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Abstract. The trajectory tracking model of autonomous vehicles is usually
simplified to a linear model, and then the matching controller is designed.
However, the simplification process of the model requires a lot of assumptions,
which are difficult to be established. For this reason, a nonlinear trajectory
tracking control method is proposed. Firstly, a system error dynamics model is
established based on the vehicle kinematics model and dynamics model, and the
steady state control law for the vehicle trajectory tracking control is deduced on
this basis. Then, the compensation control law based on the vehicle lateral
displacement error is further designed to improve the system's anti-interference.
The effectiveness of the proposed control method is verified by comparing with
the commonly used controllers for vehicle trajectory tracking, and the results show
that the control accuracy and convergence speed of the proposed control method
are effectively improved.
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1. Introduction

Intelligent driving technology can effectively improve the efficiency of traffic
travelling and vehicle driving safety, and has become the development trend of
automotive technology. Trajectory tracking control, as one of the core technologies of
automatic driving, is directly related to vehicle driving safety and driving comfort, and
therefore is one of the key research areas of automatic driving technology.

Currently, trajectory tracking control methods mainly include three main
categories: model-free trajectory tracking control methods, linear model-based
trajectory tracking control methods and nonlinear model-based trajectory tracking
control methods. Model-free trajectory tracking control methods include such as neural
network control [1-2], model-free adaptive iterative learning control [3], fuzzy control
[3-4], game methods [5], model-free adaptive control [6-7], reinforcement learning [8],
and so on. The model-free trajectory tracking control method is a rule-based approach
that requires a large amount of experimental data as a basis for design, which makes the
design of the controller very difficult. The design process of linear model-based
trajectory tracking control methods simplifies and approximates the model, which
greatly simplifies the design of the controller and reduces the arithmetic requirements.
Therefore are currently commonly used control methods such as Pure Pursuit trajectory
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tracking control [9], LQR control [10], Hoo control [11], Model Predictive
Control(MPC) [12-13], Linear Matrix Inequality methods [14], and Self-Antithetic
Control [15].

Unlike linear trajectory tracking control methods, nonlinear trajectory tracking
control methods are designed without linearization and oversimplification of the model,
e.g. nonlinear model predictive control(NMPC) [16-19], sliding mode control(SMC)
[20-22], and backstepping control [23-24]. NMPC can be used to deal with control
problems of nonlinear systems with high control accuracy. NMPC can well solve the
nonlinear control problem of coupling class, but NMPC designed with dynamic
feedback method has high state quantity dimension and poor real-time performance.
SMC can be used for the control of nonlinear systems with input and state constraints
as well as nonlinear systems with input constraints. The control method is robust and
resistant to interference, but is prone to high-frequency jitter. To solve the jitter
problem, more complex convergence laws need to be designed or combined with fuzzy
strategies and neural networks [25]. Backstepping control is also a commonly used
nonlinear control method, which is often used to solve control problems for nonlinear
systems with incomplete constraints. The backstepping control design process is simple
and the control accuracy is high, but it will produce over-parameterization problems as
the order of the system rises, so it is often used in combination with neural network
control, fuzzy control and sliding mode control. Beyond that, some other robust control
methods have been proposed by some scholars. For example, Chen et al,. [26-27]
proposed a nonlinear robust control method for underdriven systems with non-
matching uncertainty, which can deal with system uncertainty with good robustness,
but the controller design needs to convert the system dynamics equations into a unique
form, which is less practical. All of the above nonlinear control methods can effectively
improve the robustness and anti-interference ability of the vehicle trajectory tracking
control system to ensure the trajectory tracking performance of the vehicle, but due to
the complexity of the algorithms, high arithmetic power demand and bad real-time
performance, they are rarely used in practical applications. Beyond that, all the above
three types of trajectory tracking control are in terms of vehicle state indicator state
quantities such as lateral displacement error, heading angle error and yaw rate.
However, limited by the current sensing technology, the parameters collected through
the sensors (lateral displacement, heading angle and yaw rate, etc.) are easily interfered
with, and some of the parameters cannot be obtained directly, but need to be obtained
indirectly through estimation (center of mass lateral deflection angle, lateral velocity,
etc.). When there is a large error in the data collected by the sensor, it can lead to a
degradation in the performance of trajectory tracking and even affect vehicle safety.

To improve the reliability and control accuracy of the trajectory tracking method, a
trajectory tracking control method (S&T) based on the error dynamics model is
proposed, which consists of two parts, steady state control law and transient control
law. The steady state control law was firstly derived from the vehicle kinematics and
error dynamics models. Then the error dynamics model is corrected by considering the
vehicle trajectory tracking error, and the transient control law is designed based on the
control error. Finally, the effectiveness of the proposed method is verified by
simulation. The results show that the S&T trajectory tracking control method can
effectively improve the control accuracy.
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2. Mathematical model

2.1. Kinematic Model

In order to reflect the relative position relationship between the vehicle and the
reference trajectory during trajectory tracking, the vehicle trajectory tracking model
shown in Figure 1 is established. The local coordinate system xoy and the inertial
coordinate system XOY are defined, and the vehicle will generate heading angle error
and lateral position error when tracking the intended trajectory.

0 X

Figure 1. Trajectory tracking error model

The heading angle error is the difference between the vehicle heading angle and
the ideal heading angle: e, = ¢ — @4.Generally, the desired heading angular velocity
¢4 can be expressed as the product of the desired trajectory curvature p and the
longitudinal velocity v,:

Py =V.P (1)
The first order derivative of e, can be expressed as:
e, =p-v.p 2

The first order derivative of the vehicle's lateral position error e, is:
é,=v, cose,+v,sine, 3)
where v, is the vehicle lateral velocity.

The heading angle error during trajectory tracking is generally small, and taking
into account modelling and sensor measurement errors, é,,, €,and é, can be further
expressed as:

e, =v, +tve, td,

€, =v, +v.p— v:p+d,

e, =p—v,ptd, 4)
where d,, d,and d; are errors due to mathematical modelling and sensor measurements.

2.2. Dynamical Model

The forces in the lateral and yaw directions of the vehicle are analysed in the local and
inertial coordinate systems xoy and XOY, as shown in Figure 2.
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Figure 2. Convolution kernel design for insulator cracks

The dynamic equations of the vehicle in lateral and yaw direction can be expressed
as:

F,cosé,+F, +F, = m(\'iy +vxa))

aF, cosé, —bF, +M, =10 5)
where &y is the angle of rotation of the front wheel, F,,and E, are the lateral deflection
forces of the front and rear wheels, w is the angular velocity of the yaw direction,
whose magnitude is approximated by ¢, I, is the rotational inertia around the z-axis, Fy
is the other external disturbance force, M is the other external disturbance moment.

Assuming a constant vehicle longitudinal speed and neglecting the lateral load
transfer, and also in the case that both the front wheel turning angle &; and the tyre

lateral deflection angle are small, according to the Pacejka tyre model[28], F¢ and F,
can be simplified as:
{F;/ =Ca, (6)

Fw = Cr @,

where C; and C, are the front and rear wheel lateral deflection stiffnesses respectively.
In Eq. (6), the front and rear wheel side deflections are:

v, taw
a,=—tan +5f

1%

X

o =—tan™ {v}, —ba)]
Ve 7

where a, b are the distances from the center of mass of the vehicle to the front and rear
axles respectively.

Bringing Eq. (6) and Eq. (7) into Eq. (4), since & is small, cos §; ~ 1 can be

obtained:
C, +aw —bw C
v,=——Ltan"' B0 G| 2 —vxa)+£+—f§/
m A% m V. m m (8)

C,  +aw ,—bw C
o= | 272 156 fan'| 2 +Md L
I I LI

!
Yy Vi

Disregarding external disturbances, Eq. (8) can be further converted to:
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C v, +aw) C v, —bw C
13),=—ftan"[ . ]— ’tan"[ . J—vva)+f5/
i m

m \2 m v

x x

aC v, +aw v, -bo\ aC
a')—Iftan'( z J+b1C, tan'( z j+1f5/

©

V. V.

z x x

3. Controller Design

The goal of vehicle trajectory tracking is to make the error between the lateral
displacement of the vehicle and the reference trajectory zero, so according to Eq. (4),
the controller design goal is determined as follows: to make e, converge quickly by
designing a reasonable control rate.

3.1. Steady-state Control

In order to design a control rate that satisfies the objective, the stable equilibrium point
of the system's dynamics equation is first determined and used to calculate the system's
error dynamics equation.

Ideal values for each metric can be obtained based on vehicle dynamics [29]:

> (10)
v, =bv_p+v, tan vy P
R 2C, (a+b)
Oy =V,P
2
v
Sy=7—"—r
" 2aC, 2, L
mb m
The error dynamics model of the system can be obtained from Eq. (9) and Eq. (10):
v, +a, v, —bo
C C
v, =———tan™ Vs “Coan Y v, +—L5,
m 1+ v, +aw, \(v,, +aw, m 14 v, —bo (v, —bo, m -
T (11)
v, +aw v, —bo
a aC
é,=——Ltan™ Ve +b£tan" Yy +—L 5,
1 v, +aw \( v, +aw, 1 v, —ba (v, —bo, 1,
: 4| 2— || —— : 1+ = - :
v, A v, v,
é'y = \')w +v.o,

From Eq. (11), it can be seen that the error quantity is still coupled with the
reference quantity. In order to decouple the error quantity from the reference quantity,
the virtual control rate is defined:

Vye + am,

_ 12
5,=0,—tan™ Ve (12)

e = O 1+(va +“we]["yd +aa)dj
vX vv\'

Bringing Eq.(12) into Eq. (11) can be obtained:
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v,, —baw
C, _
‘},3:7 - tanil 2 V.0, +7]5/L’
*om | [VV —bw][v}d —ba)dj m
+| = -
Ve Ve (13)
v, —bw
&,=—tan™ Y +a—cf§ﬂ)
1, 1+ v, —bo (v, —bo, I,
V. V.
é, =V, +v.0,

In conjunction with the design goals of the controller and the error dynamics
equations, at the system equilibrium point e=0, the system dynamics Eq. (10) can be
mapped to the error dynamics model (13). When (v, w,) is chosen for the state
variables, when e = 0 holds, for ¢ =¢ =0 to also hold, the following equation must be
guaranteed to hold:

v, —bo

——tan' Y +i5, =0 (14)

m . v, —bw \(v, —bo, m
VX vx
This moment:
v, —bo

5, =S tan Y (1s)
’ C

The virtual control rate of Eq. (15) can be obtained by realising the reduced order
of Eq. (13):

V. =—v.o

ye xe

Yy~ bw

 (a+b)C, v (16)
w,= tan x

¢ I - v, —bo (v, ~bo,
vx VX

The stability based on the closed-loop system dynamics Eq. (16) will be
demonstrated in the following.

Theorem 1: The closed-loop system dynamics Eq. (16) is globally asymptotically
stable at the equilibrium point.

Prove Theorem 1 below, choose the following Lyapunov function:

V]=lo]vi +loza)f (17)
2" 2

where 0, and o0, are two constants greater than zero.

The first order derivative of V; with respect to time is:
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v, —ba,
. a+b v
V,=—-0ov,v.0,+0, #we tan™ x (18)
o I . v, —ba \(v, —ba,
%
v.\‘ vX
. a+b)C, Vye—bw
For ease of presentation, let: y; = 0, (1#, X2 = %, X3 = Wo, Xo =
z X

Vyq—bwg

Eq. (17) can be simplified to:

Vlz_olb"xl’az + 2 [_Olvilz + tan' [;{2]] (19)

ve

I+ 2.1 +Z42

X
Since —% < tan"1(s) < g, Eq. (18) can be further converted to:
2 T 2
%){1 -oVviy, +[E/‘{l 701"57(2) (20)
obv 40,bv,

x

VI < —olbvr\,;(f +7(3(_01V,3lz +§Zl):_olbvr X~

For Eq. (20), by choosing reasonable 0, and 0, one can make 20,bv,y; +
30,v2), > 3;)(1, which in turn makes V; < 0.

Theorem 1 is proved.

4. Simulation Validation

In order to verify the effectiveness of the proposed trajectory tracking controller, the
simulation model is built in MATLAB/Simulink and simulated in three simulation
scenarios. The vehicle parameters used in the simulation process are shown in Table 1.

Table 1. Simulation parameters

Symbols Values Units
m 1530 kg
a 1.139 m
b 1.637 m
I, 4607.47 kg/m?
Cr 180000 N/rad
C, 140000 N/rad

To verify the effectiveness of the S&T control method, the trajectory tracking
performance of the proposed trajectory tracking controller and the LQR controller are
compared in the lane changing scenario. During the simulation, the vehicle speed is
20m/s, the road surface attachment coefficient is 0.8, and the LQR controller is
designed in reference [31]. The simulation results are shown in Figs.3-5, where Fig.3
shows the comparison curves of lateral displacement and lateral displacement error for
trajectory tracking, Fig. 4 shows the comparison curves of yaw velocity and lateral
velocity, and Fig.5 shows the comparison curves of front wheel angle calculated by the
controller.
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Figure 3. Lateral displacement and lateral displacement error

From Fig.3, it can be seen that both the LQR controller and the S&T control
proposed in this paper can perform the tracking of the overtaking trajectory well. The
maximum lateral displacement error is 0.11 m and the standard deviation (SD) of the
lateral displacement error is 0.03 m when controlled by the LQR controller, and 0.09 m
and 0.04 m when controlled by the S&T controller. In addition, the from the lateral
displacement comparison curve, it can be seen that the S&T controller can track the
reference trajectory faster. The comparison reveals that the trajectory tracking accuracy
and convergence speed of the S&T controller is better than that of the LQR controller.

From Fig.3, it can be seen that both the LQR controller and the S&T control
proposed in this paper can perform the tracking of the overtaking trajectory well. The
maximum lateral displacement error is 0.11 m and the standard deviation (SD) of the
lateral displacement error is 0.03 m when controlled by the LQR controller, and 0.09 m
and 0.04 m when controlled by the S&T controller. In addition, the from the lateral
displacement comparison curve, it can be seen that the S&T controller can track the
reference trajectory faster. The comparison reveals that the trajectory tracking accuracy
and convergence speed of the S&T controller is better than that of the LQR controller.
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Figure 4. Yaw rate and lateral velocity

From Fig.4, it can be seen that the transverse pendulum angle and lateral velocity
can track the ideal transverse pendulum angular velocity and ideal lateral velocity well
when controlled by the S&T controller, and the convergence speed is fast. However,
compared with the S&T controller, the LQR controller control process has a small
amplitude of fluctuation, and the error is larger, and the convergence speed is slow.
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Figure 5. Front wheel angle calculated by controller

From Fig.5, it can be seen that in the steering process, the front wheel angle
calculated by the LQR controller is larger than that of the S&T controller, and in the
process of constant curvature, the size of the angle appears to increase gradually.

Comprehensively, it is easy to found that compared with the LQR controller, the
designed S&T controller has better trajectory tracking accuracy, fast convergence
speed, and can ensure the lateral stability of the vehicle while improving the trajectory
tracking accuracy.

5. Conclusion

To improve the reliability and robustness of the trajectory tracking algorithm, this
paper proposes a trajectory tracking controller based on the error dynamics model,
which consists of two parts: the steady-state control rate and the transient control rate.
The effectiveness of the method is verified by simulation, and the results show that the
designed controller has high control accuracy and fast convergence speed. Compared
with LQR, this trajectory tracking controller reduces the maximum lateral displacement
error by 18.18% in lane changing scenarios and can track the reference trajectory faster.
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