stress triaxiality and Lode parameter in the unit-cell equal to XΣγ+α′ = 0.5 and Lγ+α′ = −1,
respectively. The colored markers indicate the value of the macroscopic effective strain in the individual phases for a macroscopic effective
strain in the bi-phase material of ε̄γ+α′ = 0.4. (For interpretation of the references to color in this figure legend, the reader is referred to the
web version of this article.)

Fα′ = 65%. The predictions of the homogenization schemes for the effective behavior of the bi-phase material are close to722

the results obtained with the FCC-symmetric distribution of particles for both analyzed volume fractions of martensite.723

The Σ̄γ+α′/σ
y0
γ −ε̄γ+α′ curves predicted by the two homogenization models differ more as the volume fraction of martensite724

increases, with the curve corresponding to the Self-Consistent scheme lying above the one corresponding to the Mori-725

Tanaka model, which is explained by the higher strain in the martensite for the Self-Consistent scheme. In fact, there726

are notable differences in the results obtained from the two homogenization schemes for the partitioning of the strain727

between the phases. Specifically, for the Self-Consistent model, the predictions are closer to the calculations with explicit728

representation of the microstructure as the volume of martensite increases, while in the case of the Mori-Tanaka model,729

the predictions are less accurate. These results are consistent with the fact that the validity of the Mori-Tanaka scheme730

is questioned when the matrix-particle microtopology is lost for a high volume fraction of martensite (see Section 1,731

and Böhm (1998) and Chatzigeorgiou et al. (2018)). On the other hand, notice the exceptional quantitative agreement732

between the Self-Consistent predictions and the results of the FCC-symmetric distribution of particles for Fα′ = 65%733

(less than 3% and 2% difference in the macroscopic effective strain in the austenite and the martensite, respectively, for734

a macroscopic strain in the bi-phase material of ε̄γ+α′ = 0.4).735
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6.1.3. The effect of martensitic transformation736

Fig. 15(a) shows the predictions of Mori-Tanaka and Self-Consistent homogenization schemes for the evolution of the737

normalized macroscopic effective stress Σ̄/σy0
γ with the macroscopic effective strain ε̄ for the bi-phase material and the738

individual phases. The results correspond to monotonic loading, temperature T = 77 K, stress triaxiality XΣγ+α′ = 0.5739

and Lode parameter Lγ+α′ = −1. Fig. 15(b) displays the corresponding evolution of the macroscopic volume fraction740

of martensite Fα′ (%) with the macroscopic effective strain in the bi-phase material ε̄γ+α′ . Note that the scale of the741

abscissa axis in Fig. 15(b) is four times smaller than in Fig. 15(a) for better visualization of the martensitic transformation.742

Recall that the behavior of the individual phases and the kinetics of the martensitic transformation are the same in both743

homogenization schemes and were determined based on the tensile experiments presented in Fernández-Pisón et al.744

(2021).745

The Σ̄/σy0
γ − ε̄ curves shown in Fig. 15(a) for the bi-phase material display a sigmoidal-type shape due to the746

transformation of austenite into martensite. At the beginning of the loading process, the effective stress in the bi-phase747

material corresponds to the effective stress in the austenite (the bi-phase material is initially 100% austenite). As the748

loading continues, the formation of martensite leads to a rapid increase of the effective stress in the bi-phase material,749

which eventually approaches the effective stress of the martensite (e.g., for ε̄γ+α′ = 0.1 both Mori-Tanaka and Self-750

Consistent predict 8.6% of martensite; and for ε̄γ+α′ = 0.2, they predict 84.7% and 76.7%, respectively, see Fig. 15(b)).751

The differences in the effective stress of the bi-phase material ultimately come from the differences in the partitioning of752

the strain between the two phases predicted by the two homogenization schemes. On the one hand, the greater strain in753

the austenite computed with the Mori-Tanaka model (see Fig. 15(a)) makes the volume fraction of transformed martensite754

increase faster (see Fig. 15(b)). Note that the law of Olson and Cohen (1975) solely depends on the accumulated plastic755

strain in the austenite, see equation (9). Moreover, this faster transformation for the Mori-Tanaka model implies a faster756

increase in the macroscopic effective stress of the bi-phase material since, as concluded from Section 6.1.2, a higher757

martensite volume fraction yields a higher effective stress (compare Figs. 6(c) and 14). On the other hand, for a similar758

martensite volume fraction (large strain values where the transformation is close to saturation, see Fig. 15(b)), the greater759

strain in the martensite predicted by the Self-Consistent model makes the effective stress in the bi-phase material to760

increase (see Fig. 15(a)). These results make apparent the effect of the homogenization scheme on the kinetics of the761

phase transformation.762

763

Fig. 16 presents results for a unit-cell that contains a single central austenite particle, see Fig. 4(a), of 45% volume764

which is modeled with Mori-Tanaka and Self-Consistent homogenization schemes (separately) while accounting for the765

martensitic transformation. The matrix material surrounding the inclusion is modeled as non-transforming austenite. The766
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(a) (b)

Figure 15: Unit-cell finite element simulations. Monotonic loading. Material 304L, temperature T = 77 K. Stress triaxiality and Lode parameter
in the unit-cell are XΣγ+α′ = 0.5 and Lγ+α′ = −1, respectively. Comparison of Mori-Tanaka and Self-Consistent homogenization schemes.

(a) Evolution of the normalized macroscopic effective stress Σ̄/σy0
γ with the macroscopic effective strain ε̄. The red and green markers indicate

the value of the macroscopic effective strain in the individual phases for a macroscopic effective strain in the bi-phase material of ε̄γ+α′ = 0.4.
(b) Evolution of the macroscopic volume fraction of martensite Fα′ (%) with the macroscopic effective strain in the bi-phase material ε̄γ+α′ .
(For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)

difference with respect to the results in Fig. 15 is that only the inclusion (instead of the whole unit-cell) may transform.767

The idea is to model the formation of a martensite inclusion in an initially (fully) austenitic material. Also, the idea is768

to analyze the non-uniform distribution of martensite in the particle since, in the previous simulations, the microscopic769

volume fraction of martensite was always uniform and equal to the macroscopic value. Note that this configuration could770

also be used to analyze TRIP steels by simply modeling the matrix material as a non-transforming ferrite. Fig. 16(a)771

shows the evolution of the normalized macroscopic effective stress Σ̄/σy0
γ with the macroscopic effective strain ε̄ for the772

bi-phase material and the individual phases, while Fig. 16(b) includes the evolution of the macroscopic volume fraction773

of martensite Fα′ (%) with the macroscopic effective strain in the bi-phase material ε̄γ+α′ . Note that, unlike Fig. 15, the774

scale of the abscissa axis in Figs. 16(a) and 16(b) is the same.775

The calculation results shown in Fig. 16 yield the same qualitative results as the ones in Fig. 15. The Mori-Tanaka776

scheme predicts less/more strain in the martensite/austenite than the Self-Consistent model and thus faster martensite777

transformation, which yields greater strain hardening and effective stress in the bi-phase material for intermediate values778

of the macroscopic effective strain (greater strain hardening within the range 0.14 − 0.17 and greater effective stress779

within the range 0.14− 0.24) and lower strain hardening and effective stress for larger strain values, see Fig. 16(a). The780

rapid martensitic transformation increases the hardening rate, while the high martensite volume fraction and the large781

strain in the martensite increase the effective stress. Note that the maximum difference in the martensite volume fraction782

between Mori-Tanaka and Self-Consistent models shown in Fig. 16(b) corresponds to ε̄γ+α′ = 0.16. For this value of783
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(a) (b)

Figure 16: Unit-cell finite element simulations. Monotonic loading. Material 304L, temperature T = 77 K. Stress triaxiality and Lode parameter
in the unit-cell are XΣγ+α′ = 0.5 and Lγ+α′ = −1, respectively. Comparison of Mori-Tanaka and Self-Consistent homogenization schemes.
The unit-cell contains an austenite inclusion of 45% volume, which is modeled with Mori-Tanaka and Self-Consistent homogenization schemes,
separately, while accounting for the martensitic transformation in a non-transforming austenite matrix. (a) Evolution of the normalized
macroscopic effective stress Σ̄/σy0

γ with the macroscopic effective strain ε̄. The red and green markers indicate the value of the macroscopic
effective strain in the individual phases for a macroscopic effective strain in the bi-phase material of ε̄γ+α′ = 0.4. (b) Evolution of the macroscopic
volume fraction of martensite Fα′ (%) with the macroscopic effective strain in the bi-phase material ε̄γ+α′ . The yellow markers indicate the
value of the macroscopic effective strain in the bi-phase material corresponding to the maximum difference in the martensite volume fraction
between the Mori-Tanaka and Self-Consistent models (for this strain value, the contours and evolution of the microscopic volume fraction of
martensite are shown in Figs. 17 and 18, respectively). The blue markers correspond to values of the macroscopic effective strain in the bi-phase
material of 0.08 and 0.24 (for these strain values, the evolution of the microscopic volume fraction of martensite is also shown in Fig. 18). (For
interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)

Figure 17: Unit-cell finite element simulations. Monotonic loading. Material 304L and temperature T = 77 K. Contours of the microscopic
volume fraction of martensite fα′ (%) for calculations corresponding to a single austenite inclusion of 45% volume, which is modeled with Mori-
Tanaka and Self-Consistent homogenization schemes, separately, while accounting for the martensitic transformation in a fully non-evolving
austenite matrix. The plots correspond to a macroscopic effective strain in the bi-phase material of ε̄γ+α′ = 0.16 and a macroscopic volume
fraction of Fα′ = 33% and Fα′ = 27% for the Mori-Tanaka and Self-Consistent homogenization schemes, respectively (see the yellow marker in
Fig. 16(b)). The white solid line included in the figure indicates the major semi-axis of the inclusion, which corresponds to the measurement
path used in Fig. 18. (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)
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Figure 18: Unit-cell finite element simulations. Monotonic loading. Material 304L and temperature T = 77 K. Comparison of Mori-Tanaka
and Self-Consistent homogenization schemes. Calculations corresponding to a single austenite inclusion of 45% volume, which is modeled with
Mori-Tanaka and Self-Consistent homogenization schemes, while accounting for the martensitic transformation in a fully non-evolving austenite
matrix. Evolution of the microscopic volume fraction of martensite fα′ (%) along the normalized major semi-axis of the inclusion x̄, see white
solid line in Fig. 17. The data correspond to three values of the macroscopic effective strain in the bi-phase material of ε̄γ+α′ : 0.08, 0.16 and
0.24. The corresponding values of the macroscopic volume fraction are: Fα′ = 1.5%, 33% and 40%, and Fα′ = 1.5%, 27% and 37%, for the
Mori-Tanaka and Self-Consistent homogenization schemes, respectively (see the yellow and blue markers in Fig. 16(b)). (For interpretation of
the references to color in this figure legend, the reader is referred to the web version of this article.)

the macroscopic effective strain in the bi-phase material, the volume fraction of martensite in the unit-cell (referred to784

as the macroscopic volume fraction of martensite Fα′) is 33% and 27% for Mori-Tanaka and Self-Consistent models,785

respectively, while the fraction of the austenite particle that has transformed into martensite amounts to 74.2% and786

61.2%, respectively. The contours of the microscopic volume fraction of martensite included in Fig. 17 show that, as787

expected, the transformation does not occur uniformly throughout the particle (the cut-view has been included to expose788

the non-uniform transformation inside of the particle). Note that a microscopic volume fraction of martensite equal to789

fα′ = 100%, would mean that the given element has been completely transformed into martensite. Moreover, Fig. 18790

shows the evolution of the microscopic volume fraction of martensite fα′ (%) along the normalized major semi-axis of the791

inclusion x̄ measured along the white solid line indicated in Fig. 17 (note that the data plotted in Fig. 18 covers the entire792

major semi-axis of the inclusion). The results correspond to three different values of the macroscopic effective strain in793

the bi-phase material ε̄γ+α′ = 0.08, 0.16 and 0.24 (see yellow and blue markers in Fig. 16(b)). Note that ε̄γ+α′ = 0.16794

corresponds to the contour plots shown in Fig. 17. For ε̄γ+α′ = 0.08, the martensite volume fraction is relatively small795

≈ 3.5%, and it is evenly distributed throughout the inclusion. Furthermore, there are no noticeable differences between796

the predictions obtained from both homogenization schemes. However, for ε̄γ+α′ = 0.16, the Mori-Tanaka scheme predicts797

≈ 12% more martensite than the Self-Consistent model (as mentioned above), and the volume fraction of martensite is798
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greater in the central section of the inclusion, where larger plastic strains are attained. The lower transformation is located799

near the interface between inclusion and matrix (where the maximum plastic strain in the austenite matrix occurs, see800

Fig. 8 and the discussion therein). Similar qualitative results are obtained for ε̄γ+α′ = 0.24, but the martensite volume801

fraction predicted by both Mori-Tanaka and Self-Consistent schemes is greater, and the difference in the predictions802

between both homogenization schemes are smaller (5% more martensite predicted by the Mori-Tanaka model).803

6.2. Tensile test calculations804

The experimental results reported by Fernández-Pisón et al. (2021) for AISI 304L and AISI 316LN samples subjected805

to uniaxial tension are compared with numerical simulations performed with the finite element model presented in806

Section 5.2, in which the mechanical behavior of the bi-phase material is described with Mori-Tanaka and Self-Consistent807

homogenization schemes separately. Recall that the material parameters for both steel grades are included in Table 2.808

The comparison between experiments and finite elements is performed for the samples subjected to three different809

temperatures: T = 300 K (room temperature), 77 K, and 4 K. In the calculations, the temperature is assumed to be810

constant during the entire deformation process, and the material is considered to be initially fully austenitic, consistent811

with the microstructural observations of Fernández-Pisón et al. (2021).812

Fig. 19 shows experimental data and finite element results for the evolution of the true stress σ and the volume813

fraction of martensite fα′ with the true strain ε in AISI 304L tensile samples. Note that true strain and true stress are814

computed in the same manner in the experiments and in the finite element simulations. On the one hand, ε = ln (1 + e),815

where e = ∆L
L is the nominal strain, with L being the initial gage length and ∆L the axial elongation of the gage length.816

On the other hand, σ = F
A (1 + e), where F is the axial force in the sample and A is the initial cross-section area in the817

gage region. The volume fraction of martensite is computed by averaging the martensite content in the gage, both in the818

experiments (for each measuring method, see Fernández-Pisón et al. (2021)) and in the finite element simulations. The819

data shown in the graphs correspond to strain values before the maximum axial force is reached. Moreover, note that820

at T = 4 K, the experiments showed discontinuous plastic flow (see Fernández-Pisón et al. (2021)), yet the constitutive821

model does not include features to describe this material instability, so the test data in Fig. 19(c) correspond to the822

upper envelop of the actual experimental results in order to facilitate the comparison with the simulations.823

For T = 300 K, see Fig. 19(a), both homogenization schemes yield virtually the same results. Mori-Tanaka and Self-824

Consistent predictions find very good quantative agreement with the experimental stress-strain characteristic and capture825

the quasi-linear increase of the volume fraction of martensite with the sample deformation. Just like in the experiments,826

the simulations predict the transformation to start at ε ≈ 0.05, such that the content of martensite reaches ≈ 5% when827

ε ≈ 0.4. The quantitative differences between experiments and simulations for the volume fraction of martensite are due828

to the inherent scatter of the local experimental measurements (see Fernández-Pisón et al. (2021)). The relatively low829
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(a) (b)

(c)

Figure 19: Tensile test finite element simulations. Material 304L. Evolution of the true stress σ and the volume fraction of martensite fα′ versus
the true strain ε for calculations performed with Mori-Tanaka and Self-Consistent homogenization schemes accounting for the martensitic
transformation in an initial fully austenitic material. Comparison with the experimental results reported in Fernández-Pisón et al. (2021).
Temperature: (a) T = 300 K, (b) T = 77 K, and (c) T = 4 K. (For interpretation of the references to color in this figure legend, the reader is
referred to the web version of this article.)

amount of austenite transformed into martensite causes the strain hardening of the material to be roughly linear (i.e.,830

very similar to the strain hardening of the austenite phase).831

For T = 77 K, see Fig. 19(b), the experimental σ − ε curve displays a sigmoidal shape—due to the increasing832

amount of austenite transformed into martensite—which is captured by both Mori-Tanaka and Self-Consistent models.833

Notice that both the scale of the abscissa and ordinate axis are different than in Fig. 19(a). The quantitative differences834

between measured and predicted stress-strain characteristics are mainly limited to a narrow range of intermediate strain835

values, 0.15 ≤ ε ≤ 0.25, for which the homogenization models overestimate the stress and strain hardening of the836

material. Notice that both Mori-Tanaka and Self-Consistent provide fairly accurate predictions for the strain at which837

transformation starts (ε ≈ 0.05), for the strain at which transformation ends (ε ≈ 0.25), and for the saturation value of838
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martensite (fα′ ≈ 85%). Indeed, the strain at which the transformation begins and the saturation value of martensite839

are not influenced by the homogenization scheme but are determined by the Olson and Cohen (1975) law and the840

corresponding material parameters. On the other hand, the transformation rate obtained with the homogenization models841

for intermediate strains seems to be greater than in the experiments, especially for the Mori-Tanaka model, causing the842

overestimation of the stress and the strain hardening at intermediate values of strain.843

For T = 4 K, see Fig. 19(c), the experimental results for the evolution of the true stress σ and the volume fraction of844

martensite fα′ are qualitatively very similar to the data obtained at 77 K. On the other hand, the flow strength of the845

material has increased with the decrease in testing temperature, most likely due to the temperature sensitivity of the846

individual phases rather than to the martensitic transformation, which occurs at a similar rate to that at 77 K. Both847

Mori-Tanaka and Self-Consistent models describe the sigmoidal strain hardening of the material and the boost of the848

flow stress with the temperature decrease. For instance, the homogenization models capture the increase in the initial849

yield stress of the material as the testing temperature decreases, which goes from 300 MPa to 350 MPa and 400 MPa850

(determined from the experimental curves as the 0.2% offset yield strength according to the standard ASTM-E8) at851

300 K, 77 K, and 4 K, respectively. It shows the accurate calibration of the mechanical behavior of the austenite (at852

low strains ε ≤ 0.1, the microstructure of the material is largely austenite). Moreover, notice that at larger strains853

(ε ≥ 0.15), the predictions of the Self-Consistent scheme are closer to the experiments than the results obtained with854

the Mori-Tanaka model, just like it happened for 77 K, because the Self-Consistent scheme shows a lower transformation855

rate (Mori-Tanaka seems to overestimate the maximum transformation rate at intermediate strains).856

857

Fig. 20 shows experimental data and finite element results for the evolution of the true stress and the volume fraction858

of martensite with the true strain in AISI 316LN tensile samples tested at 300 K, 77 K, and 4 K. The only difference859

with respect to the results shown in Fig. 19 is the steel grade investigated.860

For T = 300 K, see Fig. 20(a), both homogenization models accurately predict the flow strength level and the861

quasi-linear hardening of the material, as well as the lack of martensitic transformation within the whole range of strains862

considered (recall that the data displayed in the graphs correspond to strain values prior to the maximum axial force being863

attained). Decreasing the testing temperature to 77 K makes the flow strength increase and promotes the transformation864

from austenite into martensite, Fig. 20(b). Notice that both the scale of the abscissa and ordinate axis are different than865

in Fig. 20(a). The strain hardening of the material is quasi-linear (as for 300 K), most likely because the mechanical866

behavior of austenite and martensite phases is more similar than in the case of AISI 304L, see Fig. C.22, and also because867

of the gradual transformation and relatively low volume fraction of transformed austenite (slower transformation and868

less content of martensite than in the case of AISI 304L at the same temperature of 77 K). The evolution of the volume869
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(a) (b)

(c)

Figure 20: Tensile test finite element simulations. Material 316LN. Evolution of the true stress σ and the volume fraction of martensite
fα′ versus the true strain ε for calculations performed with Mori-Tanaka and Self-Consistent homogenization schemes accounting for the
martensitic transformation in an initial fully austenitic material. Comparison with the experimental results reported in Fernández-Pisón et al.
(2021). Temperature: (a) T = 300 K, (b) T = 77 K, and (c) T = 4 K. (For interpretation of the references to color in this figure legend, the
reader is referred to the web version of this article.)

fraction of martensite displays a concave-upward shape, reaching fα′ ≈ 20% for ε ≈ 0.4. Notice that the predictions of870

both homogenization schemes overlap and find very good qualitative and quantitative agreement with the experimental871

results. Similarly, both Mori-Tanaka and Self-Consistent yield virtually the same numerical results at 4 K, see Fig. 20(c),872

and predict the increase in the flow strength of the material and the greater transformation rate with the temperature873

decrease (recall that the test data included in the graph corresponds to the upper envelop of the flow stress, so it does874

not show the discontinuous plastic flow observed in the actual experimental results, see Fernández-Pisón et al. (2021)).875

For instance, the simulations accurately predict that the initial yield stress of AISI 316LN increases as the testing876

temperature decreases, which goes from 750 MPa to 950 MPa (determined from the experimental curves as the 0.2%877

offset yield strength according to the standard ASTM-E8) at 77 K and 4 K, respectively. Besides, the simulations also878
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capture the concave-upward shape of the evolution of the volume fraction of martensite with the strain in the sample, such879

that fα′ ≈ 27% for ε ≈ 0.32. Note that if the amount of transformed martensite is low, practically any homogenization880

model can generate results that replicate the material’s effective behavior. Moreover, in such a case, one could even forget881

the homogenization approach and instead employ a conventional material model with a macroscopic yield function that882

does not consider the evolving material microstructure. However, in applications like high-field superconducting magnet883

systems, it is critical to ascertain whether the material undergoes martensitic transformation and consequently exhibits884

ferromagnetic properties. In such cases, it is encouraged to consider homogenization models that account for the phase885

transformation.886

887

These results suggest that if the mechanical behavior of the phases is similar (as in the case of AISI 316LN, see the888

behavior of the individual phases in Fig. C.22), the differences in the predictions of Mori-Tanaka and Self-Consistent889

models are small, and both homogenization schemes accurately capture the effective mechanical behavior of the material890

and the rate of the martensitic transformation for a wide range of strains and testing temperatures, see Fig. 20. However,891

if the mechanical behavior of the phases is rather different (as in the case of AISI 304L, see the behavior of the individual892

phases for example in Fig. B.21), the differences in the predictions of Mori-Tanaka and Self-Consistent models become893

noticeable, and the Self-Consistent scheme yields results closer to experiments for the effective behavior of the material and894

for the martensitic transformation rate at low temperatures and large strains (when the volume fraction of transformed895

martensite is large), see Fig. 19.896

7. Summary and conclusions897

In this paper, we have developed a homogenized constitutive model based on a Hill-type incremental formulation to898

capture the effective mechanical behavior and martensitic transformation of austenitic steels at cryogenic temperatures.899

Two different mean-field homogenization schemes have been used: the explicit Mori-Tanaka scheme, which assumes the900

austenite phase as the parent medium in which the martensite phase is embedded, and the implicit Self-Consistent901

scheme, which considers the homogenized material as the parent medium in which the austenite and martensite phases902

are embedded. The individual phases have been modeled with linear elasticity and von Mises plasticity. The evolution903

of the yield stress has been described with a rate-independent nonlinear mixed kinematic-isotropic hardening law, and904

the martensitic transformation has been modeled with the sigmoidal kinetic relationship proposed by Olson and Cohen905

(1975). A return mapping algorithm based on the implicit backward Euler integration scheme has been used to implement906

the constitutive model into ABAQUS/Standard through a UMAT user subroutine, for which a closed-form expression907

of the consistent Jacobian tensor has been derived. The UMAT code is included as Supplementary Material. Former908
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tensile experiments performed at 300 K, 77 K, and 4 K have been used to identify the parameters describing the909

mechanical behavior of the individual phases and the kinetics of the martensitic transformation for AISI 304L and910

AISI 316LN steel grades. The Mori-Tanaka and Self-Consistent schemes integrated into the model have been evaluated911

with regard to their ability to describe the mechanical behavior of the bi-phase material by comparing the predictions912

of the homogenization schemes with unit-cell finite element calculations with an explicit description of the martensite913

inclusions and the austenite matrix. The comparison has been performed for different stress states with controlled914

triaxiality and Lode parameter under monotonic and cycling loading. Moreover, finite element simulations on tensile915

samples subjected to prescribed displacement at the three different constant temperatures (300 K, 77 K, and 4 K)916

have been compared with the experiments to validate the capability of the homogenized constitutive model to predict917

cryogenic martensitic transformation in austenitic stainless steels. The main conclusions drawn from this investigation918

are as follows:919

� Mori-Tanaka and Self-Consistent models yield predictions for the effective behavior of the bi-phase material that920

find quantitative agreement with unit-cell calculations carried out with explicit description of the austenite matrix921

and the martensite inclusions under monotonic and cyclic loading.922

� The partitioning of the strain between the two phases calculated with the homogenization schemes shows noticeable923

differences with the unit-cell simulations with explicit representation of the microstructure since both Self-Consistent924

and Mori-Tanaka underestimate the strain in the martensite and overestimate the strain in the austenite.925

� The predictions of the Self-Consistent/Mori-Tanaka model for the strain in the phases in general find better/worse926

agreement with the calculations with explicit representation of the microstructure as the volume of martensite927

increases.928

� The Self-Consistent model yields results for the hydrostatic stress in the bi-phase material and the individual929

phases that are very similar to the calculations with explicit description of the martensite particles, while the Mori-930

Tanaka model overestimates the hydrostatic stress in the martensite and underestimates the hydrostatic stress in931

the austenite and in the bi-phase material.932

� Increasing differences in the mechanical behavior of the individual phases boosts the differences in the predictions933

of Mori-Tanaka and Self-Consistent models, such that the Self-Consistent scheme yields results closer to those of934

the unit-cell calculations and experiments for the effective behavior of the material and also for the martensitic935

transformation rate, specifically at large strains and low temperatures.936

� The two homogenization schemes investigated accurately describe the quasi-linear strain hardening and temperature937
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sensitivity of the flow strength of AISI 316LN, as well as the lack of martensitic transformation at 300 K and the938

concave-upward shape of the martensite content evolution at 77 K and 4 K.939

� Mori-Tanaka and Self-Consistent yield virtually the same numerical results for the mechanical behavior of AISI 304L940

at 300 K and capture the quasi-linear increase of the volume fraction of martensite with the material straining.941

� The differences in the results of the two homogenization schemes for the AISI 304L become noticeable at cryogenic942

temperatures since the transformation rate at intermediate strains predicted by the Mori-Tanaka model is greater943

than in the experiments, leading to an overestimation of the stress and the strain hardening of the material, while944

the Self-Consistent model captures accurately the sigmoidal shape of both strain hardening and martensite content945

evolution.946

All in all, the key outcomes of this work are: (i) the validation of the homogenization schemes against finite element947

models that include a resolved description of the austenite-martensite microstructure for different stress states, and948

(ii) the suitability of the homogenized model to predict the mechanical behavior at large strains and high volume949

fractions of transformed martensite. The quantitative agreement of the homogenized model predictions with unit-cell finite950

element calculations and experimental data, notably in the case of the Self-Consistent scheme, validates the constitutive951

framework developed in this work. The homogenized model has been proven to be suitable for predicting the mechanical952

behavior and martensitic transformation of austenitic stainless steels under the wide range of temperatures of interest953

for superconducting magnet systems. Future work includes: (i) enhancing the model formulation to take into account the954

discontinuous plastic flow shown by AISI 304L and AISI 316LN at 4 K (Fernández-Pisón et al., 2021), (ii) capturing the955

strain rate sensitivity of the flow strength of the material (Tomita and Iwamoto, 1995; Papatriantafillou et al., 2006),956

and (iii) accounting for the effect of the stress state (Stringfellow et al., 1992) and strain rate sensitivity (Tomita and957

Iwamoto, 1995) in the kinetics of the martensitic transformation.958

Acknowledgements959

This work is dedicated to Alan Needleman for his outstanding contributions in the field of Mechanics of Materials.960

His unwavering passion and energy are an inspiration and example to all of us.961

962

The authors would like to thank Prof. Ankit Srivastava (Texas A&M University, USA) and Prof. Katarzyna Kowalczyk-963

Gajewska (Institute of Fundamental Technological Research of Polish Academy of Sciences, Poland) for the fruitful964

discussions.965



48

Funding966

The research leading to these results has received funding from the European Union’s Horizon2020 Programme967

(Excellent Science, Marie Sk lodowska-Curie Actions) under REA grant agreement 777896 (Project QUANTIFY).968

969

G. Vadillo acknowledges the financial support provided by the Spanish Ministry of Science and Innovation under the970

programme Proyectos I+D Excelencia 2017. Project APPLIED, DPI2017-88608-P.971

Conflict of interest972

The authors declare that they have no known competing financial interests or personal relationships that could have973

appeared to influence the work reported in this paper.974

Author contributions975

P. Fernández-Pisón: Conceptualization; Data curation; Formal analysis; Investigation; Methodology; Software;976

Validation; Writing - original draft; Writing - review & editing. A. R. Vishnu: Methodology; Software; Writing - review977

& editing. G. Vadillo: Conceptualization; Methodology; Software; Writing - review & editing. J. A. Rodŕıguez-978
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Appendix A. Specifics of the numerical implementation981

Appendix A.1. Numerical implementation of the individual phases982

The numerical implementation is performed using a return mapping algorithm in which an implicit backward Euler983

integration scheme is employed (Safaei, 2013; Hosseini and Rodŕıguez-Mart́ınez, 2021). The discretized constitutive984

equations are the following:985

ε(n+1) = ∆R
(n+1)
(n) ε(n)∆R

(n+1)
(n)

T
+ ∆ε(n+1) (A.1)

εp(n+1) = ∆R
(n+1)
(n) εp(n)∆R

(n+1)
(n)

T
+ ∆λ(n+1)N (n+1) (A.2)

σ(n+1) = ∆R
(n+1)
(n) σ(n)∆R

(n+1)
(n)

T
+Le :

(
∆εe(n+1)

)
= σtr(n+1) −Le :

(
∆εp(n+1)

)
(A.3)



49

X
(n+1)
1 = ∆R

(n+1)
(n) X

(n)
1 ∆R

(n+1)
(n)

T
+ ∆λ(n+1)q

(n+1)
X1

(A.4)

X
(n+1)
2 = ∆R

(n+1)
(n) X

(n)
2 ∆R

(n+1)
(n)

T
+ ∆λ(n+1)q

(n+1)
X2

(A.5)

R
(n+1)
1 = (1− β)

h1

ψ1

(
1− e−ψ1(ε̄p(n)+∆λ(n+1))

)
(A.6)

R
(n+1)
2 = (1− β)

h2

ψ2

(
1− e−ψ2(ε̄p(n)+∆λ(n+1))

)
(A.7)

F (n+1) = J2

(
σrel(n+1)

)
−
(
σy0 +R

(n+1)
1 +R

(n+1)
2

)
≤ 0 (A.8)

withN (n+1) = 3
2

σrel(n+1)

J2(σrel(n+1))
, q

(n+1)
X1

= βh1
σrel(n+1)

J2(σrel(n+1))
−ψ1X

(n+1)
1 , q

(n+1)
X2

= βh2
σrel(n+1)

J2(σrel(n+1))
−ψ2X

(n+1)
2 , J2

(
σrel(n+1)

)
=986 √

3
2

(
σrel(n+1)

)
:
(
σrel(n+1)

)
, and σrel(n+1) = s(n+1)−X(n+1)

1 −X(n+1)
2 . Equation (A.3) includes the trial stress σtr(n+1) =987

∆R
(n+1)
(n) σ(n)∆R

(n+1)
(n)

T
+ Le : ∆ε(n+1), which is calculated during the elastic predictor step of the return mapping988

algorithm (Zaera and Fernández-Sáez, 2006), as well as the decomposition of the total strain increment into elastic and989

plastic components ∆ε(n+1) = ∆εe(n+1) + ∆εp(n+1). Notice the update of the variables in the objective increments (term990

∆R
(n+1)
(n) (•)(n)∆R

(n+1)
(n)

T
), which accounts for the incremental rotation of the material basis. The predefined ABAQUS991

function ROTSIG can be used to compute this term (the incremental rotation ∆R
(n+1)
(n) is provided by the ABAQUS992

variable DROT ).993

The plastic multiplier increment is computed using an iterative Newton-Raphson procedure based on the lineariza-994

tion of the set of equations, assuming that the total strain and the values of the previous step (n) are constants.995

According to the Newton-Raphson procedure, the linearization of any equation such as g(∆λ) = 0 leads to g(k+1) =996

g(k) +
(

dg
d∆λ

)
(k)
δλ(k) = 0 and subsequently δλ(k) =

−g(k)

( dg
d∆λ)

(k)

, where δλ(k) is the iterative change in ∆λ at the k-th itera-997

tion of the Newton-Raphson procedure (equation (A.24)). Thus, the updated expressions of equations (A.2)-(A.5) and998

(A.8) can be cast into the following forms suitable for the Newton-Raphson iteration scheme:999

g
(n+1)
1 = −εp(n+1) + ∆R

(n+1)
(n) εp(n)∆R

(n+1)
(n)

T
+ ∆λ(n+1)N (n+1) = (Le)−1 :

(
σ(n+1) − σtr(n+1)

)
+ ∆λ(n+1)N (n+1) (A.9)
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g
(n+1)
2 = −X(n+1)

1 + ∆R
(n+1)
(n) X

(n)
1 ∆R

(n+1)
(n)

T
+ ∆λ(n+1)q

(n+1)
X1

(A.10)

g
(n+1)
3 = −X(n+1)

2 + ∆R
(n+1)
(n) X

(n)
2 ∆R

(n+1)
(n)

T
+ ∆λ(n+1)q

(n+1)
X2

(A.11)

F (n+1) = J2

(
σrel(n+1)

)
−
(
σy0 +R

(n+1)
1 +R

(n+1)
2

)
(A.12)

Note that equations (A.6) and (A.7) are not included because they do not need to be linearized, equation (A.9)1000

combines equations (A.2) and (A.3), and equation (A.12) is particularized for the case of plastic yielding (F = 0).1001

Linearization of equations (A.9)-(A.12) gives:1002

g
(n+1)
1(k) + (Le)−1 :

(
dσ

d∆λ

)(n+1)

(k)

δλ
(n+1)
(k) + ∆λ

(n+1)
(k)

(
dN

d∆λ

)(n+1)

(k)

δλ
(n+1)
(k) + δλ

(n+1)
(k) N

(n+1)
(k) = 0 (A.13)

g
(n+1)
2(k) −

(
dX1

d∆λ

)(n+1)

(k)

δλ
(n+1)
(k) + ∆λ

(n+1)
(k)

(
dqX1

d∆λ

)(n+1)

(k)

δλ
(n+1)
(k) + δλ

(n+1)
(k) qX1

(n+1)
(k) = 0 (A.14)

g
(n+1)
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δλ
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(n+1)
(k)

(
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d∆λ
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δλ
(n+1)
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(n+1)
(k) qX2
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dF
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dF

dX2
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d∆λ

)(n+1)

(k)
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dF

dR1

dR1

d∆λ

)(n+1)
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δλ
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(k) +

(
dF

dR2

dR2

d∆λ

)(n+1)

(k)

δλ
(n+1)
(k) = 0

(A.16)

where all the derivatives can be expressed as a function of
(
dσ
d∆λ

)(n+1)

(k)
,
(
dX1
d∆λ

)(n+1)

(k)
,
(
dX2
d∆λ

)(n+1)

(k)
,
(
dR1
d∆λ

)(n+1)

(k)
, and1003 (

dR2
d∆λ

)(n+1)

(k)
, such that the linearized equations (A.13)-(A.15) can be written in matrix form as follows:1004

GGG(n+1)
(k) +

(
EEE(n+1)

(k)

)−1
∆K∆K∆K(n+1)

(k) + δλ
(n+1)
(k) BBB(n+1)

(k) = OOO (A.17)

with:1005
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GGG(n+1)
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where [(•)] denotes the 6 × 1 or 6 × 6 matrix which corresponds to the symmetric second-order or fourth-order tensor,1006

respectively (see equations (C.1) and (C.5) in Doghri (2000)); and [0] is a 6× 1 null matrix. Therefore, GGG(n+1)
(k) , ∆K∆K∆K(n+1)

(k) ,1007

BBB(n+1)
(k) , and OOO are 18× 1 matrices, and EEE(n+1)

(k) is a 18× 18 matrix.1008

The linearized equation (A.16) can also be written in matrix form as:1009
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where the 18× 1 matrix ∆F∆F∆F(n+1)
(k) is defined as:1010
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Substituting equation (A.17) into equation (A.20) results in:1011
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(k) −δλ(n+1)

(k)

((
∆F∆F∆F(n+1)

(k)

)T
EEE(n+1)

(k) BBB(n+1)
(k)

)
−δλ(n+1)

(k)

((
dR1

d∆λ

)(n+1)

(k)

+

(
dR2

d∆λ

)(n+1)

(k)

)
= 0

(A.22)
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from which δλ
(n+1)
(k) is computed:1012

δλ
(n+1)
(k) =

F
(n+1)
(k) −

(
∆F∆F∆F(n+1)

(k)

)T
EEE(n+1)

(k) GGG(n+1)
(k)(

∆F∆F∆F(n+1)
(k)

)T
EEE(n+1)

(k) BBB(n+1)
(k) +

((
dR1
d∆λ

)(n+1)

(k)
+
(
dR2
d∆λ

)(n+1)

(k)

) (A.23)

which allows us to determine the plastic multiplier increment:1013

∆λ
(n+1)
(k+1) = ∆λ

(n+1)
(k) + δλ

(n+1)
(k) (A.24)

which is used for the subsequent update of all the variables. Note that R
(n+1)
1(k+1) and R

(n+1)
2(k+1) are updated directly using equa-1014

tions (A.6) and (A.7), respectively. The rest of the variables are updated using (•)(n+1)
(k+1) = (•)(n+1)

(k) +
(
d(•)
d∆λ

)(n+1)

(k)
δλ

(n+1)
(k) ,1015

where
(
dεp

d∆λ

)(n+1)

(k)
= (Le)−1 ( dσ

d∆λ

)(n+1)

(k)
and

(
dX1
d∆λ

)(n+1)

(k)
,
(
dX2
d∆λ

)(n+1)

(k)
, and

(
dσ
d∆λ

)(n+1)

(k)
are obtained by solving ∆K∆K∆K(n+1)

(k)1016

from equation (A.17). The iterative Newton-Raphson method continues until convergence is obtained within an accept-1017

ably small tolerance: g
(n+1)
1(k+1) ≈ 0, g

(n+1)
2(k+1) ≈ 0, g

(n+1)
3(k+1) ≈ 0, and F

(n+1)
(k+1) ≈ 0 (see equations (A.9)-(A.12)). Note that if the1018

material behaves elastically during the loading step, then F (n+1) < 0 and ∆λ(n+1) = 0.1019

1020

Additionally, for the implementation of the homogenization procedure, it is necessary to compute the instantaneous1021

algorithmic tangent operator Ltan = d(∆σ)
d(∆ε) (as defined in Doghri and Ouaar (2003)). For that purpose, the discretized1022

constitutive equations (A.2)-(A.8) are differentiated with respect to all the variables at tn+1, assuming the values of the1023

previous step (n) as constant but the total strain as non-constant:1024

d
(

∆εp(n+1)
)

= d
(

∆λ(n+1)
)
N (n+1) + ∆λ(n+1)dN (n+1) (A.25)

d
(

∆σ(n+1)
)

= Le : d
(

∆εe(n+1)
)

= Le :
(
d
(

∆ε(n+1)
)
− d

(
∆εp(n+1)

))
(A.26)

d
(

∆X
(n+1)
1

)
= d

(
∆λ(n+1)

)
q

(n+1)
X1

+ ∆λ(n+1)dq
(n+1)
X1

(A.27)

d
(

∆X
(n+1)
2

)
= d

(
∆λ(n+1)

)
q

(n+1)
X2

+ ∆λ(n+1)dq
(n+1)
X2

(A.28)

d
(

∆R
(n+1)
1

)
=

(
dR1

d∆λ

)(n+1)

d
(

∆λ(n+1)
)

(A.29)
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d
(

∆R
(n+1)
2

)
=

(
dR2

d∆λ

)(n+1)

d
(

∆λ(n+1)
)

(A.30)

(
dF

dσ
:

dσ

d (∆σ)

)(n+1)

: d
(

∆σ(n+1)
)

+

(
dF

dX1
:

dX1

d(∆X1)

)(n+1)

: d
(

∆X
(n+1)
1

)
+

(
dF

dX2
:

dX2

d(∆X2)

)(n+1)

: d
(

∆X
(n+1)
2

)
+(

dF

dR1

dR1

d∆R1

)(n+1)

d
(

∆R
(n+1)
1

)
+

(
dF

dR2

dR2

d∆R2

)(n+1)

d
(

∆R
(n+1)
2

)
= 0

(A.31)

where equation (A.31) is particularized for the case of plastic flow (F (n+1) = 0).1025

Equations (A.25)-(A.28) and (A.31) are rearranged similarly to (A.9)-(A.12) (note that equations (A.29) and (A.30)1026

do not need to be linearized). Expressions (A.25)-(A.28) are then rewritten as:1027

− d
(

∆ε(n+1)
)

+ (Le)−1 :
(

∆σ(n+1)
)

+ d
(

∆λ(n+1)
)
N (n+1) + ∆λ(n+1)dN (n+1) = 0 (A.32)

− d
(

∆X
(n+1)
1

)
+ d

(
∆λ(n+1)

)
q

(n+1)
X1

+ ∆λ(n+1)dq
(n+1)
X1

= 0 (A.33)

− d
(

∆X
(n+1)
2

)
+ d

(
∆λ(n+1)

)
q

(n+1)
X2

+ ∆λ(n+1)dq
(n+1)
X2

= 0 (A.34)

where equation (A.32) results from combining equations (A.25) and (A.26). This set of equations (A.32)-(A.34) is1028

expressed in matrix form as follows:1029

−G∗G∗G∗(n+1) +
(
EEE(n+1)

)−1
∆K∆K∆K∗(n+1) + d

(
∆λ(n+1)

)
BBB(n+1) = OOO (A.35)

where BBB(n+1), OOO, and EEE(n+1) are defined in equations (A.18)3, (A.18)4, and (A.19), respectively (the subscript (k) should1030

be omitted), while G∗G∗G∗(n+1) and ∆K∆K∆K∗(n+1) are defined as:1031

G∗G∗G∗(n+1) =


[
d
(
∆ε(n+1)

)]
[0]

[0]

 ∆K∆K∆K∗(n+1) =


[
d
(
∆σ(n+1)

)][
d
(

∆X
(n+1)
1

)]
[
d
(

∆X
(n+1)
2

)]
 (A.36)

Moreover, equation (A.31) can also be rewritten using the matrix formulation:1032
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(
∆F∆F∆F(n+1)

)T
∆K∆K∆K∗(n+1) − d

(
∆R

(n+1)
1

)
− d

(
∆R

(n+1)
2

)
= 0 (A.37)

where ∆F∆F∆F(n+1) is defined in equation (A.21) (the subscript (k) should be omitted).1033

Subsequently, inserting equation (A.35) and equations (A.29)-(A.30) into equation (A.37) leads to:1034

d
(

∆λ(n+1)
)

=

(
∆F∆F∆F(n+1)

)T EEE(n+1)G∗G∗G∗(n+1)(
∆F∆F∆F(n+1)

)T EEE(n+1)BBB(n+1) +

((
dR1
d∆λ

)(n+1)
+
(
dR2
d∆λ

)(n+1)
) (A.38)

and inserting equation (A.38) into (A.35) results in:1035

∆K∆K∆K∗(n+1) = EEE(n+1)G∗G∗G∗(n+1) −
EEE(n+1)BBB(n+1)

(
∆F∆F∆F(n+1)

)T EEE(n+1)G∗G∗G∗(n+1)(
∆F∆F∆F(n+1)

)T EEE(n+1)BBB(n+1) +

((
dR1
d∆λ

)(n+1)
+
(
dR2
d∆λ

)(n+1)
) (A.39)

from which the 18× 18 matrix LLL(n+1) can be defined:1036

LLL(n+1) = EEE(n+1) −
EEE(n+1)BBB(n+1)

(
∆F∆F∆F(n+1)

)T EEE(n+1)(
∆F∆F∆F(n+1)

)T EEE(n+1)BBB(n+1) +

((
dR1
d∆λ

)(n+1)
+
(
dR2
d∆λ

)(n+1)
) (A.40)

so that ∆K∆K∆K∗(n+1) = LLL(n+1)G∗G∗G∗(n+1), which, using the definitions of G∗G∗G∗(n+1) and ∆K∆K∆K∗(n+1) shown in equation (A.36), leads1037

to:1038


[
d
(
∆σ(n+1)

)][
d
(

∆X
(n+1)
1

)]
[
d
(

∆X
(n+1)
2

)]
 =


LLL(n+1)

11 LLL(n+1)
12 LLL(n+1)

13

LLL(n+1)
21 LLL(n+1)

22 LLL(n+1)
23

LLL(n+1)
31 LLL(n+1)

32 LLL(n+1)
33




[
d
(
∆ε(n+1)

)]
[0]

[0]

 (A.41)

where each component LLL(n+1)
ij is a 6 × 6 matrix (with i and j ranging between 1 and 3). The component LLL(n+1)

11 is1039

particularly interesting since
[
d
(
∆σ(n+1)

)]
= LLL(n+1)

11

[
d
(
∆ε(n+1)

)]
, so that it corresponds to the 6× 6 matrix format of1040

the instantaneous algorithmic tangent operator:1041

[
Ltan(n+1)

]
= LLL(n+1)

11 (A.42)

which can be easily converted to its original format as a symmetric fourth-order tensor (see equation (C.5) in Doghri1042

(2000)).1043

1044

A generalized variable-point rule (•)(n+Λ) = (1 − Λ)(•)(n) + Λ(•)(n+1) is used for the numerical implementation of1045
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the instantaneous algorithmic tangent operator, where explicit and implicit integrations correspond to Λ = 0 and Λ > 0,1046

respectively, with special cases: Λ = 1 (backward Euler) and Λ = 1/2 (mid-point rule). In this work, the value of Λ1047

is determined as the one providing the least difference between the increment of stress calculated using the implicit1048

backward Euler integration scheme (after convergence) and the one resulting from the relationship:1049

∆σ(n+1) = Ltan(n+Λ) : ∆ε(n+1) (A.43)

which is the numerical implementation of equation (8). In order to apply the generalized variable-point rule, the algo-1050

rithmic tangent operator of the previous step Ltan(n) has to be rotated to the current configuration. The generalized1051

variable-point rule can be written in the following 6× 6 matrix format:1052

[
Ltan(n+Λ)

]
= (1− Λ)

[
Q
(

∆R
(n+1)
(n)

)] [
Ltan(n)

] [
Q

(
∆R

(n+1)
(n)

T
)]

+ Λ
[
Ltan(n+1)

]
(A.44)

where [Q (•)] is a 6 × 6 matrix that allows to express operations with non-symmetric tensors (such as ∆R
(n+1)
(n) ) using1053

a 6× 6 matrix format, see equations (C.22) and (C.29) in Doghri (2000). Note that, if for the considered time step the1054

material behaves elastically, the instantaneous algorithmic tangent operator corresponds to the elastic stiffness tensor1055

Le.1056

Appendix A.2. Numerical implementation of kinetics of the martensitic transformation1057

The implementation of the kinetics of martensitic transformation is performed by adapting equation (9) to the specific1058

time step, see equation (A.45). The increment of the volume fraction of martensite is calculated as the difference between1059

the current step and the previous step, see equation (A.46).1060

f
(n+1)
α′ = 1− e

−ξ
(

1−e−ζε̄
p(n+1)
γ

)4.5

(A.45)

∆f
(n+1)
α′ = f

(n+1)
α′ − f (n)

α′ (A.46)

Appendix A.3. Numerical implementation of the bi-phase material (homogenization)1061

The implementation of the homogenization procedure consists of two parts. Firstly, the strain and stress increments of1062

the bi-phase material are calculated, the same procedure is followed for both Mori-Tanaka and Self-Consistent approaches.1063

Note that the values of the mechanical fields in the austenite and martensite are taken from the previous resolution of the1064

equations corresponding to the individual phases, see Appendix A.1. Secondly, the instantaneous strain concentration1065
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tensors, which depend on the homogenization scheme, are computed and the strain increment for each individual phase1066

is corrected.1067

The strain increment components of the bi-phase material are calculated as follows:1068

∆ε
(n+1)
TR(vol) =

1

3
∆f

(n+1)
α′ ∆v1 (A.47)

∆ε
(n+1)
HM(TR) = ∆f

(n+1)
α′

(
ε

(n+1)
α′ − ε(n+1)

γ

)
(A.48)

∆ε
(n+1)
HM(noTR) = ∆ε

(n+1)
γ+α′ −∆ε

(n+1)
HM(TR) −∆ε

(n+1)
TR(vol) (A.49)

Moreover, the two terms corresponding to the homogenized stress increment are calculated, and the stress increment1069

of the bi-phase material is then computed:1070

∆σ
(n+1)
HM(noTR) =

(
1− f (n+1)

α′

)
∆σ(n+1)

γ + f
(n+1)
α′ ∆σ

(n+1)
α′ (A.50)

∆σ
(n+1)
HM(TR) = ∆f

(n+1)
α′

(
σ

(n+1)
α′ − σ(n+1)

γ

)
(A.51)

∆σ
(n+1)
γ+α′ = ∆σ

(n+1)
HM(noTR) + ∆σ

(n+1)
HM(TR) (A.52)

Depending on the homogenization scheme, the instantaneous strain concentration tensors are calculated:1071

� Mori-Tanaka scheme. First, the tangent bulk and shear moduli corresponding to the isotropic version of the1072

algorithmic tangent operator of the austenite phase are calculated (see equation (A.53)). Subsequently, the tangent1073

Poisson’s ratio and the Eshelby’s tensor are determined (see equation (A.54)). Then, the instantaneous dilute1074

concentration tensor is obtained, from which the instantaneous strain concentration tensor is calculated for each1075

phase (see equations (A.55)-(A.57)). Finally, the homogenized tangent stiffness tensor, which is later used for the1076

computation of the Jacobian tensor (Appendix A.4), is determined (see equation (A.58)).1077

κtan(n+1)
γ =

1

3
Ivol :: Ltan(n+Λ)

γ , µtan(n+1)
γ =

1

10
Idev :: Ltan(n+Λ)

γ (A.53)
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νtan(n+1)
γ =

3κ
tan(n+1)
γ − 2µ

tan(n+1)
γ

2
(

3κ
tan(n+1)
γ + µ

tan(n+1)
γ

) , S
tan-iso(n+1)
γ,spher =

1

3

1 + ν
tan(n+1)
γ

1− νtan(n+1)
γ

Ivol +
2

15

4− 5ν
tan(n+1)
γ

1− νtan(n+1)
γ

Idev (A.54)

A
tan(n+1)
dil(α′,γ) =

(
I + S

tan-iso(n+1)
γ,spher :

(
Ltan(n+Λ)
γ

)−1
:
(
L
tan(n+Λ)
α′ −Ltan(n+Λ)

γ

))−1

(A.55)

A
tan(n+1)
γ(noTR) =

((
1− f (n+1)

α′

)
I + f

(n+1)
α′ A

tan(n+1)
dil(α′,γ)

)−1
(A.56)

A
tan(n+1)
α′(noTR) = A

tan(n+1)
dil(α′,γ) :

((
1− f (n+1)

α′

)
I + f

(n+1)
α′ A

tan(n+1)
dil(α′,γ)

)−1
(A.57)

L
tan(n+1)
HM(noTR) = (1− f (n+1)

α′ )Ltan(n+Λ)
γ : A

tan(n+1)
γ(noTR) + f

(n+1)
α′ L

tan(n+Λ)
α′ : A

tan(n+1)
α′(noTR) (A.58)

� Self-Consistent scheme. For the first iteration of the scheme, a trial homogenized tangent stiffness tensor is1078

assumed and used to calculate the tangent bulk and shear moduli corresponding to the isotropic version of the1079

tensor (see equation (A.59)). Subsequently, the tangent Poisson’s ratio and the Eshelby’s tensor are determined (see1080

equation (A.60)). Then, the instantaneous strain concentration tensor for each phase is calculated (equations (A.61)-1081

(A.62)). Afterwards, the instantaneous homogenized tangent stiffness tensor is computed and updated for the next1082

iteration (see equation (A.63)). The set of equations (A.59)-(A.63) is recomputed until the difference between the1083

instantaneous homogenized tangent stiffness tensor calculated in consecutive iterations is lower than a specific1084

tolerance (note that the subscript (k) indicates the step in the iterative scheme).1085

κ
tan(n+1)
HM(noTR)(k) =

1

3
Ivol :: L

tan(n+1)
HM(noTR)(k), µ

tan(n+1)
HM(noTR)(k) =

1

10
Idev :: L

tan(n+1)
HM(noTR)(k) (A.59)

ν
tan(n+1)
HM(noTR)(k) =

3κ
tan(n+1)
HM(noTR)(k) − 2µ

tan(n+1)
HM(noTR)(k)

2
(

3κ
tan(n+1)
HM(noTR)(k) + µ

tan(n+1)
HM(noTR)(k)

) ,
S
tan-iso(n+1)
HM(noTR)(k),spher =

1

3

1 + ν
tan(n+1)
HM(noTR)(k)

1− νtan(n+1)
HM(noTR)(k)

Ivol +
2

15

4− 5ν
tan(n+1)
HM(noTR)(k)

1− νtan(n+1)
HM(noTR)(k)

Idev

(A.60)
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A
tan(n+1)
γ(noTR)(k) =

(
I + S

tan-iso(n+1)
HM(noTR)(k),spher :

(
L
tan(n+1)
HM(noTR)(k)

)−1
:
(
Ltan(n+Λ)
γ −Ltan(n+1)

HM(noTR)(k)

))−1

(A.61)

A
tan(n+1)
α′(noTR)(k) =

(
I + S

tan-iso(n+1)
HM(noTR)(k),spher :

(
L
tan(n+1)
HM(noTR)(k)

)−1
:
(
L
tan(n+Λ)
α′ −Ltan(n+1)

HM(noTR)(k)

))−1

(A.62)

L
tan(n+1)
HM(noTR)(k+1) = (1− f (n+1)

α′ )Ltan(n+Λ)
γ : A

tan(n+1)
γ(noTR)(k) + f

(n+1)
α′ L

tan(n+Λ)
α′ : A

tan(n+1)
α′(noTR)(k) (A.63)

Finally, the strain increment in each phase is corrected using the corresponding instantaneous strain concentration1086

tensor. If f
(n+1)
α′ < 1, the corrected strain increment for the austenite is calculated with equation (A.64); otherwise,1087

∆ε
(n+1)
γ = 0. If f

(n+1)
α′ > 0, the corrected strain increment for the martensite is calculated with equation (A.65);1088

otherwise, ∆ε
(n+1)
α′ = 0.1089

∆ε(n+1)
γ = A

tan(n+1)
γ(noTR) : ∆ε

(n+1)
HM(noTR) (A.64)

∆ε
(n+1)
α′ = A

tan(n+1)
α′(noTR) : ∆ε

(n+1)
HM(noTR) (A.65)

Appendix A.4. Numerical implementation of the consistent Jacobian tensor1090

The consistent Jacobian tensor is defined as:1091

1

J
(n+1)
γ+α′

∂∆τ
(n+1)
γ+α′

∂∆ε
(n+1)
γ+α′

= σ
(n+1)
γ+α′ ⊗ 1 +L

tan(n+1)
γ+α′ (A.66)

which refers to the objective increment of the fields at the integration point level (γ + α′) for the current time step1092

(n+ 1), where τ is the Kirchhoff stress tensor, J is the determinant of the deformation gradient tensor, and L
tan(n+1)
γ+α′ is1093

the so-called material tangent modulus which is given by ∆σ
(n+1)
γ+α′ = L

tan(n+1)
γ+α′ : ∆ε

(n+1)
γ+α′ . In order to derive the expression1094

of the material tangent modulus, the relationship between the stress increment and the strain increment in the bi-phase1095

material must be established.1096

For that purpose, the stress increment in the bi-phase material is expressed as follows (see equations (12) and (14)):1097

∆σ
(n+1)
γ+α′ = ∆σ

(n+1)
HM = ∆σ

(n+1)
HM(noTR) + ∆σ

(n+1)
HM(TR) (A.67)

with (see equation (16)):1098
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∆σ
(n+1)
HM(noTR) = L

tan(n+1)
HM(noTR) : ∆ε

(n+1)
HM(noTR) (A.68)

∆σ
(n+1)
HM(TR) =

(
σ

(n+1)
α′ − σ(n+1)

γ

)(
φ(n+1) : ∆ε

(n+1)
HM(noTR)

)
(A.69)

where the term ∆σ
(n+1)
HM(noTR) is expressed as a function of ∆ε

(n+1)
HM(noTR) using the tensor L

tan(n+1)
HM(noTR) (see equation (26)),1099

and the term ∆σ
(n+1)
HM(TR) is also expressed as a function of ∆ε

(n+1)
HM(noTR) using the relationship ∆f

(n+1)
α′ = φ(n+1) :1100

∆ε
(n+1)
HM(noTR). The consistent second-order tensor φ(n+1) is obtained as follows:1101

φ(n+1) =

(
d (∆fα′)

d
(
∆εHM(noTR)

))(n+1)

= (φ1φ2 : φ3 : φ4)(n+1) (A.70)

with:1102

φ
(n+1)
1 =

(
d (∆fα′)

d (∆ε̄pγ)

)(n+1)

= 4.5ξζ[1− e−ζε̄
p(n+1)
γ ]3.5e−ζε̄

p(n+1)
γ (1− f (n+1)

α′ ) (A.71)

φ
(n+1)
2 =

(
d (∆ε̄pγ)

d (∆εpγ)

)(n+1)

=
2

3

∆ε
p(n+1)
γ

∆ε̄
p(n+1)
γ

(A.72)

φ
(n+1)
3 =

(
d (∆εpγ)

d (∆εγ)

)(n+1)

=
[
I −

(
Leγ
)−1

: Ltan(n+Λ)
γ

]
(A.73)

φ
(n+1)
4 =

(
d (∆εγ)

d
(
∆εHM(noTR)

))(n+1)

= A
tan(n+1)
γ(noTR) (A.74)

Thus, inserting equations (A.68) and (A.69) into equation (A.67) leads to:1103

∆σ
(n+1)
γ+α′ =

(
L
tan(n+1)
HM(noTR) +

(
σ

(n+1)
α′ − σ(n+1)

γ

)
⊗ φ(n+1)

)
: ∆ε

(n+1)
HM(noTR) (A.75)

where a relationship between ∆ε
(n+1)
HM(noTR) and ∆ε

(n+1)
γ+α′ is still required. For this purpose, the relationship ∆f

(n+1)
α′ =1104

φ(n+1) : ∆ε
(n+1)
HM(noTR) is also used in the definition of ∆ε

(n+1)
HM(TR) and ∆ε

(n+1)
TR(vol) as follows (see equations (15)2 and (11),1105

respectively):1106

∆ε
(n+1)
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(
ε

(n+1)
α′ − ε(n+1)

γ

)(
φ(n+1) : ∆ε
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)
(A.76)



60

∆ε
(n+1)
TR(vol) =

1

3
∆v1

(
φ(n+1) : ∆ε

(n+1)
HM(noTR)

)
(A.77)

so that the total strain increment in the bi-phase material (see equations (10) and (13)) is expressed as:1107

∆ε
(n+1)
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(n+1)
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γ
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1

3
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: ∆ε

(n+1)
HM(noTR) (A.78)

which, inserted into equation (A.75), leads to ∆σ
(n+1)
γ+α′ = L

tan(n+1)
γ+α′ : ∆ε

(n+1)
γ+α′ , where the instantaneous material tangent1108

modulus is given by:1109
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1

3
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(A.79)

Note that the material tangent modulus (equation (A.79)) and the consistent Jacobian tensor (equation (A.66)) may1110

be nonsymmetric, so the unsymmetric equation solution capability in ABAQUS/Standard should be invoked (see Section1111

6.1.1 in ABAQUS (2016)).1112

Appendix B. Unit-cell calculations: the effect of temperature1113

Fig. B.21 shows the evolution of the normalized macroscopic effective stress Σ̄/σy0
γ with the macroscopic effective1114

strain ε̄ for a simulation with the FCC-symmetric spatial distribution of inclusions with the same size and a boundary1115

layer devoid of particles, Fig. 4(c). The material parameters correspond to AISI 304L. The results are compared with the1116

predictions of the Mori-Tanaka and Self-Consistent homogenization schemes. The martensite volume fraction is 45%, i.e.,1117

the simulations do not take into account the martensitic transformation. The difference with the calculations included1118

in Fig. 6(c) is that the material temperature is lower: 4 K (instead of 77 K). The comparison of Figs. 6(c) and B.211119

shows that with decreasing temperature, the Σ̄/σy0
γ − ε̄ curves of both the individual phases and the bi-phase material1120

shift upward (due to the temperature sensitivity of the flow strength of both austenite and martensite, see Table 2).1121

Notice that the Self-Consistent model predictions find excellent agreement with the results obtained with the explicit1122

representation of the martensite inclusions for the bi-phase material, while underestimating the strain in the martensite1123

and overestimating the strain of the austenite, just like at the higher temperature of T = 77 K. On the other hand, note1124

that the Mori-Tanaka model predictions are less accurate for this low temperature as compared to 77 K: the effective1125

stress in the bi-phase material is increasingly underestimated, and the differences in the strain of the phases are more1126
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important.1127

0.480
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0.256

0.518

0.587

0.171

Figure B.21: Unit-cell finite element simulations. Monotonic loading. Material 304L, temperature T = 4 K, and volume fraction of martensite
Fα′ = 45%. Comparison of Mori-Tanaka and Self-Consistent homogenization schemes with calculations corresponding to the FCC-symmetric
spatial distribution of inclusions with the same size and a boundary layer devoid of particles, Fig. 4(c). Evolution of the normalized macroscopic
effective stress Σ̄/σy0

γ with the macroscopic effective strain ε̄. Results corresponding to the bi-phase material, the austenite phase, and the
martensite phase for stress triaxiality XΣγ+α′ = 0.5 and Lode parameter Lγ+α′ = −1. The colored markers indicate the maximum value
of the macroscopic effective strain for the individual phases for a macroscopic effective strain of the bi-phase material of ε̄γ+α′ = 0.4. (For
interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)

Appendix C. Unit-cell calculations: the effect of material parameters1128

Fig. C.22 shows the evolution of the normalized macroscopic effective stress Σ̄/σy0
γ with the macroscopic effective1129

strain ε̄ for a simulation with the FCC-symmetric spatial distribution of inclusions with the same size and a boundary1130

layer devoid of particles, Fig. 4(c). The results are compared with the predictions of Mori-Tanaka and Self-Consistent1131

homogenization schemes. The martensite volume fraction is constant 45%, i.e., the simulations do not take into account1132

the martensitic transformation. The difference with the calculations included in Fig. 6(c) is that the material parameters1133

correspond to stainless steel 316LN, see Table 2. The simulations with the homogenization models yield predictions that1134

are much closer to the results obtained with the explicit representation of the martensite inclusions than in the case of1135

steel 304L (compare Figs. 6(c) and C.22). Most likely, it is due to the fact that the mechanical behavior of austenite and1136

martensite is more similar in the case of 316LN. Note that for a macroscopic effective strain of ε̄ = 0.4, the value of the1137

macroscopic effective stress in the martensite is (only) 9% greater than in the austenite, while in the case of the 304L1138

steel, the difference is 98%.1139
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0.384

0.384
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0.413

Figure C.22: Unit-cell finite element simulations. Monotonic loading. Material 316LN, temperature T = 77 K, and volume fraction of martensite
Fα′ = 45%. Comparison of Mori-Tanaka and Self-Consistent homogenization schemes with calculations corresponding to the FCC-symmetric
spatial distribution of inclusions with the same size and a boundary layer devoid of particles, Fig. 4(c). Evolution of the normalized macroscopic
effective stress Σ̄/σy0

γ with the macroscopic effective strain ε̄. Results corresponding to the bi-phase material, the austenite phase, and the
martensite phase for stress triaxiality XΣγ+α′ = 0.5 and Lode parameter Lγ+α′ = −1. The colored markers indicate the maximum value
of the macroscopic effective strain for the individual phases for a macroscopic effective strain of the bi-phase material of ε̄γ+α′ = 0.4. (For
interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)

Appendix D. Supplementary data1140

The UMAT subroutine coded to implement in the finite element code ABAQUS the developed homogenized consti-1141

tutive model can be found online at https://doi.org/10.21950/H27ZVN.1142
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aléatoires élastiques et milieux périodiques. Hermes science.1161
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