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ARTICLE INFO ABSTRACT

Keywords: Solid Composite Propellants (SCPs) are widely employed in the field of propulsion due to
Solid rocket motors their enduring chemical and mechanical stability during extended periods of storage, as well
Combustion as their uncomplicated production and reliable performance. Unlike liquid propellants, solid
Diffuse interface methods propellants are self-supporting, meaning that that they function as structural materials as well
Computational mechanics as energetic. Consequently, it is essential to understand the mechanical behavior of SCPs during
Computational physics deflagration, as structural failure can have potentially catastrophic consequences. SCP failure is

often associated with the formation and growth of micromechanical damage sites due to thermal
and mechanical loads during burning. Thus, the ability to simulate stress propagation during
the burning process is a key feature for the effective design and safe use of SCPs. The ability
to evaluate failure in aged propellants and of those produced using additive manufacturing is of
special interest. In this work, we present an elasticity solver coupled with a thermal phase-field
model of regression of SCPs. The method implements a unique strong-form solver for finite
deformation material response, featuring block structured adaptive mesh refinement techniques
and a multigrid solver. Two verification results for the model are presented: first, results for an
infinite plate with a pressurized hole is compared to the classical Lamé solution; second, results
for a clamped plate with a hole subjected to uniaxial tension are compared to the equivalent
results using the traditional finite element. In both cases, a close match is observed. Next, to test
the model for the application of SCPs, tension-compression tests are used to validate the model
for AP/HTPB under tension. The model is then used to determine the mechanical response of an
AP/HTPB SCP during deflagration, driven both by thermal and mechanical loading, with both
spherical and experimentally measured mesostructures. Overall, it is determined that the model
adequately captures the stress and strain fields, indicating the model’s viability for simulations
that lend insight into the interplay between mesostructure, deflagration, and mechanical damage.

1. Introduction

Solid Composite Propellants (SCPs) have played a pivotal role in rocket and missile propulsion for over a century.
Though slightly less efficient than liquid propellants, SCPs offer many advantages due to their simple production and
storage, self-support and self-actuation, and overall mechanical/chemical stability. A key advantage of these propellants
is that their burning behavior can not be changed after ignition has started, which leads to the need for careful design
[1]. The thrust generated by SCPs is directly correlated with the total area of the burning interface so the existence and
propagation of cracks can be a major source of failure.

SCPs are energetic composites that are commonly composed of an oxidizer, such as ammonium perchlorate (AP),
a fuel binder, such as hydroxyl-terminated polybutadiene (HTPB), and additives such as aluminum [2—4]. SCPs are
often stored in environments without temperature control. While they are generally stable, they can nevertheless suffer
from thermal strains over time that can cause void nucleation due to dewetting processes[5]. The constituent materials
also undergo slow decomposition as they age, which can lead to degradation of the original geometry [5]. Moreover,
as additive manufacturing (AM) of SCPs becomes more and more feasible, it is essential to determine the effect of AM
processes on mesostructure and, eventually, failure likelihood. Experimental characterization of these mechanisms is
expensive and often hazardous, and to the best of the authors’ knowledge, there is no way to determine mechanical
response in situ during deflagration. Computational simulations are a necessary recourse to assess the behavior of these
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materials, but it is very complex since these materials are heterogeneous at a microscale with significantly different
properties, burning behavior, and stress responses.

Despite the need for predictive analysis of SCP mechanics during deflagration, numerical modeling efforts have
been relatively limited. To solve the basic regression problem (sans mechanics) a number of methods have been
proposed: these include level set methods [6, 7], coordinate-mapping [6, 8—10], and the phase field method [11, 12]
proposed recently by the authors. On the other hand, fundamental mechanics studies have focused on basic damage
mechanisms such as fracture during the burn regression [13-15], isothermal damage [16], and thermally varying
damage models with linear elasticity [17-19], along with the associated computational implementation [5, 20-22].
Prior studies of the thermomechanical response of SCPs during deflagration have been primarily in the context of
discrete solid-solid and solid-gas interfaces. Specifically, Srinivasan, Matous$, Geubelle, and Jackson [23] coupled
the generalized finite element method (GFEM) to the level-set method to investigate the mechanical response of an
SCP consisting of spherical particles. On the other hand, a 3D investigation of thermal-elastic response couple to an
Eulerian coordinate mapping model was recently presented in Kumar and Jackson [24]; extending the method proposed
by Kumar, Rycroft, and Jackson [9]. The thermomechanical response of an SCP described with fully implicit diffuse
interfaces, however, remains unexplored.

The problem of mechanical analysis of propellants during burn is challenging for many reasons, which we
summarize here. (1) The timescale of deflagration is much longer than the acoustic timescale, meaning that the
mechanical response is quasistatic and must be solved implicitly, whereas regression models are usually designed in the
context of a fully-explicit Eulerian solver. (2) The deflagration process inherently involves drastic changes in geometry,
which is notoriously difficult to capture in usual mechanics methods such as finite element. (3) The mesostructure of
realistic propellants usually differs considerably from idealized, packed-spheres-type structures often required for most
regression models. These challenges indicate that an alternative approach is needed.

In this work, we present a diffuse interface method for large mechanical deformation. The model is verified against
both theoretical and finite element results, and then used to predict mechanical response of SCPs during deflagration,
as driven by the associated thermal and mechanical loads. This work combines the previously reported phase field
regression model [12] with a strong-form diffuse interface mechanics solver that was originally presented for linear
elastic solids by Agrawal and Runnels [25]. It advances the previous development by combining the diffuse interface
near-singular mechanics formulation with finite kinematics. There are numerous advantages to this approach. Because
both methods rely on the diffuse interface approximation, they may be coupled together in a direct and natural way.
This makes it efficient and convenient to effect bidirectional coupling between the deflagration and the mechanical
response. Moreover, the use of adaptive mesh refinement with a diffuse species field makes it possible to simulate
realistic propellants, rather than idealized structures.

The remainder of the paper is structured in the following way. Section 2 provides an overview of the phase field
regression and thermal transport models, followed by a thorough presentation of the strong-form mechanics finite
kinematics solver. In Section 3, a brief discussion of the computational methods is presented. Section 4 presents a
selection of results to verify and demonstrate the use of the model: (i) verification against theoretical and finite element
solutions, (ii) tension and thermal expansion tests in 2D and 3D, (iii) thermomechanical response of a packed spheres
SCP during deflagration, and (iv) thermomechanical response of a realistic microstructure during deflagration. Finally,
Section 5 summarizes the findings and provides recommendations for the use and future development of the model.

2. Modeling

This section provides a complete overview of the modeling methodology. The first two sections outline, for
completeness, a terse yet comprehensive overview of the previously developed regression and thermal evolution
models. The third section introduces the strong-form, finite difference mechanics solver for near-singular problems.

2.1. Phase-field modeling

This section reviews the full-feedback phase field regression model. References [11, 12] are general references for
this section, and may be consulted for additional detail and application examples. Begin by defining continuum region
Q c R", n = 2,3 that contains the unburned SCP. Two tracking fields n € H(Q[O0, 1]) and ¢ € H(Q[O, 1]), called
order parameters, map from € to the unit interval. The field # defines the burned state of the SCP: # = 1 corresponds
to unburned (solid), and # = 0 to burned (gas). The field ¢ discriminates between different materials in the system,
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and is assumed differentiable. For this work, ¢ = 1 indicates AP, ¢ = 0 indicates HTPB. Other materials (such as
metal additives) or phases (such as a melt layer) are not considered here.

The physics of the problem are encapsulated in the free energy function f : H Q[0, 1] — R, which is constructed
with the form:

fInl = / [ﬂwm)+%€2klvnl2] dx, )
Q

where @ is a chemical potential (typically a fourth-order polynomial), 4 is a non-dimensionalized scaling factor
representing a Lagrange multiplier, and k is the interface energy. € is the interface length scale parameter, controlling
the diffusiveness of the solid/gas boundary. As ¢ — 0, the diffuse interface solution approaches the sharp interface
solution. It is worth emphasizing that the main benefit of this formulation is the implicit tracking of the interface that
is provided by the use of the order parameter # and does not require any additional computation steps. Moreover, the
material properties are also easily captured by ¢, leading to an overall simple and efficient solution. The evolution of
the unburned region, therefore, is determined by the partial differential equation,

dn _ L&f _

&~ eon T [

2 dw(n(x)

R eKAn(x)] ; @

where L is a rate constant that controls the rate of regression in the system. The rate constant is determined by the
Arrhenius law
—E,(¢(x))
R,T(x) )’

where R is the universal gas constant and T is the temperature. A and E are, respectively, the pre-exponential factor
and the activation energy, which are material-specific properties that are obtained from the literature.

L = A(¢(x)) exp < 3)

2.2. Heat equation

Equation (3) requires information about local temperature, which necessitates the solution of the heat equation,
driven by gas-phase heat flux, in the diffuse boundary framework. Given a heat flux q imparted to the diffuse burn
surface by the gas phase, the thermal evolution within the SCP is,

T
Z—v-gq=0, @

B
kV(nT) —ng = Vn kT npey;

where k is the thermal conductivity, p is the density, and ¢, is the specific heat. All material properties are assumed to
vary spatially. (It may be shown, following Theorem 1 in [26], that Eq. (4) converges exactly to the discrete boundary
formulation in the sharp interface limit.) For purposes of implementation, Eq. (4) are combined as

oT 1 q
===V kVT)+ Vil =. Q)
t pc pc

It is known that solving Eq. (5) for the solid phase can produce instabilities as # — 0, causing the temperature values to
grow too fast. To resolve this issue, a “stand-in” is used, allowing for smooth convergence of the temperature without
decreasing the time step without affecting the solution. The stand-in is implemented as follows:

Tiotar = 1To1iq + (1 = MTiyig, (6)
where T}),;4 1s the fluid stand-in and it is set to a constant value. The #T,;4 term is then evolved separately by

d (”Tsolid )
dr

9T g on
=l =5, ;+ Tyotiali—y ol (N

t

Following [12], we use the data from Gross and Beckstead [27] to estimate the flux from the gas phase, noting that a
full gas-phase solver may substantially improve the heat flux estimate and will constitute future work.
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2.3. Strong form elasticity

In this section, we present the diffuse boundary formulation of the mechanics of a deformable body with finite
deformation kinematics. Assuming that the body occupies the unburned region, Q C R3, behavior is dictated by the
principle of stationary action, i.e.

S(T-I)=0 ®)

where T and IT are the kinetic and potential energies, respectively, and 6 is the variation of the energy difference (that
is, the action) with respect to all kinematic degrees of freedom. SCPs are typically made of materials with significant
compliance, prompting the need for nonlinear kinematics. We establish the deformation mapping x : R x Q — R3
(note that non-vector ¢ is used elsewhere to denote diffuse species field) and the conventional notation:

x=x(X,1) 9

where uppercase and lowercase letters indicate the Lagrangian and Eulerian frames, respectively. The time scale of
deflagration is significantly longer than that of the material sound speed, so the quasistatic approximation 7' = 0 is
appropriate. This enables the transition from the principle of stationary action to the principle of minimum potential
energy, i.e.

¢* = arginf TI[¢], (10)
¢

where the asterisk indicates the equilibrium value, and square brackets are understood to indicate dependency on spatial
and temporal derivatives of the argument. The usual form is adopted for potential energy:

n[¢]=/ [W(F)—x-B] d/l(X)—/ x-TdHA(X), x(X)=x"X) VX €9,Q, (11)
Q 0,Q

where W is a elastic free energy functional, F = grad(¢p) the deformation gradient, B is the known or prescribed body
force, T is the known or prescribed surface traction over the natural boundary (9, ), ¢ is a known or prescribed value
of the deformation mapping along the essential boundary (9,), and A, H? are the Lebesgue (volume) and Hausdorff
(area) measures, respectively.

We are presently interested in problems in which € is a non-trivial, time-varying, not necessarily simply connected,
and not conserved. As discussed above, this can present numerical challenges, as discretization of € can become
prohibitively complex. The diffuse interface method replaces the explicitly definition of Q with an implicit definition
via the support of 7, : R3 — [0, 1]. The order parameter is characterized by a diffuse interface width parameter e
(here, the same as that used in the phase field regression model), and supp # = Q in the limit as ¢ — 0.

With these definitions in hand, the diffuse interface method results from the following replacements: first,

Q- R3 dA(X) > ndV dH*(X) > —|Vny|dV. (12)

where inherent diffusiveness of # has a smoothing effect on Q and 0dQ2, so it is no longer necessary to be as careful
about the choice of measure used (hence the change to dV'). Next, two other replacements are necessary:

B:Q->R~»B:R>R3 T:0,Q-R=T:R =R, (13)
o 7 . 7 o S/
v ' N—  —
discrete diffuse discrete diffuse

that is, the domain of B, T is no longer the interior of the body and the natural boundary, but all of R3. For B the
replacement is trivial, as any finite value for B outside of Q will vanish. The replacement is more complex for surface
tractions. A simple yet robust choice is to set it equal to the extrusion of the original traction along the normal to the
diffuse boundary,

TY €0,Q»T(X =Y+ sN) se€l[—€/2,¢/2]. (14)

This has the desired effect of causing T to vary along the boundary, but remaining constant along the normal to the
boundary. So, with the diffuse boundary replacement, the diffuse potential energy becomes

H[¢]=/R3<[W(F)—x-B]n+x-T|Vn|)dV. (15)
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The Euler-Lagrange equations follow by the application of the principle of minimum potential energy:
Div<n%—¥)—nB=T|vn| VX € R3, (16)

where P = 0W /JF is the Piola-Kirchhoff stress tensor, and Eq. (16) is the familiar stress-divergence equation for large
deformations. It is possible (as shown in Agrawal and Runnels [25]) to impose essential boundary conditions (¢p = ¢)
in a diffuse manner as well; however, as relevant cases are limited and complicate the formulation, we assume all
essential boundaries (if any) are managed at the discrete domain boundary.

The justification for Eq. (16) is derived here from the intuitively apparent, but not rigorously justified, replacements
Egs. (12) and (13). An alternative precise derivation follows by application of Theorem 1 in Schmidt, Quinlan, and
Runnels [26], which demonstrates (i) that the jump in traction induced by V# is balanced by a jump in the stress
divergence that recovers the natural boundary condition, and (ii) that the normal governing equations are recovered in
the support of # = 1, which approximates Q. It may thus be shown that Eq. (16) reduces, in the sharp interface limit
(e =» 0), to

DiviP)-B=0 X €Q (17)
PN=T X €0,Q (18)

as long as the order parameter # satisfies certain properties, which are naturally satisfied by solutions to the phase
field equations. For other applications, the reader is referred to [26]. This concludes the development of the governing
equations for finite kinematics mechanics with diffuse boundaries.

The remainder of this section presents the constitutive model for thermomechanical response of SCPs. In the
presence of the temperature gradients inherent to deflagration, it is necessary to account for thermal expansion. We
adopt the kinematic decomposition

F = F°F°. (19)

Both phases may be assumed to expand isotropically under temperature change, and so the thermal eigenstrain is
approximated as F* = a(T)I. Consequently, F¢ = a~!F is substituted for F in Eq. (16). As long as thermal expansion
is isotropic, F¢ and F* commute. If anisotropic expansion occurs, more careful study of the choice of multiplicative
decomposition may be required.

The present application is concerned with the analysis of energetic composites at the mesoscale, in order to
explicitly account for material heterogeneities. Diffuse boundaries are again used to account for different materials
by

N N
WE) = Y ¢,X)W,(E), Y b, =1VX, (20)

n=1 n=1

where the support of the smoothly-varying diffuse species fields ¢,, corresponds to the domain occupied by material
n, which is characterized by the elastic energy W (F). In the present work, this infrastructure is used to regularize
material boundaries to improve solvability, so that ¢,, is one or zero everywhere except for the diffuse boundary between
materials, characterized by width ¢. It was shown in [25, 28] that this works correctly for heterogeneous materials, and
was applied to finite-strain materials in [29]. Here, ¢, = ¢ and ¢, = 1 — ¢, where ¢ is the same diffuse species field
used for the phase field and thermal transport models.

To model the cured HTPB binder, a neo-Hookean hyperelastic model is used. The neo-Hookean model has the
well-known elastic energy functional [30, 31]

W(F) = g

( tr(FTF)

—di Koy _1)2
T d1m>+2(J 12, Q1)

where u is the shear modulus, « is the bulk modulus, F is the deformation gradient tensor, and J = det F. The variable
dim = 2, 3 differentiates between 2-dimensional and 3-dimensional computations, respectively. (Note that the choice
of dim is arbitrary and is included mainly only for purposes of aesthetics.) Because HTPB is nearly incompressible,
the bulk modulus x tends towards infinity, which can cause numerical problems. These can be addressed by removing
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Parameter name Symbol Combined AP HTPB

Thermal Conductivity [mJ—K] k 0.4186 [32] 0.1463 [32]
Density [%] P 1957 [7] 920 [7]
Specific Heat [kgLK ¢, 1297.9 [32] 2418.29 [32]
Pre-exponential Factor [-] A 1.45x 10° [7] 1.04 x 10° [7]
Activation Energy [K] E, 11000 [6] 7500 [6]
Base Mass Flux [%] i, 1000 5000

q constant [-] o CY=-03715+2 " =042 CHTPB =0.323
g pressure factor [MPa™'] C, CP =201 C/* =0.46 Cl™® =1.114
§ pressure square factor [MPa™’] C, CP =-0.09906

Ref. interface width [pm] o 3.0 3.0 3.0

Shear Modulus [MPa] U 14191.376 [21] 2.465 [21]
Bulk Modulus [MPa] K 15162.134[21] 1368.519 [21]
Elastic Modulus [MPa] E 32449.98[21] 7.4 [21]
Thermal Expansion Coef. [1/K] «a 2217 x 107[33] 5.1 x 1079[34]

Table 1
Thermal properties of AP and HTPB and combined diffuse interface region. Values with references indicate literature from
which material properties were taken. Values without reference were measured or calibrated as part of this work.

the x term entirely, and adding an incompressibility constraint J = 1, which is enforced using a Lagrange multiplier.
However, in the context of solid propellant, damage mechanisms are activated long before incompressibility effects
become apparent. Therefore, it is a reasonable approximation to simply choose a large yet finite value for x. In the case
of HTPB, « is chosen to be several orders of magnitude greater than u, and adjusted to preserve the Young’s modulus.

The solution to Eq. (16) is found using Newton’s method. As the system evolves (that is, as #, T change in time -
note that neither viscous nor dynamic effects are considered here), this usually produces a gradual change in the stress
state. This means that the solution for each solve can be used as the initial guess for each subsequent solve, which
improves stability of the solver and reduces the number of required Newton iterations. On the other hand, topological
transitions in the solution can produce abrupt changes in the deformation solution. In such cases, additional iterations
or alternative solution strategies may prove necessary (though this has not been the case in the present work).

Naturally, once convergence is found for strain energy function, the stress and strain field can easily be obtained as
For reporting purposes, the Green-Lagrange strain tensor and the Cauchy stress tensor, given by,

1

E:E(FTF—I) o=

7PFT, (22)

respectively, are used to report strain and stress in the Eulerian frame.

3. Computational methods

Advantages of diffuse boundary methods typically come at the expense of the requisite high resolution of the
discretization scheme around the interface boundary. Convergence to tolerance of interface behavior usually requires
~8 cells across interface regions [26]. Without adopting a strategic discretization strategy, the computational cost is
prohibitive.

Block-structured adaptive mesh refinement (BSAMR) provides an ideal computational framework for diffuse
interface methods that is also eminently scalable. The results in this work are obtained using the Alamo multiphysics
code, which has previously been developed by the authors [28, 35] and is based on the open-source AMReX framework
[36]. For the time-varying portion of the code, the BSAMR framework provides temporal as well as spatial substepping,
allowing for arbitrary refinement with no loss of stability. Mesh refinement is driven by the local gradients of the
solution in time. As discussed in previous work [12], the criteria for the phase field order parameter and the temperature
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fields are
(anllelZ0.00] or |VT||Ax|25.0> and 7> 0,

respectively, where Ax is the grid size. With the addition of the mechanics solver, an additional criterion is introduced:
or |VE||Ax| > E, and 75 >0,

where |VE]| is the Frobenius norm of the finite strain gradient and E, is a refinement parameter. In practice, it is better
to avoid imposing Eq. (23), instead applying suitably conservative refinement conditions on # and T'. This is because
repeated E-driven refinement necessitates additional nonlinear mechanics solves, which are relatively expensive. It is
typically well-worth the minor cost of additional refinement, especially since this adds the benefit of greater overall
simulation fidelity.

Alamo utilizes explicit methods for time integration and finite difference methods for spatial discretization. Stability
of the explicit, forward Euler time integration scheme is determined by the phase field method. It was previously

determined to be
Lex At

Ax?
which is easily enforceable using the temporal substepping algorithm.

A unique aspect of this work is the use of a strong-form, finite difference geometric multigrid solver for implicit
mechanics. This is distinct from the widely used finite element method, but offers numerous advantages. The linear
kinematics formulation of this algorithm, using a “reflux-free” formulation of BSAMR, was presented in [28], and
coupled to a Newton solver in [29]. The use of diffuse boundaries to solve near-singular problems for linear elasticity
was recently demonstrated in Agrawal and Runnels [25]. Here, the near-singular algorithm in [25] is combined with
the Newton solver in [29] for a complete general mechanics solver in a diffuse boundary, time varying context.

<1, (24)

4. Results

This section presents the validation of the computational method by comparison to analytic and finite element
results, followed by the application of the method to thermal and mechanical load during deflagration. The propellant
results here are for AP/HTPB, but it should be noted that the method is not unique to this composition, and can be
readily extended to other propellants of interest. Metal additives, such as aluminum, and other burn rate enhancers are
not considered in this work, but the mechanics solver is sufficiently robust to handle such compositions as long as the
interface regression and heat flux are also calculated correctly.

Validating the mechanical response during deflagration is a difficult task, as the difficulty of performing the requisite
experiments for mesoscale in situ strains is prohibitive. On the other hand, a great deal more data is available for the
bulk quiescent thermomechanical response of SCPs with known mesoscopic structure. Therefore, the validation of
this work is based on the previous comparison to prior work of the regression model [12] and current validation of
thermomechanical data against literature. Thus, the in situ mechanical response is left as a predictive result. (We note
that all visualizations are generated using VisIt [37].)

4.1. Model verification: comparison to analytic solutions and finite element analysis

The finite kinematics elastic solver is validated by considering two test cases: that of a pressurized hole in an infinite
plate (verified by comparison to theoretical solutions, testing the application of tractions on the diffuse boundary) and
that of a plate with a hole subjected to clamped, uniaxial tension (verified by comparison to finite element analysis).
In both, a two-dimensional neo-Hookean model with unitary constants (# = 1 and k¥ = 1) is used. To simplify the
comparison, all values are nondimensionalized.

4.1.1. Pressurized hole in an infinite plate

To determine the hyperelastic response subject to a nonhomogeneous diffuse traction condition, the method is
applied to the problem of a pressurized hole in an infinite plate. For this case, a hole with unitary radius is placed in
an 8x8 plate. The order parameter is defined using a hyperbolic tangent function:

‘/ 2+ 2_R
n=%+%tanh(%) (25)
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(a) Order parameter n (b) x-displacement field (c) xx-stress field
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Figure 1: Numerical solution for a pressurized hole compared to analytic Lamé solution for a linear elastic solid. The field
variables are plotted in a-c along with the adaptively refined mesh. Radial values of stress and displacement are plotted in
d-e and compared with the Lamé solution. The grayed out region indicates the hole, where n = 0, and in which neither
the model nor the Lamé solution are valid.

with R = 1.0, € = 0.2. Pressure is ramped from 0 to 0.1 at 0.00125 increments. This is sufficient to induce visible
deformation. The base grid is 16x16 on the coarsest level, and five levels of BSAMR refinement are enabled to
ensure adequate refine along the boundary (Fig. 1a). The response at maximum displacement is visualized in Cartesian
coordinates: displacement in the x direction (Fig. 1b) and normal stress in the xx direction (Fig. 1c). The components
in the y direction (rotated by 90 degrees) are identical.

To determine the accuracy of the solution quantitatively, the result is compared to the theoretical Lamé solution
for an isotropic linear elastic material. The Lamé solution (as a function of radius r) is derived from the axisymmetric
Airy stress function [38]

O(r) = C, r? + Cy In(r) + C3, (26)

with constants C;, C,, C; determined by boundary conditions. This yields the following expressions for stresses and
displacements:

_ C, _ C, ! , G
0, =2C +— og9 =2C, — —= u.=— |20 -v)Cir+ 1 +v)—|. (27)
r2 r2 E' r
The material constants E/ = E/(1 — v?), v/ = v/(1 — v) are the effective Young’s modulus and Poisson’s

ratio, respectively, for a plate in plane strain. The infinite plate approximation implies that C; — O (to prevent
infinite displacement in the far-field). The remaining constant C, is solved by setting the traction boundary condition
0,.(1)=-C, = —p.
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Figure 2: Comparison of model results (top) to results from the finite element method (bottom) for a hyperelastic plate
with a hole under uniaxial tension with clamped ends. Colors correspond to stress fields; displacement is visualized through
deformation of the mesh.

The Lamé solution is compared to the numerical result for radial stress (Fig. 1d) and radial displacement (Fig. le).
The order parameters is represented by the color of the background (gray corresponds to n = 0, white to # = 1);
therefore, a good match is only expected within the white region. Nearly a perfect match in the stress is observed at
the diffuse boundary. As the stress drops off, some divergence occurs. This is due primarily to the use of a logarithmic
y scale, which exaggerates the error; however, it is also due to the finiteness of the computational domain. A similarly
close match is observed in the displacement as well. Again, the departure is small, and most noticeable in the far-field.

4.1.2. Plate with hole under tension with clamped ends

Model verification against analytic solutions is limited for large deformation mechanics due to the lack of exact
results for nonlinear elasticity. Therefore, results of the present diffuse boundary near-singular model are compared to
the results of a traditional finite element solver. A unit square domain with a 0.01-radius hole in the middle is subjected
to uniaxial tension imposed via fixed-grip boundary conditions on the edge of the domain. Displacements on the left
side are all fixed; displacements on the right side are all fixed and set to up to 0.2 in the x direction (for a total of 20%
strain). The same neo-Hookean model as above (with unitary moduli) are used in both the present model and the FEM
model.

For the diffuse boundary model, a base grid of 16x16 is used with 3 additional BSAMR levels. Adaptive refinement
is based on the gradient of # as well as the gradient of the strain; consequently, refinement occurred around the hole
in the center as well as the four corners. For the finite element results, the standard finite element method using an an
in-house finite element solver is used.! The mesh is generated using Gmsh [39]. The FEM mesh consists of second
order two-dimensional quadrilateral elements with an interior node (Q9). No a priori refinement was used with the
FEM mesh, but convergence was tested against meshes with lower resolution and lower order to ensure convergence.

Results were calculated for both methods; all three components of stresses are visualized on the mesh (using
identical colormaps), which is deformed according to the calculated deformation field (Fig. 2). The results are nearly
identical, with a couple of differences. First, the present model exhibits slightly higher stresses at the domain corners.

I The finite element code is available upon request.
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Figure 3: Uniaxial stress test. Von Mises stress (Top) and deviatoric strain (Bottom) at 20% strain.

Figure 4: Thermal Expansion results for AT = 100K. Von Mises stress (Top) and deviatoric strain (Bottom)

This is due to the fundamental difference between the strong form (used here) vs the weak form (used by FEM); whereas
FEM shape functions tend to diffuse singularities, the present model does not. Second, there are some slight variances
in the stresses very near to the diffuse boundary; however, these are present only in the support of V. Otherwise, the
match is found to be nearly exact between models. Therefore, it is concluded that the model behaves as expected.

4.2. Model validation: uniaxial tension and thermal expansion tests

The model is validated against experimental data for uniaxial tension. Although literature documenting mechanical
properties of AP/HTPB composites is surprisingly scarce, relatively recent data is reported in Kim and Im [40] that
furnishes a suitable set of data for comparison against the mechanics model. To generate the computational domain
in a manner that faithfully represents the experimental configuration, a 3D mesostructure is generated by randomly
packing a rectangular domain (dimensions 10 mm x 1 mm x 1 mm) with spheres, 75% by volume. The distribution
of the spheres follow the Miller packing (as described in [42, 43]). The domain is then sliced, producing the final
2D structures used here. These are then used as inputs to computationally determine the quasistatic response under
uniaxial tension test, up to a maximum strain of 20%. Recall that meshing happens automatically as a result of the
use of BSAMR, making it straightforward to generate arbitrarily complex mesostructures with virtually no processing
time.

The mechanical response is calculated and displacement/strain/stress fields are resolved at each loading point
(Fig. 3). It is apparent by inspection that the stress is concentrated along material interfaces normal to the x axis, and
particularly, near to small quasi-laminate regions of HTPB binder. Though no mechanical failure model is considered
in the present work, the stress results clearly indicate that strain localization at the binder/matrix interface is likely to
precipitate the first failure response (which seems consistent with experimental findings [40, 44, 45]). While high-stress
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Figure 5: Comparison of Stress-Strain results with data from [40] and [41] (Left). Calculated thermal expansion coefficient
and area variation as a temperature function (Right).

regions appear in both AP and HTPB, it is apparent that shear strain is highly localized within the HTPB binder. This
appears to occur most frequently when HTPB is sandwiched between spheres of AP at a 45° angle to the normal, which
is consistent with intuition and with classical mechanics theory.

The sample was also subjected to a thermal loading test to determine the aggregate coefficient of thermal expansion
based on known values for AP and HTPB. A baseline initial temperature of 273K is set over the domain, and the
temperature is then uniformly elevated in 10K intervals. This is repeated in the opposite direction, decreasing the
temperature by 10K intervals, for a total of 100K in each direction. Mechanical boundary conditions are set so that the
domain region is free to expand due to temperature change, and individual thermal expansion coefficients for pure AP
and HTPB, as shown in Table 1, are used to define the system’s initial eigenstrain. The resultant stress and strain fields
illustrate the mechanical response due to CTE mismatch, and highlight potential failure sites (Fig. 4). The greatest
stress appears to occur at regions of high curvature in the AP particles, generally when particles are overlapping or
near to overlapping. The strain field shows primarily the difference in thermal expansion between AP and HTPB, where
we see (as expected) that the AP expands to a greater degree. In only a couple of sites does any significant shear strain
occur.

To quantify the accuracy of the model, the mechanical response of the model is compared to that in the literature
[40] (Fig. 5). A quantitative comparison of the stress and strain values for the model against the experimental results
in [40] can be performed (Fig. 5). There seems to be a close match in the mechanical response up to approximately
15% strain. As strain continues to increase beyond 15%, the computational and experimental results diverge, with the
experimental mechanical response exhibiting a dropoff in stress. Typical loading under deflagration conditions is not
expected to exceed 15% strain, and so the discrepancy is not particularly concerning. The most likely explanation for
the difference is the presence of interfacial failure in the experimental composite (as discussed in [40] and [46]), which
is not accounted for in the model. Though it is not the focus of (nor is it needed for) the present work, a closer match
can certainly be attained through the use of damage models. We leave this as a recommendation for future work.

4.3. Thermomechanical response of packed spheres configuration during deflagration

In this section, the mechanics model is fully coupled to the phase field and thermal transport models to determine
the elastic response in a SCP during regression. The same methods for mesostructure generation are used as in the
previous section; the volume fraction in this packing is 65% vol. AP, and the domain dimensions are 1 mm x 1mm.
Ignition is initiated through an imposed heat flux (laser) at the top boundary. The bottom, left, and right boundaries
are treated as Neumann boundaries for the phase field equations and the thermal evolution model. For the mechanics
model, all domain boundaries have sliding boundary conditions; that is, they prescribe zero displacement in the normal
direction and zero traction in the tangential direction. After burn is initiated, the top domain boundary is irrelevant and
is replaced by the diffuse boundary, which is traction-free.

The interface regresses with a thermal profile consistent with prior work [12] (Fig. 6a). As expected, heat flux
is primarily concentrated at the species boundaries, causing spikes in temperature at the triple point between the
burn surface and species interface. The burn interface continues to evolve throughout the domain in a similar fashion.
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Figure 6: Evolution of a 65 % AP mass fraction samples over the course of 0.2 seconds. Color corresponds to Temperature
in a) and d), Von Misses stress in b) and e), and strain field in c) and f).

The mechanical response is driven entirely by the thermal loading, which causes the maximum von Mises stress to
concentrate near the burn interface, as expected (Fig. 6b). The resultant stress profile at the burn interface does not
exhibit any obvious correlation with mesostructure, and yet it nevertheless appears to be significantly influenced by
it as evidenced by the localization of high stress regions. During the deflagration process, the maximum von Mises
does not exceed 4 kPA, indicating that damage modeling is not necessary. However, it is conceivable that certain
mesostructures could cause this threshold to be exceeded, and this would certainly be the case if combined with other
mechanical loading. The deviatoric strain is also considered, as determined by the maximum deviatoric component of
the Green-Lagrange strain tensor E (Fig. 6¢). Predictably, the strain is highly localized in the HTPB binder, and the
strain extends well ahead of the regressing interface. Most of the strain is on the order of 1-2%. The maximum strain is
concentrated at the burn surface, reaching approximately 4%, again concentrated in the HTPB binder. While the strain
is certainly large enough to warrant the use of nonlinear kinematics, on the other hand, it is well within the regime for
which the mechanics model has been validated, as discussed in Section 4.2.

4.4. Thermomechanical response of a realistic mesostructure during deflagration

Much of the work done in SCP deflagration modeling has focused on idealized, packed spheres-type mesostructures
that are statistically equivalent to those of real propellants. However, real-world propellants are usually quite far from
idealized, and feature highly complex geometry. As shown in the previous section, the local particle geometry appears
to have a quite significant influence on the local stress state during deflagration. Consequently, there is a need to
consider realistic microstructures explicitly, in order to ensure that stress states are accurately assessed.

In this section, deflagration is simulated within a sample of propellant taken directly from the experimental
literature. An scanning electron micrograph (SEM) image of an AP/HTPB/AI propellant, reported in [47], is considered
(Fig. 7a). The dimensions of the domain are Imm x 0.5mm. The present work does not consider Al, and so Al in the
image is interpreted instead as AP, and so we expect that our predicted burning rate will be slower than that observed
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(a) (b)

Figure 7: Generation of model geometry for realistic propellant mesostructure a) SEM image for an aluminized AP/HTPB
adapted from [47], and b) processed species field ¢ used in simulation. Used with permission.

experimentally. (More than two species can certainly be considered as far as mechanics modeling is concerned; the
limitation is in the regression model.) The following steps are required: First, to convert the image to a suitable input for
the model, the contrast is adjusted to binarize the image (i.e. make it black and white). Second, a Gaussian blur is then
applied to the image to achieve the diffuse boundaries, where the degree of blur corresponds directly to the diffusiveness
of the species field ¢ (Fig. 7b). Third, the image is read directly by the code and used to generate the species field in
the simulation. As with all results reported in this work, meshing happens automatically by BSAMR. Therefore, steps
1-3 can be performed entirely automatically, making it easy to examine a large variety of mesostructures.

This geometry is then used with the same regression model to determine the effects of realistic mesostructure on
deflagration (Fig. 8). Overall, similar qualitative behavior is observed, especially in the thermal evolution, as in the
packed spheres case. Note that this example considers a larger domain size, which is why the burn surface effects
appear more localized. A prominent region of AP has the interesting effect of slowing the deflagration, as the heat flux
in pure AP is less than that at the AP/HTPB interface, reducing the burn rate (Fig. 8b). The stress field (Fig. 8b) exhibits
complex long-range behavior, influenced near the interface by the heat flux at the surface, but impacting the domain
well inside the unburned region. The thermal stress along the interface is comparatively uniform, but there appear to
exist certain regions within the propellant that transmit stress well advance of the burn front. This can also be seen by
considering the strain field (Fig. 8c). Long fingers of strain localization - again, primarily in the HTPB binder - reach
deep into the propellant, far ahead of the thermal wave at the interface. The maximum stress did not exceed SkPa, and
the maximum shear strain was at or below 3%, indicating again that the mechanical state was well within the validated
regime for the mechanics model.

The volume of data generated by the model can prove cumbersome to process. One of the key desired outputs of
the model is an overall assessment of the stress state in the propellant over its entire burn history. To achieve this, all of
the stress states during deflagration are superimposed on top of each other and over the original input image (Fig. 9). A
semitransparent color scale is used to represent the stresses, such that stress greater than 3.6 kPa is opaque, and below
3.6Kpais rendered on a sliding transparency scale. The feathered appearance shows the intervals over which the elastic
solves occur.

The complex nature of the evolving stress state appears to avoid any simplistic correlation to mesostructure;
that is, one cannot immediately infer specific mesostructure characteristics that induce high stress regions. Stress is
predominantly concentrated at or near regions of AP, as expected, and often near regions where there is a substantial
amount of interface present. However, one can also identify seemingly identical regions that present substantially
different mechanical response. We conclude that this is a result of the nonlinear impact of geometry on stress state,
which underscores the importance of considering realistic geometries in regression modeling.

4.5. Effect of chamber pressure

The main focus of this work has been to isolate the effect of thermal expansion on the stress state. However,
deflagration usually occurs in the context of high chamber pressure, which induces additional load on the interface.
Hydrostatic pressure p manifests in the model (Eq. (16)) as a diffuse traction term, with

T~ —pN T|Vny| —» —pVy, (28)
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Figure 8: Elastic response for a regressing AP/HTPB with microstructure from SEM imaging. a) Von Misses stress field,
and b) Deviatoric strain field

where N = Vi /|Vp| is the normal vector to the interface. (Note that terms arising from other mechanical effects, such
as viscous drag from cross-flow, may be incorporated in a similar manner.) To test this, the realistic microstructure is
then subjected to hydrostatic pressure (p = 4M Pa) in addition to the thermal expansion (Fig. 10). The hydrostatic
pressure increases the total Von Mises stress by a factor of 60-100%, and causes the high-stress regions to be distributed
throughout the solid region. As expected, most of the deformation continues to be accommodated by the HTPB binder.
This heterogeneity of the stress profile underscores the influence of propellant mesostructure.

5. Conclusion

In this work, a diffuse interface computational model for large mechanical deformation and for predicting the
elastic response on regressing solid composite propellants is presented. The work uses the previously developed phase
field model for regression, now combining it with a mechanics solver to determine the mechanical response during
deflagration. The mechanics solver is based on the strong form equation for the conservation of momentum on a
phase-field model and evaluated for a hyperelastic material using a Neo-Hookean model. The elastic solver is validated
through comparisons to traditional FEM solvers for classical mechanical problems, and the combined model is then
validated by comparison to experimental uniaxial tension test data before being applied to the problem of regression.

Two mesostructures are considered: an idealized structure consisting of packed spheres, and a realistic structure
from the literature. Both exhibit qualitatively similar behavior, but it is apparent that the mechanical stress is highly
influenced by the AP/HTPB geometry. Interestingly, the maximum stress appeared lower for the realistic propellant than
for the idealized propellant (possibly because of the lack of sharp hypocyloidal regions that can result near overlapping
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Figure 9: Superposition of von Mises stress concentration regions over time. At each time interval, stresses are visualized
that exceed approx. 1.8 MPA, and this is repeated for all time intervals on the same image. Therefore, the stress contours
do not represent a single stress state, but rather provide an estimation for localization of failure over the entire burn
process.

spheres in the idealized case). Consideration of the stress evolution over time for the realistic propellant highlights the
nonlinear effect of geometry, and the need for additional study of complex mesostructures.

We note the limitations in the present work. Because of this work’s reliance on the phase field deflagration model,
some of the same limitations are present as well: most notably, the use of a surrogate model for heat flux rather than
fully resolving the gas phase. Another limitation is the lack of validation. While both the regression model and the
mechanics model have been validated, the mechanical response during deflagration has not. There is, to the best of the
authors’ knowledge, no available data for comparison, nor does the technology even exist for measuring stress fields
at the requisite resolution during deflagration. Until it validation is possible, then, these results are left as predictive.
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